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Abstract:

This diploma thesis is concerned with two aspects of string theory compactifica-
tions. First, the effect of orientifold projections on the particle spectrum of type
ITA string theory compactified on a six-dimensional manifold will be considered. A
convenient description of the effect of the projection, already known for type IIB
theory, will be transfered to type ITA theory. Furthermore, perturbative corrections
to the four-dimensional effective action will analyzed. The form of these correction
are already known for compactifications on Calabi-Yau manifolds. These terms will
be calculated again for the more general case of compactifications on a generic Rie-
mannian manifold.

Zusammenfassung:

In dieser Diplomarbeit werden zwei Aspekte von String Theorie Kompaktifizierun-
gen untersucht. Als erstes wird die Wirkung von Orientifold Projektionen auf das
Teilchen Spektrum der Typ ITA String Theorie, kompaktifiziert auf einer sechs-
dimensionalen Mannigfaltigkeit, betrachtet. Eine fiir Typ IIB String Theorie bekan-
nte vereinfachte Beschreibung dieser Projektion wird auf diesen Fall angewandt.
Dariiberhinaus werden Korrekturen zur vier-dimensionalen effektiven Wirkung von
Typ II String Theorien betrachtet. Diese Korrekturen sind fiir Kompaktifizierungen
auf Calabi-Yau Mannigfaltigkeiten bekannt. Hier werden diese fiir den allgemeineren
Fall einer Kompaktifizierung auf einer beliebigen Riemann’schen Mannigfaltigkeit
berechnet.
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1 Introduction

The Standard Model of particle physics has proven to be very successful in describ-
ing the physics of elementary particles (see e.g. [I]). Kinematics and interactions
governed by electroweak and strong interactions have been implemented with great
success in the framework of quantum field theory and the predictions of the Standard
Model have been validated with a high degree of precision. Nevertheless, it contains
a number of unsolved issues. The most important ones are the lack of a consistent
description of gravity within quantum field theory and the high number of 19 free
parameters in the Standard Model. This indicates, that the Standard Model cannot
serve as a fundamental theory, but rather as a low-energy effective version of a more
general theory.

String theory together with supersymmetry forms an extension of the Stan-
dard Model that possibly offers a way out of these issues. Supersymmetry (see
e.g. [2, B, [4]) extends the Poincaré group by a symmetry that exchanges bosons
and fermions. In the minimal supersymmetric Standard Model (MSSM) the parti-
cle spectrum is doubled, as no particle of the Standard Model can transform into
another Standard Model particle and thus all Standard Model particles have trans-
form in particles not included in the Standard Model. One of the most outstanding
predictions of the MSSM is the unification of the three gauge couplings at a scale of
order 10'® GeV, which supports the idea of an underlying unified theory that governs
the physics beyond the Standard Model scale. Moreover, the lightest supersymmetry
partner of a Standard Model particle may be a candidate for dark matter.

In the Standard Model all elementary particles are considered to be point par-
ticles. String theory (see e.g. [0l 6] [7, [8]) on the contrary is build from regarding
one-dimensional extended objects, the strings, as the fundamental objects. Strings
can be either closed or open. Each vibrational mode of a string is interpreted as a
different particle. It was shown, that string theory only yields a spectrum containing
bosons and fermions, if it is extended to a supersymmetric theory. Supersymmetric
string theories may serve as a more fundamental theory, containing both the Stan-
dard Model and gravity and being less arbitrary than the Standard Model. Five
consistent superstring theories can be constructed: Type I, ITA, IIB theory and het-
erotic string theory with gauge group SO(32) or Eg x FEg. In the low energy limit,
that is the limit of letting the string length shrink to zero, these yield effective su-
pergravity field theories. This thesis will be concerned with aspects of this effective
theories.

A major drawback of all string theories is on the other hand, that consistency
imposes strong restrictions on the background they are constructed on. In the
weak-coupling limit, a large class of consistent backgrounds can be viewed as a ten-



dimensional space-times. In order to build realistic models, string theories have to be
“compactified” using the Kaluza-Klein mechanism, that is assuming ten-dimensional
space-time to be a product of four-dimensional space-time with a compact six-
dimensional “internal” manifold. In this thesis, compactifications will be considered,
that lead to N = 2 supersymmetric theories in four dimensions. In [9] it was argued,
that manifolds with SU(3)-structure meet this requirementﬂ Calabi-Yau manifolds
are a subclass of these manifolds, that are additionally Ricci-flat. The discussion in
this thesis will begin with compactifications on these manifolds, as their discussion is
less complex. The more general case of compactifications on manifolds with SU(3)-
manifolds will be treated afterwards.

The research on open strings has revealed the importance of objects extended in
more then one dimensions, called D-branes, defined as submanifolds of space-time
on which open stings can end. D-branes are of outstanding relevance for the con-
struction of realistic string theory models, as they can be used to build theories with
non-Abelian gauge groups, required in order to reproduce the verified predictions of
the Standard Model. However, string theory with D-branes can only be consistently
compactified to four dimensions, when further extended objects, called orientifold
planes, are present.

