Calabi-Yau Fourfold Compactifications in

String Theory

Dissertation

zur Erlangung des akademischen Grades

doctor rerum naturalium (Dr. rer. nat.)

vorgelegt der

Mathematisch-Naturwissenschaftlich-Technischen Fakultét

der Martin-Luther-Universitat Halle-Wittenberg

von
Herrn Michael Haack

geb. am: 22.5.1973 in: Hamburg

Gutachter
1. Prof. Jan Louis
2. Prof. Dieter Liist

3. Prof. Stefan Theisen

Halle (Saale), 2.7.2001



ii



iii

Danksagung

An erster Stelle gilt mein Dank Herrn Prof. J. Louis fiir den Vorschlag des Themas und
die hervorragende Betreuung der Arbeit. Den Mitarbeitern der Arbeitsgruppe Quan-
tenfeldtheorie, R. Bohm, B. Gunara, H. Giinther, C. Herrmann, M. Klein, M. Mar-
quart, A. Micu, T. Mohaupt, H. Singh und M. Zagermann danke ich fiir eine an-
genehme Arbeitsatmosphére und anregende Gespréiche. Mein besonderer Dank gilt
dabei T. Mohaupt fiir seine Geduld und Kompetenz, mit der er insbesondere in der An-
fangsphase viele meiner Fragen beantwortet hat. Dem Land Sachsen-Anhalt gilt mein
Dank fiir die Gewahrung eines Landesgraduiertenstipendiums in der Zeit vom April
1998 bis Juni 2000. In der Zeit vom Juli 2000 bis Juni 2001 wurde ich finanziell von
der DFG gefordert, der ich ebenfalls danken méchte. Daneben habe ich von Geldmit-
teln des DAAD profitiert, mit deren Hilfe mir drei Auslandsreisen ermdglicht wurden.
Dem DAAD gilt dabei ebenso mein Dank wie den gastgebenden Arbeitsgruppen von
Prof. P. Binétruy (Orsay), Prof. R. Grimm (Marseille) und Prof. S. Thomas (London).
Schliellich danke ich meinen Eltern fiir ihre moralische und finanzielle Unterstiitzung.



Contents

Introduction

1.2 What is string theory? . . . . . . . . ...
1.3 String theory on Calabi-Yau manifolds . . . . . . . ... ... ... ...
1.4 Dualities and M-theory . . . . . . . . ... ... ... .. ... ...,
1.5 Topic and organization of the thesis . . . . . ... ... ... ... ...

D = 3 effective theories with four supercharges

2.1 Heterotic theoriesin D=3 . . . ... ... .. ... ... ... ....
2.1.1 D =4,N =1 heterotic theories . . . . . . ... ... ... ....
2.1.2 D =4, N = 1 supergravity compactified on S* . . . .. ... ..
2.1.3 The heterotic D = 3 low energy effective Lagrangian . . . . . . .

2.2 M-theory compactified on Calabi-Yau fourfolds . . . .. ... ... ...

2.3 Duality . . . . .. e
2.3.1 Heterotic — M-theory dualityin D=3 . . . ... ... ......
2.3.2 F-theory limit. . . . . . ... ... ...

D = 2 effective theories with four supercharges

3.1 Heterotic theoriesin D=2 . .. ... .. .. ... . ... ... ...,
3.2 Type ITA theory on Calabi-Yau fourfolds. . . . . . ... ... ... ...
3.3 Heterotic — type ITA duality in D=2 . . . .. ... ... .. ... ....

Inclusion of background fluxes

4.1 Compactifications with fluxes . . . . . . .. .. ... ... .. .. ...
4.2 Derivation of the potential in D=3 . . .. ... ... ... .......
4.3 Some comments about D=2 . ... ... ... ...

Conclusion

Notation and conventions

B Calabi-Yau manifolds

B.1 (Co)homology primer . . . . .. ... ... ... ... ...
B.2 Complex manifolds . . . . .. . . ... oo
B.3 Hermitian manifolds . . . . . . . ... ... ...
B.4 Kahler manifolds . . . . . . . . ... ..
B.5 Holonomy groups . . . . . . . . . .. .
B.6 Calabi-Yau manifolds . . ... ... ... ... ... ... ........

iv

3 QS

10
14
17

20
20
20
21
22
24
29
29
33

35
35
38
40

42
42
45
52

54

56



CONTENTS

B.7 Complex structure deformations . . . . .. .. ... ... ... ...

B8 Torus .. ........
B9 K3 ............
B.10 Calabi-Yau threefolds .
B.11 Calabi-Yau fourfolds . .

C Kaluza Klein reduction
C.1 The Kaluza-Klein recipe
C.2 Anexample . ... ...
C.3 Consistency . . .. ...
C.4 S' compactification of D

=4 supergravity . . . . ... ..o

C.5 D = 11 supergravity on Calabi-Yau fourfolds . ... ... .. ... ...

C.6 Alternative way to D = 2
C.6.1 The heterotic case
C.6.2 The type IIA case

Bibliography

70
72
75
7
79

81
81
83
84
87
88
91
91
92

94



vi

CONTENTS



Chapter 1

Introduction

1.1 Why string theory?

At the end of the 20th century theoretical physics is in a peculiar situation. Its two
corner stones, the standard model of particle physics and the general theory of relativ-
ity, are capable to explain almost every experimental piece of data from particle and
astrophysics with an impressive accuracy. Nevertheless the physical picture drawn by
the standard model and general relativity is not complete. Thus their great success is
turned into the main obstacle for progress in theoretical physics today. Extensions of
the standard physical picture have to proceed without a clear experimental guidance.
However one can make a virtue of necessity because the excellent agreement of the
theory with current experiments puts severe constraints on any attempt to go beyond
the standard model.

There are several good reasons to believe that the standard model of particle physics
(SM) and the general theory of relativity (GR) have to be extended. Maybe the most
severe one is the fact, that both theories neglect the lessons from the respective other
one. GR is a classical theory neglecting all quantum aspects of matter as described
by the SM. A look at Einstein’s equation R, — %gﬂ,,R = T}, immediately shows that
a quantum mechanical treatment of the matter part in 7, actually requires to treat
also space and time quantum mechanically. Such a quantum mechanical treatment
of gravity might also solve the problem of singularities encountered quite generically
in solutions of GR, see e.g. [1]. Several different suggestions have been made for a
quantization of gravity which are reviewed in [2]. None of them is yet completely
satisfactory. The covariant approach for example tries to describe quantized gravity as
a quantum field theory of metric fluctuations around a given background metric. This
leads however to a non-renormalizable quantum field theory.

The other side of the coin is that the SM is formulated in flat Minkowski space
ignoring all gravitational effects. Although this is perfectly justified in earth based
experiments there have to be expected new effects in ‘extreme’ astrophysical situations
as encountered e.g. in the early universe or near a black hole. A first impression of
these new effects can be gained through the semi-classical methods of quantum field
theory in curved space [3]|. In this approach the quantum fields are defined on a curved
background space-time which is however taken to be still a solution of the classical
equations of GR. One effect predicted via this method is the Hawking radiation of a
black hole.

A further indication for the incompleteness of the current physical picture is its high
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degree of arbitrariness. It has more than 20 free parameters whose values have to be
determined by experiment and can not be extracted from the theory itself. As if this
was not unsatisfactory enough it turns out that the parameters have to be balanced
very accurately in order to lead to a universe containing galaxies, stars and biological
life. The arguments supporting the specialty of the actual values of the parameters
are nicely reviewed in [4]. If one is not content to blame this to a fortuitous choice of
initial conditions one has to find a more fundamental theory which allows to tackle the
question why the parameters have their actual values. It should also shed light on other
characteristics of the SM which sofar remain unexplained, e.g. the particle spectrum,
the gauge group and the fact that space-time appears to be four dimensional.

Several ideas have been proposed to get a handle on the arbitrariness of the SM.
The most prominent ones are grand unification and Kaluza-Klein theories. The idea
of grand unification is the embedding of the SM gauge group into a simple gauge
group like SU(5), SO(10) or Eg¢. According to this scenario there is only one gauge
group at some high energy scale, which can roughly be estimated to be of the order
maur ~ O(101°GeV). Through a generalized Higgs mechanism this gauge group is
reduced to the SU(3) x SU(2) x U(1) of the SM at this scale. Besides the reduction
of the number of gauge couplings grand unified theories achieve a prediction of the
electroweak mixing angle and many models also establish a relation between the masses
of the b quark and the 7 lepton, see [5] for an introduction. Another desirable effect
of grand unification is that in many models the gauge coupling of the unified gauge
group is asymptotically free, thus removing the possible inconsistencies related to the
non-asymptotically free electroweak gauge couplings [6]. It turns out that the idea of
grand unification is not consistent with the particle spectrum of the SM. However there
is an extension of the SM in which a unification of all three couplings at high energies
is in fact possible. This is the supersymmetric SM which is reviewed in [7]. It has
N = 1 supersymmetry because extended supersymmetries can not accommodate the
chiral structure of the SM. As supersymmetry is not observed in nature it must be
broken if it is to play any role at all. This leads to a mass split between the bosonic
and fermionic partners of the order of the supersymmetry breaking scale. If this scale is
roughly the same as the electroweak scale, i.e. mgysy ~ 100 GeV, the supersymmetric
partners of the SM particles could be heavy enough to escape detection in accelerator
experiments so far. In addition such a low supersymmetry breaking scale could save
the grand unification idea. Due to the additional light particles above m gysy, the
renormalization group equations indeed indicate a unification of all three couplings
at a scale ~ 10'°GeV within the minimal supersymmetric extension of the SM, see
e.g. [5]. One should bear in mind however that the derivation of this result relies on the
assumption that the supersymmetric SM remains a valid description of particle physics
up to energies of order O(10GeV).

Supersymmetry might also solve another problem of the SM, the hierarchy problem.
If the SM was valid up to an energy scale A one would expect the Higgs mass to get
quantum corrections proportional to A2. Via the Higgs mechanism all masses of the
SM particles are proportional to the Higgs mass. In order to explain why they are of
the order of the electroweak scale there are basically two possibilities; either A is much
larger than the electroweak scale and the bare value of the Higgs mass is fine tuned in
an unnatural way to cancel the quantum corrections except for some 100 GeV, or A
is of the same order as the electroweak scale. In this case the SM has to be replaced
by another theory above the energy scale A. However in order not to run into the
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same fine tuning problem as before the Higgs mass should not get radiative corrections
quadratic in the cutoff A’ of the new theory.! This is possible if the successor theory
is supersymmetric. Then the quantum corrections of the Higgs mass depend only
logarithmically on A’ which could be as large as the Planck mass m pigner ~ 1017GeV
without leading to a fine tuning problem.

Another attempt to get a deeper understanding of the structure of the SM is made
by Kaluza-Klein theories [8,9]. They assume that space-time has more than four di-
mensions. In order to make contact with the real world only four of them should be
large enough to be observable at the low energies accessible at today’s accelerators.
The attraction of Kaluza-Klein theories originates in the following fact. If the internal
space has an isometry group G the low energy effective theory for the physics in D = 4
describes gravity coupled to G-gauge fields, for a subgroup G C G, even if the only
force present in the higher dimensional theory is gravity.? This allows for an inter-
pretation of Maxwell/Yang-Mills theories as arising from higher dimensional gravity
theories. Additionally the value of the coupling constant is related to the size of the
internal space and thus gets a ‘deeper’ geometrical origin. Unfortunately it has not
been possible to extract the SM coupled to gravity from a higher dimensional gravity
theory coupled to matter fields. Nevertheless the Kaluza-Klein idea has been revived
in the context of string theory although with a slightly different motivation. For more
details on Kaluza-Klein reduction see appendix C.

Most of the different approaches to extend the standard physical picture described
so far merge naturally in string theory. Its basic step forward is the abandonment of
the framework of local quantum field theory. Point particles are replaced by one dimen-
sional objects - the strings. At low energies they appear point-like and the extended
structure only becomes apparent at the string scale which is usually supposed to be
close to the Planck scale. All different particles of the SM are interpreted as different
vibrational modes of a string. Interestingly enough there is one mode which has the
characteristics of a graviton and therefore string theory automatically ‘contains’ grav-
ity. Upon quantization it gives a consistent perturbative quantum theory of gravity
and thus overcomes the non-renormalizability encountered in the quantum field theory
approach to quantum gravity. The extended nature of strings ‘smears’ out the location
of interactions in a way that removes the ultraviolet divergences of field theory. Al-
though this is a great improvement string theory has not yet fully solved the problem of
quantizing gravity. It considers strings moving in a given background space-time. The
gravitons in the string spectrum describe small fluctuations of this fixed background
and string theory thus only provides a consistent perturbation theory of fluctuations
around a given space-time. Nevertheless it might well be that this drawback is just due
to the present formulation of the theory and its ability to describe quantum gravity at
least perturbatively is a major motivation to take string theory seriously.

A relativistic quantum theory of one dimensional objects is strongly constrained
by consistency requirements. It turns out that the strings have to move in a ten di-
mensional space-time. This immediately brings the Kaluza-Klein idea back into the
game. Six of the ten dimensions have to be compactified in order to make contact to

'In this argument we assume of course that the Higgs boson of the SM is elementary and not a
condensate of strongly interacting fermions as proposed in the Technicolor theories. It is however
difficult to fit such theories to the experimental data taken at LEP.

2The question which subgroup G C G can be obtained is in general a difficult question and can only
be answered in a case by case analysis. For more details see appendix C.
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our world. Furthermore there are only five consistent string theories possible at all
which should be compared to the infinitely many consistent quantum field theories.
We will see later that even these five string theories are not independent of each other
but they seem to be just special limits of a single theory called M-theory. This high
degree of uniqueness of the theory (also concerning the ten dimensional spectrum and
gauge group) is spoiled however by the requirement for choosing a background around
which to expand in the Kaluza-Klein reduction. Even restriction to space-times with
four large dimensions leaves many possibilities, each one leading to different physics in
the D = 4 effective theory. We have already mentioned that the gauge group of the
lower dimensional theory depends on the internal space and as explained in appendix
C the same holds for the spectrum. Moreover the physics described by the five consis-
tent string theories is supersymmetric. However supersymmetry can be spontaneously
broken by the background as we will explain below. Thus by a suitable choice of the
compactification manifold the physics in D = 4 will be non-supersymmetric.

It has not been possible yet to find a background whose D = 4 effective theory is
exactly the SM or its supersymmetric extension. Nevertheless many attractive features
can be obtained, such as chiral gauge couplings, grand unified gauge groups like F4 and
three particle families. However even if one finds a background exactly reproducing
the SM the question remains for a dynamical mechanism explaining why nature chose
exactly this background. An answer to this question is most probably outside the scope
of the present formulation of string theory.

We have now reviewed the reasons for considering string theory and briefly sketched
some of its features and open problems but in the end any physical theory has to be
judged according to its agreement with experiments. Some of its characteristics might
be in the reach of future particle physics experiments. This is especially true for super-
symmetry. There are theoretical and experimental indications that the lightest super-
symmetric particle might well be discovered at the Large Hadron Collider (LHC) [5]
whose start is planned for 2005. The discovery of extra dimensions at the LHC or other
planned accelerators is less probable and depends on the size of the additional dimen-
sions. Possible effects at collider experiments are reviewed in [10]. Extra dimensions
should also manifest themselves in deviations from the 1/r? Newton law [11]. How-
ever all these experiments only test aspects of the theory which are not intrinsically
tied to string theory. The discovery of supersymmetry and extra dimensions would
not be a proof for the existence of strings. If the string scale is indeed close to the
Planck scale there seems to be only little hope to verify string theory itself in earth
based experiments.? This implies that astrophysical observations might become more
and more important to probe physics at very high energies. It has been an amazing
insight of the last years that probably only 5 to 10 per cent of the energy in our uni-
verse consist of particles described by the SM (mainly baryons), see [13] for a review.
The rest comprises the cosmological constant and some dark matter whose composition
is yet unknown. One possible candidate is the lightest supersymmetric particle [14].
Another striking observation has been the discovery of ultra-high-energy cosmic rays
with energies above 1020 GeV. They might originate in the decay of superheavy relic
particles for which string theory offers some candidates, see [14] for an overview. A
further astrophysical hint for physics beyond the SM comes from recent observations
of the spectra of distant quasars which seem to indicate a time dependence of the fine

3Tt has however been realized recently that the string scale in one of the five consistent string theories
might be much lower than the Planck scale, see [12] for a review.
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structure constant [15]. Although this is again not a compulsory proof of string theory
it is interesting in view of the fact that in string theory the coupling ‘constants’ are
replaced by the expectation values of scalar fields and are thus allowed to vary in time.
Finally astronomy is just at the verge of exploring completely new observational meth-
ods like neutrino and gravitational wave experiments which have the potential to give
insight into those early stages of the universe which can not be probed by observations
of the cosmic microwave background. Interestingly it could well be that supersym-
metry gets unexpected support from the Laser Interferometric Space Antenna (LISA)
planned for 2010 which is designed to observe the gravitational waves produced during
the electroweak phase transition whose energy density is expected to be much higher
in supersymmetric versions of the SM [16].

1.2 What is string theory?

In this section we want to give a more explicit introduction into string theory. Of
course it has to be very sketchy and the interested reader is referred to the literature
for further details [17-19].

We start by considering a string moving in a D-dimensional Minkowski space-
time Mp with coordinates X™. It can be described by the embedding of the string
world-sheet into space-time, i.e. by a map from a two-dimensional surface ¥ into M p,
XM (gt 6?) : ¥ — Mp, where 0 are the coordinates on ¥. In principle ¥ is allowed
to have boundaries apart from the incoming and outgoing strings. This leads to the
description of open strings. Furthermore 3 can be oriented or unoriented. For simplic-
ity we concentrate on oriented closed strings here and consider only surfaces ¥ without
boundaries, see figure 1.1 for the case of one incoming and one outgoing string. In

™ ST reS-

Figure 1.1: String world-sheets

analogy to the point particle the action determining the classical equations of motion
for the string is taken to be proportional to the area of the world-sheet, i.e.

1
SNG = 5—; /Zdza\/det(aaXMaﬁXM) : (1.1)

This is known as the Nambu-Goto action. The quantity T = ﬁ is the string tension
which determines the size of the string. The limit o’ — 0 is the point particle limit
in which the string contracts to a single point. The string scale alluded to in the last
section is defined as mg = o/~ /2.

The action (1.1) is classically equivalent to the Polyakov action

Sp / oo XMos Xy (1.2)
P

4ol

where 7,3 is the world-sheet metric. The Polyakov action has the advantage of being
polynomial in the derivatives 9o, X . Therefore it is usually taken as the starting point
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in defining the quantum theory. A rigorous proof that both (1.1) and (1.2) lead to the
same quantum theory is missing but it is generally believed to be the case.

The Polyakov action has the following symmetries: (a) D-dimensional Poincaré
invariance, (b) invariance under diffeomorphisms of the world-sheet and (c) two-di-
mensional Weyl invariance, i.e. it is invariant under v/ 5(0) = exp(w(c))yap(0) for an
arbitrary function w(o). Weyl invariance plays a crucial role in string theory, because
it is generically anomalous under quantization. Demanding Weyl invariance also in the
quantum theory in order to avoid violation of unitarity imposes severe constraints on
the theory.

The transition to the quantum theory proceeds through first quantization, i.e. the
coordinates XM are promoted to operators. As they depend on the world-sheet coordi-
nates 0% they can be considered as quantum fields in the two-dimensional ‘space-time’
».4 As in usual field theory there are several ways of quantization. We do not want to
go into the details here and just focus on the results. The spectrum of the quantum the-
ory consists of the vibrational excitations of the string. It turns out that a string theory
based on the action (1.2) alone has some unwanted features. Its spectrum contains a
state with negative mass (the tachyon) but no states that transform as spinors under
the D-dimensional Lorentz group, which could be interpreted as space-time fermions.
To get rid of these nuisances one has to introduce fermionic degrees of freedom on the
world-sheet (i.e. fields that transform as spinors under the two-dimensional Lorentz
group, but actually like X™ as vectors under the D-dimensional Lorentz group) and
extend (1.2) in a supersymmetric way. The conformal invariance of (1.2) is thus en-
hanced to an N = 1 superconformal invariance. Demanding that this invariance is
maintained after quantization, i.e. that there is no Weyl anomaly in the quantum the-
ory, constrains the dimension of the space-time uniquely to be D = 10 which we will
assume from now on. The spectrum of the superconformal field theory can no longer
be completely visualized as vibrational modes of the string moving in ten-dimensional
Minkowski space because of the additional fermionic degrees of freedom. Neverthe-
less all states of the theory carry quantum numbers of the ten-dimensional Lorentz
group and can be interpreted as ‘particles’ in space-time. Furthermore to eliminate the
tachyon one has to perform a suitable truncation of the spectrum known as the GSO
projection. The remaining states consist of a set of massless particles and an infinite
tower of massive excitations whose masses are quantized in units of the string scale
/=12 As one usually assumes this to be of the order of the Planck mass these states
are extremely heavy.

A very intriguing feature of string theory is that scattering amplitudes of the ten-
dimensional particles can be calculated by correlation functions in the two-dimensional
superconformal field theory. In order to evaluate the full amplitude one has to sum
over all world-sheet topologies with the same incoming and outgoing string states.
This is analogous to the loop expansion in quantum field theory. The first two terms
of the expansion in topologies for a four-point amplitude are shown in figure 1.2. The
incoming and outgoing strings should actually be extended to infinity, so that the
pictures in figure 1.2 are conformally equivalent to a sphere and a torus with point
like insertions of the external string states. In two-dimensional conformal field theories
there is a one-to-one correspondence between states and operators. To every state
there is a so called vertex operator which creates the state by acting on the vacuum.

“In writing (1.2) we have used a Euclidian signature for vas. It can be verified that this leads to
the same quantum theory as a Minkowskian signature.
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Figure 1.2: Four-point amplitude

An n-point amplitude is then schematically given by

AV, V)= Y DXDVW SH/d%“/ o) Viloy) (1.3)

Vol(gauge
topologies g g

where the Vj(o;) are the vertex operators corresponding to the string states whose
scattering amplitude one wants to calculate. They are inserted into the world-sheet >
at 0;. Furthermore the sum runs over all topologically different Riemann surfaces X, .S
is the action of the superconformal field theory, ¥ denotes collectively all its fermionic
degrees of freedom and the measure has to be divided by the volume of the world-sheet
gauge group.

There are several possibilities to introduce world-sheet fermions in (1.2) and to
perform the GSO projection. It turns out however that basically two further consistency
restrictions eliminate most of them. First one has to demand modular invariance. The
one loop partition function of the string theory, i.e. the amplitude (1.3) with zero
external string states and ¥ taken to be the torus, has to be invariant under the large
diffeomorphisms of the torus which can not continuously be deformed to the identity,
see section B.8. The second requirement has to do with the fact that the spectrum
of a string theory can contain non-Abelian gauge potentials and one has to demand
that there are no anomalies in the corresponding gauge symmetries. Taken together
the restrictions are strong enough that there are only five consistent string theories in
D = 10 Minkowski space-time. Their massless bosonic spectra and gauge groups are
collected in table 1.1. One sees that every string theory contains a graviton gy and a

Type Massless bosonic spectrum Gauge group G | N
Heterotic Fg x Eg gMNyBMNyq)yA% FEg x Eg 1
Heterotic SO(32) gunN, Bun, @, AS, SO(32) 1

I gun, P, Ay, Aun (32) 1
1A gMN,BMN,‘I),AM,AMNP U(l) 2
1B gMN,Bun, ®, A, AN, AuNPQ - 2

Table 1.1: The five consistent string theories in D = 10

scalar ® called the dilaton. Furthermore all string theories except the type I are based
on closed strings only and their spectrum includes an antisymmetric tensor gauge field
Bpsn which is called the NS B-field. Besides this ‘universal’ part of the spectrum each
string theory has its individual massless bosonic excitations, consisting of non-Abelian
gauge fields A}, a = 1,...,dimG, or antisymmetric p-form gauge fields Apy,.. a1, the
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so called RR p-forms. Strings do not carry any charge of the RR p-form gauge fields.?
However it has been one of the major recent discoveries that string theory contains
actually further objects than just strings and these carry charge of the RR gauge fields.
They are called D-branes or Dp-branes, where p denotes the number of their spatial
dimensions. Which values for p occur depends on the string theory under consideration.
We will have more to say about D-branes in section 1.4.

In addition to the bosonic part displayed in table 1.1 the spectrum of each of the
five string theories contains fermions. Among the massless fermions there are one or
two with spin 3/2 which can be interpreted as gravitinos. Their presence indicates that
not only the auxiliary two-dimensional world-sheet theory is supersymmetric but also
the resulting space-time physics.® The number of gravitinos in each string theory is
shown in the last column of table 1.1.

We now want to leave the unphysical situation of a ten-dimensional Minkowski
space and consider strings moving in phenomenologically more interesting space-times.
Apart from the metric one can also give non-trivial background values to the dilaton
and (in the heterotic and type II string) the NS B-field.” This leads to the following
generalization of the Polyakov action

1

4o/

S, /E d%ﬁ[(MgMN(X)+¢eaﬁBMN(X))aaXMaﬁXN+O/R<1>(X)] . (1.4)

which has the form of a non-linear sigma model. R is the two-dimensional curvature
scalar and, as above, (1.4) has to be accompanied by appropriate fermionic terms
to yield a viable string theory. The functions gy n(X), Byn(X) and ®(X) can be
interpreted as the couplings of the two-dimensional field theory. The vanishing of their
B-functions B9,y = ﬁﬁ N = % = 0 renders the sigma model Weyl invariant and one is
tempted to interpret these conditions as equations of motion for the space-time fields
gvnN, Byn and ®. The S-functions have a loop expansion in the two-dimensional field
theory which is equivalent to an expansion in o’. In a target space with characteristic
radius R. and also By/n(X) and ®(X) varying on the same scale R. the effective
dimensionless coupling of the world-sheet theory is \/JRC_ 1. Terms with more than
two derivatives in the S-functions are of higher order in the v/ R ! expansion. Thus
if vVa! R-' < 1 perturbation theory in the two-dimensional theory is valid and it is
possible to truncate the equations of motion at the two derivative level. This is known
as the regime of low energy effective field theory. Furthermore in this limit it is allowed
to neglect the heavy string modes and consider only the massless spectrum.

One possible choice of background is given by Bjsny = 0 and & = ®¢ = const. In this
case the leading terms of the S-functions are 89, = o’ Ryn + O(a?), 85 = O(a’?)
and 8%y ~ (D —10) + O(a’?). Thus the S-function for the metric indeed reproduces

5This distinguishes the antisymmetric 2-form of type I from the NS B-field.

6Supersymmetry of the world-sheet theory is a necessary but not a sufficient requirement to obtain
supersymmetry in space-time. The so called type 0A and type 0B theories have supersymmetry on
the world-sheet and fulfill all mentioned consistency requirements except the demand for a tachyon
free spectrum. Nevertheless their spectrum contains no fermions at all and is therefore certainly not
invariant under space-time supersymmetry.

It is also straightforward to consider backgrounds for the vector fields in the Cartan subalgebra of
the gauge group in the heterotic theories, which we will not do here though. Backgrounds for the RR
p-form fields are however hard to describe in the framework we discussed so far. There is an alternative
(and equivalent) formulation of string theory, the so called Green-Schwarz formulation, in which such
backgrounds can be included as well [20].
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to lowest order the vacuum Einstein equations whereas the dilaton S-function gives
the constraint on the space-time dimensionality as in Minkowski space. However string
theory also predicts corrections to Einstein gravity coming from higher derivative terms
involving higher powers of the Riemann tensor. They are due to the heavy string
excitations and will play a crucial role in section 4.

There is an alternative way to derive equations of motion for the massless space-
time fields. Ome can calculate their n-point functions using (1.3) now with S the
supersymmetric version of (1.4). One then determines the effective space-time action
by demanding that its classical scattering amplitudes should reproduce these n-point
functions and uses this effective action to derive the equations of motion. It turns out
that the leading terms in an o’-expansion, the low energy effective theories, describe
ten-dimensional supergravities, either type I supergravity in case of the heterotic and
type I string theory or type IIA/B supergravity in case of type IIA/B string theory.
Both approaches have been used to calculate a correction to the Einstein-Hilbert action
~ a/® R4, i.e. proportional to a contraction of four space-time Riemann-tensors. In [21]
this has been achieved by deriving the metric S-function to four-loop order and in [22]
by calculating the scattering of four gravitons at tree-level (i.e. ¥ = S? in (1.4)). It has
been shown in [23] that both results indeed agree.

We now come to a subtle point. The S-functions of the sigma model (1.4) are
completely determined by the short distance physics on the world-sheet. Thus they
should not depend on the topology of the world-sheet. If § = 0 was the whole story
one would not expect any contributions to the equations of motion from higher genus
Riemann surfaces in the scattering amplitude approach. This turns out to be incorrect
as has been verified in an explicit calculation of the one-loop scattering amplitude
of four gravitons in [24] leading to a correction of the coefficient of the term ~ R*
mentioned in the last paragraph. In fact the integration over the world-sheet metric -
in (1.3) is another source for a Weyl anomaly of the string theory. In order to maintain
Weyl invariance it is therefore not enough to demand that the two-dimensional sigma
model is Weyl invariant for a fixed v and the conditions of vanishing g-functions get
loop corrections.® This is known as the Fischler-Susskind mechanism and is reviewed
in chapter 9 of [19].

At this point one comment is in order. If the dilaton background is constant,
® = @y, the last term in (1.4) is just gy, where x is the Euler number of the Riemann
surface X, see section B.1. This is related to the genus g of ¥ via x = 2 —2¢g. A
constant background value for the dilaton leads to a relative weighting of the different
topologies in (1.3) with e=®X, Thus %0 is the loop counting parameter and as every
additional loop entails two additional string splitting- respectively joining-vertices, e ®°
is proportional to the closed string coupling constant. We thus see that the loop
corrections to the effective equations of motion are negligible if e®° is small. However a
priori there is no reason why this should be the case. The question of what determines
the value of the string coupling constant has not been settled so far and might require
new insights into the nature of non-perturbative string theory.

8The leading terms of the effective action with up to two derivatives are however not corrected by
loop effects.
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1.3 String theory on Calabi-Yau manifolds

From a phenomenological standpoint the most interesting choice for the metric in (1.4)

has a product structure’
m 0
IMN = " (6) ) (1.5)
0 Yab

(4) (6)

where 7, is the four-dimensional Minkowski metric and g, is the metric of a six-
dimensional internal manifold which should be small enough not to come into conflict
with our world looking four-dimensional at low energies. Furthermore in order to
maintain four-dimensional Lorentz invariance one should also choose B, = B,, = 0
and gg;), Bgp and @ should only depend on the internal coordinates. Accompanied by
a similar split of the fermions the non-linear sigma model thus divides into an internal
and an external superconformal field theory. This allows for a generalization. One
can replace the internal part of the non-linear sigma model by an arbitrary unitary
superconformal field theory which fulfills the requirement of rendering the full theory
Weyl invariant. It is a very interesting question how to give a geometrical interpretation
in this case. We do not go into the details here but refer to [25] for an overview.