Theories with orientifolds are constructed by modding out states by a discrete
symmetry transformation of the theory, implemented by the orientifold projection
operator. This truncation additionally projects out half of the supersymmetry gen-
erators. The orientifold compactifications discussed in this thesis will be based on
type IIA theory. The truncation of the light particle spectrum have been calculated
explicitly in [10] for Calabi-Yau and in [I1] for SU(3)-structure manifold compact-
ifications. The truncated spectra were deduced by determining the fields of the
low-energy actions that are invariant under action of the orientifold projection oper-
ator. As both compactifications yield N = 2 supersymmetry in four dimensions, the
orientifold projection reduces supersymmetry to N = 1.

The light spectra contain a number of N = 2 hypermultiplets, which are trun-
cated to N = 1 chiral multiplets by the orientifold projection. However, the fields
constituting the N = 1 multiplets can not be identified straightforwardly [11}, [10].
In [12] an alternative description of the truncation of the hypermultiplets was devel-
oped and demonstrated to coincide with the results of [I3] for type IIB Calabi-Yau
orientifolds. The authors of [I2] use the fact, that the hypermultiplet action can
be given in terms of a superconformal action, i.e. an action being invariant under

'The most general manifolds that lead to N = 2 supersymmetry after compactification are
manifolds with two SU(3)-structures [9]. However, for simplicity the discussion in this thesis will be
restricted to the case where both SU(3)-structures coincide, i.e. to manifolds with SU(3)-structure.



supersymmetry as well as conformal transformations. In the superconformal action
the N = 1 supermultiplets that remain in the spectrum after applying the orientifold
projection can easily be identified. In this thesis, it will be shown, that the same
method can be applied to type IIA theory. Furthermore, it will be argued, that the
same procedure can be adapted to type IIA theory compactified on manifolds with
SU (3)-structure.

Beside the aspects of orientifold compactifications a second feature of type II
string theories will be discussed in this thesis. It is known, that tree-level and
one-loop corrections lead to additional terms in the low-energy effective action. In
this thesis, the attention will be drawn to corrections to the graviton action in ten-
dimensions. These are proportional to a sum of different contractions of four Rie-
mann tensors and thus referred to as R*-term corrections. When compactified on a
Calabi-Yau manifold, these terms yield corrections to all fields that originate from
compactifying the Einstein term to four dimensions [14] [I5]. It is known how these
corrections descend to the four-dimensional action when compactified on a Calabi-
Yau manifold. In this thesis, these corrections will be compactified on a generic
six-dimensional manifold and their contributions to the Einstein term and the ki-
netic term of the volume of the internal manifold will be determined. Particularly,
the calculation will not be restricted Ricci-flat manifolds and thus the results also
apply for compactifications on manifolds with SU(3)-structure.

This thesis divides into four sections:

e To start with, in section [2 the main aspects of type II string theories and their
compactifications will be reviewed. The low-energy effective action and the
particle spectrum obtained after compactifying the theory will be given.

e Second, action for a number of N = 2 hypermultiplets will be discussed in sec-
tion[3] In particular, the connection between a superconformal hypermultiplet
action and an action, invariant only under the super Poincaré group will be
reviewed. Furthermore, the application of this connection to string theory will
be discussed.

e The description of the hypermultiplet sector of type IIA theory on a Calabi-
Yau manifold or a manifold with SU(3)-structure in term of superconformal
quantities given in section [3] will be used in section [4] to present a convenient
formulation of the truncation of the spectrum induced by the orientifold pro-
jection. This possibility has been pointed out in [I2] for type IIB string theory.
Here, it will be shown, that their calculations can be easily transferred to type
ITA theory.

e Riterm corrections will be discussed in section [l Their contributions to
the action in four-dimensions will be calculated for type IIA and IIB theory



compactified on an arbitrary Riemannian manifold. It will be shown, that
only the corrections to the Einstein term assumes the same form as in the
Calabi-Yau case. The corrections to the volume kinetic term differ from the
Calabi-Yau case, but can be absorbed by a redefinition of the ten-dimensional
metric.

Additionally, the supersymmetry algebra and its representations used in the main
text are reviewed in appendix [A] and appendix [B] summarizes the fundamental def-
initions of complex geometry. Furthermore, appendix [C] contains additional details
on type IIA compactifications and in appendix [D] supplemental informations on the
calculations in section [p| are given.



2 Type II string theories

The goal of this section is to outline the results of string theory that will be necessary
to present the calculations and their results in section[dland 5] In particular, the low-
energy limit of string theory, i.e. the limit of letting the length of the strings shrink
to zero, will be subject of the discussion. General references for this subject are [8, [6].

Five consistent superstring theories can be constructed: Type I, ITA, IIB theory
and heterotic string theory with gauge group SO(32) or Es x Eg. Here, only type
ITA/B theories will be treated. Both are N = 2 supersymmetric theories. They
impose strong constraints on the background constructed on. In the weak-coupling
limit, both predict a flat ten-dimensional space-time. Thus, in the following, the
background will be assumed to be a ten-dimensional manifold. This obviously forms
an obstacle for building realistic theories. The solution to this issue will be discussed
separately below.