In case the internal manifold is small enough all string excitations can be interpreted
as four-dimensional particles. If for example the only excited modes of the string come
from the internal conformal field theory the corresponding particle will look like a
scalar from the four-dimensional point of view but also vector, tensor and spinor fields
arise. Again there is a set of massless modes and an infinite tower of massive ones.
These comprise now also massive Kaluza-Klein modes. In principle one could derive
the four-dimensional effective action governing the massless particles by the scattering
amplitude approach, using in (1.4) the ansatz (1.5) for the metric and By, and ¢ as
specified in the last paragraph. This is however realizable only in simple cases. An
easier way is to use the ten-dimensional effective action and perform a Kaluza-Klein
reduction around this background as described in more detail in appendix C.

Regarding our discussion of the possible phenomenological importance of supersym-
metry in the low energy four-dimensional physics it is natural to ask what properties
the internal metric has to have in order to lead to a supersymmetric effective action in
D = 4. We first answer this question in the case Hy,. = 0, where H is the field strength
of the antisymmetric tensor. Furthermore we assume that we are in the large radius
limit, i.e. \/&Rgl < 1. Thus the low energy physics is well approximated by either
type I or type ITA/B supergravity. In field theory the requirement for an unbroken su-
persymmetry in a given background is (at the classical level) that the variations of the
elementary fermion fields under supersymmetry transformations vanish. It turns out
that two necessary conditions are a constant dilaton and the presence of a covariantly
constant spinor ¢ on the internal manifold. This last requirement has an important
consequence. It implies

1
[vma Vn]C = ZRmnququ =0. (16)

This is only possible if the holonomy group of the internal space is a subgroup of
SU(3). As reviewed in section B.5 this means that the internal metric must be Kéhler

9However, in view of the recent developments brane world scenarios provide another promising
starting point for phenomenology.
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and Ricci-flat, i.e. the internal manifold has to be a Calabi- Yau manifold.'® We restrict
our discussion to the case that the holonomy group is exactly SU(3) and not a subgroup
thereof. Then the four-dimensional low energy theory has minimal N = 1 supersym-
metry in the heterotic and type I theories and extended N = 2 supersymmetry in the
type II theories.!!

Actually for the heterotic and type I string there are further conditions coming from
the variations of the gauginos. These conditions constrain possible backgrounds for the
vector fields. They are most easily expressed after introducing complex coordinates
on the Calabi-Yau manifold and read Fj; = Fj; = 0 and gijFij = 0. The first two
conditions mean that the gauge field background has to be a holomorphic connection
of a holomorphic gauge bundle. The allowed gauge bundles are further restricted by
the second condition to the subclass of the so called stable holomorphic vector bun-
dles.'> One might wonder if it is possible to just set F' = 0 and fulfill these conditions
trivially. This is however not the case. The reason is that the ‘field strength’ H, whose
background we set to zero, is actually not given merely by the exterior derivative of the
antisymmetric tensor in the case of heterotic and type I string theory. The cancellation
of gauge and gravitational anomalies requires a modification by Chern-Simons terms

which implies
/

dH = %[tr(R/\R) —t(FAF)|, (1.7)

where tr(R A R) and tr(F A F') are the second Chern classes of the tangent respectively
gauge bundle. For Calabi-Yau manifolds with exact SU(3) holonomy the second Chern
class is non-trivial. Thus also the gauge field has to be non-trivial in order to satisfy
(1.7). In the case H = 0 there is only one possibility known; the spin and the gauge
connection basically have to be identified which is called embedding the spin connec-
tion into the gauge connection. Thus there is a non-trivial SU(3) gauge field in the
background leaving only Eg x Fg respectively SO(26) as the gauge groups in D = 4.13

Let us now have a closer look at the massless spectrum in four dimensions. We con-
centrate on the bosonic part only because the fermionic part is then fixed by supersym-
metry. As explained in appendix C it can be derived by expanding the ten-dimensional
bosonic fields in terms of the harmonic forms of the internal manifold and is there-
fore determined by its topology. A graviton, a dilaton and an antisymmetric tensor
are always present in the four-dimensional spectrum arising from the corresponding
ten-dimensional fields, see table 1.1. However the reduction of the metric and the an-
tisymmetric tensor yield more massless scalars. The supersymmetry conditions do not
impose any restrictions on the complex structure or the Kéahler class of the Calabi-Yau
metric. This implies that any choice is equally good in (1.5) and one could instead let
these geometrical moduli of the internal space vary over four-dimensional space-time.

10For a mathematical introduction to Calabi-Yau manifolds see appendix B and the references given
there.

"Tn view of the above mentioned generalization let us just note, that a general internal supercon-
formal field theory has to have an extended superconformal symmetry in order to lead to space-time
supersymmetry in D = 4, i.e. it must be a so called (0, 2)-theory in the heterotic case and a (2, 2)-theory
in the type II case.

2See [26] for the mathematical background.

13From a phenomenological point of view the case of an unbroken S0O(26) is not very appealing as
it turns out that all charged matter in the D = 4 effective theory transforms in real representations
of SO(26). On the other hand Eg is one of the grand unified gauge groups and the Eg x Eg heterotic
theory has been intensively studied in the context of ‘string phenomenology’.
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They are thus promoted to moduli fields in the massless spectrum of the effective field
theory. These purely geometrical moduli arising from the parameters of the Ricci-flat
internal metric are accompanied in string theory with further moduli fields emerging
from the Kaluza-Klein reduction of the other ten-dimensional fields. The antisymmet-
ric tensor for example leads to as many massless scalars in the four-dimensional theory
as there are Kahler moduli. Supersymmetry requires to combine these two sets of real
scalars into one set of complex scalars, the so called complezified Kahler moduli. The
part of the massless spectrum we have described up to now is universal and appears in
the Calabi-Yau reduction of any of the five string theories: A graviton g,,, a dilaton
¢, an antisymmetric tensor B, h?1 complex scalars describing the complex structure
deformations of the internal space and h'! complex Kéahler moduli, where h%! and A
are the two non-trivial Hodge numbers of the Calabi-Yau manifold, see appendix B.
Furthermore the antisymmetric tensor can be traded for a scalar a.'

The remainder of the massless four-dimensional spectrum depends on the string
theory with which one starts. To simplify the discussion we shall concentrate here on
the three cases which are most relevant for the rest of the thesis: the type II theories
and the heterotic Fg x FEg theory.

In the four-dimensional type II theories additional massless fields arise from the
reduction of the RR p-forms. For the details we refer to the literature and only give
the result here, see e.g. [19]. Supersymmetry requires the whole spectrum to fit into
N = 2 supersymmetry multiplets. The relevant massless multiplets and their bosonic
content are the

1. supergravity multiplet: 1 graviton and 1 vector,
2. vector multiplet: 1 vector and 1 complex scalar,

3. hypermultiplet: 4 real scalars.

It turns out that in the type ITA theory the reduction of the RR fields leads to
hY1 + 1 vectors, which combine with the graviton and the complex Kéahler moduli into
one supergravity and hb! vector multiplets, and to h*' + 1 complex scalars, which
combine with the dilaton, the axion a and the complex structure moduli into A% + 1
hypermultiplets. In the type IIB theory the situation is somehow reverse in that the
Kéhler moduli sit in A%! hypermultiplets and the complex structure moduli are the
complex scalars of h*! vector multiplets. This will play an important role momentarily
when we discuss mirror symmetry. Again there is one further hypermultiplet comprising
the dilaton and axion and the supergravity multiplet.

All the massless scalars are indeed moduli of the string compactification because
they do not have a potential in the effective theory. Thus one could give them arbitrary
constant background values. The set of all possible background values is known as the
moduli space of the theory. In supergravity theories the moduli space can not be
arbitrary. In particular N = 2 supergravity in D = 4 restricts the moduli space to
be the product of a special Kéhler manifold spanned by the vector multiplet scalars
and a quaternionic Kéhler manifold for the scalars of the hypermultiplets, see [27] for
a review. Both definitions can be found in appendix B.

The presence of the massless scalars in the spectrum is in conflict with experiment
because so far no massless scalars have been observed in nature. In order to make

1 This duality transformation in D = 4 is always possible when the effective action only depends on
the field strength of B,.,. Moreover the dual scalar is an axion as it has a Peccei-Quinn shift symmetry,
i.e. the dual action is invariant under a — a + const.
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any sense the Calabi-Yau scenario has to be extended by a mechanism which generates
a potential for the scalars to render them massive. A possible way to achieve this is
discussed in chapter 4.

We now briefly turn to the massless spectrum of the heterotic Eg x Eg in D = 4.
Here the additional fields originate in the dimensional reduction of the ten-dimensional
gauge bosons. Again we refer to [19] for the details. As in the case of type II compact-
ifications the spectrum has to fit into multiplets, this time of N = 1 supersymmetry.
The relevant massless multiplets are the supergravity multiplet, whose bosonic content
is just the graviton, the vector multiplet comprising a vector and the chiral multiplet
with a complex scalar as bosonic content. We have already seen that the remaining
gauge group in D = 4 is Eg X Eg. FEg has a 27-dimensional complex representation
which we denote by 27. It turns out that besides gauge bosons in the adjoint repre-
sentation of Eg x Eg the spectrum contains h*! chiral multiplets in the 27 and hb!
chiral multiplets in the 27.1®> Moreover there are some further scalars neutral under
the gauge group whose number is not given by a Hodge number. It is however de-
termined by the dimension of an appropriate cohomology group, see [17] for details.
In many cases these scalars are moduli of the string compactification. Giving them
a non-vanishing vacuum expectation value amounts to deforming the gauge bundle of
the background gauge fields. The same can be achieved by vacuum expectation values
for certain of the charged fields. In this way even the rank of the gauge group can be
reduced. According to the supersymmetry conditions and the Bianchi identity (1.7) the
background gauge fields can in general be chosen as holomorphic connections in any
stable holomorphic vector bundle whose second Chern class equals the second Chern
class of the Calabi-Yau manifold.! If one departs from embedding the spin connection
into the gauge connection the effective four-dimensional gauge group (and the charged
matter spectrum) is generically different. Furthermore the choice of vanishing H is in
general no longer possible. Aspects of non-vanishing H are discussed in [17,30].

To summarize there are the following moduli in the heterotic theory sitting in
chiral multiplets: h%! complex structure moduli, "' complexified Kéhler moduli, the
complex dilaton consisting of the dilaton and the axion and a number of gauge bundle
moduli. Altogether they span a moduli space which is constrained by supersymmetry
to be a Kéhler manifold.

Before we turn in the next section to some more recent developments which have
elucidated the relationship between the single string theories, let us mention one subtle
point of Calabi-Yau compactifications. In view of the importance of higher derivative
terms for our discussion in chapter 4 we briefly want to see how they modify the
discussion of this section. We have seen in the last section that there is, among others,
a correction to the Einstein-Hilbert action ~ /3 R? arising at string tree- and loop-level.
It modifies the Einstein equation such that Ricci-flat metrics are no longer solutions.
It has been argued in [31] that it is always possible to modify the Ricci-flat metric
on a Calabi-Yau manifold in a way that the new metric fulfils the exact equations of
motion. It is still a Kahler metric whose Kéhler form is in the same Kéhler class as the
Kahler form of the Ricci-flat metric. As the metric is no longer Ricci-flat its holonomy

5These states are neutral under the Fg gauge bosons and contain the quarks and leptons in a grand
unified scenario based on Fg.

16The moduli spaces of such vector bundles are generally very hard to analyze. Only partial results
are known in the case that the manifold is elliptically fibered, i.e. it has a fibration structure with a
torus as the fiber, see e.g. [28,29] for details.
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group is not contained in SU(3) and there is no covariantly constant spinor anymore.
However as reviewed in section B.6 there always exists a gauge covariantly constant
spinor such that (V — % )¢ = 0. As the obstruction to a Ricci-flat metric arises at
order O(a’®) also A is of the same order. This modified constraint on ¢ should arise
from corrected supersymmetry transformations in order to be consistent with unbroken
supersymmetry in D = 4 [32,33]. Indeed the existence of higher derivative terms in
the effective action requires correction terms to the supersymmetry transformations
starting at order O(a’®). Thus it seems that starting with the Ricci-flat metric one can
modify the solution order by order in o’ maintaining a supersymmetric four-dimensional
effective theory.

1.4 Dualities and M-theory

We have seen in section 1.2 that there are five consistent string theories in D = 10. In
the last section we considered them in non-trivial backgrounds which were chosen by
hand in order to make contact with our four-dimensional world. Up to now there is
no satisfactory explanation why exactly four space-time dimensions are expanding and
six remained small after the Big Bang. Other backgrounds with less or more extended
dimensions are mathematically on equal footing. The only requirement is that these
backgrounds have to obey the equations of motion of string theory. A given background
leads to a distinctive effective theory governing the space-time physics in an expansion
around this background as it determines the spectrum, the gauge group, the amount of
supersymmetry and the form of the interactions. For a given string theory we can think
of all possible backgrounds as constituting a huge moduli space. These backgrounds
encompass not only the geometry in which the strings move but also nontrivial vacuum
expectation values for the various fields of the spectrum including the dilaton. As we
have discussed at the end of section 1.2 the latter is related to the coupling constant of
the string theory.

By continuously changing the values of the moduli one can deform the background
and move around in the moduli space. In one corner of the moduli space are the Calabi-
Yau compactifications discussed in the last section. Here moving around in the moduli
space could for example mean a change in the complex structure and the Kahler class
of the Calabi-Yau manifold. A priori one might expect that this large moduli space
has many connection components. For instance, it could be that topologically distinct
Calabi-Yau spaces can not continuously be deformed into each other. This depends
however on the underlying concept of continuity. As reviewed in [25] it turns out that
the resulting effective space-time physics behaves totally smooth in certain topology
changing processes. String theory smoothes out deformations which look singular from
the point of view of classical geometry. It might therefore well be that the whole moduli
space is connected in this sense.

The picture of string theory we have drawn so far looks as follows: There are five
different string theories each endowed with its own moduli space of viable backgrounds.
Although the dynamical mechanisms which choose the background still have to be
unraveled the reduction to only five consistent theories is a great achievement in the
attempt to reduce the arbitrariness of the SM. However this is not the whole story
yet. Rather it turns out that the moduli spaces of all the ‘different’ string theories are
actually identical. There seems to be only one huge moduli space of one underlying
theory and the backgrounds of a specific string theory alluded to in the foregoing
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discussion are just different ‘coordinates’ on this single moduli space. This certainly
requires some explanation. Again we refer to [19] for the details and restrict ourselves
to the results.

It is known since some time now that the type IIA theory compactified on a circle
of radius R describes exactly the same physics as the type IIB theory compactified
on a circle of radius ’/R. Thus by varying the radius from infinity to zero one can
continuously deform the type IIA to the type IIB theory. The same holds true for the
two heterotic theories. This is a special case of the so called T-duality and establishes
that indeed the heterotic respectively type II theories have the same moduli spaces.

This phenomenon that different backgrounds can nevertheless lead to the same
physics is a typical property of string theory and has no analog in theories based on
point particles. Another example of this astonishing feature is mirror symmetry which
has also found far reaching applications in mathematics. It has been noticed that in
many cases the compactification of type IIA theory on a Calabi-Yau manifold leads
to exactly the same effective theory as the compactification of type IIB theory on a
topologically different manifold, the mirror Calabi-Yau. In this equivalent picture the
complex structure moduli fields describe the same massless excitations as the complex-
ified Kéhler moduli in the type ITA compactification and vice versa. Thus the complex
structure and Kéahler moduli change their role - an instance which has led to great
progress in calculating certain quantities in the low energy effective action; for a review
see [34].17

Now consider the type I theory at small string coupling and slowly increase the
value of the coupling constant. We have already mentioned in section 1.2 the existence
of Dp-branes in string theory. The type I theory contains a D1-brane, i.e. a second
object with one spatial dimension besides the fundamental string. It is also called the
D-string. One characteristic of D-branes is that their tension is inversely proportional
to the string coupling constant. Thus in the limit of weak coupling they are very heavy
and can not be produced at low energies. That is why the (fundamental) strings are the
most relevant objects in string theory in this limit. However with increasing coupling
constant the situation changes. Surprisingly the fundamental type I string starts to
decay and plays no role anymore at very strong coupling. On the other hand the D-
string becomes lighter and lighter and is the relevant object at strong coupling. Due
to supersymmetry it is possible to extrapolate its excitation spectrum to the regime
of strong coupling. It turns out to be identical to the spectrum of a weakly coupled
heterotic SO(32) string. It has therefore been conjectured that both theories describe
the same physics. This proposal has not been proven rigorously but further arguments
can be given in favor of it. Interestingly it relates the strong coupling limit of one
theory to the weak coupling limit of another one. This is termed S-duality.

The discussion of the strongly coupled type I string has made two things obvious.
First it has shown that some strong coupling effects of a given string theory might be
within the reach of the current techniques. This is possible if one finds a dual description
of the same physics in terms of a weakly coupled theory. For the type I and the heterotic
S0O(32) theories we have found that they are S-dual to each other. The type IIB theory

"Let us mention that we have used the expression Calabi- Yau manifold to denote six dimensional
manifolds so far. As explained in appendix B the definition of a Calabi-Yau manifold is more general.
2n dimensional Calabi-Yau spaces are called Calabi-Yau nfolds and mirror symmetry also appears in
compactifications on them. However, only if n is odd does it relate the type IIA to the type IIB theory.
For n even it relates compactifications of the same type II theory on topologically different manifolds.
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is weak/strong self-dual and for the type IIA and heterotic Eg x Eg theory we will
identify the strong coupling limit in a moment. Beforehand let us remark a second
lesson from the strongly coupled type I theory. In our description of string theory
in the previous sections we have implicitly assumed a small coupling constant. Here
we see that this restriction is not only necessary because of the enormous difficulties
arising in higher loop calculations but also because the whole approach using strings
as the fundamental degrees of freedom is only valid in the weak coupling regime of the
corresponding string theory. With increasing coupling other objects like the D-branes
become light. It is not clear at the time of writing what really are the fundamental
degrees of freedom of the theory at a generic point in moduli space. Only if our universe
resides at a point in the moduli space at which one of the five string theories is weakly
coupled it can be described by perturbative string theory in a way outlined in the
foregoing sections.

We still have to motivate that also the moduli spaces for the type II and heterotic
string theories are connected. This will also shed new light on their strong coupling
behavior. The type ITA theory contains DO-branes, i.e. particle like objects. Again
their mass is inversely proportional to the coupling constant g. A bound state of n
DO-branes has a mass ~ n/g. This matches exactly the spectrum of a Kaluza-Klein
compactification on a circle of radius ~ ¢, see appendix C. Thus one is tempted to
interpret the strong coupling limit as a decompactification limit in which an eleventh
dimension opens up. This is very surprising at first sight as we have argued in section
1.2 that string theory restricts space-time to be ten-dimensional. Again the solution to
this puzzle lies in our wrong assumption that strings are the fundamental degrees of
freedom of the theory. In fact if the scenario describing the type IIA string theory as the
Kaluza-Klein reduction of an 11-dimensional theory is to make any sense this theory
should have a low energy limit which reduces to the one of type IIA string theory, i.e.
to IIA supergravity. There is only one candidate - 11-dimensional supergravity. Its
bosonic spectrum consists of a metric and a three-form gauge potential, see section
2.2. The corresponding object carrying the charge of this gauge field has two spatial
dimensions and is called a membrane. In order to reproduce the IIA strings in the
Kaluza-Klein scenario one has to consider membranes which are wrapped around the
circular dimension. Thus the ITA strings only appear one-dimensional at weak coupling.
Increasing the value of the coupling constant opens up the eleventh dimension and the
strings expand into two-dimensional tubes thus circumventing the restriction to ten
dimensions arising from string theory.

A similar picture arises in the strong coupling limit of the heterotic E'g x Eg theory.
One can again argue that an eleventh dimension appears which this time has the form
of an interval instead of a circle. Now the length of the interval is ~ g and the string
expands into a cylindrical membrane one of whose spatial dimensions is extended along
the interval.

We see that both the weakly coupled type IIA and heterotic Eg x Eg string theory
are embedded in the moduli space of an 11-dimensional theory. This is the missing link
to establish the statement made earlier in this section that there is only one underlying
theory whose moduli space embraces those of all string theories, which is schematically
shown in figure 1.3. This theory is called M-theory. At certain corners of the moduli
space it looks effectively ten-dimensional and can be described by a weakly coupled
string theory. Its low energy limit is given by 11-dimensional supergravity but its
precise non-perturbative formulation still has to be found.
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Figure 1.3: Moduli space of M-theory

1.5 Topic and organization of the thesis

After this tour de force through string theory we now come to the main concern of the
thesis. We have already mentioned that the heterotic Es x Eg theory has attained a
lot of interest in the search for a string theoretic version of the (supersymmetric) SM
as its Calabi-Yau compactifications give rise to interesting gauge groups and minimal
N = 1 supersymmetry in D = 4. However, despite considerable efforts a number
of serious problems remain within the framework of the perturbative heterotic string.
Among them are the missing of a satisfactory mechanism for supersymmetry breaking
at low energy and for stabilizing the moduli such as the dilaton and the Kéahler- and
complex structure moduli in a Calabi-Yau compactification. Non-perturbative effects
of the heterotic string are expected to play a crucial role in finding the solutions. Some
of these non-perturbative features are captured by a construction known as F-theory
compactified on elliptically fibered fourfolds [35].

There are several ways to define F-theory. The definition we will use is the following.
An elliptically fibered fourfold is a torus fibration over a (complex) three dimensional

base space Bs, which we denote by Yy T—2> Bs. F-theory compactified on Yy is then
defined as the compactification of type IIB string theory on Bj, where the complex
dilaton A + ie~?® varies over Bs in the same way as the complex structure of the torus
fiber varies in Y4. However, in order to fulfill the equations of motion 7-branes have to
be present in the type IIB background. It has been argued in [35] that in case Yy is not
only elliptically fibered but in addition K3-fibered over a two-dimensional base B, i.e.

Yy X3 By, this F-theory compactification is a dual description of a compactification of

the heterotic string on an elliptically fibered Calabi-Yau threefold Y3 T—2> By with the
same base By.'® These F-theory compactifications can include certain non-perturbative
effects of the heterotic string. The four-dimensional spectrum can for example contain
more antisymmetric tensors and a larger gauge group than possible in the perturbative
framework. These and further aspects of F-theory on Calabi-Yau fourfolds are discussed
in [28,29,35-72]. However, because of the presence of the 7-branes F-theory vacua are
difficult to handle.

Closely related to the heterotic N = 1 theories in D = 4 are their circle and torus
compactifications to D = 3 and D = 2 which are the main focus of the thesis. In these

181 addition one has to specify a gauge bundle on the heterotic side.
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cases some of the non-perturbative features are described by M-theory or type ITA
string theory compactified on a Calabi-Yau fourfold Yy [35]. This leads to the following
chain of dualities for the heterotic string with four supercharges

D=4: F/y; = Het/Y3
1 1

D=3: M/Y; = Het/(Y3x Sh) (1.8)
1 1

D=2: IIA/Y; = Het/(Ys x T?)

The further compactification to D = 3 and D = 2 has two main advantages. First
the low energy regimes of M- and IIA string theory are much easier to describe as in
F-theory because they are given by supergravity theories. Therefore we can base our
analysis on a Kaluza-Klein reduction of the corresponding effective actions. Second in
D = 3 and D = 2 the vector multiplet contains a real respectively complex scalar in the
adjoint representation of the gauge group and thus - contrary to the situation in D =4
- a Coulomb branch exists. Working on this Coulomb branch simplifies the analysis
considerably as we will see.

Aspects of M/type ITA theory on Calabi-Yau fourfolds have been discussed by other
authors in [36,41,46,67,71,73-81]. Furthermore due to the close relationship between
the compactifications of F/M/ITA theory on Calabi-Yau fourfolds many results from the
F-theory literature cited in the last but one paragraph are also relevant for the three-
and two-dimensional cases. Thus a lot is known about the spectrum in D = 3 and
D = 2, the moduli space, the duality map to the moduli space of the heterotic string
and non-perturbative superpotentials stemming from wrapped 5-branes. In contrast
to this the emphasis of our thesis lies on a study of the low energy effective actions
arising in a Kaluza-Klein reduction of type IIA and 11-dimensional supergravity on
Calabi-Yau fourfolds. In D = 3 the moduli space of theories with four supercharges is
restricted to be a K&hler manifold [82], whereas in D = 2 it is in general not Kéhler
anymore [83]. Nevertheless it has a related structure and is determined by two real
functions. Only very limited results had been derived for the Ké&hler potential in
D = 3 and the functions determining the moduli space in D = 2. For the type ITA
compactification they have been given in [81] neglecting the moduli coming from the
three-form potential. In our thesis we fill this gap by deriving the three-dimensional
Kahler potential and the relevant two-dimensional functions for the moduli including
those coming from expanding the three-form potential.

One of the aims of the thesis is to facilitate the identification of those Calabi-Yau
fourfolds which lead to a perturbative heterotic dual when used in (1.8). This is a
necessary first step if one wants to extract non-perturbative effects. Our analysis is
based on a comparison of the low energy effective Lagrangians in D = 3 and D = 2,
but we ignore all charged matter multiplets and only focus on the moduli. In spirit it is
very close to a similar analysis carried out for the duality of type IIA on a Calabi-Yau
threefold Y3 and the heterotic string on K3x7T? in [84,85].

In our comparison of the low energy effective theories we first restrict ourselves to
the case of Calabi-Yau fourfolds with vanishing Euler number y = 0. Consistency in
compactifications of M/type IIA theory on Calabi-Yau fourfolds with y # 0 requires
backgrounds with non-vanishing fluxes or space-time filling membranes/strings [73,74,
76]. We then extend the analysis to the case y # 0 by including non-trivial fluxes. They
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have the additional merit to generate a non-vanishing potential for the moduli fields
in the low energy effective theory and thus provide a mechanism to stabilize at least
some of them. The corresponding superpotentials have been proposed in [67,80]. Here
we derive the potential through a Kaluza-Klein reduction. This derivation requires to
consider higher derivative terms in the eleven/ten-dimensional Lagrangian [73,86]. In
practice we mainly focus on the three-dimensional case, where we furthermore show
that fluxes can be used to break supersymmetry spontaneously. An investigation of
the potential in D = 2 and a translation of the results to the heterotic string are still
in progress.

More precisely the organization of the thesis is as follows. In chapter 2 we consider
heterotic - M-theory duality in D = 3 at the level of low energy effective Lagrangians.
On the heterotic side we derive the effective Lagrangian by a circle compactification
of a general N = 1, D = 4 heterotic theory. On the M-theory side we compactify
11-dimensional supergravity on a Calabi-Yau fourfold with xy = 0 and vanishing 4-form
flux. We derive the Kéhler potentials for both theories and compare them to each other.
We show that for fourfolds which are K3-fibrations over a complex two-dimensional base
Bj the two Kéhler potentials agree in the limit of large By and weak heterotic coupling.
Finally, the F-theory limit is discussed. In chapter 3 we apply the same procedure in one
dimension less. The heterotic theory in D = 2 is derived via a torus compactification
of a general N = 1, D = 4 heterotic theory and the type IIA compactification on a
Calabi-Yau fourfold with x = 0 is performed. It is again possible to establish a duality
map if we specify to the same kind of fourfolds as in D = 3. We then generalize our
reduction of 11-dimensional supergravity to Calabi-Yau fourfolds with x # 0 and 4-
form flux in chapter 4. There we also make some comments concerning the reduction
of type ITA supergravity in the background of non-vanishing RR fluxes and about the
duality to the heterotic theory in these cases. Chapter 5 contains our conclusion. Three
appendices are following. The first assembles our notation and conventions, the second
gives an introduction to complex manifolds in general and to Calabi-Yau spaces in
particular and the third appendix reviews the Kaluza-Klein idea and contains some
technical details of the compactifications.

Let us finally mention that the results of chapter 2 and 3 have been published
in [87,88] and those of chapter 4 are partly described in [89].



Chapter 2

D = 3 effective theories with four
supercharges

In this chapter we investigate the low energy effective action of heterotic string theories
compactified to D = 3 with four unbroken supercharges and study their duality to
Calabi-Yau fourfold compactifications of 11-dimensional supergravity.

2.1 Heterotic theories in D = 3

2.1.1 D =4,N =1 heterotic theories

Our starting point is a generic effective supergravity Lagrangian in D = 4 with N =1
supersymmetry. Such theories can be constructed as compactifications of the heterotic
string on Calabi-Yau threefolds Y3 or more generally from appropriate (0,2) super-
conformal field theories. For our purpose it is sufficient to focus only on the vector
multiplets and the chiral moduli multiplets and ignore all charged matter multiplets.
The effective Lagrangian in this case reads [90]*

1 = =7 1
L = /g <§R(4) - GY(®,8)9, 8 om0 — TRefu(®) Fpp P
1 .
+ZImfab(<I>)FﬁmFbm" +> , (2.1)
where m,n = 0,...,3, ® are the moduli fields and F2,, are the field strengths of the

gauge bosons A% . The index a labels the generators of the gauge group G and thus
a=1,...,dim(G). N = 1 supersymmetry requires that the f,,(®) are holomorphic
functions of the moduli which are further constrained by gauge invariance. The metric
G%) has to be a Kéhler metric, that is

4 5 4 =
GY) = 9;0,K.1(2,9) , (2.2)
where K}(liz is the Kéhler potential.

Perturbative heterotic string theory imposes further constraints on the functions
K@ and f,. First of all the rank r of the gauge group G is bounded by the central

We neglect the possibility of anomalous U(1) gauge factors with appropriate four-dimensional
Green-Schwarz terms.

20
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charge ¢ of the left moving (bosonic) conformal field theory on the world-sheet. For
heterotic strings in D = 4 one has ¢ = 22 and hence

(G) < 22 (2.3)

Secondly, the holomorphic f,; are universal at the string tree level and determined by

(4) . . . . .
®net and the axion a which is the dual of the antisymmetric tensor

(4) .
2%t + ja and one has

the heterotic dilaton e

B,.n. The two scalars are combined into a complex S = e~
fab = kaS0ap + - - ) (24)

where k is the level of the Kac-Moody algebra. The ... denote perturbative and non-
perturbative quantum corrections which are suppressed in the large S (weak coupling)
limit; they play no role in our discussion.

The metric of the moduli also simplifies at the string tree level. Using the notation
®! = (S,¢") withi=1,...,m4,1 =0,...,n4 one has

Ki =—In(S+8) + K{)(6,0) + ... , (2.5)

where K (¢, }) is the tree level Kihler potential for all moduli except the dilaton. It is
a model dependent function and does not enjoy any generic properties. For Calabi-Yau
compactifications with the standard embedding of the spin connection K*) splits into
a sum

~ (4 4 4

Ky = Ky + K3 (2.6)
where Kfjll)(KQ(i)) is the Kéhler potential for the (1,1)-moduli ((2,1)-moduli) of Y3.
For future reference we also need to recall that in the large volume limit of Calabi-Yau
compactifications K ﬁ) is given by [91-93]

K = —nfdapc(t + DAt + Pt +1)°] = — In[Vol(Y3)] (2.7)

where dapc are the classical intersection numbers, 4 the (1,1)-moduli and Vol(Y3)
is the classical volume of the compactification manifold Y3. For K;ll) one has instead

[92-94]

)

KY = —In [z/ Q/\Q] , (2.8)
Y3

where  is the unique (3, 0)-form.
Finally, let us note that the couplings of the dilaton in (2.4) and (2.5) are largely

. (4) . . . .
determined by the fact that e®net organizes the string perturbation theory and that in
perturbation theory there is a continuous Peccei-Quinn (PQ) symmetry S — S+iv,y €
R, shifting the axion a.

2.1.2 D =4, N =1 supergravity compactified on 5!

Let us reduce the Lagrangian (2.1) to D = 3 on a circle S'. This does not break any
supercharges so that the theory continues to have 4 real supercharges. In D = 3 this
corresponds to N = 2 supersymmetry since the irreducible Majorana spinor has 2 real
components.
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For the S!'-reduction to D = 3 we use the Ansatz [95]:

3

g = ( v +2TQB“B” TZ?“ ) . AL = (A% + Byt () (2.9)
r°B, r

where p,v = 0,1,2 and r is the radius (measured in the D = 4 Einstein metric) of

the S'. The reduction procedure follows closely [95] where four-dimensional N = 2

vacua are considered. The details are shown in appendix C.4 and here we only give the

results.

In D = 3 the vector multiplets contain real scalars (* in the adjoint representation
of G. Thus there is an additional component of the moduli space (a Coulomb branch)
spanned by the scalar fields lying in the Cartan subalgebra of G and at a generic point
in this moduli space the gauge group is [U(1)]*(%). In order to make the notation not
too heavy we continue to label the U(1) gauge multiplets by the index a although in
the previous section the same index ran over all gauge generators; thus a = 1,...,1(Q)
henceforth.

In D = 3 an Abelian vector without Chern-Simons interactions is dual to a scalar
and thus a vector multiplet is dual to a chiral multiplet. Technically this duality is
achieved by adding Lagrange multipliers C“, b to the three-dimensional Lagrangian
and eliminating Aj, B, by their equations of motion (see appendix C.4). In this dual
picture all supermultiplets are chiral and thus their scalar fields have to parameterize
a Kéhler manifold [82]. It turns out that the Kahler structure only becomes manifest
after introducing the coordinates

D = —fu(®)CP +iC?, (2.10)
T = r?+ib+ %(Ref);;@)Da(Dqu) .

Combining all n4 +1(G) + 2 scalar fields into the coordinate vector Z*> = (S, ¢!, D, T,
¥ =0,...,n4 +1(G) + 1 the three-dimensional Lagrangian can be written as

L3 =/—g® (%R(?’) — GAEaﬂZAaMﬂ) : (2.11)

where G5y, obeys

3 3
Giz = Ox0sKD)

K®

@ = KW@8) W[l + T~ S(D+D)'(Ref) (D +D)] . (212)

Note that the argument of the logarithm is given by the square of the compactification
radius, as can be seen from (2.10):

T+T- %(D + D)*(Ref),,}(D + D)* = 2r% . (2.13)

2.1.3 The heterotic D = 3 low energy effective Lagrangian

So far the reduction did not use any input from string theory. Inserting the string tree
level properties displayed in (2.4) and (2.5) into K k(i)t of (2.12) yields

K& = KD (,6) ~ n [(T+T)(S +8) — (D + D?].. (2.14)
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We will see in section 2.3 that the duality to the M-theory vacua is more naturally
expressed in the coordinates S’ = 1(S +T) and 7" = (S — T') in which the Kihler
potential looks like

KD = KW(6,6) —[(S' +§)? — (' + T2 = (D" + D" . (2.15)

The next step is to identify the three-dimensional dilaton. The relation to the
four-dimensional dilaton is as usually
(3) (4)
e_2q>het = rse_chhet , (216)
where 7, is the radius of S! measured in the four-dimensional string frame metric. In
the reduction procedure we used the metric in the Einstein frame (2.9) which is related

to the metric in the string frame by the Weyl rescaling ¢(¥) = 6724’1(,2 g§4). This implies
the following relation among the radii
(4)
rg = 'req)htt . (217)
Combining (2.16) and (2.17) results in
@
2P = € (2.18)
r
. o™ - .
Using (2.13) and e™“®het = 5(5 + ) we also derive
_43® = o a Ha\2
e het = (T+T)(S+95)— (D*+ D= . (2.19)

The three-dimensional dilaton governs the perturbation series in D = 3, as can be seen
by reducing the four-dimensional Lagrangian in the string frame. The result can be
found in appendix C.4. The Ké&hler potential of (2.14) is only valid to lowest order in

r and eél(\z)t and gets perturbative and non-perturbative corrections.

Finally let us discuss the symmetries of the compactified theory. First of all there
is the PQ symmetry associated with the four-dimensional axion a discussed in section
2.1.1. Furthermore, there are r(G) + 1 Abelian gauge symmetries associated with
the r(G) + 1 gauge bosons AZ,BH. In the dual Lagrangian these symmetries appear
as continuous PQ symmetries acting on the dual scalars. Finally, the scalars (¢ in
the three-dimensional vector multiplets ‘inherit’ another PQ symmetry from the four-
dimensional gauge invariance. So altogether (2.11), (2.12) are invariant under the
following 2r(G) + 2 PQ symmetries (with parameters v,7,v%,4%)

— a+t+7,
b — b+7,
c* — O+~ b— b+~ (2.20)
¢* = (44, b—b+A4C*.

These PQ symmetries are exact in perturbation theory but broken to discrete subgroups
non-perturbatively. In addition, there is the standard T-duality which acts on the radius

of the S! and sends 7y — r; ! while keeping ePher fixed. Using (2.17) and (2.18) this
corresponds to

(4)
ePher o5 1 (2.21)

and leaves (2.14) invariant.
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2.2 M-theory compactified on Calabi-Yau fourfolds

As we have discussed in the introduction M-theory has been suggested as the strong
coupling limit of type ITA string theory [96]. Even though a satisfactory formulation of
M-theory has not been established its low energy limit is known to be 11-dimensional
supergravity. In this section we perform the compactification of this low energy limit
on Calabi-Yau fourfolds and obtain an effective Lagrangian in D = 3.

The starting point is the 11-dimensional supergravity action [97]:

1 1 1
Sy — —/d11 \/ =g ( RAD — 212 ) — /A AFyAF 2.22
7 v/ —g 2! 1 127, sANFyNFy, (2.22)

where As is a three-form, F its field strength and ¢('") the determinant of the 11-
dimensional metric (more details of the notation used are given in appendix A). The
Lagrangian (2.22) is the leading order contribution in a derivative expansion. One of
the next to leading order terms in this expansion has been deduced from a one-loop
computation in the type ITA theory [98] and then extrapolated to the 11-dimensional
theory. It is associated to the sigma-model anomaly of the six-dimensional 5-brane
world-volume [99]. Tt reads?

55511) = —T2/A3 A Xg
ith X = —— i(t R?)% 4 L r (2.23)
W 8 7 eor \UTest 192" ) '

where Ty = (2m)2/3(2k2,)~'/3 is the membrane tension and R denotes the curvature
two-form (B.6) so that the product R" involves both a matrix and a wedge product.
The term (2.23) leads to an important constraint for Calabi-Yau fourfold reductions of
(2.22). Tt induces a potential tadpole term for the three-form Aj rendering the resulting
vacuum inconsistent [74]. The coefficient of the anomaly is set by the Euler number yx
of Y4

/ Xy = — X = _lgyprig e gy (2.24)

- 24 4

Thus it can be avoided by choosing compactification manifolds with y = 0. However,
the anomaly can also be cancelled by considering backgrounds with n space-time filling
membranes or turning on non-trival Fy-flux [73,74,76].3 In this case (and setting 75 = 1,
ie. k3 =27?)

Xy L[ mar (2.25)
24~ " )y, N '
has to hold for consistency. Backgrounds with space-time filling membranes are known
to be dual to heterotic vacua in non-trivial 5-brane backgrounds [28,55,69]. Since we
are for the moment primarily interested in identifying the perturbative heterotic string
among the fourfold compactifications we choose to consider n = 0 in this chapter.
Furthermore, we leave the case of nontrival Fy-flux to chapter 4 and consider fourfolds
that satisfy x = 0 as compactification manifolds in the following. Moreover, we set
k11 = 1 for the rest of the chapter.

2We use an index ‘1’ as there are further corrections becoming important in chapter 4.
3A further contribution to the anomaly related to M5-branes wrapped around three-cycles in the
Calabi-Yau has been discussed in [41].
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We now perform a lowest order Kaluza-Klein reduction of the 11-dimensional su-
pergravity on Calabi-Yau fourfolds.* The relevant facts about Calabi-Yau fourfolds Y,
are collected in appendix B. Following the procedure outlined in appendix C we take
for the 11-dimensional metric the Ansatz

3)
(11) 9w () 0
T, Y) = , 2.26
Iun (@ y) < 0 g((lzz) (1) ) ( )

where z#(u = 0, 1,2) denote the coordinates of three-dimensional Minkowski space and
y*(a = 3,...,10) denote the internal Calabi-Yau coordinates. As explained in section
C.1 the metric

o = g9 1)) + 59% (5M () (2.27)

splits into a background solution, depending on the vacuum expectation values of the
metric moduli, and small fluctuations which are induced by variations of the moduli.
These fluctuations are given by the zero modes of the Lichnerowicz operator for g. It
has been shown in [103] that there are two different kinds of zero modes which are
given in terms of non-trivial harmonic forms on Y4. This can be best understood if we

introduce complex coordinates &/ (j = 1,...,4) for Y} defining £/ = \/—( yP T piy2+2) 5
For the deformation of the Kihler form one has®
hl’l
i0gi; =Y oM (x)eas (2.28)

where e4 is an appropriate basis of HV(Y) and M4 (z) are the corresponding (real)
moduli. For the deformations of the complex structure one has

hS,l
Oz =Y 62°(x) basg » (2.29)

where Z%(z) are complex moduli and by is related to the basis @, of H>!(Yy) by an
appropriate contraction with the anti-holomorphic four-form Q on Yy [93]:

1

1
bai’
T3P

QD s Q] = Uleiﬂd - (2.30)

Finally, the three-form Aj is expanded in terms of the (1,1)-forms e4 and the (2,1)-
forms W,;z. More precisely

pl1 p21 2,1

Aﬂij = Z A;‘(x) €Ai7 > Z]k - ZN \Illl]k: ) Aﬁk = NJ( )\I’ka
- 1

>

~
I

(2.31)
So altogether the compactification leads to h'*! vector multiplets (Aﬁ, MA4) and h>! +
h*! chiral multiplets (N71), (Z9).

“A similar analysis for ITA compactifications on threefolds can be found in [100] while compactifi-
cation of 11-dimensional supergravity on threefolds was considered in [101,102].

5The corresponding integration measures are related according to d¢ = d*¢ A d*€ = dBy.

6In the following we omit the superscript (8) at the internal metric.
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On the space of (1,1)-forms one defines the metric [104]"

1 1 . _ _
Gap = — eAN*ep = ——— dgf\/geAijBBkmgzmgkj ) (2.32)
2V Jy, 2V Jy,

where V is the volume of Yy
1 1
V= [ d&¢Jg== | JNIANIANT = =dapcpMAMBPMEMP (2.33)
Y 4! Jy, 41

J is the Kahler form of the Calabi-Yau fourfold
J = igid€ N d€7 = M*ey (2.34)

and
dABCD:/ eaNegp Nec ANep (2.35)
Yy

are the classical intersection numbers of Yy, see section B.1.
On the space of (3,1)-forms one defines the metric [94]

[y, ®a A Pj3 1
7l B _ L

G5 = e —
: ane 4y,

d*&\/Gbagmbaing g™ = 0a05 K31 (2.36)

which is a Kéhler metric with K&ahler potential

K31 =—1n [/ QA Q] (2.37)
Yy
Finally, on the space of (2, 1)-forms we define a metric G ;7 and intersection numbers
dary
_ 1 - 1 8 T im _jn lk
Gy = B . U AxU ;= 1 y d 5\/§‘I’I¢jl}‘1’jlmng g9, (2.38)
4 4

_ 1 s _gmmr 3
dij = / ANUIAT ;= / d*€\/ge" T € 43V i U For -
Ya Ys

The two quantities are related via®

i A - 9G;
ij = _gdAIjM 5 or dAIj =2 W—A . (239)
In the following it is convenient to define a metric independent of M4 as
A 7 A
ij = —50 dAIj s (240)
where ¢ are constant real vectors with no vanishing entries but otherwise arbitrary.

It is important to notice that Gap and dagcp are independent of the complex
structure but G5 and d4;7 do depend on Z* and Z®. This dependence is not known

"For the definition of the Hodge - and the related Hodge *-operators used below see (B.20), (B.21).

8This can be checked noticing that *¥ ; = % (‘ifjijggijglmgna + ‘T/j”;mgna) dEENdE™ NEF NAE™ NdE®.
The first term corresponds to a term ¥ ; A J A J with a globally defined (0,1)-form U, = %\I/jij-,;g”_d«ﬁ_lg7
see (B.37) and (B.39). As h%! = 0 for a Calabi-Yau fourfold the first term is actually trivial.



2.2. M-THEORY COMPACTIFIED ON CALABI-YAU FOURFOLDS 27

generically since it depends on the particular Y, under consideration. However, as we
will show it is not necessary to know the complex structure dependence of G ;7 and
d ;7 explicitly in order to determine the Kéhler potential.®

The basis W' of (2,1)-forms can locally be chosen to depend holomorphically on
the complex structure (see section B.7) or in other words

075V =0, 07201 #0 . (2.41)

The derivative 0z« W¥! can be expanded into (1,2)- and (2,1)-forms with complex-
structure dependent coefficient functions ¢ and 7

070V = 001 X(Z,2) Vi + 70i™(2,2) 0} . (2.42)

Note that 7 is not the complex conjugate of o but an independent function. Indices I
and J are raised with 67X and 67K. Differentiating (2.42) with respect to Z% results
in the following differential constraints for o and 7

523 oar™ = —TaIL%BEK ) 523 Talls = —Tar 5BZK . (2.43)

From (2.38), (2.39), (2.40) and (2.42) it immediately follows that the complex structure

dependence of G7,G;7,d4;7 is constrained by the differential equations!®

aZaGIj:O'a[KGKj y 8Zaé[j:UaIKéKj s 8ZadA[j:UaIKdAKj . (244)

The next step is to insert (2.26)-(2.31) into (2.22). The details of this reduction are
presented in appendix C and here we only summarize the results. The vectors A;‘ are
again dualized to scalar fields denoted by P4. So after dualization the vector multiplet
becomes a chiral multiplet with the (real) scalars (M“, P4) and there are altogether
hb1 4 pb2 4 B3 chiral multiplets. Supersymmetry requires that the Lagrangian of
these chiral multiplets must be expressible in the form

L3 = /—¢® (%R(?’)—GAZBMZAWZE), (2.45)

where A, X = 1,...,h% 4 hL2 + b3 and Gjy, is a Kihler metric Gy, = 930n KLy
However, it turns out that the scalar fields which appear naturally in (2.28)-(2.31)
in the expansion of the harmonic forms on Y4 are not the appropriate Kahler coordi-
nates Z>. Rather a set of field redefinitions has to be performed in order to cast the

three-dimensional Lagrangian into the form (2.45). The proper Kéhler coordinates are
TA NI, Z defined as

1 ) ~ ~ = A AT PN
TA — % <z'PA +VGARMB - idAMEG*IJMG*ILININJ + wAIKNINK>, (2.46)
NI =G (2%, 2% N7 | (2.47)

while the Z% are unchanged. Like I and J also the indices A are raised with §45. The
wark are functions of Z¢ and Z which have to obey

52&&),41[( = —ié_lijé_ledAML?@jM , (2.48)

9Similarly, K31 is generically known only in terms of an integral over the holomorphic (4, 0)-form
Q but not necessarily explicitly (see (2.37)).
197t would be nice to have a better geometrical understanding of (2.43) and (2.44).
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but are otherwise unconstrained. In terms of 74, N/ , Z% the metric is Kéhler with the
Kaéhler potential

E® = Kyy —n EAVGE}BEB] : (2.49)
where

_ 1 ~ ~ = AT AT 1 PN 1 X7 RF
=4 = (TA+TA+ ngAMEG—leG—lLININJ _ %wAIKNINK _ %QAJENJNL> _
(2.50)
(Note that V and G4p in (2.49) have to be expressed in terms of the Ké&hler coordi-
nates.)

In geometrical terms the argument of the logarithm is just the cube of the volume
of the Calabi-Yau fourfold measured in the M-theory metric, which can be checked by
inserting (2.46) into (2.50),

K& = Ks1 -3V (2.51)

As we will see in the next section the duality to the heterotic vacua is more naturally
expressed in terms of rescaled variables M4

MA — MA = V1204 (2.52)
Using the rescaled Kéhler form J = M4e# in (2.33) and (C.37) one finds
V=V3 Gap =V 'Gas, (2.53)

where V and G AB have the same functional dependence on MA asV and G AR have on
MA. In terms of the rescaled variables the Kéhler potential becomes

K = Ky —In [BAGILEP| = Koy~ (2.54)

Even though K](\f’[) is the sum of two terms the moduli space does not factorize.
When expressed in terms of the proper Kahler coordinates the second term in (2.54)
does depend on T4, NT , Z“ and therefore the metric is not block diagonal. However,
from (2.50) we learn that for N = 0 the moduli space does factorize locally and the
Kahler potential becomes

K](S[) = K31+Ki1,
Kip = —In [(TA + TG (TP+TP)| (2.55)
K371 = —ln{/ Q/\Q} .

Yy

Finally, let us discuss the continuous PQ-symmetries of the M-theory vacua in the
large volume limit. First of all the scalars P“ which arise from dualizing the vectors A;‘
inherit a PQ-symmetry from gauge invariance. The Ké&hler potential (2.49) is invariant
under the shifts

PA & pA4 a4, (2.56)

where 44 are arbitrary real constants. Secondly, the N’ arise from expanding the
three-form in (2.31) and as a consequence they inherit part of the three-form gauge
invariance. Specifically, the three-dimensional Lagrangian is invariant under the shift

N'U; + NW; — N0, + NTF; + const. . (2.57)
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In terms of N' this amounts to
NI N yylz,2), N >N +5(22), (2.58)

where the v/ depend on the complex structure and as a consequence of (2.42) have to
satisfy B
0z07" = —vloar’ . 0za” = -A'7ar" (2.59)
The redefinition of the N in (2.47) is precisely such that it renders the PQ-symmetry
holomorphic
NT = N+ 41(2), (2.60)
where 4 = G! j"yj obeys

7 =0, 9704 = g kAR —AEGT K VG (2.61)

The corresponding PQ transformations of the fields T4 are

i A A—1 _MA—1L x7IzJ
d GG INTY =

23 18

1 1 .
+ —=w A N+ —=wt A+ —

V8 2V8

Thus the P# also transform!! according to

T4 5 T4

1 A A 17 =7 1 A A 1T 7
PA — PA _ ZdAMEGileGilL[NI’?J + ZdAMEGfleGflLIﬁ/INJ‘ (263)

So altogether we have hl'! 4+ 2h%! continuous PQ-symmetries in the large volume limit
of the M-theory compactification.

2.3 Duality

2.3.1 Heterotic — M-theory duality in D =3

The next step is to investigate the dual relation between the heterotic and the M-theory
Lagrangians. A first guidance can be obtained by considering the seven-dimensional
duality (M/K3 ~ Het/T?) [96] and fibering it over a common complex two-dimensional
base By. For large By one can apply the adiabatic argument [105] and conclude that
M-theory compactified on a K3-fibered fourfold should be dual to the heterotic string
compactified on an elliptically fibered threefold. The seven-dimensional string coupling

(7 . . . .
constant e®ret is related to the volume Vi3 of the K3 measured in the (11-dimensional)

M-theory metric and the respective space-time metrics (g?et, géw ) differ by a power of
(7)
e®net [96]
(7 (7
e/3%het — Vyes : gget _ e4/3<1>heth ‘ (2.64)

Using the adiabatic argument one derives

(3)
72(I)het =

(7) (7)
Vite 2P = Vg, e2/3%a = Y, VI/2 (2.65)

" This transformation is necessary in order to render (C.44) invariant under (2.60).
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where the volume of the base By measured in the heterotic string frame metric Vggt is

. .. (7
related to the volume Vp, measured in the M-theory metric via Vg‘;t = Vp,e%/3®het as

can be seen from (2.64). Equation (2.65) implies that a large volume of the Calabi-Yau
fourfold corresponds to heterotic weak coupling. Since the compactification of M-theory
performed in the previous section is valid for large fourfolds it is legitimate to compare
it to a weakly coupled heterotic string. Or in other words the two limits — large Yy
in M-theory and weak coupling in the heterotic string — are mutually compatible. In
particular duality requires that the respective Kéahler potentials have to agree in this
limit

3) _ (3
Ky =K - (2.66)
For perturbative heterotic vacua where K]fl?;)t is given by (2.12) the equality between

the Kéahler potentials is not automatically satisfied but rather puts a constraint on the
intersection numbers d 4pop or more generally on the Calabi-Yau fourfold. It would be
desirable to find those fourfolds which correspond to a perturbative heterotic vacuum
exactly as was done in [85] for type ITA compactified on Calabi-Yau threefolds. Here
we only make the first step in this direction in that we show that for the (1,1)-moduli
of K3-fibered fourfolds (2.66) holds in the large base limit.

As the base By we take in both theories a Hirzebruch surface F,, with n even and
freeze the values of the scalars N1, Z% on the M-theory side. In this case the M-
theory Kéhler potential simplifies Kl(\?[) = Ki,1, where Kj is given in (2.55). The
particular geometry of the Calabi-Yau fourfold we are considering affects the form of
its intersection numbers and thus in view of (C.37) also the form of G 4p. But (C.37)
determines G Ap in terms of the coordinates MA. In order to find a map between
the heterotic and the M-theory variables one has to compare the Kahler potentials
expressed in the Kéhler coordinates. In general it is not possible to invert (2.46) and
explicitly express M# (and thus G4p) in terms of the T4. However, as we will see
shortly the explicit relation between M4 and T4 can be obtained in the large base
limit.

In this limit the intersection numbers of Y, enjoy specific properties. In order to
understand this we need to know the group of its divisors'?, i.e. Hg(Yy,Z). A similar
analysis for K3 fibered threefolds has been performed in [106]. Let 7 : Y4 — Bs denote
the projection map of the K3 fibered fourfold. One has three different contributions to
Hg(Yy,Z):

1. Each divisor C of the base By contributes a divisor D of Yy via its pullback
D =n*C.

2. Each monodromy invariant algebraic two-cycle G; in the generic fiber Fj
gives a divisor D; of Yy if it is transported around the base.

3. When the K3 fiber degenerates over a locus of codimension one in the base
in such a way that the degenerate fiber is reducible, the volumes of its
components can be varied independently. Therefore such reducible “bad
fibers” B, contribute further elements to Hg(Yy, Z).

12For a definition see footnote 22 in section B.10.



2.3. DUALITY 31

The intersection of two divisors of the first kind can be traced back to the intersec-
tion of the corresponding divisors in the base:

(D; - D)y, = (7°Cy - 7 Ca)y, = 7*(C1 - Ca)B,, (2.67)

which is not a number, but a four-cycle in the Calabi-Yau fourfold. The subscript indi-
cates the space within which we are considering the intersection theory. As explained
in [107] F,, (with n even) is topologically the product of two S?’s, whose areas are two
Kahler parameters U and V. The corresponding divisors Cyy and Cy have the intersec-
tion numbers (Cy - Cy)p, = (Cy - Cy)p, = 0 and (Cy - Cy)p, = 1. In view of (2.67)
the intersections of the two related divisors of the fourfold are either zero or the generic
K3-fiber Fy, i.e. (Dy - Dy)y, =0, (Dy - Dy)y, =0 and (Dy - Dy)y, = Fy. From this
fact follows that the intersection of three and four Dy, Dy automatically vanishes and
that Dy - Dy has no intersection with divisors coming from bad fibers B,. Finally, we
have

(Du - Dy - Di - Dj)y, = (Gi - Gj) Ry, (2.68)

where G;, Gj and D;, D; are defined in the second entry of the list above. In particular
G and G are dual to elements of the (monodromy invariant) part of the Picard lattice

of the generic fiber which has signature (4, —,...,—), see [106] or section B.9. Thus
it is possible to choose the divisors of F|y in a way that the right hand side of (2.68) is
given by 7;; = diag(+, —, ..., —).

In the large base limit the (rescaled) volume V= %dABCDMAMBMCMD is domi-
nated by those terms which contain a maximal number of base moduli. From what we
have just said it is clear that the leading contribution is

~ 1 1~ ~ ~ o~
V= §dUVZ'jUVMZM] = §UV77ijMZMJ, (269)

where UV is the (rescaled) volume of the base and %m-j]\;_f M7 that of the generic fiber.
Obviously we are in an adiabatic regime, in which to leading order the volume is given
by the product of the base and fiber volumes Vy, = Vg, V3. Using (2.69) and (C.37)
we can compute G g for the moduli U and V of the base and the moduli M? of the

generic fiber in the large base limit!'3
1
) wr U 0
Gap=| 0 5= o . (2.70)
0 0 My 20 M M1
Mt M¥* M (1 M*M1)2
Inserted into (2.46) using (2.53) one obtains
()"
U LU 1L N7k N 1/2
+ 1 <U> (Mt )
AN
vy - (2 Nk N2
+ 1 <V> (Mt )
S 1 ~ -~ M
T+ Tt = (V)2 (2.71)

2 (e MFMT)L2
13 At this point we neglect the possibility of moduli arising from bad fibers and discuss their contri-
bution at the end of the section.
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In connection with (2.69) this implies
V=32(TY + TUYTY + TV)(T* + T (T +T7) . (2.72)

Thus in the large By limit the volume also factorizes in the K&hler coordinates T4.
The M-theory Kahler potential reads in this limit

EY=-lmV=-m [(TU +TUNTY + TV )T+ T')mif (T7 + Tj)] : (2.73)

and can now be compared to the K}(l?t of the heterotic vacua specified in (2.15).

On the heterotic side we take the large base limit together with the large S-limit
(weak four-dimensional coupling). Thus only S’,7”, D® and the (1,1)-moduli U,V of
the base Bs have to be taken into account while all other (1, 1)-moduli, all (2,1)- and all
gauge bundle moduli can be frozen at generic values. In elliptically fibered threefolds
Y3 with the Hirzebruch surface F,, as a base the Kahler potential of U and V simplifies
to K& = —In[(U 4+ U)(V 4 V)] [107,108]. So altogether we have on the heterotic side

K& = ~l(U+0)(V + V)] - [(S' + 5 — (' + T')> — (D" + D] . (2.74)
The two Kahler potentials agree if one identifies
(8,7, D% & (T"),  (U,V)« (1Y, 1), (2.75)

We see that the moduli which parameterize the base By are identified on both sides and
the (1,1)-moduli of the generic K3-fiber on the M-theory side are identified with the
four-dimensional dilaton, the radius of S' and the scalars D related to the heterotic
vector multiplets. Note that the correspondence (2.75) implies according to (2.19) and
(2.71)

(3) R . . . ~
e et ~ (T + T*)ni;(T? + 17) ~ VB, = VB, V, (2.76)

which agrees with (2.65) obtained in the adiabatic regime. Furthermore the number of
moduli 7% on the M-theory side is bounded by the maximal rank of the Picard group
of the generic fiber, i.e. by h'D(Fy) = 20. This is consistent with the bound on the
heterotic gauge group given in (2.3). In fact it is a little lower but that could be related
to the fact that our analysis is based on purely classical geometry. (The same issue
arises in type ITA vacua compactified on threefolds [85].)

So far we neglected moduli arising from reducible bad K3 fibres in the fourfold,
i.e. we considered no divisors of the third kind. In the context of the duality between
the heterotic string compactified on K3 x T2 and the type IIA string on K3-fibered
Y3 the reducible bad K3 fibres were shown to be related to non-perturbative physics
on the heterotic side [85]. The same is true for M- and F-theory compactifications
on K3-fibered threefolds Y3 [107,109]. For those K3-fibered fourfolds Y, which can be
adiabatically obtained as K3-fibered threefolds over P! it follows that the reducible bad
K3 fibres also correspond to non-perturbative physics on the heterotic side [62]. Finally,
the identification of the (2,1)- and (3, 1)- moduli of Y, with the elliptic fiber, the (2, 1)-
and the bundle-moduli of Y3 on the heterotic side is discussed in [28,48, 54,60, 62].
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2.3.2 F-theory limit

Ultimately, one is interested in lifting the M-theory/heterotic duality discussed so far
to four space-time dimensions. This amounts to a simple decompactification on the
heterotic side while in the dual theory one has to take the F-theory limit [35]. The
following discussion of the F-theory limit is strongly inspired by [106] where a similar
decompactification limit is discussed in the context of type ITA /heterotic duality in four
dimensions.

Taking the F-theory limit requires that the Calabi-Yau fourfold is elliptically fibered.
Here we focus on those fourfolds which are in addition K3-fibered. Thus the F-theory
limit for this restricted class of fourfolds requires K3-fibres which themselves are ellip-
tically fibered over a base P!. The first step is to blow down'® any rational curves in
the generic K3-fiber which take the Picard number above its minimal value of 2. (The
two moduli which are always present arise from the base P! and the elliptic fiber.) The
map (2.75) implies that on the heterotic side this corresponds to freezing the scalars
corresponding to the real part of D*.'® After blowing down the Picard lattice is given
by the even self-dual lattice I'y 1, which we suppose to be generated by the null vector
v and its dual v*. The Ké&hler form of the generic K3-fiber is given by

1
J:\/%U*—i-\/gv, B eR", (2.77)

where the coefficients have been chosen such that the volume of the generic fiber in
M-theory units is of order one. As we are only interested in the qualitative features of
the F-theory limit we do not keep track of any constants of order one in the following.
The class of the base of the K3 is given by v* — v (having self-intersection number
—2) and the class of the elliptic fiber by v (with self-intersection number 0). The
choice dyyvij = mij = (+,—,...,—) in our previous discussion corresponds to choosing
the divisors of the generic K3-fiber in such a way that the forms representing the

cohomology classes of the Poincaré duals of these divisors are given by A = %(v +v*)

and B = %(v — v*). One verifies that they obey A.A =1, B.B = —1and A.B = 0.