2.1 Low-energy effective actions

In the low energy limit, both type II theories can be approximated by an effective
field theory. Their bosonic part is build from the following fields:

e The metric g,
e a real scalar field ¢, the dilaton,
e and a 2-form field B,

which are common to type ITA and IIB. In addition, both contain a number of form
fields

e type ITA theory: Cy, C3 and
e type IIB theory: C’o, C’g, 6'4,

where C'p denotes p-form fields. The fermionic fields will not be treated here for
simplicity, but as the bosonic fields listed above are components of some supermul-
tiplet, the couplings of the fermionic fields are determined via supersymmetry. The
low energy effective action for the bosonic fields is given by [§]

1 .
S = /dlox (Gle™ | R+ 4(010) (0™ ¢) — S(|Hs[* + [Pl + | Fy?)]
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where M =0,...,9, k1o denotes the ten-dimensional gravitational coupling constant
and
Foy=dC, forp=1,...,4, Hs =dBsy,
Fy=F3 — CyHs, Fy=F3;+Cy A Hs, (2.3)

F5:F5_%02AH3+%BQAF3

are field strengths of the fields CA'l-, By and their norm is given by
|Fp| = %(Fp)Ml'“MP(Fp)MI._MP and analogously for Hs.

2.2 Compactifications

As the background is assumed to be ten-dimensional space-time, it is not straight-
forward how one can construct realistic string theory models, which require a four-
dimensional space-time background. In order to construct theories in four dimen-
sions, the Kaluza-Klein mechanism will be applied to the effective actions and
(2.2). That is, the ten-dimensional space-time will be assumed to be a fibre bundle
over ordinary four-dimensional space time M 3. Realistic four-dimensional theories
can be obtained in this way only if the fibre Y is compact. Here all calculations will
be restricted to the simpler case, where the ten-dimensional metric becomes block
diagonal

Gz 0 pv=0,...,3
Guv=|" (@) : o (2.4)
0wy Bi=409

where z# are coordinates on the four-dimensional space-time and " in turn coordi-
nates on the “internal” manifold Y.

2.2.1 Calabi-Yau compactifications

The relevance for considering compactifications on Calabi-Yau manifolds (see ap-
pendix [BJ) is to obtain an effective theory in four dimensions with N = 2 supersym-
metry. Furthermore, the metric of the internal manifold should solve the Einstein
equation. This imposes restrictions on the geometry of Y, namely it has to be a
Ricci-flat Kéahler manifold or equivalently a manifold with SU(3) holonomy (for a



general reference see for example [6]). This class of manifolds are called Calabi-Yau
manifolds.

In order to obtain an effective four-dimensional action one starts by separating
the modes of the fields in parts depending solely on internal or four-dimensional
space-time coordinates. In the following the discussion will be restricted to the
modes, which are massless with respect to the internal wave operator. These are
given by the harmonic forms on Y. Higher excitations are assumed to be too mas-
sive to contribute to the low energy effective theory.

The spaces of harmonic p-forms will be denoted by HP(Y') and analogously the
space of harmonic (p, q)-forms by H (P.9) | For Calabi-Yau manifolds the dimensions
h(P9) of H®9) the Hodge numbers, are strongly restricted. Namely for a Calabi-Yau
manifold of complex dimension three (see, for example, [16])

R0 = plap) = pB-p3=a)  p(1.0) = h20) — o = p00) = p(30) = 1 (2.5)

Thus, there are no harmonic one- or five-forms on a Calabi-Yau manifold and the
only independent parameters are (D and pLY.

In the following the basis elements of the spaces of harmonic forms will be denoted
by:

o HLD =gspanf{w,} (a=1,...,A0N)

o H?2 =gpan{ws} (a=1,..., 2 = p1)

o

o HV2 —gspan{yx} (K =1,..,h*")

e H? =span{ay,fr} (A=0,...,h2Y) as dim H? = h3 = 221 1 2,
The basis of H? is chosen to be symplectic, i.e.

/OéA NBY =6, (2.6)
with all other intersections vanishing.

Expanding the fields of type ITA /IIB theory in terms of harmonic forms on Y gives
[17]

Cr =A%), By = Bo(z) + b%(x)ws

. X . (2.7a)
Cs = A%z) Awa + Mx)ap — Ea(2)BY
and analogously for type IIB [18)]
Cy = Co(z) + (2w , By = By(z) + bw;
2 = Ca(x) + ¢*(x) 2 = Ba(x) (2.7h)

Cy = D§(z)wa + VA(x) Ay — Us(@) A B + pala)@® .

10



multiplet type ITA type 1IB
gravity multiplet 1 (g AY) 1 (9> Vo)
vector multiplets h(L1) (A% v% %) B(21) (VE, 2K
hypermultiplets RED | (2K 6K ) | B | (08 8% ¢ pg)
tensor multiplet 1 (B2, ¢, &0,&0)

double tensor multiplet 1 (B2, Ca, ¢, Ch)

Table 2.1: Number of N = 2 multiplets for type IIA/B string theory compactified
on a Calabi-Yau manifold and their bosonic components [§].

Furthermore, the kinetic terms of the internal metric has to be translated into
fields in four dimensions [g]:

iy = i (x) (wa)ij » (2.82)

., (XK )ima Y™ ~ij
Yij = lZK(x) <||Q||2 , HQH2 = %QZ]kQ ik , (2.8b)

where  is the holomorphic (3,0)-form on Y. It can be shown [§], that varying v is
equivalent to changing the Kéhler form on Y and varying z¥ results in a modifica-
tion of the complex structure of Y. Thus, the fields v® and 2/ will be referred to as
deformations of the Kéhler form and complex structure, respectively.

Under supersymmetry transformations, the fields in form a number of dif-
ferent multiplets. The complete spectra is given (without proof) in table Finally,
to end up with a four-dimensional action, the integral in the ten-dimensional action
over the internal manifold will be performed, resulting in effective actions in four di-
mensions. Here, only the effective action for type ITA theory will be treated, as the
four-dimensional effective action of type IIB theory (see [19} 18| 20]) is not required
for the discussion in the following sections.

The four-dimensional action for type IIA theory compactified on a Calabi-Yau
manifold is

Type ITIA theory [17]
4 ay(a ja
s = [ dteflal(-§R + LI - G0 0,8)

A i ) (2.9)
+ / [iImN&BF“ A xFP 4+ TReN F* A *Fb] .

11



with

LI = — (9,D)? — G825 02" — 1e*P (9,0 — (£00,6" — €19,€0))*

= - - _ (2.10)
+ 1622 (ImM) 71 22(8,€0 — Man8,e™) (0" Eex — Msrote’) .

Here R is the Ricci scalar on four-dimensional space-time and the field strengths F»
are defined analogously to their ancestors in ten-dimensions F@ = dA%. The vector
multiplet scalars have been redefined as

t =% 4 i0? (2.11)

and their couplings are encoded in the matrices " and G”. These are given explicitly
in appendix [C]

The hypermultiplet sector of the Lagrangian is summarized in the term Eﬁ%j .
The scalar a arises after dualising the tensor By and therewith the tensor-multiplet
to a further hypermultiplet (see appendix . Furthermore, the dilaton has been
redefined as

el = e? (vol(Y)) 2 . (2.12)
The kinetics terms of the scalars z¥ are determined by
Gitp = 0.k 0 K™, K* = —Ini [Z8Fy = Z°Fy] (2.13)
where the quantities Z and Fj are related to the geometry of Y via
ZM(z) = /Y Q) ALY, Falz) = /Y Q2) Ay . (2.14)

Furthermore, it can be shown, that F, is the partial derivative of a function F with
respect to Z* and F(Z) has to be holomorphic and homogeneous of degree two.
Thus,

F=2F\Z%,  Fa=0muF =200 F). (2.15)
The matrix M is given in terms of Z% and Fpy, := Or0s.F by

(ImF)an 2™ (ImF)s= 2=

=F 2i =
Mo = Fax + 20— = 25

(2.16)

12



2.2.2 Generalized Compactifications

A more general framework for string theory compactifications is provided by mani-
folds with SU(3)-structure [9]. Calabi-Yau compactifications discussed in the last
section provide the most general background, that leads to N = 2 supersymmetry
in fours dimensions and obeys the equation of motion for the metric. Manifolds
with SU (3)-structure provide a background for string theory compactifications, that
equally leads to N = 2 supersymmetry in four dimensions, but in general their met-
rics do not solve the equations of motion.

Manifolds with SU(3)-structure can be defined as manifolds, on which a globally
non-vanishing spinor n can be defined. This spinor can be used to decompose the
supersymmetry parameters in ten dimensions as

a=cl@n_+el @, (2.17)
62:6?,'_@?714‘62_@77;- ‘

The upper sign in the second equation holds for type ITA theory, whereas the
lower sign applies to type IIB theory and the following decomposition of the ten-
dimensional gamma matrices I'* = (I'*, ™) have been used:

FM:’YN®17 /1':07172737 Fm:75®,}/m7 mzl,...,6, (218)

with v = i7991~42+3. This decomposition of the supersymmetry parameters selects

eight of the 32 supercharges of the N = 2 theory in ten dimensions, which descend
to the effective theory in four dimensions, leading to N = 2 supersymmetry. Calabi-
Yau manifolds are incorporated in this more general class of compactifications and
correspond a manifold with SU (3)-structure, whose two spinors coincide everywhere
and are covariantly constant.

The compactification on manifolds with SU(3)-structure resembles the process
described for Calabi-Yau manifolds. The procedure is in principle the same, but
in contrast to the Calabi-Yau case the light fields generally can not be identified
with the harmonic forms on Y [9]. Thus, it will be assumed, that there is a finite-
dimensional subspace AL ... of the space of p-forms, APTY, that is in one-to-one
correspondence with the light modes of the four-dimensional theory. The fields of
the ten-dimensional theory will be expanded in elements of this subspaces. The basis
for these spaces will be labelled:

o A2TYgnite = spanf{ws} (A =1,...,by)
[ A3Tyﬁnite = span{aA, ﬁA} (A = 0, PN ,bp).

o AMTVhnite = span{@s} (a=1,...,by)



Furthermore, it will be assumed in the following, that no one- and five-forms on Y
contribute to the light modes, i.e. A'TYgnite = AT Ynite = 0.

The expressions for the fields é’p and Bs are altogether the same as in the Calabi-
Yau case, and (2.7h)), except for the substitution of HP(Y) by A ... The only
effect on the spectrum is that the number of multiplets is no longer given by the
hodge numbers of the internal manifold, but by the dimensions of Af . ..