(A A= st AN A, etc.) Expanded in this basis the Kéhler form of the generic K3-fiber
(2.77) is given by
1,1 1 1
=—(— A+ = - —)B. 2.
I=3(5+VB)A+3(VE- ) (2.78)

. . . . . 1_1 1 2 1 _ 1 ;
This implies the identification M = 3 (\/B + \/B) and M? = 3 (\/B \/B) Inserted

into (2.71) using (2.76) and the fact that the volume of the K3 is of order one we derive
_ (3) 1
T'4T! ~ e 2P <\/B+ —) :
VB

T2 472 ~ — —2‘1’1(1‘3( —i>. 2.79
+ e VB 73 (2.79)

From the map (2.75) we expect ' = 1(S+T) +> T! and 7" = (S — T) «» T?. Thus

4This is the opposite of blowing up, see footnote 23 in section B.10.

15Strictly speaking we should first undo the duality transformation which related the three-
dimensional vector multiplets to chiral multiplets since in the F-theory limit the four-dimensional
vector multiplets (which have no scalar) have to be recovered.
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we obtain
_ _ - @ 1
e 2Pt~ S 8~ (TH+TY) 4+ (T2 4 T2) ~ e 2 (2.80)
VB
_ — — (3)
12~ T4+ T~ (T + T — (T2 + T2) ~ e 2%t /. (2.81)
The volume of the elliptic fiber is given by
J ! (2.82)
W= —, .
V28

which has to be taken to zero in the F-theory limit [35]. In view of (2.82) this is equiva-
lent to 8 — o0o0. On the heterotic side it corresponds to the expected decompactification
limit » — oo (with re2®her — 2Pl fixed) as can be seen from (2.81). Finally, we learn
from (2.16) and (2.80) that /B ~ rs.



Chapter 3

D = 2 effective theories with four
supercharges

We now want to extend the analysis of the last chapter to heterotic theories with four
unbroken supercharges in D = 2 and their duality to Calabi-Yau fourfold compactifi-
cations of type ITA string theory.

3.1 Heterotic theories in D = 2

In this section we perform a Kaluza-Klein reduction of the generic D = 4,N =1
heterotic effective theory (2.1) on a torus 72. This results in an effective theory in
D = 2 with (2,2) supersymmetry. We again focus only on the vector multiplets and the
chiral moduli multiplets in the four-dimensional effective action and ignore all charged
matter multiplets. Let us first discuss the spectrum of the resulting theory. The chiral
multiplets survive the reduction unaltered and continue to contain a complex scalar
field as bosonic component. The vectors on the other hand decompose according to

Aldz™ = A%¢ + AdC + Aldat (3.1)

where p = 0,1, a = 1,...,dimG and ( is the complex coordinate on the torus. The
vectors Ay, do not have any dynamical degrees of freedom and play the role of auxiliary
fields. Thus the physical bosonic components of the vector multiplets in D = 2 consist
of the complex scalars A®. These scalars transform in the adjoint representation of
the gauge group G and thus their vacuum expectation values break G to its maximal
Abelian subgroup U (1)), As in D = 3 and with a slight abuse of notation the
index a now only takes the values a = 1,...,rank(G). On this Coulomb branch each
vector occurs in the Lagrangian only via its Abelian field strength. In this case the
field strength can be replaced by an auxiliary scalar field [110]. One ends up with
the field content of a twisted chiral multiplet [83]. This is one of the two different
kinds of matter multiplets, which can occur in two-dimensional theories with (2,2)
supersymmetry, the other one being the chiral multiplet. We later use the fact that
under certain conditions they are dual to each other. More precisely, if the Lagrangian
is invariant under a Peccei-Quinn shift symmetry of a chiral multiplet one can perform
a duality transformation replacing a chiral by a twisted chiral multiplet - and vice
versa [83].

35
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Finally, we need to decompose the four-dimensional space-time metric in the Ein-
stein-frame according to

g9 da™ @ da™ = gf)dm“ ® da” + bydat @ da’ + hyyder' @ da? | i,5=2,3, (3.2)

v

where gf?l,) and b,; have no dynamical degrees of freedom. The real coordinates x?, 23

are related to the complex ¢ of (3.1) via d¢ = dx? + irdx® where 7 is the complex
structure modulus of the torus given in (B.62).

We omit the details of the Kaluza-Klein compactification on the torus and only
present the resulting two-dimensional effective Lagrangian. Inserting (3.1) and (3.2)
into (2.1) one derives the following two-dimensional effective Lagrangian

@ 1 0, TO*T (4) Toane]
Lo = vh <—§0M8“J —~ (Tu—i-if)Q -G Mo,0'0me (3.3)

—(r+ f)fl(Refab)Dﬂ’l’LaD“’FLb — %ij(T + 7_—)71(8,ulmfab) <"7LaDl/nb - naDl/FLb) )

where h is the determinant of h;;, we defined

n® = —i(t 4+ 7)A" (3.4)
and the covariant derivatives of n® are given by
Dyn® = yn® + (1 +7) 19,7 (n* +n%) . (3.5)
Moreover we have chosen the conformal gauge for the two-dimensional metric
92 = e"hM . (3.6)

As in equation (2.1) the ® are all moduli of the four-dimensional Lagrangian including
the dilaton S. Furthermore we have omitted all vectors because they do not have
dynamical degrees of freedom in D = 2.

As has been shown in [83] the moduli space of non-linear (2,2) sigma-models in
D = 2 is in general not Kéhler, when chiral and twisted chiral multiplets are present.
Nevertheless the Lagrangian can be expressed by second-order partial derivatives of a
real function of the moduli, analogous to the Kéhler potential of a Kéhler manifold. In
case of dilaton-supergravity the general form of the Lagrangian has been given in [81].
In our case VA takes the role of the two-dimensional dilaton. In fact VA is the two-
dimensional heterotic dilaton because

e 2% — ReSv/hs = Vh , (3.7)

where hg is the determinant of the metric in the string-frame. The last equality is due
to the Weyl rescaling relating the four-dimensional Einstein- and string-frame metrics.
The Lagrangian (3.3) is the sum of two terms, one multiplied by V/h, the other one not.
Both terms can separately be expressed via a potential.

Defining the two real functions

K = KO@@)+In(r+7), (38)
KE = —5(Refu(®) [(r+7)7 " + 700 + )
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and denoting collectively (7,n%) as x> we can express (3.3) in the form

Ll = Vh (——a "0 — (091051 K1) 8,8 0"®” + (0,503 K1) 0, " 0"y >

+ (0,0 K5) 9o (3.9)
— e (D510, K3) 0,870, %" — ¢ (041 O, n K2*) 0,80, 1.

This is of the form given in [81,83]. Obviously the moduli space is not Kéhler. As
explained in [83] the terms proportional to e*” always combine a derivative with respect
to a chiral field with a derivative with respect to a twisted chiral field. The ®! stem
from the four-dimensional chiral moduli and continue to be chiral in D = 2. In view of
the last line in (3.9) this means that (7,n%) reside in twisted chiral multiplets.

To proceed further we insert the tree level form of the gauge kinetic function and
the Ké&hler potential given in (2.4) and (2.5) into the action (3.3). It turns out that in
this case the moduli space is actually a Kéahler manifold despite the fact that there are
both chiral and twisted chiral fields present. However to make this manifest one has to
dualize the axion ImS.! Using (3.7) one derives

Lo = e _%5;13“0_% hi 00" s — G0,0' 0767 (3.10)
T T

2
(14 7) "'/ hs D,m“D“n —ht (8MP + %(T +7) A" Dyn® — n“DuﬂaD ] ’
where this time we have chosen the conformal gauge for the two-dimensional metric
(2)
g;(j,y) = ea zq)het’r] (311)

Finally, the index I now denotes all moduli except the dilaton and G( 2 is the Kahler

metric of the Kéahler potential K}(le% given in (2.5).

Defining the complexified Kahler modulus as
p=2iP + \/hs + (1 +7)"n%(n® + 7% (3.12)

one verifies that the Lagrangian (3.10) can be written in the form

. B
£? = 2 500" — Gas0, 20" 77| (3.13)

where the Z* commonly denote Z* = (¢!, 7,p,n%). The Z* are the proper Kihler
coordinates in that in these coordinates Gy, = 5]\(92](}(3 with

K2 = B0 (6,8) —n[(p+ p) (7 +7) — (n® +7%)?]. (3.14)

The form (3.13) of the Lagrangian explicitly shows that both @1(1261 and o are non-
dynamical degrees of freedom [111] while p and 7 are propagating degrees of freedom.

"More precisely we added the term 9, Pe"9,ImS to the reduced action and eliminated ImS by
its equation of motion. One can also verify that 2P is the B2s component of the four-dimensional
antisymmetric tensor in the compactified directions.
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The four physical degrees of freedom in p and 7 are related to the four-dimensional
graviton and dilaton S.

In this parameterization the modular group of the torus SL(2,7Z) x SL(2,Z) is
manifest. Its action is a generalization of (B.63). The first SL(2,Z) acts as

at —ib ienn? a n’ a b
- — — L(2,7 1
_>ic7'—|—d’ p=p jer +d’ " _>ic7'+d’ <c d)ES (2,2) (3.15)

and the action of the second SL(2,7Z) is obtained by exchanging 7 and p.

7 and p both reside in vector or twisted chiral multiplets since in the reduction
procedure they come along with the Kaluza-Klein vectors.? From (3.14) we learn
that the moduli space factorizes into chiral multiplets ¢! and twisted chiral multiplets
(7, p,n*) which span the coset space SO(2,2+7r)/S0(2) x SO(2+r), where r = rank(G).
In this case the two-dimensional (2,2) supersymmetric o-model is known to be Kéhler
[83], where the Kéhler potential is a sum of two terms, one depending on the chiral
multiplets and one depending on the twisted chiral multiplets.

Let us mention that there is an alternative way to derive the two-dimensional het-
erotic effective action. It consists of an S'-reduction of the effective action derived in
section 2.1.2. In this case all scalar fields appear naturally as members of chiral multi-
plets and as a consequence the metric in these coordinates is always Kéahler. The Kahler
potential of the two-dimensional effective theory coincides with the Kéahler potential of
the three-dimensional effective theory. This is summarized in section C.6.1.

3.2 Type IIA theory on Calabi-Yau fourfolds

In this section we discuss the Kaluza-Klein reduction of type ITA string theory on
Calabi-Yau fourfolds. Starting point is the low energy effective action in D = 10 in the
string-frame

1 1
e / 410z |/ — 10 =224 <§R(10) + 200 VoM e\ — Z\H;»,P)

1 . 1
-3 /dl% N (|F2|2 + |F4|2> -4 /32 ANFAANFy,  (3.16)

where @%Ilg) is the ten-dimensional dilaton, Hs = dB> is the field strength of the anti-
symmetric tensor By and Fy = dA; the field strength of the RR vector A;. Fy = dAz is
the field strength of the RR 3-form As and we use the abbreviation Fy = Fy — A; A H.
For further conventions on the notation see appendix A.

In (3.16) only the leading terms of SS(Q are displayed and higher derivative couplings
are suppressed. In particular the term proportional to [ By A Xg, which is related by
dimensional reduction to the higher derivative term of M-theory (2.23), imposes a
consistency condition on the compactification [74,76]. The absence of a Bs-tadpole
requires again (2.25) where n is now the number of space-time filling strings. In this
section we focus on the case x = n = F; = 0 and return to the case of non-trivial Fj
in chapter 4. Furthermore we set k19 = 1 for the rest of the chapter.

2The modulus p is the dual of the chiral field S and therefore twisted chiral. For 7 we have given a
further argument below (3.9).
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The spectrum of the two-dimensional theory is determined by the deformations of
the Calabi-Yau metric and the expansion of A, By and Ag in terms of the non-trivial
forms of Y,. For the 10-dimensional metric we take the Ansatz

(2)
(10) | 9w () 0
YY) = R 3.17
gMN(CU y) ( 0 gc(i) (ac, y) ) ( )

The deformations of the metric are the same as in D = 3, i.e. they comprise A1 real
Kihler deformations M4, A = 1,...,hb!, see (2.28), and A3 complex deformations
Z%a = 1,..., kb3, of the complex structure, see (2.29). Since vectors contain no
physical degree of freedom in D = 2 and since there are no 1-forms on Y, the one-form
A does not contribute any massless mode in D = 2. The antisymmetric tensor Bs is
expanded in terms of the (1, 1)-forms e4 according to

hl,l
By =Y a’(z)eay (3.18)
A=1

and leads to h'! real scalar fields a?* while As contributes h'? complex scalars N!, I =
1,...,h%2 see (2.31). The (1,1)-moduli reside in twisted chiral multiplets® while all
other scalars are members of chiral multiplets.

The dimensional reduction of (3.16) yields

2
Liia

_9p(2) 1 2 2 A 5 o _ =
—g®@ = e <§R(2) + 28“¢§I/l8“¢§1& — G0t 0" — G,30,2 8“25>

_ -1 o
- (GI 7D N'DINY + 10ar e 8,0 IN'D,N' — N/ D,,NID ., (3.19)

where we used (2.32), (2.36), (2.38) and (C.32) and the following definitions

(2) (10)
—29 — 29
e IIA = ¢ 1A ) ,

1
th = — (M +ia?) . (3.20)

V2

. . (2)
As in the heterotic case there are two terms, one has a factor e 2®11a and the other
one not. Again both can separately be expressed via a potential. We define

KA = —ln[/ QA +InV, (3.21)
Yy
1 _ 2 N ~ A~ ~ 7 N A~ ~ T AT
KA = ——\/i(tA + 1Y) <§dAMLGJ]}/[GL}NINJ —wark N'N® =&, 72N JNL) ;

where (2.40), (2.47) and (2.48) have been used. R
With the help of K™ and KI'* and denoting collectively the fields (Z@, NT) as &
the Lagrangian (3.19) can be expressed as

1 _ . B -
£ = 2% (-5(9#6“0 — (D0 K1), 0700 4 (9,4 015 K%IA)autA(?“tB>

3Strictly speaking these multiplets are vector multiplets containing in addition the vectors arising
from expanding the three-form in terms of the (1,1)-forms of Y4. But as noted in the last section, a
vector multiplet is related to a twisted chiral multiplet, differing only in the auxiliary field content.
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— (O 0a KI)9, 551N — e ((5@ 0,a K19, 359,14 + (Opn Dpa K%IA)BMCPABJA),

(3.22)
where the conformal gauge has been chosen
(2)
gfy) = 6062(131?/477“,, . (3.23)

This is of the form given in [81,83] and the terms proportional to e*” display the fact
that the ®> reside in chiral multiplets whereas the ¢4 are members of twisted chiral
multiplets.

To proceed further we restrict to the case where either h*!(Y;) = 0 or the (2, 1)-
moduli are frozen to some fixed value. This results in

£ = /=g e (30 4 20,0300 - Gapty 07 - Gt 22927
(3.24)

Now the moduli space factorizes into chiral and twisted chiral multiplets, i.e. it is Kahler
although both kinds of multiplets occur with the Kéhler potential

KY, = —1n(/ QAQ) -V . (3.25)
Ya

As in the heterotic case there is an alternative way to derive the two-dimensional
effective theory making the detour over D = 3 and using the results of chapter 2. The
details can be found in section C.6.2.

3.3 Heterotic — type ITA duality in D=2

In order to establish the duality relationship between the heterotic and type IIA vari-
ables we specify the compactification manifolds as in section 2.3. The Calabi-Yau
fourfold is taken to be a K 3-fibration over a large Hirzebruch surface F,, with n even
while the Calabi-Yau threefold on the heterotic side is an elliptic fibration over the
same base. In the large base limit and freezing the (3, 1)-moduli the type ITA Kéhler
potential simplifies as discussed in section 2.3

K& = —mV - —In@tV +8) —n(t" +1") —In [n;(6 + E)@ +¥)],  (3.26)

where tU and ¢V are the moduli of the base while the ¢’ denote the moduli of the K3-
fiber except those from reducible bad fibres and 7 is the intersection matrix of K3 as
given in section 2.3.

On the heterotic side the Kihler potential (3.14) becomes in the large base limit4

K2 = —n(U+0) =V +V)—In[(7 +7)2 = (/ +7)° — (n*+ 0742, (3.27)

where U and V are the two base moduli and we have defined 7/ = %(T + p) and
p' = %(r — p). All other moduli are again frozen at generic values. Comparing (3.26)
and (3.27) it is tempting to equate the two expressions. However, this would map the
twisted chiral superfields tV and ¢V to chiral superfields U and V. Hence one has to

4Strictly speaking this also requires a large volume v/h; of the heterotic torus.
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first perform an additional duality transformation on the base moduli U, V so that all
heterotic variables are twisted chiral like their type IIA counterparts. This is possible in
the large base limit by defining c¢{; = —e*V0,ImU and c¢f, = —€"¥9,ImV and adding the
Lagrange multipliers Py, Py via —cp;0, Py — ¢},0,, Py to the action. Using the equations
of motion to eliminate c’[j and c’(/, defining the coordinates

w=2iPy +e P (RelU)™",  v=2iPy + e 2P (ReV) ! (3.28)
and redefining the two-dimensional metric
02 = 7 M ReUReV (3.29)
one derives the following form of the Kahler potential
K2 = —In[(u+a) (v +0)] - [(r' +7)% = (¢ + §/) = (n® + 0%)?). (3.30)

In this form all the coordinates belong to twisted chiral multiplets. Hence the duality
map relates®

(") & (7,0n),
U, tY) = (u,v). (3.31)

As we discussed in section 3.1 the heterotic theory has an SL(2,Z) x SL(2,Z)
symmetry (3.15) which is just the modular symmetry of the torus. From the map
(3.31) one learns that in the type ITA theory this symmetry has to be a property of
K3-fibered fourfolds in the large base limit. This is precisely the same situation one
encounters in the four-dimensional duality relating type IIA compactified on K 3-fibered
threefolds to heterotic vacua compactified on K3 x T? [84].

®The fact that it is really u and v which should be mapped to tV and ¢V can heuristically be
understood from the duality in D = 6 between the type IIA theory on K3 and the heterotic theory

(6)
l(\i)t = e?Phet 91(3 and the dilatons are

related via @ﬁz{ = —@%?1)%4 Fibering the six-dimensional duality over a four-dimensional base manifold
2)

. _49® _0p®) ol N _ o6 _5p(2) (6)  _55(2)
B yields VEA = e *Phet Pt = 72t 2%het and similarly VB = e 2®ae 2%nA = 2%nete2%11A
where all volumes are those of the base measured in the corresponding string-frame metric. Using

(2)
(C.54) one verifies immediately VB = (Vi et Pret

e‘)*l,

on T*. This duality maps the string-frame metrics according to g



Chapter 4

Inclusion of background fluxes

4.1 Compactifications with fluxes

In this chapter we want to generalize the previous analysis to the case x # 0 which
requires either space-time filling membranes/strings or a non-trivial four-form flux Fy
on Y, and a warped space-time metric [73,80]. We shall concentrate on the effects of
non-trivial fluxes and do not consider space-time filling membranes/strings here. Let
us therefore recall some general facts about compactifications with fluxes, where we
focus on the conditions for residual supersymmetry.

One of the first occasions showing the importance of compactifications with back-
ground fluxes is the equivalence of 11-dimensional supergravity on S7 and N = 8
gauged supergravity in D = 4, which is reviewed in [112]. Only if compactifications
with non-vanishing internal components of the four-form are taken into account can the
equivalence be established. However, in order to keep some residual supersymmetry in
D = 4 the product Ansatz for the metric has to be generalized to include a warp factor
as in (C.1). The first warped metric on S7 leading to residual N = 1 supersymmetry
in D = 4 has been given in [113]. In the context of 11-dimensional supergravity on
S7 retaining some unbroken supersymmetry requires either both, the warp factor and
the four-form flux, to be trivial or both to be non-trivial and we will see that this is a
rather general feature of compactifications with fluxes.

The S7 reduction of 11-dimensional supergravity leads to a four-dimensional AdS
vacuum. It has been shown in [114, 115] that a compactification of 11-dimensional
supergravity to four-dimensional Minkowski space is only compatible with residual su-
persymmetry if the warp factor is constant and the internal components of the four-form
field strength vanish. This statement is however based on the assumption of a smooth
compact internal manifold. In case the manifold is non-compact and the background
contains 5-brane sources for the four-form flux a four-dimensional Minkowski space can
be realized with a non-trivial warp factor [116]. Also four-dimensional heterotic/M-
theory compactifications circumvent the assumptions of [114,115] by taking the internal
space to be topologically the product of a six-dimensional manifold with an interval,
where sources for the four-form flux are present at the ends of the interval. The su-
persymmetry transformations in this background have been investigated in [117,118].
In this case there are different ways to warp the geometry [118]. One possibility is
to consider a warp factor which only depends on the eleventh coordinate z'!, i.e. the
position along the interval. This leads to the strongly coupled heterotic string and the
six-dimensional manifold can be chosen to be a Calabi-Yau space with z!'! dependent

42
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volume. Another possibility is to take a warp factor which depends on all internal
coordinates except #'!.! This leads to the weakly coupled heterotic string with torsion,
i.e. a non-trivial background for the three-form field strength H, which has first been
analyzed in [30,115]. It turns out that the warp factor is given by the heterotic dilaton
which now depends on the internal coordinates. Furthermore the internal manifold is
not a Kéhler manifold, the metric is not even conformal to a Calabi-Yau metric [30],
and the embedding of the spin connection into the gauge connection is not possible
anymore [119].

Type II compactifications on Calabi-Yau threefolds with fluxes have been discussed
in [115,120-124]. One finds that at a generic point in the moduli space N = 2 super-
symmetry is completely broken. Only for appropriately chosen fluxes supersymmetric
ground states can exist. This happens for example if the fluxes are aligned with cycles
of the threefold which can degenerate at specific points in the moduli space. These
points (or subspaces) then correspond to N = 2 supersymmetric ground states. A
partial breaking of N = 2 to N = 1 seems to be only possible if gravity is decoupled
and certain fields are taken to be non-dynamical [122].

Similar features arise in compactifications to lower dimensions. In view of the
importance for our analysis in the next section let us go into some of the details for the
case of M-theory compactified on a Calabi-Yau fourfold [73]. It turns out that a three-
dimensional Minkowski space vacuum is consistent with N = 2 supersymmetry in the
presence of a non-trivial warp factor and four-form flux if higher derivative corrections
are taken into account. More specifically supersymmetry can be maintained if the
metric is not a direct product metric but instead includes a warp factor A

-A
A € " Guv 0

= 4.1
IMN < 0 G%Agab> ) (4.1)

where to leading order in k11 ggp is a Ricci-flat Calabi-Yau metric.?

A is determined by

The warp factor

1 4
V,0°A = —g * (G4 VAN G4) — gTQﬂ%l * Xg (4.2)

where Xg and T, have been defined in and below (2.23) and the Laplace operator and
the Hodge x-operator are defined with respect to the metric gg;.2 Due to the maximal
symmetry of the three-dimensional space-time the only non-vanishing components of
Fy are Fypeq = Gapeq and F,,pq, where the latter are related via supersymmetry to the
warp factor according to Fj,,,q = eu,,p(?aeng. (We use G4 to denote just the internal
background flux in distinction to the whole F background.) Moreover supersymmetry
puts the following constraints on the internal components of Fy

G470 =0= G371 , JANGL =0, (4.3)

where the second condition is just the requirement for G4 to be primitive, see (B.40).

Since the Hodge decomposition (B.35) depends on the complex structure, see sec-
tion (B.7), the supersymmetry constraints (4.3) lead to a lifting of the moduli space.
They leave only those complex structure deformations in the moduli space for which

!The general case of a warp factor depending on all internal coordinates is also discussed in [118].
*Note that our notation slightly differs from [73].
3In (4.2) we have adapted the formula given in [73] to the conventions we will use in the next section.
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G4 remains a (2,2)-form and only those Kdhler moduli remain massless which leave
G4 primitive. This has led to the proposal in [67] to implement the supersymmetry
constraints (4.3) in the three-dimensional effective action via two superpotentials®

W=/ QAGy, W=/ KAKAGy, (4.4)
Ya Yy

where I = T4 4 is a complexified Kéhler form. Thus W depends only on the complex
structure moduli and W on the Kéhler moduli of Y. Now the constraints (4.3) translate
into the conditions

DW=0=W,  9,W=0. (4.5)

To see the equivalence with (4.3) we have to use [94]
D= 0,0+ (804}'(371) Q=9e,, (46)

where, as in chapter 2, ®,, is the basis of H>!(Y}) and K31 is the Kéhler potential for
the (3,1)-moduli defined in (2.37). In the next section we derive the potential via a
Kaluza-Klein reduction with a non-trivial four-form flux and using the Ansatz (4.1).
We find basic agreement with [67] except that one of our superpotentials is the real
version of W.

The analysis of [73] has been generalized in two ways. First it has been adopted to
the compactification of massive type IIA string theory on Calabi-Yau fourfolds in [80].°
This time the range of possible background fluxes is broader because the ITA theory
contains more antisymmetric tensor fields. The conditions for unbroken supersymmetry
can be expressed via similar superpotentials as those given in (4.4) but involving also
the other possible background fluxes. Again the metric is a warped product with the
warp factor related to the dilaton. The precise form of the warped metric seems to be
missing in the literature. However, in [71] it has been noted that (4.1) coincides with
the metric of a 2-brane in D = 11. More generally the metric of a (d — 1)-brane in a
D-dimensional space is given by

A
~ — € gMV O > 4 7
guMN ( 0 ebdg (4.7)

with b = d/(D —d —2). We expect also the metric of type IIA theory on a Calabi-Yau
fourfold with fluxes to be of the form (4.7), with b =1/3.

A second generalization of [73] has been performed in [126], where 11-dimensional
supergravity is compactified on a Spin(7) manifold. This leads only to N = 1 super-
symmetry in D = 3 (i.e. two supercharges) and is therefore not relevant for the purpose
of our thesis. The warped metric is again given by (4.1), where now g, is the Spin(7)
metric.

4 Another way to justify them is the following [67]. 5-branes are magnetic charges for the four-form
field strength. If they are wrapped over a four-cycle c4 of Y; they appear as domain walls in the three-
dimensional space-time. Crossing this domain wall changes the four-form by AG4 = 4, where 74 is
the Poincaré dual of c4. If the four-cycle is a special Lagrangian cycle, which has minimal volume with
respect to the measure Ref), the domain wall is supersymmetric and its tension is the absolute value of
fc4 Q= fY QA AG. Furthermore in a theory with four supercharges the tension of a supersymmetric
domain wall is the absolute value of the change in the superpotential. This justifies the definition of
W in (4.4). For W a similar argument can be given.

®The massive generalization of ITA supergravity has been derived in [125] and contains an additional
mass parameter.
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4.2 Derivation of the potential in D = 3

In this section we compute some of the corrections to the Lagrangian (C.40) which
result from higher order terms and non-vanishing background flux. In doing so we fill
in some of the steps left out in [89]. For simplicity we consider only the case where the
(2,1)-scalars are frozen and perform a Kaluza-Klein reduction keeping only the (1,1)-

and (3,1)-modes. We focus on the potential to order O(lil_lz/ 3) and a Chern-Simons
term while the corrections to the kinetic terms of (C.40) are not calculated.

As we have reviewed in the last section the inclusion of background flux is consis-
tent with a three-dimensional Minkowski space and residual supersymmetry if higher
derivative terms are taken into account, see (4.2). One of them has already been given
in (2.23), which leads to the tadpole cancellation condition (2.25). In the absence of
space-time filling membranes and reinstating k11 (2.25) reads

1 T,
— | ainG, = 22y, 4.8
a2 Jy, T T X (4.8)

The only other 11-dimensional term we need to consider is®

58 = by /dnm\/_—g(JO - %Eg) , (4.9)

where b7! = (27)*3%213 and

! ! A~

1 A~ / !
ABCMNi...M4N. M N M} N,
By = —e P e ponn vy g R Ny - RPN (4410)

3!
Jo = tMlNl---M4N4tM{

A s A oo N 1
N{,,,M&N[’lRMlNlMlNl L RM4N4M4N4 + ZE8 .

The tensor ¢ is defined by tMt-Ms Ayp v ... Appoagg = 24trA* — 6(trA2)? for antisym-
metric tensors A.” Note that Eg given in (4.10) is not the eight-dimensional Euler
density but an 11-dimensional generalization of it. More generally one can define [127]

1 / /
— Ni..Np_pNp_ N
En(MD) - (D . n)' ENI---ND—nND—n+1---ND6 " D—ntl D

ND7n+1ND7n+2 NDleD
R N/ ...R NlD_lNID ) (4.11)

’
D—n+1N

D—n+2

where D denotes the real dimension of the manifold. Then FEg(Yj) is proportional to
the eight-dimensional Euler density (B.5), i.e.

1251/ d®y\/g Es(Ys) = x - (4.12)
Yy

The Kaluza-Klein reduction is a good approximation if the size of the internal Yy
manifold is large compared to the 11-dimensional Planck length [{, = 2, or in other
words for ly > l;7 where l% is the ‘average’ size of Yj. From (4.8) we infer that

6 All other bosonic higher derivative terms which are related via supersymmetry to the ones given in
(2.23) and (4.9) are proportional to the Ricci-tensor or contain at least one 4-form field strength [127].
Their contribution to the potential is therefore subleading.