The main difference to Calabi-Yau compactifications is the parameterization of
the deformations of the internal metric: As manifolds with SU(3)-structure are
generally not complex manifolds, the decomposition of the deformations of its metric
asin cannot be simply adopted. Instead, the deformations of the internal metric
will be parameterized by means of the spinor n: At first these can be used to define
a two- and a three form on Y by

J™ = 2y, (2.19)
In_ . (2.20)

QP = 2 A"y P, QPP = —2if Ay P
It can be shown, that the deformations of the metric can be completely specified in
terms of variations of J and 2. These in turn will be parameterized by

iJ = —ivtws, Q=2 — Fapr. (2.21)

The names of the parameters v%, Z» and F, are chosen in the style of the fields
appearing in Calabi-Yau compactifications, as they enter the effective action in the
same way. These complete the spectrum of type ITA theory compactified on a man-
ifold with SU(3)-structure. The resulting spectrum is summarized in table The
kinetic terms of the effective action in four-dimensions assumes the same form as in

the Calabi-Yau case, (2.9) for type ITA theory.

multiplet type ITA type IIB
gravity multiplet 1 (9w, A°) 1 (9> Vo)
vector multiplets by | (A4 04 64) | b, (VA 20
hypermultiplets b, (ZD, 68 60) | by | (02,02, ¢4, pa)
tensor multiplet 1 | (Ba, &, &)

double tensor multiplet 1 | (B2,Ca,0,CH)

Table 2.2: Number of N = 2 multiplets for type IIA/B string theory compactified
on a manifold with SU(3)-structure and their bosonic components

14



One of the most important differences between Calabi-Yau compactifications and
compactifications on manifolds with SU (3)-structure is, that the effective action of
the latter contains additional couplins encoded in a superpotential term [9]. These
couplings emerge as a result of the non-closeness of the elements of A?im-te. But
as the discussion in this thesis will only be concerned with the kinetic terms, the
superpotential will not be discussed here.

15



3 Superconformal Quotient

In this section the connection between superconformal and supersymmetric invariant
actions for a number of self-interacting supermultiplets will be reviewed. The discus-
sion will cover tensor and hypermultiplets in four dimensions, as only for these the
superconformal formulation will be relevant here. To be precise, it will be shown, that
the action for the hypermultiplets of type ITA theory compactified on a Calabi-Yau
manifold or manifold with SU(3)-structure can be constructed as a superconformal
action for tensor multiplets. This relation will be essential for the description of the
orientifold projection in the following chapter. This chapter closely follows [21], 22].

3.1 Superconformal actions

The bosonic components of the N = 2 tensor multiplet are a complex scalar v, a real
scalar z and an anti-symmetric tensor ¢, (see appendix. The following discussion
will again mostly be restricted to the bosonic fields. The bosonic part of a generic
Lagrangian for n + 1 superconformal tensor multiplets reads

£ = Lo, (YO’ 0"a” — HIHM) + 9,000 o)
3.1
1

+ i Lyrg ! — Lors0,00)HY  (I=5,0,...,n—1),

with H* = ;ewaa tl being the field strengths oft , and Emzxj = 0,10, L (and
similarly £, 1,7) denotmg partial derivatives of a functlon L(z', v, ). The labelling
of the fields is chosen in a way that will be convenient in followmg. The action is
completely specified by the function £. However it cannot be chosen arbitrary, in
order to yield an action invariant under superconformal transformations. It can be
shown, that any function that gives rise to a superconformal action can be written
by a contour integral

£ =1Im f omi (0" .0.0.0lo- ) . (3.2)

where H has to be homogeneous of first degree. n’(¢) are projective superfields,
defined as

VI(zr,0,0)

7' (@,0,6,0) = ——7== + X'(a",6,6) — (V!(=",6,0), (3.3)
where V! are linear and X' chiral N = 1 superfields. Thus,
I(ow nn v’ I T
n (l’ 70797C)|9:U: ?—FQ? _CU ) (34)

16



with

ol = X1p—g and of =VI|p_,. (3.5)

In order to establish the connection to a hypermultiplet action, the tensors tlfw
have to be exchanged by scalar fields y; by means of the duality between tensor and
hypermultiplets in four dimensions (see appendix . After the duality transfor-
mation the scalars of the hypermultiplets are v and

1
Wy = 5([’901 + iy[) : (36)

The resulting hypermultiplet Lagrangian can be described by a single function
X(/U7 6’ w7@)

L= X150 (00")(0"07) + X, 50 (Opwr) (0"07) (3.7)
+ Xotg, (0u0")(0"@7) + Xews@, (Ouwr) (0@ ) | '

where the subscripts again denote partial derivatives. The function x is given by the
Legendre transform of £ with respect to all z!

x(v,9, z(w, @) = L(v,0,z) — (wr + @)z’ . (3.8)

3.2 Descending form superconformal to super-Pointcaré symmetry

By extending super-Poincaré to superconformal symmetry, the action becomes in-
variant under further transformation. A general discussion of the superconformal
group can be found for example in [2]. The additional transformations, under which
the bosonic component fields change non-trivially, are the dilation transformation
acting on the space-time coordinates z* as

at — Azt with A e R (3.9)

and an SU(2) transformation of the fields parameterized by (£2,e* = ! & ig?) and
generated by

ovl =iedvl 4 el | ool = i3l 4 el | dwr =T Ly, by =e Ly . (3.10)