"We follow here the conventions of [127] which differ from the tensor ts used in [17] in that the
e-term is omitted.
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Gy ~ O(3,/1%) while (4.2) implies A ~ O(1%,/1$) so that in the limit /11 /ly — 0 the
metric (4.1) becomes the unwarped product metric and G4 vanishes [71].8
The Einstein equation in D = 11 is given by

. 1, . 1 . 1. .
Ryn = —6|F4|29MN + 1o IMQr.Qs N 193 42k Tokty (W — §9MN(JO + Wf(()] ;
(4.13)
where we have introduced the following notation
- 1 ~ 6Jo
Jo=Jo— =FE WuN = —v - 4.14
0="dJo— ks, MN = 5N (4.14)

It splits into an external and an internal part

- . 3. oen 1 2 . _
R, = guw (—Z&;Aa A — 6|G4|2 — §b1T2K%1(J0 + W§)> + 2b1T2/<%1WW ,
(4.15)
> ~ 3 c 1 2 2 2 (7 1K
Rab = Jab gacAa A — 6‘G4‘ — §b1T2/€11(J0 + WK)
9 1 -
- gaaAabA + EGacl...chb eL-es + 2b1T2ff%1Wab ’ (416)

where all contractions are performed with the warped metric (4.1). The left hand side
of (4.16) is the Ricci tensor for the warped metric which can be expressed through the
one of the unwarped metric via®

. 1
Rap = Ry = 390V 0es = ggabaCAacA - gaaAabA . (4.17)

In the presence of higher derivative terms the Ricci tensor R, is non-vanishing but
still the first Chern-class vanishes, i.e. introducing complex coordinates like in section
2.2 we have that R = Ri]—dfi A d€7 is exact. This implies that

Rip /y V9®g7Ri;=0. (4.18)
4

To O(lil_lz/ 3) this remains true if one replaces R;; with R;;. This is clear for the first

correction term in (4.17). The vanishing of the other two terms to (’)(,%1_12/ %) follows

from

Rt /Y d*6\/g® 0 AOA = —k; ] /Y d*¢\/g® AV, 0" A | (4.19)
4 4

which is of higher order.

However, on the right hand side of (4.16) there are terms whose contraction with
72/3)

¢ do not have vanishing integral over Yy to order O(kq;""). This is especially true

8Strictly speaking we can not exclude the possibility that A has a harmonic part, which might
be fixed by the equations of motion. However, this should also vanish in the limit l11/ly — 0 in
order to ensure that (4.1) becomes the unwarped metric. Thus the warp factor obeys in any case
A ~ O(k11) , A > 0, which is all we will need.

9Note that this does not just correspond to the relation between the Ricci tensors of two metrics
differing by a conformal factor which is given e.g. in appendix D of [1]. Rather there is a further
contribution coming from RV*,,, as in (C.27).
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for the terms ~ [ \/ﬁ |G4> and ~ [ \/ﬁ Eg. In case that these terms do not cancel
each other one has to generalize the metric ansatz (4.1) and allow for a variation of the
internal metric gqp over the D = 3 space-time. This leads to additional terms on the left
hand side of (4.16) involving space-time derivatives of the varying metric moduli fields.
This space-time dependence of the moduli has to ensure that the equations of motion
are fulfilled. A similar situation appeared in [128, 129] where the compactification
of massive type IIA theory on S! respectively K3 is performed. It has been shown
in [128] that the mass parameter of massive type IIA theory can be traded for the
background flux of a 10-form field strength so that our situation here is comparable to
that encountered in [128,129]. In these cases the volume of the internal manifold has
to vary over space-time in order to fulfill the equations of motion.

We thus assume that the effects of the cohomologically non-trivial terms on the
right hand side of (4.16) are canceled either among themselves (which is the case in
a supersymmetric background) or by an appropriate space-time dependence of the
internal metric. In this way the only sources for the potential to order (9(141712/ 3) are
the kinetic term ~ |Fy|? and the Jy-term of (4.9) and there are no contributions from
the reduction of the Einstein Hilbert term.!°

We now perform the reduction of the action & + §S; + dSs consisting of the terms
given in (2.22), (2.23) and (4.9). The integral fy4 d8¢+/g®) Jy vanishes for Ricci-flat
Kéhler manifolds [22,33]. To order (’)(/11_12/ 3) we can assume the internal metric to be
the Ricci-flat one in this term so that it does not contribute to the potential to this
order.'! Furthermore on a product space M3 x Y, which we can assume in calculating
Es to (’)(,%1_12/3), we have

Eg(Mg X Y4) = —Eg(Y4) + 4E2(M3)E6(Y4) , (420)

where Ey(M3) = —2R®). Thus the Einstein term has a non-canonical normalization
in the three-dimensional effective action

SB — 2% B/ —gDARD 4. (4.21)
K11

where

A= VA + 8/‘6%11)1’1—12/ d8£ g(S)Eﬁ(Y;l) s (422)
Yy

and VA = fy4 ds¢ \/ﬁ e /2 denotes a warped Calabi-Yau volume; §® is the determi-
nant of the internal part of the warped metric (4.1). With the help of a Weyl rescaling
G — AQgH,, the Einstein term can be put into canonical form. At leading order A can
be replaced by V and one obtains the Weyl rescaled low energy effective Lagrangian
(we set k11 = 1 henceforth)!?

1 ~
£® = £ —\/—g® (5 e WapALFD + v> , (4.23)

9Furthermore note that the components Fjupm just contribute a term ~ fy4 d¢\/g® 08, A0 A
which is again of higher order, see (4.19).

" Jo is the sum of an internal and an external part. Since Jy can be expressed through the Weyl-tensor
only [130,131] the external part vanishes because the Weyl tensor vanishes identically in D = 3.

2 As we said before E(()S) is also corrected at this order but we did not compute those correction.
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where Eég) is given in (C.40), with the (2, 1)-moduli frozen, and one has

1 . 1
= — (8) 2__
4 RVE </Y4d §\/ 9G4 512 X) )

- 1 ~ ~ 1
Wag = =040W , W =- GaNJINJ . (4.24)
2 4 Jy,

In our analysis in chapter 2 with vanishing four-form flux both V' and the Chern-Simons
terms were absent.!

In order to display the relationship of the potential with the two superpotentials
of [67] we need to further rewrite V. By definition we have

/ d*6\/g®|Gu]* = | GanxGy, (4.25)
Yy Yy

where to leading order x(G4 is the Hodge dual of G4 with respect to the metric gqp. G4

can be expanded as the sum G4 = G40+ G3,1 + G222 + G1,3+ Go 4. In order to proceed
(0)

we need some properties of primitive (p, ¢)-forms wp 4 on Yy, see the definition (B.40).
The Hodge dual of a primitive four-form is given by [67]

wwl)_ = (~1)Pwl)_ . (4.26)

From (B.43) we see that on Yj all components of G4 except G2 are primitive and as
a consequence their Hodge duals are simply given by

*Gao = Gap , *G31 = —G31 , *G13=—-G13, *Goa = Goa . (4.27)
For G2 one uses the Lefschetz decomposition (B.41) which asserts
Gop=Gyy+ I NGO + P NGS) . (4.28)
By an explicit computation we have shown that
xGlaz = GYy — J NG + TP AGYY = Gap — 2T NG (4.29)
To derive this formula we have used (B.20) to calculate
xGla = Gop — 197G de® AdE N T + igﬁg”al.kﬂ—!] AT (4.30)
With the help of (B.18), (B.36) and (B.37) this can be expressed as
*xGag = Gog — LAGo o + iLQAZGQQ : (4.31)

Inserting (4.28) into (4.31) and using (B.38) to permute the A’s to the right of the L’s
we find (4.29), where the definition of primitivity (B.40) has to be used again.
Combining (4.27) and (4.29) one arrives at

Gy = Gy —2G31 — 2G5 —2J AGYY (4.32)

13The presence of the Chern-Simons terms in compactifications with background fluxes has first
been noticed in [41] and the fact that the Es-term contributes to the potential in D = 3 has first been
mentioned in [86].
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and hence

GiA+Gyi= | GaNGyi—4 | Gs1AGis —2/ INGOANTAGY,  (4.33)
Yy Ys Ys Yy

where we have used J A Gg?% =0and J3 A Gﬂ = 0 in accord with (B.40).
The second term in (4.33) can be further rewritten. With the help of (4.6), (2.36)
and (2.37) one derives

Ga1 A G = —*1G 1 D, WDZW (4.34)
Yy

where

W= [ QAGy (4.35)

Ya

is precisely the chiral superpotential of [67].
Finally, with the help of (C.38) also the last term in (4.33) can be expressed in terms

of the superpotential (4.24). To see this we expand Gg?% = G4e4. The primitivity of

Gg?i implies GAV4 = 0, where V4 is defined in (C.35). Using this and (C.38) we verify
that

G-14B ( GiheaN J> ( GiNeg A J> = (42 <_éVVCDGCGD + %WG&,())Z) )
Y4 Y4

(4.36)
where Vep is given in (C.36). With the help of
HVepGOaP = /Y JAGOATNGY) (4.37)
4
and
AV = | GynTnT (4.38)
) 7
we derive
/ NGO ANTAGY) =~y <G_1A38AWBBW - 217[/'2) . (4.39)
Yy
Inserting (4.34), (4.39) into (4.33) and using (4.25) we arrive at
/ B\ g®|Ga? = | GiAGy+ eGP D WDW
Ya Yy
2yl (G*IABaAVVaBVNV - 2W2) . (4.40)

With (4.40) and taking into account the tadpole cancellation condition (4.8) the po-
tential (4.24) becomes

_ _ 1 _ _ ~
V=KV 1D, WDy 4 v <§G1AB<9AW83W - W2> , (4.41)

where

K® =Kz, -3V . (4.42)
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Finally, V and £®) can be written in a more canonical form by transforming to new
coordinates

MA =y~ tpmA J =My, . (4.43)
From egs. (2.32), (2.33) and (4.42) we learn
A1 A A 1 . .
V= E/ JY=v73 ., Gup=V?Gup= —50405 IV, K® =Kz +lnV,
Jyy
(4.44)
where the derivatives 94 are now with respect to M4. If we furthermore introduce
o 1 ~ ~ -
W==>1[ GiANJANJT=V*W (4.45)
4 Jy,

and insert (4.44) and (4.45) into (4.23) using (C.40) we arrive at
1 -3 1. - A 1.
L& = /—g® (51{(3) — Go30,2°0" 2" — §GABaHMAaﬂMB -~ ZGABRﬁFBW
1 A
— e WapALFL — V) , (4.46)

where the explicit dependence on V has disappeared from the Lagrangian. The potential
in the new variables is given by

_ _ 1 R R R
V=K G 18D WDW + =G ABg WapW — W2 | 4.47
B 2

where the derivatives 94 W are again taken with respect to the new variables MA.

We see that the potential is entirely expressed in terms of two superpotentials W
and W. The W given in (4.35) is precisely the chiral superpotential of [67] while
W given in (4.45) is the real version of the superpotential of [67], see (4.4). This
is related to the fact that the presence of the Chern-Simons terms no longer allows a
duality transformation from vector to chiral multiplets. As a consequence W can not be
complexified as there are only real scalars M4 in the vector multiplets. However, upon
further S* reduction W should become complex and coincide with the two-dimensional
superpotential of [67,80]. We come back to this case in the next section.

Let us now compare the potential (4.47) with the potentials of D = 3, N = 2
supergravity. Unfortunately, the relevant potential for chiral and vector multiplets
with Chern-Simons terms coupled to D = 3, N = 2 supergravity is not available in the
literature and here we just derive part of it by an S! compactification of a corresponding
four-dimensional supergravity.

The four-dimensional theory we need to consider has to contain both chiral and
linear multiplets. A linear multiplet in D = 4 consists of an antisymmetric tensor and
a real scalar L as bosonic components. The four-dimensional Lagrangian is determined
by two functions, the holomorphic superpotential W (¢%) and the real function K ) =
Ky(¢, %) + KL(L?), where ¢* denote the scalars of the chiral multiplets. K is the
Kahler potential of the chiral fields and the second derivative of K determines the
o-model metric of L4 [132,133].1* In this theory the scalar potential is given by!®

v = K (G198 D WD + (10K W — 3) W) (4.48)

4We have chosen a theory where K® is the sum of two terms since this matches the situation we
have in D = 3.
15We thank R. Grimm for discussions on this point.
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where D,W = 0, W + (0, K (4))W. This form of the potential can be derived for
example from the four-dimensional duality between an antisymmetric tensor and a
scalar. At the level of superfields this results in the duality between a linear multiplet
L and a chiral multiplet S with S + S ~ L~!. The Kihler potential of S is given
by K = —In(S + S) and the superpotential continues to be a function of only the
#. In this dual description with only chiral multiplets V ) takes the standard form

V@) = KW <G*HJD1WDjW — 3]W!2>, where the index I now runs over all chiral

multiplets (¢%, S4).

Reducing the theory on a circle leaves the chiral multiplets unaltered. The linear
multiplets, however, become vector multiplets and an additional vector multiplet con-
taining the radius r and the Kaluza-Klein vector of the circle as its bosonic components
appears in the spectrum. Let us define L? = r—2. A straightforward S'-reduction shows
that after an appropriate Weyl rescaling the three-dimensional potential is given by

VB _ KO (G*laﬁDaWDBW + (LAOAK® — 4)|W|2> , (4.49)

where K®) = K 4 1In L% and the index A now includes 0. This form of the potential
is indeed consistent with the first term of (4.47) if one identifies LA = M#, uses (4.44)
and the identity M494InV = 4.

The second term in (4.47) is precisely the D-term of a pure D = 3, N = 2 Chern-
Simons theory coupled to supergravity. As was noted in [134] supersymmetrization of
the Chern-Simons terms requires a D-term potential which coincides with the second
term in (4.47). The last term of (4.47) should arise when not only a pure Chern-Simons
theory but a more general gauge theory including the standard kinetic term and the
Chern-Simons term is coupled to N = 2 supergravity.

Curiously, the potential for W as displayed in (4.47) is the three-dimensional version
of a general formula for the scalar potential in arbitrary dimension D. The requirement
of the stability of AdS backgrounds leads to [135]

1 D—-2 __ a “ N
VP = 5D -2)(D-1) <ﬁa By WapW — W2> , (4.50)

which for D = 3 indeed gives V) = %G_lAB(?AW@BW - W2

Next, let us discuss the conditions for unbroken supersymmetry. From our deriva-
tion of the three-dimensional potential it is clear that for the chiral multiplets un-
broken supersymmetry requires D,W = 0. As discussed in section 4.1 this implies
G311 = G13 = 0. Furthermore, one would expect that for the vector multiplets the

conditions of unbroken supersymmetry are'6

(AKCHYW = 0 = 9, W, (4.51)

while the vacuum energy is determined by W2 only. The first condition is the precise
analog of the four-dimensional situation when the superpotential does not depend on a
chiral scalar, in which case DgW = (9¢K)W holds and supersymmetry forces W = 0.
As we have seen the vector multipletsin D = 3 are closely related to the linear multiplets
in D = 4 which precisely have the feature DgW = (95K)W. (94K®)W = 0 can in
general only be fulfilled if W = 0 which implies G40 = Go4 = 0. Finally, using (4.45)

16 A rigorous derivation would require an application of the Noether procedure.
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AW =0 implies JNGy, = 0, i.e. G4 has to be primitive. This last condition implies not
only d4W = 0 but also W = 0. Thus the cosmological constant always vanishes in a
supersymmetric minimum and no supersymmetric Ad.S3 solution exists.!” Moreover, a
non-vanishing G4 ¢ breaks supersymmetry spontaneously without introducing a vacuum
energy.

To summarize, we have reproduced the supersymmetry constraints (4.3) found in
[73] by different methods. By performing a Kaluza-Klein reduction on a Calabi-Yau

fourfold with four-form flux turned on we have verified that to order O(kq; 2/ 3) the
potential can be expressed in terms of the superpotentials (4.35), (4.45) which are
closely related to those proposed in [67], see (4.4).

Finally, some comments are in order here. There is another way to generate a
superpotential in D = 3 by wrapping 5-branes over certain six-cycles of Yy [96]. This
can however not occur if there is a non-vanishing four-form flux localized on a four-
dimensional submanifold of the six-cycle [136]. We have therefore not considered any
such contributions to the superpotential here.

Moreover, it is not clear how to extend the duality between the heterotic string on
Y3x St and M-theory on Y} to the case with non-trivial four-form flux. It has been noted
in [137] that it is indeed possible to generate three-dimensional Chern-Simons terms in
heterotic string compactifications on Y3 x S! if one works with the dual formulation in
which the NS two-form is dualized in D = 10 to an antisymmetric six-form potential.
However the resulting Chern-Simons terms seem to be of a very restricted form. For
example they only depend on one single flux parameter whereas in the M-theory case
there are generically h?>?(Y;) parameters specifying the Chern-Simons terms, see (4.24).
It is well conceivable that the duality between the heterotic string on Y3 x S' and M-
theory on Yy is not valid anymore in the presence of background fluxes. This would
match the observation that also the duality between the heterotic string on T and
M-theoy on K3 does not survive the inclusion of background fluxes [138].

4.3 Some comments about D = 2

In this section we make some remarks about a generalization of the preceding analysis
to the reduction of type IIA on Y, with background fluxes. As we have mentioned
in section 4.1 there are more possibilities to turn on fluxes in this case. Besides the
four-form Fy the (massive) type ITA theory has a two-form Fh and a zero-form Fjp.
Backgrounds of Fy and Fy with two indices in the non-compact directions can be du-
alized to yield an eight-form Fg and a six-form Fg which have only internal indices.
(In this way we do not have to introduce G4 for the internal part of the four-form
background because no ambiguity exists.) In [80] the conditions for unbroken super-
symmetry have been analyzed (again for fixed (2, 1)-moduli) and shown to be derivable
from two superpotentials

W= QAFy, W= [ (FRK*+BAK+ A2+ Fo AK+ Fy) . (4.52)
Y4 Y4

The complexified Kéhler class is given by K = t“e4, where the t4 have been defined in

(3.20). W only depends on the chiral complex structure moduli Z whereas W depends

'"Recently this has also been noticed in the revised version of [67).
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on the twisted chiral Kdhler moduli t4.'® Furthermore, the potential V corresponding
to these superpotentials has been given in [81]

VNB IIA (G 1ABDAWD W+G 10![3D WDB |W|2 |W|2> , (453)

where Kﬁh is the Kahler potential (3.25) and the K&hler covariant derivatives are
defined as

DAW = 04W + WosKD, | DoW = 0.W + W, K2, (4.54)

A derivation of this potential via a Kaluza-Klein reduction would again require the
consideration of higher order terms in the ten-dimensional effective action. The relevant

ones are
S0 /d10 V=910 o F (&) /d10 \/ —g10) (4.55)

where we again use the notation of [127], i.e. Jy is given in (4.10) where the definition
of Eg this time uses (4.11) with D = 10, b; is defined above (4.10) and

o3
(10) C(3) 990 by 1 P D
F(®yy) = 3. 212,{106 Wt T Iy = B3 + 6e10Ba[trR” — Z(UR )l
(4.56)
(10)

To leading order in the reduction F(®;;,’) can be considered as constant and the
integral over Jy vanishes as in the previous section. The correction term ~ FEg is
related via supersymmetry to the anomaly-cancelling term ~ e19Bs[trR* — i(trRQ)Q],
see [127]. Therefore its coefficient does not receive any loop corrections unlike the one
of Jo [139]. If we would just reduce S + §S10) with non-vanishing four-form flux,
and with SU9 given in (3.16), we would get a similar potential as in D = 3 with the
difference that the superpotential in the term ~ G145 in (4.41) would be complexified,
i.e. it would be given by (4.52) with only F; non-vanishing. This comes about as the
reduction of By A Fy A Fy leads to a term ~ WABaAFB e"”, where (3.18), (4.24) and
Flvi; = F »ep;7 have been used. Although a vector in D = 2 has no dynamical degree
of freedom such a term contributes to the potential upon eliminating the F fy via their

equations of motion. This provides the necessary terms to render W complex in the
term ~ G148 in (4.41). However, in order to reproduce the full potential (4.53) we
would have to include all possible fluxes and start with the effective action of massive
type ITA theory in D = 10 [125]. This contains more interaction terms. Some of them
give a further contribution to the Bs-tadpole in the Y4 reduction. Therefore it is well
conceivable that the cancellation condition (2.25) is generalized in this case. 1

Finally, we would like to mention that it is not clear how to map the type IIA fluxes
to the heterotic string. There at least some of them should correspond to electric or
magnetic fields in the internal directions. This has first been conjectured in [120]. See
also [88] for some remarks on this issue.

S Thus W gets world sheet instanton corrections which are in principle calculable via mirror symme-
try. It asserts W(Ya) = W (Ys) and W (Ys) = W (Ya) where Y is the mirror manifold. This has been
exploited in [88] to calculate the full W (Y4) for a special kind of Calabi-Yau fourfolds.

9We thank S. Gukov for drawing our attention to this possibility.



Chapter 5

Conclusion

Let us finally summarize our main results and give an outlook on the steps which could
follow our analysis in a natural way.

F-theory compactifications on Calabi-Yau fourfolds Yy are of considerable interest
because they capture some of the non-perturbative features of four-dimensional het-
erotic theories with N = 1 supersymmetry which serve as promising candidates to
make contact between string theory and the (supersymmetric) standard model of par-
ticle physics. Closely related but much simpler to handle are their circle respectively
torus reductions to three and two dimensions. In these cases the dual theory is M-
respectively type ITA string theory compactified on Yj.

The aim of our thesis was the investigation of the low energy effective theories arising
in Calabi-Yau fourfold compactifications of 11-dimensional and type ITA supergravity.
We have focused on the moduli and analyzed the duality to heterotic theories with four
supercharges in D = 3 respectively D = 2. More specifically our results are as follows.

e In D = 3 the moduli space is a Kéhler manifold. We have derived the correspond-
ing heterotic Kéhler potential and expressed it in terms of the four-dimensional
Kaéhler potential and gauge kinetic functions (2.12). Furthermore we have per-
formed a Kaluza-Klein reduction of 11-dimensional supergravity on a Calabi-Yau
fourfold Y; and obtained the corresponding Kéhler potential for all the moduli
including those stemming from an expansion of the three-form potential in terms
of the (2,1)-forms of Yy, see (2.49) and (2.50). This required to determine the
correct Kahler coordinates given in (2.46) and (2.47).

e In D = 2 there are two different kinds of scalar multiplets relevant for the effective
theories — the chiral and the twisted chiral multiplet. If both of them are present
the moduli space is in general not Kahler. Nevertheless the effective action can
still be expressed via two ‘generalized Kéahler potentials’ which we specified for
the heterotic theory in (3.8) and for the type IIA case in (3.21). However, if one
restricts on the heterotic side to weak (four-dimensional) coupling and freezes the
(2,1)-moduli on the type IIA side the respective moduli spaces become Kéahler
although both kinds of multiplets are present.

e By specifying Yy to be a K3 fibered Calabi-Yau manifold with a Hirzebruch surface
as the base we have shown in sections 2.3 and 3.3 that the respective Kahler
potentials for the perturbative heterotic theories and M/ITA-theory on Y} coincide
in the large base space limit and at weak (four-dimensional) heterotic coupling. In

o4
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doing so we have frozen on the M /ITA-theory side all except the Kéahler moduli
at generic values and established a map between them and the corresponding
heterotic fields, see (2.75) and (3.31).

e We have generalized the compactification of 11-dimensional supergravity on Ca-
labi-Yau fourfolds by the inclusion of non-trivial four-form background flux. This
leads to a potential for the ‘moduli’ fields (4.47) which can be expressed via the
two superpotentials (4.35) and (4.45). The first of them coincides with the one
proposed in [67] while the second came out to be a real version of the correspond-
ing proposition in [67]. Furthermore we have reproduced the constraints on the
four-form flux for unbroken supersymmetry derived in [73] by different methods.

A lot of open problems remain, some of which have already been mentioned at the
end of chapter 4. A natural question is what happens to the duality between the
heterotic theory in D = 3 and M-theory on Yy in the presence of the background flux.
Furthermore, it would be very interesting to extend the analysis of section 4.2 to the
case of type IIA theory on Y; with fluxes. Some comments have already been made in
section 4.3 but the investigation is still at an early stage. Also in this case is the fate
of the duality to the heterotic string an open question. Finally one could try to extend
the results of chapter 2 in the following way. In section 2.3 we have considered a special
fibration structure of the Calabi-Yau fourfold and verified that this leads to perturbative
heterotic duals. However, it would be even more interesting to find the necessary
constraints that Yy has to fulfill in order to encode perturbative heterotic physics. This
might require further knowledge of higher derivative couplings in the three-dimensional
effective theory as the example of [85] shows. Furthermore, one could try to use the
duality in order to extract some information about (non-perturbative) properties of the
four-dimensional heterotic string. For example, the Kéahler potential of the heterotic
string in D = 3 contains the (real part of) the four-dimensional gauge kinetic functions.
It might be possible to determine some of its quantum corrections by considering the
M-theory Kéahler potential in the limit in which the modulus corresponding to the four-
dimensional heterotic dilaton becomes small. Thus the volume of some six-cycle in Yy
has to shrink. However, our analysis is based upon 11-dimensional supergravity and
therefore requires the ‘average radius’ of Y4 to be large. It is therefore not obvious that
this limit can be consistently taken within our framework.



Appendix A

Notation and conventions

The signature of the space-time metric is (—+...+). The Levi-Civita symbol is defined
to transform as a tensor, i.e.

P = (ig(D))_l/2 and €1..D = i(ig(D))l/Q ) (A.1)

where the + sign corresponds to Euclidean and the — sign to Minkowskian signature.
Our conventions for the Riemann curvature tensor are

Ry . = 01, — 0o, + 15,10, =TI, (A.2)
where we use the following definition of the Christoffel symbols:
1
Fﬁp = §guo(al/gop + 8pgou - aagz/p) . (A3)
The Ricci tensor is defined as
Ry =Ry, . (A.4)
We are thus using the (++4) conventions of [140].
A p-form A, can be expanded as
1
Ay = aAm---updxm Ao oNdxhr. (A.5)
The exterior derivative is defined as
1
dA, = aauAm---updxu Ndxtt NN datr (A.6)
and its adjoint is given by
1
dTAp = —MVVAVW__WCM“Q VANPAN dl"up . (A?)
The Hodge x-operator for a p-form on a (real) D-dimensional manifold is defined as
1
*Ap = m/}.ulmupEul"'upyp+1___l,DdeVp+l VANRAAN d.IVD . (AS)
Due to (A.6) the field strength of a p-form is
Fpyipn = 0+ D)0, Ay ] (A.9)

and the action for a p-form potential A, is given by

1 —
g L T e e Y LB Wt

Ml ‘Hp+1

o6



Appendix B

Calabi-Yau manifolds

In this appendix we give a short introduction to the mathematics of complex manifolds
and especially Calabi-Yau manifolds.! It requires familiarity with the basic notions of
Riemannian differential geometry and differential calculus as can be found e.g. in [141].
The presentation is partly inspired by [141,142] and the second chapter of [25]. The
mathematically more inclined reader is referred e.g. to [143-148].

B.1 (Co)homology primer

Before we start with our introduction into complex manifolds let us briefly review some
basic facts from homology and cohomology. We follow closely the discussion in [142].
For a mathematically more precise treatment see e.g. [149].

Let M be a smooth orientable Riemannian manifold. A p-chain is a sum a, =
> i ¢k N, where the Nj, are smooth p-dimensional oriented submanifolds of M. The
chain is called integral, real or complex depending on whether the coefficients cj, are
integral, real or complex. The operation 9, which associates to a manifold N its oriented
boundary and which squares to zero (i.e. 9ON = 0), can be extended to chains by
linearity. A p-cycle is a p-chain with vanishing boundary, i.e. da, = 0.2 If we denote
by Z, the set of all p-cycles and by B, the set of all p-dimensional boundaries, i.e.
B, = {ap|ap = Oap41}, we can define the p-th integral/real/complex homology group
of M as

H,(M,S)=Z2,/B, , (B.1)

where $ = Z/R/C depending on whether the chains are integral/real/complex. Thus
two p-cycles in H), are considered equivalent if they just differ by a boundary. The real
and complex homology groups are vector spaces (over R resp. C).

A similar construction can be made for p-forms. Let us recall that a p-form on M
is a totally skew symmetric covariant tensor field of rank p, see (A.5). The exterior
derivative of a p-form is defined in (A.6). Like the boundary operator it squares to zero
and thus allows the following definition. If we denote by ZP the set of closed p-forms,
ZP = {wp|dw, = 0}, and by BP the set of exact p-forms, B = {wp|lw, = dw,_1}, we
can define the p-th de Rham cohomology group

HP(M,R) = Z?/BP | (B.2)

"'We assume throughout that all manifolds are compact, connected and without boundary.
2For an example see figure B.1 in section B.8, where the two basic one-cycles of the torus are
depicted.
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which is an R-vector space like Hp,(M,R). It has been proven by de Rham that
HP(M,R) and Hp,(M, R) are isomorphic. More precisely for any basis {al,} of H,(M,R)
there exists a dual basis {w},} for H?(M,R) such that

/, wl = a7 (B.3)
@

where the integral over a general real chain is defined as fZ N, = ek | Ny If the basis

{a;} is actually a basis for H,(M,Z) the dual basis generates the integral cohomology
group HP(M,Z) via linear combinations with integral coefficients.? Furthermore if we
allow for complex coefficients in the linear combinations of the wj we generate the
complex de Rham cohomology group H?(M, C).

The dimensions of the de Rham cohomology groups, h?(M) = dimHP(M,R), are
called Betti numbers and can be used to define the Euler number

dimM

X(M) = Y7 (“1)PRP(M) . (B.4)

p=0

For 2n-dimensional manifolds the Euler number is given as an integral over the Euler
class

1
EQn(M) = WGGL--@%RM@ FANAAAN Ra2n—102n , (B5)
where )
Ry = 5 Rabead® N dz? (B.6)

is the curvature two-form. For odd-dimensional manifolds the Euler number vanishes.
This comes about as follows. According to a theorem by Hodge every p-form has a
unique decomposition into a harmonic, exact and co-exact piece, w, = ap + dBy—1 +
d'yp11, where we have used (A.7) and Aq, = 0 with A = dd' + d'd the Laplace
operator. An exact form can therefore uniquely be written as w, = a;, + dfB,—1 showing
that every cohomology class has exactly one harmonic representative. The definition of
the Laplace operator implies that the notion of a harmonic form depends on the metric
whereas the overall number of independent harmonic p-forms is a topological invariant
given by hP(M). Now one can verify that a p-form w, is harmonic if and only if *w,
is harmonic which implies h?(M) = hP~P(M), where D denotes the dimension of M.
Using this in (B.4) leads to a vanishing Euler number for odd values of D.