The fields (v!,wr) can be shown to transform under the dilation transformation with
weight 2 and zero respectively

ol = Xl wr = wr. (3.11)
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In order to descend to super-Pointcaré theory, these additional symmetries have
to be removed. For this purpose, scale and SU(2) invariant fields will be defined
and afterwards both symmetries will be gauged. At this point the field 7° becomes
a compensator, that is, it will only be used to gauge the conformal symmetry by
setting w” and v” to constant values and defining fields, that are invariant under
(13.11))

=" (3.12)
Eventually, this results in an action of the form [21]
s = [ day/lgl (b (0"")(0,5) — dRe [(9128s K) (0°4)(0,0,)]

—1 (0, 05 K) (a“wA)(émch)) . (3.13)

with A,¥ =0,...,n and

h’wA(DZ = _iawAanK + X_2|/Ub|2tAEE ) (314)
I I =1
K= (XL, (3.15)
PP

and w, set to zero in all equations.

3.3 Connection to type ITA string theory compactifications
In [23, 21] it has been shown, that a hypermultiplet Lagrangian of the form (2.10)),

LI = — (9,D)? — G2 89,25 02" — Le*P (9,0 — (£00,6" — €19,€0))?

- - _ 3.16
+ 1e2P (ImM) 71 A2(0,65 — Mand,€h)(0"s — Msroeh) (310
is equal to (3.13) if the the function H is chosen to be
f
o) =" (317)

where F is given in (2.15). The contour integral over H in (3.2)) can be easily
evaluated by examining the poles of the integrand in (3.2)). These are located at the
roots (4 of ¢

b b
x’ £ |7
=", (3.15)
where the vectors 7/ are defined as
7! = (2!, 2Re(v?), 2Im(v)) . (3.19)
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The value of n (A =1,...,n) at these roots will be important below and are given
by
b A =A b A A
AL A Y v ™| [ v v
ne=n"()=1 2(Ub+1—}b>i2<vb+@b>' (3:20)

In order to obtain the action ([2.10)), the contour C' has to enclose only the pole (.
Performing the integration in (3.2]) using the Residue theorem yields

£t f TEHOQ) = ). (3.21)

Calculating the Legendre transform of £ gives [22]
X = —W 77-? (ImFjys) = (3.22)

Additionally, the fields appearing in the Lagrangian (2.10]) have to be given in terms
of the fields (v™,wy) [22]:

2D _ X
e = E R (3233)
H=nfms, (3.23b)
L oA
A ro-r
- 3.23
§ 2(Tb)2 Y ( C)
~ xb
§A = —Im WA + W Re .FA(T]+) 5 (323d)
’UA'U)A .be A A

where 2/ has to be understood as a function of v! and w!:

ox

= — |, I =wr+wy. 3.24
ovs X (3.24)

2! (v, w)
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4 Orientifold projection of type IIA theory compactifi-
cations

In the discussion of open strings, higher dimensional extended objects, D-branes [§],
appear, on which open string can end. These also carry physical degrees of freedom.
A compactification of theory containing strings as well as D-branes can not be per-
formed consistently without introducing further extended objects into the theory,
the orientifold planes. These will be subject of this section.

4.1 Definition of the projection operator

Orientifold planes (see e.g. [24]) are defined as fixed points of an involutive isometry
o of the internal space Y and are labelled by their dimension p as O(p — 1)-planes.
They truncate the spectrum to states, which are invariant under the orientifold
projection operator O, defined by the composition of ¢ with the world-sheet parity
operator (), that is the operator interchanging left and right moving modes on the
string. For type ITA theory, only O6-planes can be introduced consistently. The
orientifold projection operator for these planes is defined as

O=Q,(-1)fro, with o*J=-J, (4.1)

where Fp is the number of left-moving modes on the string. For Calabi-Yau com-
pactifications J is the Kéhler form of the internal manifold and for compactifications
on SU (3)-structure manifolds the two-form defined in (2.19). Additionally, applying
the orientifold projection reduces the amount of supersymmetry. In order to not
completely break supersymmetry, but reduce supersymmetry only to N = 1 the
restriction

o' = e*0Q) (4.2)

has to be imposed, where in the Calabi-Yau case €2 is the holomorphic three-form
and in the case of a SU(3)-structure manifold the tree-form defined in and
e? is a constant phase. In the following it will be assumed, that 6 is set to zero by
a redefinition of €.

4.2 N =1 spectrum and effective action

In this section the orientifold projection of type ITA theory compactified on a Calabi-
Yau or a manifold with SU(3)-structure will be described using the formalism of
superconformal projective superfields. In [I2] it was shown, that the effect of the
orientifold projection on the hypermultiplet sector of type IIB theory compactified
on a Calabi-Yau manifold can easily be described using projective superfields. Here
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it will be shown, that the same also applies for type ITA theory on Calabi-Yau man-
ifolds as well as SU(3)-structure manifolds.

As shown in the previous section, a description of the hypermultiplet part of the
Lagrangian of type ITA theory compactified on a Calabi-Yau or manifold with
SU (3)-structure can be given in terms of superconformal tensor multiplets.
The effect of the orientifold projection on the spectrum and the associated action
have been computed in [I0, [I1] by examining the behavior of each field under the
action of the orientifold projection operator. Here, it will be shown, that the same
spectrum and action can be obtained by requiring the projective superfields 77 (¢) to
be either parity-even or parity-odd under n(¢) — n(—().

As the hypermultiplet scalars arise from expanding the three forms Cs and €2, the
spectrum of the orientifolded theory depends substantially on the way the orientifold
projection effects the three-forms on the internal manifold. In order to discuss the
orientifold projection of both, compactifications on Calabi-Yau and manifolds with
SU (3)-structure, on the same footing, from now on for Calabi-Yau compactifica-
tions the notation of the spaces of three-forms corresponding to light modes will be
adapted to the SU(3)-structure manifold case, i.e. A>T Yanite = H3(Y) for Y being
Calabi-Yau.

The orientifold projection splits A3T Yanite into two subspaces of different parity
AT Yhpite = AiTYﬁnite ® A3 TYjnite. Both subspaces have the same dimension
[10, IT]. To see this, one first notes that J A J A J is proportional to the volume
form. As o*J = —J, for both compactifications, the volume form is odd under
the orientifold projection. Equally, ay A f* (no summation) is proportional to the
volume form, and therefore

ap € A3 TVinite = B € AXTYinite - (4.3)

Thus, dim(A‘iTYﬁmte) = dim (A% T'Yauite) = %dim(AgTYﬁnite). In the following, the
basis of A3T Ygnite is assumed to split into

A~

(ar, b*) € A3 TVinite , - A=0,...,A, d
W1 N . .
(a’>\7 bk) 6 A:iTYﬁnite 9 k == A + 1, PP ,dim<A5TYﬁnite) — 1 ;

A~

and 0 < A< nyg—1.

The goal of the following calculations will be to show, that the effect of the orien-
tifold projection on the spectrum and Kéhler potential of the theory can be equally
obtained by demanding the projective superfields describing the hypermultiplet sec-
tor to have the parities

7 (¢) = -1 (=), (4.5a)



These conditions are equivalent to setting
2 =w,=0, *=wy=0 and o*=0. (4.6)

The fact that 2”, 2* and v¥ have to vanish is obvious, due to (3.5). Furthermore,
from and (4.5a)) one can see, that the entire N = 1 linear superfield X” and thus
the corresponding N = 1 tensor multiplet is projected out. Therefore, the N = 1
chiral multiplet dual to this N = 1 tensor multiplet is projected out equally and the
complex scalar of this N = 1 chiral multiplet w, has to vanish as well. The same
argument can be applied to the scalars w).

With help of (3.23) one can identify the N = 2 component fields that are pro-
jected out:

Im 7y = VT Re 77_/}_ =0, (4.7a)
I A, b
Res' =1 EZOZbi , Im2=0, (4.7b)
Im7} =0, Renl =a*, (4.7¢)
bb
k k_ k v
Rez" =0, Imz" =z Tm(0077) (4.7d)
A i k
& =Re 7] =0, (4.7€)
=0, & = —2Im wy . (4.7f)
a=0 (4.7g)

Thus, fields (Im ), (Re 2*), £, £y, a are removed from the spectrum.

This is the spectrum of the orientifolded theory as calculated in [10, I1] and
reduces the N = 2 hypermultiplets to N = 1 chiral multiplets. Inserting (4.7]) into
(2.10) yields the action

LM = (6MD)2 + éab auqaauqb - %62D(Im M)Wxﬁué%aﬂg)\

— 1 (Im M) 7' (9,81, — Re Mr9,8") (0§ — Re M;,,0"€™) “8)

with the real fields

q;\:Rezj‘, ¢" =ImzF (le,...,f&) (4.9)
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and

. G.. iGs
Gab:(, i l) (4.10)

The kinetic terms for N = 1 chiral multiplets can be specified by a single func-
tion, the Kéhler potential K (see appendix [A]). The main advantage of describing
the orientifold projection using projective superfields, is that the Kéhler potential
associated with can easily be derived. For that purpose it is useful not to switch
from the fields (v, wy) to the set (D, q% &, &). The action for the hypermultiplets
in terms of the fields (v, wr), before applying any projection, reads (see section

S = / a4y |g] (hoso (0714 (9,8%) — §Re [(01n 0, ) (01°) (80|
—§ (05,05 ) ("0 (0,5) ), (4.11)
with
ooy = — 30, Oos K + X 20" P07 (4.12)

By inserting (4.6)) the second term in (4.12)) vanishes, as the index ranges of t* and
wp reduce and become disjoint. Thus, the action for the orientifolded hypermultiplet
sector is given by

S = =4 [ d%\/l0100 05 ) @) 0u") + (0005, K (0"1") B0+
(0 D0 ) (09) (D) + (00, ) (0e3) (031) . (4:13)
Obviously,
~1K =3 [|v 7y (4.14)

serves as a Kéhler potential for the chiral multiplets. Using (3.22) it can be rewritten
as

1
_%K = —% In [Im(t’\)lm(fm> Im(tn) P

2* Tm(Fpy) a:l] : (4.15)

Using (4.6) and (3.23a) the Kéhler potential (3.15) can be cast into a form
comparable with the result of [10, [11]:

~1K =1 (16e72") = —In(e ) - 1In16 (4.16)
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The coordinates used in [10, [I1] are