Besides the dual of a p-cycle defined in (B.3), which is a p-form, there is also another
notion of duality leading to a (D — p)-form. The Poincaré dual ap_, of a p-cycle a,

is defined by
/ wp :/ ap—p N\ wp (B.7)
ap M

for any closed p-form w,. Poincaré duality is useful in the calculation of intersection
numbers of cycles. Let us define the intersection number here only for the simplest
case, i.e. for two cycles a, and bp_,, whose dimensions add up to the dimension D of
M and which intersect transversely. This means that at each point ¢, which they have
in common, the tangent spaces Tya and T,b span the whole tangent space T, M. Thus
by introducing an oriented basis {ui,...,u,} for Tpa and {v1,...,vp_p} for Tyb the

$We assume here that H,(M,Z) and HP(M,Z) have no torsion.
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union {uy,...,up,v1,...,0p_p} is a basis for T, M. If this has positive orientation one
defines the intersection of a and b at ¢ as i4(a,b) = 1. Otherwise it is set to —1. Now
the intersection number of a and b is defined as

a-b= Z iq(a,b) . (B.8)

q€anb

Let o and 8 be the Poincaré duals of a and b. Then the intersection number can also
be expressed as

a-b:/Ma/\ﬁ. (B.9)

The definition of intersection numbers can be generalized to non-transversely inter-
secting cycles and to cycles whose dimensions do not add up to D. In this case the
intersection locus is not a discrete point set. If the sum of the two dimensions is smaller
than D the two cycles do not intersect generically. If however dima 4+ dimb = D + d
the two cycles intersect in a d-dimensional sub-cycle. This instance can be used to
define the intersection number of three cycles because one can consider the intersection
of this sub-cycle with a further cycle of complementary dimension. However, one one
can also iterate this procedure and define the intersection number for more than three
cycles. It is for example easily verified that on an eight-dimensional manifold four
six-dimensional cycles intersect in a set of points. Therefore one can generalize (B.9)
to define their intersection number. This is used in compactifications on Calabi-Yau
fourfolds, see (2.35). A detailed introduction into intersection theory is given in [150]
but the main ideas can also been found in the appendix A of [151].

B.2 Complex manifolds

We now leave the realm of real manifolds and come to the introduction of complex
manifolds. In contrast to a real manifold which is locally homeomorphic to R™ a
complex manifold is locally homeomorphic to C™. More precisely we have the following

Definition B.2.1. A complex manifold M of (complex) dimension D is a topological
space endowed with a holomorphic atlas, i.e. a family (U;, ¢;) of open sets U; covering M
and homeomorphisms ¢; from U; to an open subset of C” (introducing local coordinates
¢ = ¢; on M), such that the maps ¢;; = ¢;¢; " from ¢;(U; N U;) to ¢;(U; NU;) are
holomorphic for U; N U; # 0.

A holomorphic atlas (U;, ¢;) equips M with a complex structure. This means
that it determines what the holomorphic functions f : M — C are. The holomorphicity
of a general map f : M — N between two complex manifolds M and N of (complex)
dimension m respectively n is defined in the following way. Let p be a point in the chart
(U C M,¢)and f(p) in (V C N,) then f is defined to be holomorphic at p if the map
Yfo~!: C™ — €™ is holomorphic at ¢(p) in the usual sense. Obviously C is a complex
manifold so that the definition also applies to functions f : M — C. Which functions
are holomorphic depends on the holomorphic atlas and two atlases (U;, ¢;) and (V}, ;)
define the same complex structure, i.e. the same notion of holomorphic functions, only
if their union is again a holomorphic atlas. Furthermore two complex manifolds M and
N are considered to be equivalent if there is a diffeomorphism F : M — N which is
biholomorphic with respect to the complex structures of M and N (i.e. both F' and
F~! are holomorphic).
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All complex manifolds are even dimensional differentiable manifolds if considered
as real manifolds. The reverse is not true however. For example S2" is only a complex
manifold for n = 1, whereas S?P*1 x §2¢+1 always is a complex manifold for p,q € IN
[142]. The case p = ¢ = 0 is the torus T2, which is in fact the simplest example of a
Calabi-Yau manifold.

If a manifold admits a complex structure it is not necessarily unique. Alternatively
stated two manifolds can be different as complex manifolds although they are diffeo-
morphic and thus equivalent as real manifolds. In this case the inequivalent complex
structures can be characterized by a set of parameters, whose number depends on the
real manifold under consideration. These parameters are called complex structure
moduli. The set of all moduli leading to inequivalent complex structures is called the
moduli space of complex structures and can be discrete (as is the case for S2, which has
like any projective space a unique complex structure) or continuous (like for Calabi-Yau
spaces). Sometimes the moduli space is at least locally itself a complex manifold as
is the case for Calabi-Yau manifolds. We will come back to complex structure moduli
spaces in section B.7.

On complex manifolds it is useful to introduce the notion of a complexified tangent
space. This is obtained from the real tangent space by allowing for complex coeffi-
cients, i.e. T, M C= T,M @ C. A convenient basis is the coordinate basis induced by
the complex coordinates & on M, TpM(D = span{@g |p,agz |p}. The dual space (i.e.
the complexified cotangent space) is accordingly given by T M € = gpan {d§i|p, d57|p}.
Both have an obvious decomposition into a holomorphic and an antiholomorphic sub-
space. The (co)tangent spaces for different p € M span the complexified (co)tangent
bundle.

Similarly the notion of tensors and r-forms can be complexified. To this end they
are first extended to arguments from the complexified tangent or cotangent spaces. If
for example w,v,w,x € T,M we get complexified vectors via u + iv,w + iz € TpMC.
A (0, 2)-tensor t, is then extended to the complexified tangent space by linearity, i.e.

tp(u +iv, w +ix) = t,(u,v) — tp(v, z) + ity (u, x) + tp(v, w)] . (B.10)

It is obvious how to generalize this to tensors of other ranks and to tensor fields. A
complexified tensor field is defined by t = ¢ + ito, where 1 and t, are extended tensor
fields of the same kind. This definition includes the complexification of r-forms which
are totally skew-symmetric (0, 7)-tensor fields. A form which can be expressed in local
coordinates as

Wpg = p%],wil,,m___,ngil A NdER NDET AN dES (B.11)
is called a (p, ¢)-form. A general r-form is a sum of (p, ¢)-forms with p+¢ = r. The set of
all (p, q)-forms is denoted by AP¢(M). In addition to the usual exterior derivative there
are two further derivative operators on a complex manifold, the Dolbeault operators
0 and 0. They are defined as

_ 1 _ . ) _ _
Owpq = p!—(ﬂagjwh___ml,,jngﬂ ANAER N NdER NAER N .. N dE € APTTEH(M) (B.12)

and analogously for 9, so that d = 0 + 0. Like the exterior derivative d the Dolbeault
operators square to zero and can therefore be used to define cohomology groups as in
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section B.1. The cohomology groups HP*4(M) represented by O-closed (p, q)-forms are
called Dolbeault cohomology groups and their complex dimensions hP¢(M) are
termed Hodge numbers. In general they are not subgroups of the complex de Rham
cohomology groups H"(M, C) with p+ ¢ = r, which are represented by d-closed forms.
This is however true for Kahler manifolds which we will define in section B.4.

The complex structure of a complex manifold can be completely specified by a
certain tensor field. To understand this we introduce the following

Definition B.2.2. A differentiable manifold M which admits a globally defined tensor
field J fulfilling
JP=-1 (B.13)

is an almost complex manifold. The tensor field J is called an almost complex
structure.

A complex manifold M induces an almost complex structure on its underlying
differentiable manifold in the following way. Let &7 = 27 + iy? be the coordinates of a
point p € M in a chart (U, ¢). The real tangent space T, M of M at p is spanned by
{043, 0,5 }. One can define a linear map J,, : T,M — T, M by

Jp(045) = 0

i s Jp(0yi) = =0y - (B.14)
It satisfies Jg = —1. The definition (B.14) can be made independent of the chart
which can be shown using the holomorphicity of the coordinate change maps. Thus

for all p € M the components of J, are constant and given with respect to the local

coordinates by
0 —1
J-(n 0). (B.15)

They can therefore be used to define a smooth tensor field J whose components at p are
(B.15). This is the almost complex structure induced by the complex structure of M.
J can be extended to the complexified tangent space. With respect to the coordinates
&7 it has the components

Jil =8l gT=—isl,  J7=0, JI=0. (B.16)

Whether an almost complex structure J is induced by a complex structure and
therefore allows the introduction of a holomorphic coordinate system on the almost
complex manifold M (which is then actually a complex manifold) can be answered by
examining the Nijenhuis tensor

Nmnk = 3[nJm] k_ J[mpJn] q 3quk . (B.l?)

If this vanishes a theorem by Newlander and Nirenberg [152] ensures that there is
a unique complex structure on M for which the induced almost complex structure
coincides with J. Thus on complex manifolds there is a one-to-one correspondence
between complex structures and almost complex structures with vanishing Nijenhuis
tensor.*

Not all almost complex manifolds are actually complex; a counter example is S°©.
Almost complex manifolds owe their name to the fact that the presence of the almost

4This is the reason why such almost complex structures on a complex manifold are also called
complex structures, in slight abuse of denotation.
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complex structure allows for a decomposition of the complexified tangent spaces into
holomorphic and antiholomorphic parts in a similar way as on complex manifolds. Also
the definition of (p, ¢)-forms is possible although they can not be expressed in the form
of (B.11) which requires the existence of complex coordinates. See e.g. [142,147] for
further details.

B.3 Hermitian manifolds

The definition of a complex manifold M does not involve any metric on M. Considered
as a real manifold M can be endowed with a Riemannian metric g. As this is a
symmetric tensor of rank (0,2) it can be extended to arguments from the complexified
tangent space like in (B.10).

Definition B.3.1. A complex manifold is called Hermitian if it is endowed with
a Hermitian metric, i.e. the only non-vanishing components of the metric are g;; =
9(Oei, Og7), whereas g;j = g(0gi, 0g; ) = 0 and gz = g(9g0g;) = 0.

Hermiticity is a restriction only on the metric and not on the manifold. In fact
every complex manifold admits a Hermitian metric. On the other hand, whether a
given metric is Hermitian or not depends on the complex structure of M.

A Hermitian metric satisfies g;; = JimJjﬁgmﬁ, where J is the induced almost
complex structure (B.16). Multiplying this equation with Jj 7 shows that J; = —Jz,,
where J;z = J;™g,.r and J; = J; " gim. This means that there is a natural (1,1)-form
on every Hermitian manifold, J = Jijdgi A d€7.5 Furthermore equation (B.16) shows

that

One verifies that
D factors
[P — _ _
JNA...ANJ = iPD!(detgi;) de* AdE A ... AdEP A dEP
= P(=1)PP-V/2DI (detg;;) d*P¢ (B.19)
D\\/gd*Py

is proportional to the volume element on the manifold.® In (B.19) the real coordinates
y® and the complex coordinates & are related by ¢ = %(y%_1 + iy?"). Furthermore

we have used the definition d?P¢ = dé' A ... AdEP NdEY A ... A dEP and the fact that
det(gi;) is equal to the square root /g of the determinant of the original Riemannian
metric.

On Hermitian manifolds it is possible to define an inner product on the space of
(p, q)-forms. Omne has two different e-symbols €/1P and €*>. With their help one
can generalize the definition of the Hodge *-operator to (p, q)-forms according to

(—1)PD=1)/2+Dp;D
D= pD = g)f i€
ngjq+l A A dé‘jD A dgjzﬂrl AL A déij . (BQO)

i1...7 21...2

q . .
Jgq+1---JD

€

Wp,q pijrl---jD

®As common in the literature we denote both, the complex structure and the natural (1,1)-form
with the same letter J. The index structure or the context allow to distinguish them.
5From now on D always denotes the complex dimension of M.
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Because of the special index structure of the metric the components of the e-symbols
appearing in (B.20) are the only ones that can occur on a Hermitian manifold. Obvi-
ously *wp , € AP=@P=P(M). In fact the Hodge x is an isomorphism between AP(M)
and AP=4P=P(M). However in order to define the inner product we actually need an
operator that maps a (p,q)-form to a (D — p, D — g)-form. This can be achieved by
taking the complex conjugate in addition to acting with the Hodge x. We are thus led
to define the Hodge x-operator

(_1)D(D+1)/22D ) )
Iy L 6“"'2‘1* _
plgi(D — p)i(D — q)! ~ "ttt Jartedb
XdEIHL AL N dEID N dETHT AL A dETD (B.21)

il---ip . .
€ Jp+1---JD

*Wp,q

With the help of w;, . iz .7, = (_1)pqwz‘1___l’pil.“§q one verifies that xwy ; = %0y ¢ = *Wp, 4.
Furthermore the signs work out to give *xwy 4 = (—1)P*%w, ,. The inner product on
the space of (p, ¢)-forms can now be defined as

(Wp,g: NMpg) = /Wp,q/\*nnq (B.22)

(_1)D(D—1)/22D

- plq! /dQD5 \/gwil-..ipil...iqﬁil"'ipil"jq ,

where one has to take into account that 7%t #" % = (—1)Pdji-Taii-ip,
With the help of the inner product one can define the adjoint operators 9t and Of
of the Dolbeault operators 0 and 9 by

(w,0n) = (0w, ), (w,0n) = (dw,n) (B.23)

which can be expressed as T = — x 0x = —%0% and O = — x 9x = —%0%. This
shows that 0fw,, € AP~14(M) and d'w,, € AP4~1(M). On Hermitian manifolds
one therefore has two additional Laplacians, Ay = 097 + 979 and Ay = 00" + 0'0.
Furthermore there is a complex version of Hodge’s theorem, i.e. AP9(M) has a unique
orthogonal decomposition

API(M) = OAPA~H (M) @ 0T APIHH (M) & Harm(M) | (B.24)

where Harm%’q(M) = {Agwp, = 0} are the d-harmonic (p,q)-forms. In particular
every element of HP(M) has a unique d-harmonic representative. Furthermore we
notice that *A5 = Agx, which implies

hP9(M) = hP=PD=9(0r) | (B.25)

However the usual Hodge * does not commute with the 0-Laplacian. In fact one has
*Ag = Apx, so that on a general Hermitian manifold the Hodge numbers h?9(M) and
hP=4P=P(M) are completely independent. This is not the case anymore on Kihler
manifolds as we shall see in the next section.

The Levi-Civita connection of a differentiable manifold is uniquely determined by
requiring metric compatibility and symmetry in its lower indices. On a Hermitian
manifold it is more appropriate to replace the second condition by demanding that
the decomposition of the tangent space into a holomorphic and an antiholomorphic
subspace is respected by parallel transport, i.e. a holomorphic vector at a point p € M
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should remain holomorphic if it is parallel transported to another point g. This is
guaranteed if the connection has only pure indices so that Fék and F% = F;. . are the

only non-vanishing components. Demanding in addition that the metric be covariantly
constant fixes the connection uniquely and the coefficients are given by

This connection is called the Hermitian connection. It is in general not torsion
free and has the important property that the almost complex structure is covariantly
constant with respect to it. The corresponding covariant derivative can also be used to
specify the components of the adjoints of the Dolbeault operators, e.g.

IMwp g = — VWi, - iyia 7 AEN A ADEP NAER AL N dE (B.27)

pl(qg—1)!

The simple form of (B.26) leads to some simplifications for the Riemann tensor. It
turns out that the only independent non-vanishing components are

Ry = —0m = =0 (9™ 0kgjm) - (B.28)

All other components are determined by complex conjugation R;}l = R; i OF using the
symmetry R;‘Zk = —R;,kl—. Related to the Riemann tensor is the Ricci form

R = iRyde NdET = iRj;de' A dE (B.29)

= —id5(g™0ig)de’ A dE = —i0;0;(In /g) dE' A dET = —idDIn /g .

It should be noted that despite of the name the components R;; are in general not the
components of the Ricci tensor. The identity 90 = —%d(a — 0) shows that R is closed.
It is however in general not exact because (0 — 0) In /g is not necessarily globally
defined. Therefore R defines a generically non-trivial element of H?(M,C) called the
first Chern class ¢;(M) = [£].

o7

B.4 Kahler manifolds

We have seen in the last section that on every Hermitian manifold there is a natural
two-form J. This allows for the following

Definition B.4.1. A Kahler manifold is a Hermitian manifold whose natural two-
form is closed, i.e. dJ = 0. In this case J is called the Kahler form and the Hermitian
metric is called Kahler metric.”

Whereas every complex manifold admits a Hermitian metric the demand for the ex-
istence of a Kahler metric is actually a constraint on the manifold. An example of a
complex manifold not admitting a Kihler metric is S2P*! x §24+1 for ¢ > 0 to exclude
the torus. However every complex manifold of complex dimension 1 admits a Kéahler
metric as does any compact complex manifold that can be embedded in a complex
projective space P™.

"There is an alternative and more geometrical definition of Kihlerness [144]. A metric on M is
Kahler if and only if at each point p € M there are holomorphic coordinates for which gi; = d:5 + Gz,
where §;; vanishes to second order at p.
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The fact that J is closed implies

0igk7 = OkGiz » O gk; = 079Kz - (B.30)

This means however that on each coordinate neighborhood U}, there exists a real func-
tion K} such that

on Up. This function is called the Kahler potential. As we consider only compact
manifolds the Kihler potential can not be defined globally.® Rather on the intersection
of two coordinate neighborhoods Uy N U; the two Kéahler potentials differ by the real
part of a holomorphic function, Ky = K; + fi;(&) + fri(§). In view of (B.31) the metric
is thus globally defined as it should be.

The property (B.30) has some influence on the differential geometry of a Kéahler
manifold. First one sees from (B.26) that the connection coefficients are now symmetric
in their lower indices, i.e. the Hermitian connection is the Levi Civita connection of the
manifold. This provides in fact a third possible definition of Kahlerness. A Hermitian
metric is Kéhler (with respect to a given complex structure) if and only if the complex
structure is covariantly constant with respect to the Levi Civita connection. It follows
that the Riemann tensor on a Kéhler manifold has the usual symmetries known from
general relativity

Rz‘jki = Rkiz‘j ) Rz‘[jkﬂ =0, Rj[iik] =0. (B-32)
The last equation of (B.32) implies ngl— = Riu—, which can also be easily seen from
(B.28) and (B.30). This additional symmetry ensures that the components of the Ricci
form are indeed given by the Ricci tensor.

Moreover the fact that on a Kahler manifold the Hermitian connection is the Levi
Civita connection further implies that the Kéhler form is not only closed but even
harmonic. We have mentioned in the last section that on any Hermitian manifold
the coefficients J; 7 are covariantly constant with respect to the Hermitian connection.
Due to the metric compatibility of the Hermitian connection the same is true for the
components of the Kéhler form J;;. On a Kahler manifold this implies dTJ =0, see
(A.7). Taken together with d.J = 0 this is equivalent to the harmonicity of .J.

We have seen in the last section that there are three Laplacians on a Hermitian
manifold which are generically totally independent. This is however not the case for
Kéahler manifolds. In fact the second characterization of a Ké&hler metric given in
footnote 7 can be used to prove

Ag =20y =240, . (B.33)

This has some immediate consequences. Now also the usual Hodge x commutes with
Ag and we therefore have hP4(M) = hP=¢P=P(M). In combination with (B.25) this
implies

hPA(M) = hTP(M) . (B.34)
Furthermore the fact that the notions of a harmonic and a d-harmonic form coincide
on Kahler manifolds is at the heart of the Hodge decomposition

H"(M,C) = ®pyq=rHPI(M) . (B.35)
®Otherwise the Kihler-form J = —£d(9 — 0) K would be exact in conflict with (B.19).




66 APPENDIX B. CALABI-YAU MANIFOLDS

This ensures the relation A"(M) = _ . . hP9(M) between the Betti numbers and the
Hodge numbers which is not valid on an arbitrary Hermitian manifold.

There is another kind of decomposition of the complex de Rham cohomology on a
Kaéahler manifold called the Lefschetz decomposition. In order to define it we have to
introduce some notation. Associated to the Kéhler form there is a map L : AP9(M) —
AP+LatL (D) defined by

L(wpg) =T ANwpg » (B.36)

with the adjoint A : AP9(M) — AP~19=1(M) given by

(=P

Awpa) = T o gty 16N N dERPT N dEN AL A dEl

(p—Dlg—1)!
(B.37)
for p,q > 1 and zero otherwise. One can proof the relation [144]
[L,Al=p+q-D (B.38)
on AP4(M) and also verify
[L,Aq] = [A,Ag] =0 (B.39)

Therefore L and A can be considered as maps acting between cohomology groups. The
primitive cohomology is defined as

PY(M) = kerA N HY(M,C) = ker LP~91 n {H9(M, C) , (B.40)

where the proof of the last equality can again be found in [144]. The Lefschetz decom-
position is now given by

HY(M,C) = ®y<g L"PI2(M) (B.41)

It is compatible with the Hodge decomposition, i.e. P"(M) = @pyq=rPP9(M), where
PPa(M) = kerANHP9(M). A general non-primitive cohomology class w, is of the form
wr=w® + TAw + .+ T AW (B.42)

r—2n >

(0)

where the w,; "’ are primitive cohomology classes and some wz(o) # 0 for ¢ < r. Further-
more if we denote by k(M) the dimension of PP4(M) then one has [145]

hD9(M) = hPI(M) — hpfl,qfl(M) , for p+qg<D. (B.43)

Finally let us remark that from (B.33) and the harmonicity of J one infers that
hPP(M) > 0 for K&hler manifolds because the p-fold wedge product of J with itself is
a non-trivial element of HPP(M).

B.5 Holonomy groups

A useful concept for a Riemannian manifold is that of its holonomy group.

Definition B.5.1. For p € M consider the set of all closed loops {c(¢)|t € [0, 1],¢(0) =
c(1) = p}. If a vector v € T,(M) is parallel transported along such a curve ¢(t) (using
the Levi Civita connection) it generically turns back to a different vector v’ € T, (M)
which is related to the original v via a linear map. This map depends on the curve
¢(t) but not on v. The set of all maps that one gets by all the different closed loops is
endowed with a group structure and is called the holonomy group at p.
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As we are only considering connected manifolds the holonomy group H (M) does not
depend on the point p € M. It contains information about the curvature of the man-
ifold [143,147]. On a flat manifold the holonomy group is finite.? As the Levi Civita
connection is metric compatible the length of the vector is conserved during the parallel
transport so that H(M) C O(n). On orientable manifolds this is further reduced to
H(M) C SO(n). For manifolds with even dimension we have the following results.

1. H(M) C U(n/2) if and only if M is Kéhler ,
2. H(M) C SU(n/2) if and only if M is Kéhler and Ricci-flat.

This property can be used to give an alternative definition of Kéhler manifolds. '
Similarly the holonomy group can be used to define two other classes of manifolds
which also play an important role in physical applications.

Definition B.5.2. A manifold with H(M) C Sp(n/4) is called a hyperkédhler man-
ifold and one with H (M) C Sp(n/4) ® Sp(1) is a quaternionic Kéhler manifold.

Obviously the real dimension of such manifolds has to be divisible by 4. As there
is an embedding Sp(n/4) C SU(n/2) every hyperkihler manifold is Ricci-flat and
Kahler. However, a quaternionic Kahler manifold is despite its name generically not
Kaéahler and even not a complex manifold. More concretely, whereas on a hyperkéhler
manifold three different complex structures {J1, Jo, J3} exist which obey the algebra of
the quaternions, i.e. (J1); 7(J2); ¥ = (J3); ¥, (J1): 7(J2); ¥ = (J3): * and cyclic relations,
such tensor fields only exist locally on a quaternionic Kahler manifold. Moreover, on a
hyperkéahler manifold any linear combination a.J; 4+ bJs + ¢J3 can be chosen as complex
structure if a® 4+ b?> + ¢> = 1. Thus for any hyperkihler structure we have an S? of
complex structures. An example of a 4-dimensional hyperkahler manifold is the K3
surface with its Ricci-flat metric. We come back to it in section B.9.

An important consequence of a restricted holonomy group is the existence of co-
variantly constant tensors or spinors. We have already seen that the Kahler form is
covariantly constant on a Kéhler manifold. Similarly the three complex structures of
a hyperkéahler manifold are covariantly constant. Further examples will appear during
the discussion of Calabi-Yau spaces to which we now turn.

B.6 Calabi-Yau manifolds

We have seen in section B.4 that on K&hler manifolds the components of the Ricci form
are given by the Ricci tensor. As the first Chern class is a topological invariant, i.e.
it does not change under smooth changes of the metric, a necessary condition for a
Kahler manifold to admit a Ricci-flat metric is that its first Chern class vanishes. The
fact that the vanishing of the first Chern class is even sufficient has been conjectured
by Calabi and proved by Yau. More concretely one has the following

%If one only considers contractible loops in the definition B.5.1 one gets the so called restricted
holonomy group. This is always trivial on flat manifolds. The same does not hold for the full
holonomy group. For example the Klein bottle with a flat metric has H = Z, see [147].

10T et us remind that the Levi Civita connection coincides with the Hermitian connection if and only
if the manifold is Kéhler. For a general Hermitian manifold the Levi Civita connection is therefore not
pure in its indices and the holonomy group is not a subgroup of U(n/2).
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Theorem 1. On a Kéhler manifold with ¢; = 0 and Kahler form J there exists a
unique Ricci-flat metric whose Kéhler form is in the same cohomology class as J.

This result justifies the

Definition B.6.1. A Calabi-Yau manifold is a compact Kéahler manifold with ¢; =
0.

In this section we collect some of the most important facts about Calabi-Yau man-
ifolds. The vanishing of the first Chern class implies that the Ricci form is exact, lLe.
R = dA for a globally defined 1-form A = A;d¢? + A;d€?. This amounts to

R = O(Ad€") 4+ O(Ade?) ,  O(AidEY) = O(AdE) =0 . (B.44)
An important property of Calabi-Yau manifolds is the following

Theorem 2. On a Calabi-Yau manifold there is a pair of spinors ¢, ( of opposite
chirality which are related by complex conjugation and which are gauge covariantly

constant!!

(Vo 240C=0,  (Vat2A)(=0, (B.45)

where for notational simplicity we have expressed (B.45) in terms of real coordinates,
ie.a=1,...,2D.

The holonomy of a Calabi-Yau manifold is contained in SU (D) x U(1). This means
that the spin connection implicit in the covariant derivatives in (B.45) is a gauge con-
nection with respect to that group. The U(1) part of this gauge connection is canceled
by A, so that V, — %Aa is the SU(D) gauge covariant derivative and ¢ is an SU(D)
singlet [142,154]. If the metric is the Ricci-flat one, which exists due to Yau’s theorem
1, the holonomy is contained just in SU(D) as has been discussed in the last section.
In this case the spinors from theorem 2 can be chosen to be covariantly constant if
h'(M) = 0. This can be seen as follows. Ricci-flatness implies R = dA = 0. Since
we assume h!(M) = 0 and A is globally defined it must be exact A = da. Redefining
(—C e 2% and using (B.45) shows that this redefined spinor is covariantly constant.

The spinor from theorem 2 is useful in various circumstances. It can be used to
give expressions for the complex structure and arbitrary spinors on the manifold [142].
With the help of the Gamma matrices, which obey the Dirac algebra

Ay =00r=0, (V=297 (B.46)

one defines
Jid = =it ¢, (B.47)
where v;; = ;5. This can be shown to square to minus the identity and to be

covariantly constant so that it is indeed the complex structure.
Furthermore an arbitrary spinor on the manifold can be decomposed as [154]

n=wC +wpyC+ ..+ wy VIR (B.48)

1Tn fact the statement of the theorem even holds for a generic Kahler manifold with the difference
that in this case the vector A is not necessarily globally defined, see e.g. [153].
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where the coefficients wy, . 7, transform under coordinate transformations as components
of (0,p)-forms. If one assumes the Ricci-flat metric and uses the covariantly constant
spinor ¢ in (B.48) it can be shown that 7 is a zero mode of the Dirac operator v%0; +~"0;
if and only if the corresponding forms wg, are harmonic. One can generalize this
formalism to spinors with values in some holomorphic vector bundle V, ie. n4 =
wAC+w]i4’ij+. . .—i—wﬁ___jD*yjl"'jDC, where the range of A depends on the representation
of the structure group of V under which n* transforms. In the Ricci-flat case n? is now
a zero mode of the Dirac operator if the wﬁ.“jp are elements of H%P(M,V).12

Finally, the existence of the gauge covariantly constant spinor can be used to prove
the following

Theorem 3. A compact Kéhler manifold has ¢; = 0 if and only if there exists a unique
nowhere vanishing (D, 0)-form
1

Q= 5. (E)dE™ A ... N dEP (B.49)

with holomorphic coefficients €;, ;,(§) and the following properties
1. © is harmonic ,
2. Q is covariantly constant with respect to the Ricci-flat metric.

The proof can be found e.g. in [154], where also an explicit expression for €2 is given
in terms of the gauge covariantly constant spinor { for Calabi-Yau manifolds with
h'(M) = 0. In fact the last equality of eq. (B.44) in connection with h'(M) = 0 shows
that A;d€" is O-exact, i.e. A;d€" = Oa. The coefficients of the holomorphic (D, 0)-form
can then be given as

Qiyip = Ty ipC (B.50)

For the Ricci-flat metric o can be set to zero. The spinor ¢ and the (D,0)-form Q
are two further examples for the existence of covariantly constant spinors or forms
on manifolds with a restricted holonomy which we anticipated at the end of the last
section.

The presence of the holomorphic (D, 0)-form leads to an additional symmetry of
the Hodge numbers on a Calabi-Yau manifold which is not valid for a general Kéhler
manifold. One has

hPO(M) = hOP=P(M). (B.51)
The isomorphism between HP°(M) and H%P~P(M) is given by

- 0. - dp,,
w]l---]D—p ~ Q‘]l...]D,p wll...lp N (B52)

For Calabi-Yau spaces with A1%(M) = 0 we can conclude that also h”?~%0(M) = 0,
where (B.34) has been used. In the physics literature one usually demands that the
holonomy group of the Ricci-flat metric is exactly SU(D) and not a proper subgroup
thereof. This excludes for example all product manifolds like T2 x K3, T? x Y3, with
Y3 a Calabi-Yau threefold, K3 x K3, etc. For Calabi-Yau manifolds with exact SU(D)
holonomy one can show that h?°(M) = 0 for all p # 0, D [46].'3 Henceforth we will

2For a thorough definition of d-cohomology groups with coefficients in a holomorphic vector bundle
we refer to [146].

13Note that there are hyperkahler fourfolds with h*° % 0 which are not of a simple product type.
However they are excluded by demanding that the holonomy is exactly SU(4) [46].
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also assume this. Furthermore, the (D, 0)-form also provides an isomorphism between
the cohomology groups H%'(M, Tyr) and HP~11(M), where Ty is the tangent bundle
of M. It is given by

Wji...jp_17 ™~ le---ijTjD : (B'53)

Let us finally make some comments on the moduli space of Ricci-flat metrics on a
Calabi-Yau manifold Yp. We know from theorem 1 that a Ricci-flat metric on Yp is
uniquely determined by specifying its complex structure and Kéhler class. Thus there
are two types of deformation, one can vary the complex structure of Yp or the choice
of the cohomology class of J. If h*°(Yp) = 0 the two deformations are independent
of each other and the moduli space factorizes, at least locally, into a direct product
with one component describing the complex structure deformations and the other one
the Kéhler deformations. As the Kéhler form is of type (1,1) it can be expanded in
a complete set of (1,1)-forms e according to (2.34). If h29(Yp) = 0 the Kihler form
J and the basis e can be chosen independent of the complex structure. Otherwise
an element of H?(Yp) which is of type (1,1) for a given complex structure might get
contributions of type (2,0) or (0,2) when the complex structure is varied. In this case
there are complex structure deformations which enforce a variation of the Kéahler class
because the original .J is not of type (1, 1) for the new complex structure anymore. Thus
for h*0(Yp) # 0 the moduli space loses its local product structure. However, the only
case for which this happens is D = 2, i.e. for K3 surfaces. We will come back to them
in section B.9. Let us for the moment assume D > 2 and follow closely the discussion
in [92]. In this case the M are valid coordinates on the Kihler moduli space. However,
not any real values in (2.34) lead to a Kéhler form. Rather J has to determine a positive
definite metric according to (B.18). Such (1, 1)-forms are called positive. If J; and Jy
are two positive (1,1)-forms then also aJ; + b.Js is positive, if a,b > 0. Therefore the
Kahler moduli span a cone in Rhl’l, the so called Kéhler cone.'* Now even for D > 2
the moduli space is in general only locally a direct product. The Kéahler cone might
vary inside R""" when the complex structure is deformed. Although the (p, ¢)-type of a
(1,1)-form is independent of the complex structure this does not hold for its positivity
in general. However, at a point deep inside the Kahler cone these global considerations
do not play any role. Furthermore in many Calabi-Yau manifolds the Kéahler cone is
actually independent of the complex structure.!®

B.7 Complex structure deformations

Before we proceed to have a closer look at the physically most relevant Calabi-Yau D-
folds, which have D = 1,..., 4, we would like to make some remarks about deformations
of complex structure. Although this could have been discussed at an earlier stage some
of the most interesting statements can only be made for Kéhler manifolds. Furthermore
special results are valid for Calabi-Yau spaces. Some of the basic ideas can be found

4 Another way of seeing that the M4 are restricted is the following. They can be interpreted as
the volumes of the 2-cycles dual to e4 (in the sense of (B.3)) and thus have to be positive. Further
restrictions come from the requirement that also the volumes of 2n-cycles co,, for n > 1 have to be
positive. They are proportional to fc2n J".

15This is for example the case for so called complete intersection Calabi- Yau manifolds which can be
realized as the vanishing locus of a system of polynomials in a product of projective spaces. We refer
to [92] for some details.
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in [145]. A very detailed reference is [146] and a good review including recent results
is [148].

We have already remarked in section B.2 that the space of all complex structures
of a manifold M is in many cases at least locally again a complex manifold M . This
is in particular true for Calabi-Yau manifolds M. We denote by Mz« the manifold
M equipped with the complex structure corresponding to the point Z¢ € M, where
a=1,...,dimgM. Of course all Mz« are diffeomorphic as real manifolds as they
only differ in their complex structure. One can combine them in a family f: X — M
of complex manifolds so that Mza is the fiber over Z¢, i.e. f~1(Z%) = Mza. For every
Z%* € M® there is a map

pze : Tga(M®) — H (M, Ty) (B.54)

called the Kodaira-Spencer map [146]. For Calabi-Yau manifolds this is an isomorphism
[155]. Thus for them infinitesimal deformations of the complex structure are in one-to-
one correspondence with the elements of H%'(M,Ty) = HP~L1(M).

In principle there is no reason why the Hodge numbers h?'?(M o) should be inde-
pendent of the complex structure. If however all Mz« are Kdhler manifolds and if M
is connected this is in fact true [145]. Thus it makes sense to speak about the Hodge
numbers of a Kahler manifold M without specifying its complex structure. However,
although the Hodge numbers themselves do not depend on the complex structure the
Hodge decomposition (B.35) indeed does.'® If the complex structure of M varies the
subspace HP4(M) C H"(M,C) also varies inside the fixed de Rham group H" (M, C).
This fact is known as a variation of the Hodge structure. Infinitesimally, the
holomorphic differentials d¢® mix linearly with the antiholomorphic differentials

Ozad€’ = paz'd€? + vo;'de? (B.55)

where p,, € H%'(M,Tys). Thus infinitesimally a (p, ¢)-form mixes with (p + 1,q — 1)-
and (p — 1, ¢ + 1)-forms only [94].

In many cases the variation of the Hodge structure is a complete measure for varia-
tions of the complex structure. This has been made more precise by Griffiths through
the introduction of the period map [156]. Let us outline the basic idea. For a Kahler
manifold M we define

FS(M)=H""(M)+ ...+ H (M), s<r, (B.56)

The set {F*(M)}s—o,. r is called the Hodge filtration of H"(M,C). If we denote
by o = [(r — 1)/2] the greatest integer < (r — 1)/2 we can consider the sequence of
subspaces FO(M) C ... C F°(M) C H"(M,C), which is called a flag. The set of all
flags forms a manifold, the so called flag manifold.'” Griffiths defines now the period
map

®(Z%) = [FO'(Mga) C ... C F'(Mga) C H"(M,C)] (B.57)

and shows that it is holomorphic. The question whether the variation of the Hodge
structure can provide a complete description of deformations of the complex struc-

16This is in contrast to the Lefschetz decomposition which is independent of the complex structure
[144].
'"Tts construction is analogous to that of a Grassmannian manifold but we omit the details here.
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ture for a given manifold, i.e. whether the period map is injective, is called a Torelli
problem.!®

For Calabi-Yau manifolds it is known that the variation of the Hodge structure
indeed describes the variation of the complex structure completely. To make this de-
scription precise it is possible to make use of an easier version of the period map which
is called the classical period map in [157]. It can be obtained from (B.57) with r = D
by combining it with the projection

T([FO(Mga) C ... C F°(Mge) C HP(M,C)]) = [F*(Mge) ¢ HP(M,C)] . (B.58)

The classical period map ® = mo® is also holomorphic. It describes the variation of the
(D,0)-form Q of the Calabi-Yau manifold (B.49) under deformations of the complex
structure. In fact this variation is always nonzero. For D > 3 this can be seen from

0700 = k,Q + ®, | (B.59)

where k, is a function of the Z? and ®, is a member of a basis for the (D — 1,1)-
forms [93,94,155]. One can even be more precise. The complex structure moduli space
turns out to be itself a Kahler manifold with Kéhler potential K and k, is actually
given by ko = —0z0 K. Furthermore the holomorphicity of ® implies 8749 = 0.

The name period map for (B.57) stems from the fact that it is a generalization
of the classical period map which can indeed be represented by period integrals. To
be more concrete let {y*},—1 _po(a) be a basis for the integral homology Hp(M,Z),
which is independent of the complex structure. Then the periods

I, = / Q (B.60)

vary with the complex structure because of the variation of 2. These period integrals for
a given choice of D-cycles provide a realization of the classical period map ® for Calabi-
Yau manifolds M. Furthermore they determine the complex structure of M completely.
This will become clear in the following as we consider the physically relevant Calabi-Yau
spaces in turn.

B.8 Torus

The torus is the simplest Calabi-Yau space. As many general features of Calabi-Yau
manifolds can be demonstrated in this simple setting we want to go through the analysis
in some detail. The torus has the Hodge numbers

Thus it has vanishing Euler number x = 0. As for two dimensional manifolds ¢y is the
Euler class (B.5), see [158], it is clear that the torus has vanishing first Chern class.
This is in contrast to all other Riemann surfaces which have x # 0.

18Tn fact in the mathematical literature one usually considers a slightly different flag manifold which is
defined by restricting to primitive cohomology in (B.56). Consequently the flags are subsets of P"(M).
A certain subspace of this flag manifold is known as the classifying space or Griffiths domain and
is used in investigations of Torelli problems. The reason is that the whole cohomology is in general ‘too
big’ and gives redundant information. See e.g. [148] for the details.
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A torus can be defined by taking the quotient of the complex plane C with a lattice
L(wi,wz) = {wim + wan|m,n € Z}, i.e. points z1,29 € C/L(w1,ws) are identified if
z1 — 2o = wim + won for some m,n € Z and wy and wy are two non-vanishing complex
numbers such that 1 ¢ R. Then C/L(wi,wz) is homeomorphic to the torus as is
indicated in figure B.1. Furthermore, it inherits a complex structure from C which

Z=X,+1X,

Figure B.1: Two different representations of the torus. A and B are the basic repre-
sentatives of the two one-cycles.

however depends on the choice of the pair (wi,ws). It can be shown that the complex
structure actually only depends on the modular parameter

=—i— B.62
r=—i2d, (B.62)
so that one could define the lattice with wy = 1, a value which has already been chosen
in figure B.1.1 Moreover 7 can be chosen to have Im(i7) > 0 and 7 and 7’ define the
same complex structure if

, _ar —ib a b
T =T for ( . d > € SL(2,7Z) . (B.63)

Thus the moduli space of independent complex structures on the torus is given by
the quotient space H/SL(2,7Z), where H is the upper half plane. This so called fun-
damental region can be represented in many different ways. The standard one is
depicted in figure B.2. This is a common feature that the moduli space can be repre-
sented as a quotient of a manifold 7 by some discrete group GG. Then the manifold T
is called Teichmiiller space and the group G is denoted modular group. Modding
out the modular group takes care of the fact that there are ‘large’ diffeomorphisms of
the torus, which are not continuously connected to the identity but leave the defining
lattice L(wi,ws) and therefore the complex structure of the torus invariant. For the
details we refer to [141] and references therein.

Here we just give an example taken from [142] which makes plausible that different
values for 7 may lead to different complex structures. Consider the two tori

Ty = {(x1,z2)|(z1,22) = (1 + m,x9 +n)},

'9This definition of 7 differs by a factor of —i from that found in many text books like [141]. Tt is
however the one we use in chapter 3.
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iT

-1 -172 12 1

Figure B.2: Complex structure moduli space of the torus. The thick part of the bound-
ary is included in the moduli space.

T, = {(y1,y2)|(y1,92) = (y1 +m,y2 +2n)} (B.64)

which have 71 = 1 and 75 = 2. The map (y1,y2) = (x1,2x2) shows that the two
manifolds are diffeomorphic. However the complex coordinates ¢ = x1 + ixo and £ =
Y1 + 1Yo are related in a non-holomorphic way via

3 1.
£=5¢-5C, (B.65)

showing that 77 and T5 have different complex structures.

The torus inherits the natural flat metric of C through the definition we have given
above, i.e. ds® = dz®dZ, independently of the complex structure. The different complex
structures in this way only occur in the different periodicity conditions on the coordi-
nates z = z + (m +nit). One can however introduce new coordinates ( = z; + iTx2 in
which the periodicity condition is (z1,x2) = (z1,22) + (m,n) and the complex struc-
ture shows up in different metrics, i.e. ds? = d¢ @ d(. The differential d¢ is the unique
holomorphic (1, 0)-form of the torus which exists according to theorem 3. The modular
parameter can be expressed through period integrals of d¢ over the cycles A and B in
figure B.1. In fact we have?”

J4d¢

T e

see e.g. [27]. This is the first example of how the period integrals of the holomorphic
(D, 0)-form completely determine the complex structure of Calabi-Yau manifolds. We
will see further examples in the following sections.

Of course not every metric on the torus is flat and of the form ds? = d¢ ® dC,
with ¢ as above. However, according to a theorem from Riemann surface theory any

(B.66)

20The period integrals are coordinate independent. One could have used the z-coordinates instead.
In this case the integrals depend on 7 through the cycles A and B, see figure B.1. However the situation
in which the 7 dependence resides in the differential d¢ is more adapted to the discussion of the last
section.
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metric on the torus is conformal to a flat metric of the form ds? = d¢ ® d¢ modulo
diffeomorphisms, see e.g. [159]. Thus the moduli space of flat metrics is spanned by
the complex structure moduli and a conformal factor, the Kéhler modulus, which is
a measure for the overall size of the torus. As we have discussed in section 1.3 the
Kahler modulus gets complexified in string compactifications. It turns out that not all
complexified Kahler moduli lead to different space-time physics but only those which
span exactly the same fundamental region as depicted in figure B.2 for the complex
structure. Furthermore the physics is invariant under an exchange of the complex
structure and the complexified Kéhler moduli, thus providing the simplest example of
mirror symmetry [160].

B.9 K3

All Calabi-Yau twofolds are diffeomorphic as real manifolds. They are called K3 sur-
faces and are in many ways special. As they play an important role in our discussion
of dualities in chapter 2 and 3 we want to go into some of the details. An introduction
into the mathematics of K3 surfaces can be found in [161], its physical applications are
covered to a great extend in [106].

The Hodge numbers can be collected in a Hodge diamond and take the values

00 1
ht0 ho:1 0 0
h20 ht:t 92 = 1 20 1. (B.67)
h>1 hl-2 0 0
h%?2 1

Thus the Euler number is x = 24.
By a theorem of Torelli the Teichmiiller space for complex structures is again given
by the space of possible periods

w; :/ Q, (B.68)
Pyi

where {7} is a basis of integral two-cycles, see [161]. For a K3 surface Y5 the integral
homology group Hs(Y3,7Z) forms an even selfdual lattice of signature (3,19) on which
the inner product is defined via the intersection number. By Poincaré duality the
same holds for H?(Ys,7) with integration over the wedge product being the inner
product. Such a lattice is unique up to isometries and denoted by I's 19. Ha(Y2,Z) is
independent of the complex structure. If the complex structure changes the periods
vary through their dependence on the holomorphic two-form Q. It is straightforward
to show [106] that Re€2 and Im{2 span an oriented space-like two-plane in H?(Ys, R) =
R33! which we will also denoted by 2, again following [106]. As the lattice H (Y, Z)
is embedded into H?(Y3,R) we get the following picture: The choice of a complex
structure of Y5 determines an oriented space-like two-plane in R*? and a change of
the complex structure results in a variation of this two-plane with respect to the fixed
lattice I'3 19 C R>1'9. Thus the Teichmiiller space of complex structures is given by the
Grassmannian of oriented two-planes in R, i.e. 0% (3,19)/(0(2) x O(1,19))", where
the ‘4’ indicates restriction to orientation preserving rotations. As for the torus there
are however diffeomorphisms of Y5 which leave the complex structure unchanged. The
modular group in this case is O ('3 19), the group of orientation preserving isometries
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of I'3 19. This is also analogous to the torus, where the modular group leaves the lattice
L(w1,ws) invariant. Thus the moduli space of complex structures on a K3 surface is

M= =0T (T519) \ O7(3,19) / (O(2) x O(1,19))" . (B.69)

More important for applications in string theory is the moduli space of Ricci-flat Kéhler
metrics. From theorem 1 we know that for a given complex structure and Kéahler class
there exists a unique Ricci-flat metric. The converse is not true for K3 surfaces. This
is due to the fact that Y5 endowed with a Ricci-flat metric is not only Calabi-Yau but
also hyperkéahler as we have already anticipated in section B.5. Thus the given metric
is Kéhler with respect to a whole sphere of complex structures, i.e. a whole sphere
of complex structures is covariantly constant with respect to the metric’s Levi Civita
connection. Depending on which complex structure one actually chooses out of this
sphere one ends up with a different Kéhler form J;; = J; kgk]—. In any case this Kéahler
form is a space-like direction in H?(Ya,R) as [ J A J ~ vol(Ya) > 0. Furthermore it is
perpendicular to the two-plane € because the Kahler form is of type (1,1) with respect
to the chosen complex structure. Thus J and  span an oriented space-like three-
plane ¥ in R*>19. Choosing a different complex structure out of the sphere of complex
structures amounts to a rotation within 3. This leaves the Ricci-flat metric unchanged
but changes what we consider to be the Kéhler form or the complex structure. Only
rotations of ¥ with respect to the lattice I'3 19 lead to variations of the Ricci-flat metric.
Thus the moduli space of unit volume Ricci-flat metrics is the Grassmannian of oriented
three-planes ¥ in R*!?, again modded out by the modular group O™ (I'3,19). Altogether
the moduli space of Ricci-flat metrics can be shown to be the 58-dimensional space

M = 0(T319) \ 0(3,19) / (0(3) x O(19)) x Ry , (B.70)

where the Ry factor determines the overall volume [106].

Let us make two remarks here. One distinction between K3 surfaces and Calabi-
Yau spaces of D # 2 is that the moduli space is not even locally a product of complex
structure and Kéhler moduli spaces. This is due to the non-trivial Dolbeault group
H?9(Y3) as we have remarked at the end of section B.6. Here we have seen in another
way how the dependence of the Kéahler form on the complex structure comes about.
The Kéhler form has to vary when the split between J and € is changed by rotating
Q inside ¥. As the moduli space of Ricci-flat metrics on Ys has no product structure
it is not clear how to define mirror symmetry on a general K3 surface. We will come
back to this in a moment.

Secondly we want to mention that on a K3 surface the second cohomology decom-
poses into a self-dual and an anti-self-dual subspace H?(Y2,R) = H+ @& H~ with the
dimensions dimH ™ = 3 and dimH~ = 19. Actually H " is identical to the three-plane
¥ C H?(Y2,R). Furthermore we have already mentioned that the three self-dual forms
are also covariantly constant. This is not the case for the anti-self-dual forms.

In string theory one is more interested in the moduli space of conformally invariant
non-linear sigma models with K3 target space. We therefore have to take into account
the moduli coming from expanding the NS B-field into the 22 harmonic forms. The
conformal field theory based on a K3 background has N = (4,4) supersymmetry. From
this and the fact that it has dimension 80 one can uniquely deduce the form of the
Teichmiiller space [162,163]

0(4,20) 0(3,19)

T = 0@ x 0(20) ~ 0(3) x0(19) * R x Ry, (B.71)
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which again has to be modded out by an appropriate modular group in order to get
the moduli space, see [106] for details.

Finally we want to make some remarks about mirror symmetry in the context of
K3 surfaces although it is slightly out of the line. It is however a good opportunity to
introduce the Picard group which we need in section 2.3. We have already remarked
that it is not clear how to define mirror symmetry in the moduli space of a general K3
surface. It can however be sensibly discussed in the context of algebraic K3 manifolds
Y5, i.e. those which are holomorphically embedded in a projective space IP™ for some
n. In this case the K3 inherits the Kéhler form from the embedding P™. This is a
(space-like) element of the so called Picard lattice or Picard group

Pic(Ys) = H? (Y, Z) N H1(Yy) (B.72)

whose rank p(Y3) is called the Picard number. As the Picard lattice is orthogonal to
Q c R31 its signature is (1, p—1). The Picard group depends on the complex structure
because H!(Y3) depends on it as we have discussed at the end of section B.6. Thus
a generic K3 has vanishing Picard number. However, an algebraic K3 surface has at
least p(Y3) = 1 and its Kédhler form is integral. To be more precise the embedding into
P™ implies the existence of one or more holomorphically embedded curves in Y,. Via
Poincaré duality they correspond to elements of H?(Ys,7Z) and due to the fact that
the curves are holomorphically embedded these two-forms are actually of type (1,1)
and therefore elements of the Picard group [144]. Thus if there are k holomorphically
embedded curves in an algebraic K3 surface Y3 its Picard number is generically p(Y2) =
k. Consequently its complex structure moduli space is constrained to the subspace of
(B.69) which does not change the (p,q)-type of the two-forms Poincaré dual to the
holomorphically embedded curves.

It can be shown now that the Teichmiller space of conformally invariant sigma
models with an algebraic K3 surface with k& holomorphically embedded curves as target
space is given by

0(2,20 — k) 0(2, k)
0@2)x 0(20— k)~ 02) x O(k)

Tehals = (B.73)
In this case one actually has a product structure of the Teichmiiller space into one
factor for the complex structure (the first one) and one for the Kahler form and B-field.

Now mirror symmetry has its usual effect of exchanging the two factors. For further
details see [106,164].

B.10 Calabi-Yau threefolds

Calabi-Yau threefolds have two independent non-trivial Hodge numbers. The Hodge
diamond is given by

00 1
ht0 hO:1 0 0
h2’0 hl,l h0’2 0 hl’l 0
B30 2! h12 RO = 1 p2! R 1. (B.T4)
h3’1 h2,2 h1,3 0 hl’l 0
h?2 h?? 0 0
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In contrast to the previous cases, Calabi-Yau manifolds with D > 3 are not all dif-
feomorphic. In fact a complete classification of Calabi-Yau D-folds is not achieved so
far, not even for D = 3. However there are large lists available of Calabi-Yau three-
and fourfolds which can be constructed as hypersurfaces in toric varieties or weighted
projective spaces [165]. We will not go into the details of those constructions. The
Euler number x = 2(hb! — h%1) is not fixed and can become negative.

Also for Calabi-Yau threefolds a Torelli theorem holds [166]. If one introduces
a canonical basis for H3(Y3,Z), which we denote by {y%,d.},a = 0,...,h>! with
intersection numbers v* - 7% =0, §, - 0g = 0 and v* - dg = 03, the periods

Aa:/ Q, Ba:/Q (B.75)
e da

locally completely determine the complex structure. One can be more precise. The
dimension of the complex structure moduli space is given by that of H%!(Y3, Ty,) =
H?'(Y3). Therefore the periods (B.75) form a redundant set of parameters. Rather it
suffices to take only one group of periods, e.g. A®. They form projective coordinates
for the complex structure moduli space. In fact € is only defined up to a normalization
factor and different normalizations lead to a rescaling of the periods (B.75) so that
one has to identify A% = AA%* '\ # 0. The other periods B, are functions of the
A% [93,94]. In the physics literature one usually denotes the A* as Z% and the B, as
Fo. Furthermore one can show that F, = 0z« F for a homogeneous function of degree
two, F(AZ) = A\2F(Z), called the prepotential.

As we have discussed in section B.6 the fact that h?? = 0 for Calabi-Yau threefolds
implies that the moduli space for Ricci-flat metrics is the product of the moduli space
of complex structures with that of the Kéhler class. In string theory the Kéhler class
is complexified through the moduli coming from the expansion of the NS B-field

J+iB = (M*+iBY)ey =t'ey . (B.76)

Thus the moduli space of conformally invariant non-linear sigma models with Calabi-
Yau threefold target space is locally given by a factor for the complex structure and one
for the complexified Kahler moduli which are exchanged under mirror symmetry. An
important observation is that both factors are themselves Kéhler manifolds with the
Kéhler potentials given in egs. (2.7) and (2.8). In fact the two factors of the moduli
space are not only Kahler but even special Kahler manifolds, i.e. their Kahler
potentials can be expressed via prepotentials

K®=_In (iZ@aZaf — izaazaf> , KX=_In (iXAaXAg - iXABX;g> . (BT

Now the index A includes the value 0, because we have reinstated projective coordinates
on the Kihler moduli space by introducing the additional coordinate X°, i.e. t4 = §—’§
for A =1,...,hY}(Y3). Furthermore G = %@130% is like F homogeneous of
degree two.?!

Finally we want to make some remarks about Calabi-Yau manifolds with a certain
fibration structure. The conditions for a Calabi-Yau threefold to admit an elliptic (i.e.

218trictly speaking this form for G is only valid in the large radius limit of Y3 and gets corrections from
world-sheet instantons. Only if these corrections are taken into account are the two Kéhler potentials
in (B.77) consistent with mirror symmetry.
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torus) or a K3 fibering have been investigated in [167]. They can be stated in the
following way [107]. A Calabi-Yau threefold admits an elliptic fibration if it has a
divisor?? D such that D -T' > 0 for all curves I', D3 = 0 and D? - F # 0 for some
divisor F', where the dot denotes intersection. The base must be a rational surface, i.e.
an algebraic surface isomorphic to IP2. Thus it has to be either P? itself, a Hirzebruch
surface FF,, or a blow up of one of them [144].2> For a K3 fibration there must be a
divisor D with D - T > 0 for all curves and D?. F = 0 for all divisors F. The base has
to be a P!. The two fibration structures are compatible with each other, i.e. the K3 is
itself elliptically fibered, if D2 - D = 0. In the case of a K3 fibration the divisor D is
the generic fiber and the fact that D? . F = 0 shows that there are no obstructions to
move it over the base P!.

B.11 Calabi-Yau fourfolds

The last Calabi-Yau spaces which have found application in physics so far are the
fourfolds. They have the following Hodge diamond

1
0 0
0 pb1 0
0 h2,1 h1’2 0
1 h3:! h?2 hb3 1. (B.78)
0 h3,2 h2’3 0
0 h3:3 0
0 0
1

The symmetries discussed in sections B.3 and B.4 reduce the independent Hodge num-
bers to four A1 = 33, B2 = 12 = p32 = p23, p31 = p13 and h?2. However there
is a further relation between the Hodge numbers on a Calabi-Yau fourfold [46]

h?? = 2(22 + 2h11 4 2113 — p12) | (B.79)

so that in fact only three of them can be varied independently. The middle cohomology
splits into a selfdual subspace B (Y)) (xw = w) and an anti-selfdual subspace B_(Y})
(*w = —w). The action of the Hodge * operator (B.20) on a four-form of Y; has been
given in (4.26) and (4.29). Using (B.43) one easily establishes the number of selfdual
and anti-selfdual four-forms

dimB, (Y}) =3+ hr** —nb' | dimB_(Yy) =23+ AbT — 1. (B.80)

With the help of (B.79) it can straightforwardly be shown that this is compatible with
the Hirzebruch signature [46]

7(Y1) = dimB.(¥a) — dimB_(¥;) = 3 +32. (B81)

22 A divisor in a complex manifold is a holomorphically embedded submanifold of (complex) codimen-
sion one. According to Poincaré duality and a theorem by Lefschetz there is a one-to-one correspondence
between divisors and integral (1,1)-forms [144]. This has already been used in the discussion of the
Picard group of an algebraic K3 in the last section.

Z3For a thorough definition of a blow up we refer to [144]. Heuristically, to blow up a manifold at a
point one takes out this point and replaces it with a whole sphere.
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Furthermore, the symmetric quadratic form Q(wy,ws) = fy4 w1 A ws is positive definite
on B, (Y;) and negative definite on B_(Yy) [46].

The discussion of the moduli space follows the same lines as for threefolds. The
complex structure and complexified Kéhler moduli are again independent of each other,
at least locally. It has been speculated in [94] that the periods of the (4,0)-form
over an integral basis for the middle homology might provide some highly redundant
coordinates for the complex structure moduli space. The two factors of the moduli
space of conformal sigma models with Y, target space are again Kéhler manifolds with
the Kéahler potentials for the complex structure and complexified Kéahler moduli given
by the first respectively second summand in (3.25) [81,94], where V is the volume of Y}
defined in (2.33). The two components of the moduli space are exchanged by mirror
symmetry.?* Moreover if Y; denotes the mirror fourfold the following relations hold
between the respective Hodge numbers [46]

h3,1(yv4) _ hl,l(n) ’ hl’l(n) _ h3,1(}~/4)
RELYD) = BAN(TY) , h2R(Y)) = BEA(Ty) (B.82)

and the cohomology H??2(Y;) decomposes according to
H*%(Y;) = P?**(Yy) @ P*2(Y)) , (B.83)

where P?2(Y};) denotes the primitive cohomology as defined below (B.41). There is
another decomposition of the Dolbeault cohomology group H??2(Y}). It splits into a so
called vertical and horizontal part

H*2(Y;) = HP2(Ya) © Hy(Ya) - (B.84)

The vertical part consists of all wedge products wj, ~ea Ae B.25 The horizontal part
is defined as follows. We have seen in (B.59) that the Kéahler covariant derivative of the
(4,0)-form Q (4.6) generates all of H31(Yy). In contrast the second Kihler covariant
derivatives of € generate only a subspace of H%>2(Y}), the horizontal part. H ‘2/’2(Y4)
can be used to define the vertical primary subspace of the cohomology

HO(Yy) @ HYY(YV)) @ Ho?(Ya) © H33(Yy) @ HY¥ (V) (B.85)
and the horizontal primary subspace
HY () @ H3 (V) @ Hi(Ya) @ HY3(Y)) @ HO4(Y)) . (B.86)

They are exchanged under mirror symmetry. We have seen the necessity for a split
in HP/2D/ 2(Yp), with D even, already in the discussion of mirror symmetry for K3
surfaces. It is a general property of Calabi-Yau manifolds with even dimension because
for them HP/2D/ 2(Yp) belongs to both, the vertical and the horizontal cohomology,
which are exchanged under mirror symmetry.? The details and further aspects of
mirror symmetry for Calabi-Yau fourfolds are discussed in [41,46, 168].

24 As in the threefold case one has to take into account the effects of world-sheet instantons in order
to render (3.25) mirror symmetric.

25Note that not all combinations of e4 and ep lead to independent forms w3 5.

26Let us recall that in general the vertical cohomology is defined as Z;?:o HPP(Yp) and the horizontal

cohomology as Zg?:o HP~PP(Yp).
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Finally let us remark that the conditions for Calabi-Yau fourfolds to have special
fibration structures are much less studied as in the threefold case. A general classifi-
cation in the spirit of [167] has not been done so far. It is also not even known what
the allowed base manifolds are in case of K3 fibrations [169]. The Hirzebruch surfaces
considered in sections 2.3 and 3.3 are only one possible choice.



Appendix C

Kaluza Klein reduction

The general idea behind Kaluza-Klein theories and their application in string theory
has been outlined in the introduction. Here we want to give a brief survey of the
method of Kaluza-Klein reduction and review the problem of consistency arising in
this context. We largely follow the discussion presented in [112]. Another thorough
introduction into Kaluza-Klein reduction is [170].

C.1 The Kaluza-Klein recipe

We start with a theory in D dimensions describing gravity coupled to some matter
fields, which we collectively denote by ® suppressing all space-time or internal indices. !
In view of the application in string theory we also allow for the possibility that there are
already gauge fields in the D-dimensional theory. We then look for a stable ground state
solution <g,,, > and <®> of the equations of motion, such that the metric <g,,, >
describes a product space My x Mp_4. This is known as spontaneous compactification.
The space M, is a d-dimensional space-time with Lorentz signature whereas Mp_4 is a
(D — d)-dimensional compact space with Euclidean signature. Usually one is interested
in the case d = 4 but in view of the applications in this thesis we let d unspecified.
If we demand maximal symmetry for the d-dimensional space-time and denote the
coordinates on My by z* and those on Mp_4 by y® the most general Ansatz for the
ground state metric is a warped product

<l = (T4 € ) )

where the function f(y) is called the warp factor. In supersymmetric theories the warp
factor is essential to get an unbroken supersymmetry in the presence of background
fluxes as we have discussed in chapter 4. It has also played an important role in
establishing the equivalence of four-dimensional gauged N = 8 supergravity and the
Kaluza-Klein reduction of 11-dimensional supergravity on S7. Here however we restrict
our attention to the case f = 1.

In order to determine the spectrum of the d-dimensional theory we consider small
fluctuations of the D-dimensional fields about their ground-state values

Gun (T, Y) =<gyn (2, 9)> +0g,n (T,y) . P(z,y) =<P(z,9)> +0®(z,y) (C.2)

!These comprise scalars, spinors and antisymmetric tensor fields.
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and insert them into the D-dimensional equations of motion. Retaining only terms
linear in the fluctuations allows to determine the relevant mass operators in the d-
dimensional theory and to expand the fluctuations in terms of a set of eigenfunctions
of these mass operators

5(1)(£C,y) = qu(n)(x)?(n)(y) ) 59;11/ € y Zh ) >
Ogua(®,y) = D AP@Y (), Sga(,y) ZX(" Wi (y) . (C3)

The z-dependent coefficient functions appear as fields in the d-dimensional theory whose
masses are given by the eigenvalues of the eigenfunctions ¥ and Y. Thus we obtain a
spectrum which consists of a finite number of massless states and an infinite tower of
massive states with masses quantized in units of a fundamental mass m ~ r !, where r
is the ‘typical length scale’ of the internal manifold. The relevant mass operators depend
on the ground state metric <g,,, >. If this is a product of d-dimensional Minkowski
space with a Ricci-flat internal manifold M p_; they are given by the Laplace operator
(with respect to g,p) for y(®) (y) and Ya(n) (y), by the Laplace respectively Dirac operator
for V(™) (y), depending on whether @ is bosonic or fermionic, and by the Lichnerowicz

operator for Ya(gb ) (y).2 The Lichnerowicz operator is defined as
ALY = =0V — 2ReaaY“ + 2R(, Yy, (C.4)

and its transverse traceless zero modes describe variations of the internal metric leaving
the Ricci tensor invariant to linear order. To be more precise we have

R oo, 1 c 1 c
Rap(§ + 69) = Rap() + §AL5gab + V@Vioge = 5VaVedge + O(6g®) . (C5)

Thus on a Ricci-flat manifold the moduli M of the metric appear as massless modes in
the effective theory and the Ansatz gap = Gap(<M>)40gq(0M () can be interpreted as
a variation of the moduli around their background values which determine the ground
state solution. However, this is in general only true for Ricci-flat manifolds. For
example in the case of Freund-Rubin reductions® of 11-dimensional supergravity on
seven-dimensional non-Ricci-flat manifolds like S7 the massless modes coming from the
expansion of §g,, do not correspond to zero modes of the Lichnerowicz operator and
thus not to parameters of the metric.

One of the major motivations for Kaluza-Klein theories is the possibility to get (non-
Abelian) Yang-Mills gauge fields in the d-dimensional theory without putting them in
by hand in the D-dimensional theory. Let us briefly outline how this comes about.
Suppose the internal metric g, of Mp_4 has a group of isometries G, i.e. it admits
Killing vectors K, i = 1,...,dimG, which fulfill

(K00, K7°0,5] = [, K*0ye (C.6)

where f%}, are the structure constants of G. Then the massless modes coming from the
off-diagonal metric fluctuations are given by

59;1@(1'7 y) - AL(.%’)K;(y) : (C7)
2Strictly speaking these statements require a choice of gauge. For example dgqs should be transverse

and traceless.
3These involve an Ansatz Flvpos ~ €uvpo for the four-form field strength.
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Under a general coordinate transformation 2™ — 2™ — ¢M the (full) metric transforms
according to g,,x — Gun + Vi &y + V&, - For the special choice ¢M = (0, \i(x) K(y))
this implies the following transformation behavior for AL(x)

Al () = Al () + 0N () — f1j1Ad (2) M\ (@) (C.8)

which is just the transformation law of Yang-Mills fields. Their gauge group is given by
the subgroup of the D-dimensional general coordinate group that leaves the background
metric <g,,, > invariant. A Calabi-Yau manifold has no isometries and therefore
no Kaluza-Klein vectors arise from the metric. In this case in order to have a non-
Abelian gauge group in the d-dimensional theory it has to be present already in the
D-dimensional theory. Abelian gauge fields can however originate in the expansion of
antisymmetric tensor gauge fields as in (2.31).

C.2 An example

So far we have only analyzed the d-dimensional spectrum and gauge group and not
said anything about the interactions of the d-dimensional fields. Furthermore one is
usually interested in only keeping a finite subset of the spectrum in the effective theory,
e.g. only the massless fields. We will come back to these points in the next section.
First we want to clarify the ideas presented in the last section with the simple example
of pure five-dimensional gravity compactified on a circle. This also sets the stage for
our discussion in the next section of the consistency issues arising in truncating the
d-dimensional spectrum to the massless fields. The form of our presentation again
follows [112].
Starting point is the five-dimensional Einstein-Hilbert action

1
S=- /d4md0\/_—gR , (C.9)
T

where 0 < 6 < 27 is a periodic variable. We change the field variables to*

_ guw + XA,A, XA
Gun =X 1/3 ( m XA, Hew X,u . (C.lO)
Because of the periodicity of 6 the corresponding fields can be expanded as
© . ©© . s .
gw= > gW@em A= > AP@)e™, X= Y XMW () (C.11)
n=-—oo n=-—oo n=-—oo
with g,([L) = g,(;n), etc. The ground state is determined by
<gW>=nw, <AD>=0, <xO>=1 (C.12)
and all other vacuum expectation values vanishing. If we retain only the n = 0

modes, insert them into (C.9) and integrate over € the resulting action describes four-
dimensional gravity coupled to an Abelian vector and a scalar

1 1
— | drar/—qO 0y - Zx O p©) pOp _ = 0) g1 x (0)
S /d x\/—g <R(g ) 4X P F G(X(O))Qaﬂx o'X ) . (C.13)

“This is similar to (2.9). The extra factor X ~*/% ensures that the four-dimensional action directly
comes out with the right normalization of the Einstein-Hilbert term.
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What we have discarded in (C.13) are the massive modes whose masses are quantized
in units of the inverse radius of the circle, which we have set to 1 in (C.12). If we are
only interested in effects which involve energies much below the mass of the lightest
massive states the action (C.13) should be a good approximation.

Let us now come to an analysis of the symmetries of the four-dimensional the-
ory. The original action (C.9) is invariant under five-dimensional general coordinate
transformations with parameters ¢M(z,0) whereas (C.13) is invariant under general
coordinate transformations with parameters 5{‘0) (z) and gauge transformations with

parameter 5(50) (z). This notation already indicates that the four-dimensional parame-
ters are just the zero modes of an expansion of the five-dimensional parameters

¢@,0)= 3 & @™, @) Y &y, (Caa)

n=—oo n=—oo

If we retain all the modes of the expansion (C.11) in (C.13) the four-dimensional action
has an infinite-dimensional symmetry algebra with the gauge parameters given by the
5(]\7/{) (). However, the vacuum (C.12) is only invariant under Poincaré and global U (1)-
transformations. Therefore all symmetries of the action corresponding to n # 0 in
(C.14) are spontaneously broken. The corresponding Goldstone bosons AEL") and X (™
are absorbed by the gauge fields g,(f;) leaving a massive spectrum purely consisting of
spin 2 particles. The fact that the massive gauge fields gain their mass through a Higgs
mechanism puts strong restrictions on their interactions. This plays an important role
in the discussion of a consistent truncation to the massless sector to which we now turn.

C.3 Consistency

We derived the four-dimensional action (C.13) for the massless modes by setting all
the massive fields to zero and inserting the massless Ansatz, the n = 0 terms of (C.11),
into the action (C.9). However, this procedure works only in very few cases. In general
one has to make sure that setting the massive fields to zero is consistent with the
equations of motion. That is to say a truncation to the massless Ansatz is consistent if
its insertion into the D-dimensional equations of motion either leads to y-independent
equations or the y-dependence has to factorize into a common factor on both sides
of the equations. The same holds for plugging the Ansatz into the supersymmetry
transformations in a supersymmetric theory. Otherwise the massive modes transform
into the massless ones under a supersymmetry transformation and vice versa. Again
following [112] we would like to illustrate this source of inconsistency with the example
of the field equations of pure gravity with a positive cosmological constant A in D = 4+k
dimensions R,,,, = Ag,,,- This has a ground state solution dS4x M}, where dSy is four-
dimensional de-Sitter space and M}, is a k-dimensional compact manifold. Introducing
a (4 + k)-dimensional generalization of (C.10) into the Einstein equation leads to

1 1 . 1 i
R, — §gw,R+ Ag = §(F;pF3p — ZQWF;UFJP VK, K7, (C.15)
where K7 are the Killing vectors of M), corresponding to an isometry group G. Ob-
viously the left-hand side of (C.15) is independent of y, whereas the right-hand side
is in general not. To cure this inconsistency one generically has to restrict the Killing
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vectors to a subset K7'% corresponding to a subgroup &/ C G for which K};Kj/a is
y-independent. Thus in order to guarantee consistency we generally have to restrict
the four-dimensional gauge group to a subgroup of the isometry group of M.’

It turns out that even in relatively ‘simple’ cases like the S7-reduction of 11-di-
mensional supergravity the truncation of the linear Ansatz (C.3) to the zero modes is
not consistent. The solution in this case is a nonlinear modification of the massless
Ansatz. For example the correct massless Ansatz for the internal metric is not given by
Jab = Jap + X0 Ya(bo ) but instead it is 9Jab = Jab + fapr(X (0),q§(0)), where fqp(X ©), ¢(0)) is
a non-linear function of the massless modes X (°) and the scalars ¢(©) coming from the
three-form potential As which reduces to X (O)Ya(l? ) in the linear approximation. The
consistent massless Ansédtze and the proof that their insertion into the 11-dimensional
equations of motion and supersymmetry transformations leads to a factorization of the
y-dependence into a common factor are given in [171].

Obviously such a procedure is out of reach for Calabi-Yau manifolds. No explicit
Ricci-flat metric is known and therefore a non-linear consistent massless Ansatz for
the metric in terms of the Kéhler and complex structure moduli (and perhaps other
moduli of the theory) is inconceivable. In such a situation the only way to proceed is to
insert the Ansatz (C.3) into the D-dimensional action and to integrate over the extra
dimensions as we have done in the last section. But unlike in the example discussed
there it is in general not consistent to set all the massive modes to zero. This time the
inconsistency arises through terms ~ HL", n > 2, in the d-dimensional Lagrangian,
where we contrary to section C.1 denote an arbitrary massive mode by H and a massless
one by L. Such a term leads schematically to an equation of motion

OH +m*H ~ L™, (C.16)

which does not allow to set the massive mode to zero. Only in very simple cases is the
absence of such terms guaranteed. This happens for example if the internal space is a
torus TP~¢, In this case the d-dimensional theory has a U(1)”~¢ gauge symmetry and
it turns out that all the massless states are neutral under this gauge group whereas the
massive states are all charged. This suffices to ensure the absence of terms ~ HL".
The special case of T' has been treated in the last section. More general conditions
ensuring consistency of a massless Ansatz are discussed in [172]. One possibility, also
applicable in the Calabi-Yau case, is to consider only covariantly constant zero modes
in the expansion (C.3). This is always a consistent truncation.

However, if one does not want to restrict to the covariantly constant zero modes in a
Calabi-Yau compactification, in principle one has to keep all the massive modes in the
reduction and integrate them out via their equations of motion. This is however not a
practical solution. Apart from other difficulties the derivation of the relevant interaction
terms in the d-dimensional action requires a knowledge of the internal metric. Thus they
are incalculable for Calabi-Yau manifolds and one has to argue in a different manner
that integrating out the massive modes does not change at least the low energy effective
action in a Calabi-Yau compactification. This has been done in [173,174]. The key
point is that the massive fields with spin > 1 originate from higher-dimensional massless
gauge fields and acquire their masses through a Higgs mechanism as we have discussed
in the example of the last section. Thus their interactions are still constrained by the

5In certain cases the full isometry group can be realized as the four-dimensional gauge group. This
is for example possible for the Freund-Rubin reduction of 11-dimensional supergravity on S.
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higher-dimensional gauge invariance. In particular the coupling of a single massive
gauge field to the massless fields must proceed via a conserved current. If the massless
fields are gauge fields, to lowest order (in derivatives) the current has to be a bilinear
expression in the corresponding field strengths in order to ensure d-dimensional gauge
invariance. In supersymmetric theories the current is promoted to a superfield which
is bilinear in the field strength multiplets. Thus also the scalars of the gauge multiplet
couple to lowest order through terms bilinear in derivatives. If there are only massless
multiplets with maximum spin > 1 the equations of motion for the massive fields are

OH +m*H ~ (0L)* . (C.17)

At low energies the kinetic term OH can be neglected and the massive field is given
by H ~ m~2(dL)?. Substituting this into the d-dimensional low energy effective ac-
tion leads to higher derivative terms and does not modify the terms with up to two
derivatives. This argument ensures for example that there are no corrections to the low
energy effective action from integrating out the massive modes in the reduction of 11-
dimensional supergravity on K3. In this case all the massive multiplets have maximum
spin 2 and the massless spectrum consists of the supergravity multiplet and 19 vector
multiplets. However, this reasoning is not sufficient anymore for type II compactifica-
tions on Calabi-Yau threefolds. In this case the massive multiplets still have maximum
spin > 1 but the massless spectrum contains a number of hypermultiplets. They do not
involve any gauge fields and the above argument does not apply. In fact the relevant
current for the hypermultiplets does not involve any derivatives and it has been shown
in [174] that its coupling to the massive vector multiplets has in principle the potential
to lead to a modification of the hypermultiplets’ kinetic terms. However, the correction
would be proportional to m ™2 and in string theory this scale is set by the vacuum
expectation value of the ‘breathing mode’, which is a modulus sitting in a vector mul-
tiplet in the type IIA theory and in a hypermultiplet in the type IIB case. The fact
that the moduli space of the vector- and hypermultiplets is a direct product ensures the
absence of such corrections for the type ITA string. The (perturbative) Peccei-Quinn
(PQ) symmetry of the hypermultiplets is important to argue for their absence in the
type IIB case, at least in the large volume limit where the PQ symmetry is not broken
by world-sheet instantons. In view of the PQ symmetry of the Kéhler moduli also in
Calabi-Yau fourfold compactifications, see e.g. (2.56), it is feasible that the arguments
of [174] can be extended to this case. A rigorous investigation has however not been
done.

Finally, as a caveat we would like to mention a subtle point in the foregoing discus-
sion which has been put forward in a similar way in [175]. The argument that integrat-
ing out the massive modes only modifies higher derivative terms in the d-dimensional
action relies on neglecting the term (JH in (C.17). This is in general justified in the low
energy limit because the mass m is assumed to be large. In a Kaluza-Klein reduction
m is given by the inverse of the ‘radius’ of the internal manifold so that a large m im-
plies a small volume. If the higher-dimensional action is the low energy effective action
of a string or M-theory it gets higher derivative corrections in the small volume limit
as we have discussed in the introduction. Furthermore in string theory the effects of
world-sheet instantons can only be neglected in the large volume limit. Thus there are
two conflicting sources of corrections which are suppressed either in the small or the
large volume limit. We therefore have to specify more carefully what we mean by small
respectively large volume. In our analysis of Calabi-Yau compactifications we have to
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assume that there is an intermediate regime in which both kinds of corrections are
negligible. More specifically we have to consider Calabi-Yau manifolds whose ‘average
radius’ ly fulfills 1/p > ly > 131, Vo , Where p is the characteristic momentum of the
lower-dimensional fields and 11, v/@' are the 11-dimensional Planck scale respectively
the string scale depending on whether we are compactifying 11-dimensional respectively
type ITA supergravity.

C.4 S! compactification of D = 4 supergravity

Here we give some details of the S'-reduction of four-dimensional supergravity which

follows rather closely [95]. Inserting (2.9) into (2.1) and performing a Weyl rescaling
3) (3)

G — 7°2g,w one arrives at
1 1 - 4 1
L8 = V=g (53(3) — 50 = Gpy0,010" 07 + T H,H" — —(Ref) w0, 0"C"

7”2

+ T Ref ) F + )P + CHY) + (), (F + ) ) (€19

where the following abbreviations are used:

1 1 1 1
H" = e Hyy = Se"(9,B, — ,B,), F™ = Se"PFf, = J"0 (9,45 - 9,43) .

(C.19)
The vectors can be dualized to scalars by adding r + 1 Lagrange multipliers C'® and b

to the Lagrangian (C.18)
1 a a a a
L® - £® 4 =g <§Hu8“(b — (°C%) — Fe"C > : (C.20)

and eliminate the fields Fjj and H), via their equations of motion. This results in

1 1 1 1
Lo = /=g (5 R® — 50,r0"r — G,0,8'0" 7 — 5 (Ref)udu "¢’ (C.21)

_4%4(3”1) +(* 9, O — 2%2(8“0“ — (Imf)ac D) (Ref) 5 (9CP — (Imf)bda“cd)> :

Expressed in the Kéhler coordinates (2.10) £®) takes the form

L® = /=g (%R@’) — Gp,0,8" 0"’ (C.22)
_|0uT = (D + D)*(Ref) ' 8,0 + 1(D + D)*(Ref)al 0,/ (Ref) 5 (D + D)
[T +T — 1(D + D)*(Ref);}(D + D)]”
(0uD* = 38,/ (Ref) 4 (D + D)) (Ref) ) (9" D — 30" [*(Ref) 4 (D + D)%)
[T +T — 5(D+ D)*(Ref),, (D + D)] '

With this form of the Lagrangian one verifies (2.11) and (2.12).

STt is essential for this to work that f.;, depends holomorphically on the moduli fields, ensuring the
identity Ogr fap = 2041 (Ref)ab.
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For completeness let us also give the three-dimensional Lagrangian of the heterotic
string in the string frame”
L
—9Js

DuCr oMt + %(Fﬁ + C“HM)2> —

3 gug®

_op® (1 o) j s
= e 2(I:'het <§Rg3) - G'lgj) 8ﬂ¢28“¢] + 8 ¢het het 27'2 ﬂrsa“rs + Z‘EH!LHH
S

a®
120,000 a + ad,CU(FW + CCHM). (C.23)

e

- 2r;

3) . . .
—204¢ is an artefact of the dualization

The fact, that we do not get an overall factor e
of the antisymmetric tensor in D = 4. We see that the perturbation series is governed
by the three-dimensional dilaton (2.18) which also determines the three-dimensional
gauge couplings. Notice however, that the gauge coupling for the Kaluza-Klein vector

B,, also depends on the fields r; and (%. Dualizing the vectors again yields

(3) o200 o
E_jg = S5 (B — 260,801’ + 40,00%0" (), - 2(6“7“5(9“7“5 + B¢ D¢ )

1
~ (120,00% + (0,04 ¢" B CF 4 30,07 - 0, P (C20)

C.5 D =11 supergravity on Calabi-Yau fourfolds

In this section we present some of the technical details connected to the dimensional re-
duction of the 11-dimensional supergravity Lagrangian (2.22) on Calabi-Yau fourfolds.

We start with a reduction of the Einstein-Hilbert action which leads to the kinetic
terms of the moduli stemming from the Calabi-Yau metric. What we are eventually
interested in is the metric on the whole moduli space (including the scalars coming from
the three-form potential) because this metric appears in the low energy effective action
in the kinetic terms of the moduli [162]. As it is sufficient to know the metric at an
arbitrary point in the moduli space (determined by the ground state solution) we can
restrict ourselves to terms quadratic in (derivatives of) the moduli fluctuations when
we reduce the Einstein-Hilbert action. In this leading order reduction we can make
use of the metric deformations given in (2.28) and (2.29). The only non-vanishing
Christoffel symbols apart from I'f, and the ones with only internal indices are (in
complex coordinates)

., = —%g%jauMAeAik + %gjkauzabdki 7

I, = %gjkﬁﬂzdbam - (%gkjauMAeA@'E) ;

FLj — l ika 2 bogy — (% k9 MAeAkj) :Piﬂ' )
r, = —%glka MAeqi; + Qlka Z%barz =Ty »
Ty, = —%g“"ayzabmj ;

I = G0N e =T,

"We have used the tree level form of the gauge kinetic functions (2.4) in this formula and inserted

= (S,¢").
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1 R
P% = —§g’W8VZO‘ij = FZ (025)

The terms in brackets do not contribute to leading order in the expansion of R(11) 8
The 11-dimensional curvature scalar splits into

ROD _ QQinZ(]}l) +ginZ(]11) +gin%1) +guuRELII/1), (C.26)

where we have used the fact that ginZ(]}l) is real and therefore equal to g% R%l). We
have?

RW, = RO, .
R(H)ij _ R(H)kikj-i-R(H)Eu}j-i-R(H)“wj7
RMW,, = RUDE L+ ROVF o 4 RUDY (C.27)

Furthermore certain components of the 11-dimensional curvature tensor are related to
components of the internal and the external curvature tensors:

R(u)ij _ RO

RUVFs = ROF 4 TETE, —ThTE,  ete. . (C.28)

BAV

Using these relations, Ricci-flatness of the internal metric and the Christoffel symbols
of (C.25) one derives to lowest order in the moduli

1 1 1 o

3 /d”x\/_g(umﬂl) - /d?)m/_g(s) /d85\/§(§R<3> — ZaﬂZ‘WZﬁbaj,;,bI)Bi,ﬁgwg’“”
1 R | o

—§6HMA6“MBe AigeBemd?§"™ + ZOHMAO“MBe AijegkmgzmA’ﬂ), (C.29)

where a total derivative has been neglected.
For the reduction of the remaining terms in (2.22) we have to expand the three-form
As in terms of the (1,1)-forms e4 and (2,1)-forms ¥;:

Az = Adat Ney + N+ N7 T, (C.30)
Using (2.42) one derives
Fy= %F;‘Vdm“ Adx’ Aea+ DyN'dz" AU + D, N7 da" AT 5, (C.31)
where we abbreviated
D, N'=9,N' + N¥o i 18,2% + N'73;'9,2°,  D,N’ =D,N7.  (C.32)
Inserting (C.30) and (C.31) into (2.22) one derives to lowest order

/dllx\/—g(11)|F4|2 = (C.33)

®Let us note here that the quantities bai; generically depend on the complex structure [93] and
therefore implicitly on x*. However, in our leading order reduction the z*-dependence of bs; can be

neglected.

9The terms RV, = Ffjl"/’jk — T, and R(H)E“;j do not contribute to leading order.
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/d3 / /dsg\/’ 2D NIDMNJ\I,Z]k\I,lmnAzm ]n ALk FAWF ezé]legmgzmgkj)

and!0

1

12 AsANFy NFy = (034)

g / d3xmeWﬂAﬁDny D,N’ / A/ GEM T e 03V 111 ¥ T

Before we proceed let us define (in close analogy with [100])

V = 1 JANTNINT,

4! Jy,
1

Va = — | eaNINIANT, (C.35)
4! Jy,
1

Vap = — eaNeg NI NJ (C.36)
4! Jy,

1 1
= 5 d8§\/_eAz]eBkmglmgk] 12/ d3¢/geaizeBrmg g™

where J is the Kéahler form defined in eq. (2.34). With the help of (C.35) and (C.36)
one derives (again in close analogy with the threefold case [104])

2V, 1
*x€q = §7J/\J/\J—§€A/\J/\J
B VaB VaVp 1
Gap = -6 v +8 v = —26A831nv (C.37)
1 2
Gy = —évvgg+§MAMB (C.38)
and
16 VAVB@ MA9"MP = 9, mVo* In V. (C.39)

V2

The integrals over the internal coordinates in (C.29), (C.33) and (C.34) can be

performed using the definitions (2.32), (2.36) and (2.38).!' With the help of (C.37),

(C.39) and performing a Weyl rescaling g,(w) — V2g(3) one derives

£® = J—g® (2r® _ 1o mvermy - G, .0,2°0"2° —vG, ;D N DF N
2 2K BT T

1 1 1 _ -
- 5GABa,mAaﬂMB - ZVQGABF;}/FB“” + 5" day JA;‘DVNpoNJ> . (C.40)

9Tn order to derive this form of the reduced action one has to perform a partial integration and use
the relation d 47 77arx? = dsxjTar”’, which can be easily derived from 9za JeaNU; ATk =0.

1 Strictly speaking one has to replace the Calabi-Yau metric in these definitions by its background
value. This is related to the fact that we perform the Kaluza-Klein reduction to first non-trivial order
around a fixed but arbitrary point in the moduli space of metrics. This procedure results in couplings
in the effective Lagrangian which depend on the arbitrary background values. However, according to
what we have said in the first paragraph of this section it is correct to replace them by full non-linear
o-model type couplings.
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The three-dimensional vectors are dualized to scalars by adding the Lagrange multipli-

ers PA .
—\ 9O Py, P = o (C.41)
and eliminating the fields F ;f‘ via their equations of motion. The result is
1 . o
£ = /—g® [5 R® — G, 50,2°0"Z° —V'G;D,N'D"N’
1 1
— 50, V0" InY — ~Gapdy MA§HME (C.42)
A A K L K7L
2V2(6P - d ki (N¥D,N* — D,NFNE) )
Gk (0mPP + ZdB, 5 (N'D*N7 — DNTNT) )} .

In order to find the Kahler potential for the scalars in (C.42) one introduces the coor-
dinates (2.46), (2.47). With this redefinition the derivatives (C.32) take the form
DuNT = G 0,87 + 0,2 (G N G — 0/ N¥ )| = 67 D, N7

DuNT = G3M 0N 48,27 (G N 7y PG — 57y N )| = 651 DN,

The Lagrangian (C.42) becomes
Lo = \f=g® BR@) — Ga50,2°0"2° —v1Gy G TGy D, NE DI
~ 1a InVotIny — lGABa MAd MPB
-5 (8 pPA 4 dAKLG 1 KG 1L (]@ND“NM _DuﬁNNM>)
G (0mPP + ZdBI FG71 TG g (NPDMRQ — DENP ) )] . (C.44)

Using (2.46)-(2.50) one verifies that £(®) given in (C.44) coincides with the Lagrangian
of (2.45).

C.6 Alternative way to D =2

There is an alternative derivation of the two-dimensional effective actions for the het-
erotic respectively type IIA theory, which we want to present now.

C.6.1 The heterotic case

The alternative derivation of the two-dimensional heterotic effective action reduces the
three-dimensional effective action obtained in chapter 2 on a further circle. For this
purpose we make the Ansatz

0 r2

(2)
o9 = ( i 0 ) | c15)
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where g, = 0,1 and r is the radius of the S' measured in the three-dimensional
Einstein-frame metric. There are no new Kaluza-Klein gauge bosons in this reduction
since they contain no physical degree of freedom. Inserting (C.45) into (2.11) results in

1 _ =
El(l2e)t =V —Q(Q)T[§R(2) o G/’\zauZAaMZE] . (C.46)

Choosing the conformal gauge
2
92 = " (C.47)
. . (2) . . .
and using the relation r = e “2%uet between the radius of the circle measured in the three-
dimensional Einstein-frame metric and the two-dimensional heterotic dilaton defined
in equation (3.7) one derives

£ = M0 | 0,000 — G350, 2077 (C.48)
The physical degrees of freedom are exactly the same as in D = 3. Also the fact that all
scalars Z> are members of chiral multiplets is inherited from D = 3. Thus in contrast
to equation (3.9) no twisted chiral multiplets occur and the moduli space is therefore
a Kahler manifold. In fact the sigma-model geometry is unchanged in the reduction
from D = 3 to D = 2, that is Gy, is the same Kahler metric with the same Kéhler
potential as in D = 3.

In order to verify that the resulting theory is indeed equivalent to the one described
by (3.9) one would have to dualize the twisted chiral multiplets 7,7 in (3.3) and show
that the resulting theory has for suitably chosen coordinates the Kéahler potential given
in (2.12). We have not done this explicitly but do not see any reason why it should not
work out correctly. In addition we will see in the next section that this procedure is
successful in the case of type IIA theory.

C.6.2 The type IIA case

As in the heterotic case we can derive the two-dimensional effective action by reducing
the three-dimensional action (2.45) on a circle. One can again show that the radius in
the Einstein-frame coincides with the two-dimensional dilaton (3.20). Choosing again
the conformal gauge (C.47) leads to

1 =
£ = e2000 0,0 — G0, 2002 (C.49)

where the metric on the moduli space is Kéhler with Kéahler potential (2.49). This is
indeed equivalent to the action given in (3.19). To verify this we have to express the
two-dimensional effective action (3.19) by chiral multiplets only. For this purpose it is
necessary to dualize the scalars a“*. This is possible because they only appear via their
“field strength’ d,a” in (3.19). One adds —F;‘@“PA to (3.19), where P4 is a Lagrange
multiplier and FA4? = epuaMaA. Then one eliminates F# via its equation of motion in
favor of PA. Rescaling the M4 according to'2

(10)

MA = e2/3%ua A (C.50)

12The M* are precisely the Kéhler moduli of M-theory used in section 2.2.
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rescales the couplings as follows

« 4 3¢(10)
Gap = Gape'PPua
. _ (10)
G5 = Gppe 2% (C.51)
~ 10 10 2
Yy = 6*8/34’51;)} = 6*2/3‘1’51;@*2‘1’%11)% .

Finally, we choose a different conformal gauge for the two-dimensional metric

g2 = 2 A ery,, (C.52)

Inserting these field redefinitions into (3.19) and performing the duality transformation
yields

£, = e [—%%8"0 ~ G o50,2°9"Z° —V71CG;D,N' D" N’
— 18 In Vot Iny — lC:ABa MAGHMB (C.53)
= (a pA4z dAKL <NK DN — D,N¥ Ni> )
Gl (8“PB + ZdB 17 (NTD*N7 — D*NTNT) )] .

In view of (C.42) and the discussion of section 2.2 this coincides with (C.49).

Thus in the coordinates Z* the moduli space in D = 2 is Kéhler and has the
same Kéhler potential as in D = 3. Furthermore the discussion of duality between
the heterotic and type ITA theory in D = 2 using the variables of (C.48) and (C.49)
proceeds exactly along the same lines as in section 2.3.

Finally comparing (C.49) with (C.48) shows

_9p2 _op(®
e 2Phet = ¢72%1A (C.54)

This can also heuristically be derived from the duality between the heterotic and type
ITA theory in D = 6. Starting from the effective action in D = 6 and compactifying
further on a four-dimensional manifold B one derives

s = [y -ge i EmY 1)
(6)
= [ eyl v R )
- / o —gine P (RE, + ). (C.55)

On the other hand the duality relations, which are reviewed in footnote 5 in chapter 3,

6) 2
hetvhet _ 200 aVIA = —2<I>HAVHA o 20()

yield e~ A, where all volumes are measured

in the respective string-frame metrics.
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