’Ub .z
N =1 +idamm)), Th=lmA) +ig. (4.17)

1
4|vb|
To connect these to the fields (v, wy) one can easily show using (4.7a)) and (4.7€)

N* =1 (4.18)

Furthermore, (3.6)), (3.21]) and (4.7f) can be used to show

D[

Ty, = —wg (4.19)

Thus, the change of variables from (vy,wy) to (N*,T}) is anti-holomorphically and
the action (4.13) can equally be formulated for the fields N* and T*:

S—— / a2\ |9/ D500 K) (0" NN (0, N*) + (9207, K) (0" NN)(9, T+ (4.20)
(01,05 ) (" T) (0,8 + (0,0, K) (0" Ni) (0,T1) , (4.21)

with the Kéahler potential
~K =—In(e7?P) ~In16. (4.22)

Thus, the orientifold projection of type ITA theory can be equally implemented in
the formalism of superconformal tensor calculus as described in this section.
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5 R’-term corrections in type II theories

In this section, one-loop and tree-level corrections to the four-dimensional effective
action will be discussed. It can be shown, that these corrections lead to additional
couplings in the effective action, that are build of contractions of four Riemann ten-
sors. R*-terms provide corrections to the four-dimensional Einstein term as well as
kinetic terms of moduli of the internal manifold. In the following the corrections to
the Einstein term as well as the kinetic term of the volume of the internal manifold
will be calculated. These correction are already known for Calabi-Yau compactifica-
tions [I4) I5]. In this section, these terms will be calculated for a compactification
on a generic Riemannian manifold. Particularly, the restriction of Ricci-flatness will
not be imposed. Thus, the results obtained in the following will also be valid for
compactifications on manifolds with SU(3)-structure discussed in the previous sec-
tions.

5.1 R*-term corrections in ten dimensions

As the calculations below strongly rely on the Riemann tensor, its definition and
basic properties will be reviewed first: The Riemann tensor is a measure for the
curvature of a manifold and defined using the metric connection [25]

FAN/[P = %GMK<8NGPK + 0pGNK — 8KGNP) , (5.1)
where G is the metric of the manifold. The Riemann curvature tensor is given by

Runpq = 5(031oGnp + 03 pGuq — 03 pGNg — ORgGup) (5.2)
+ GKL(F]\K/[QF%P - FJ\K/IPF%Q) . (5.3)

The Riemann tensors obviously exhibits the symmetries

Ryunpg = —Rungp, Runpg = RpQun - (5.4)

Furthermore, it obeys the first Bianchi identity

Rynpg + Rvupon + Rugne =0. (5.5)

These equations will be crucial for the calculations below.

The starting point for considering R*-term corrections are the ten-dimensional
low-energy effective actions for type IIA/B theory

1 - ~
S = o [ aCa\/IGle [R+ 4(0,60)0"0) = J(Hl + Pl + | Faf)]
%/BQAF4/\F4+2K%O/CZ $\/’G|£R47
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1 _
S8 = o [\ /IG1e R+ 4(0,6)(0"0)
K10
“(HP R+ B LB 6
1 1 10, / +
%/C4AH3/\F3+2/€%O/C£ x |G|ER4’

The the R*-term corrections added are given by [14] 26]

3 2
£, = o [e%’ @) (tstsR* + 1Bg) + S (tstsR! + }IES>]

3.211 9.9211 (5.8)
= 7“Jr t8t8R4 + %Ti Fg s
with
2
+ i3 _—2¢ ¢(3) 7T
r =« <€ 3. 211 + W . (59)

In the first line in , the corrections are separated into one-loop (first term) and
tree-level (second term) corrections. The one-loop term is proportional to the Rie-
mann zeta function ((3) [14]. In order to calculate the corrections induced by these
terms in the four-dimensional action, it is more convenient to use the shortened form
in the second line. The term tgtgR* is an abbreviation for the following contraction
of the Riemann tensor [14]

Y SR I A RS 7
tgtgR™ := tg tg RM1M2V1V2RM3M4V3V4RMSMGV5V6RM7N8V7V8 ) (5‘10)

where tg is defined to act on any set of anti-symmetric matrices M=% as [7]

H1VIp2V243V3 a4 3 rl 4 -
129 MHIVl"'MlMLVAL =

=2 [tr(M" M2)er(MP M) + tr(M?MP)tr(M' M) + tr(M* M) er(M2M)]
+ 8 [er(MMAMEME) + tr(MPMEMA M) + tr(M MM M)

(5.11)

and Fjg is defined as
Eg = 51[//f1 e 6588} RmuzylwRu3u4V3V4Rususy5y6Rmugyws : (5‘12)
The bracket [- - -] denotes anti-symmetrization of the enclosed indices, i.e. AIM BN =

AMBN — ANBM,
Due to the identities (5.4) and (5.5) a lot of different contractions of the Rie-
mann tensor occurring in the definition of tgtg R* and Eg are identical. Thus, it can

be shown, that, as a result of (5.4) and (5.5, one can only construct 26 linearly
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independent contractions of the Riemann tensor on a manifold, whose dimension is
equal to or higher than six [27]. Therefore, tsts R as well as Fg can be expanded in
a basis of scalars build by contracting four Riemann tensors. The basis chosen for
the the calculations in this section is:

Ata=RAsa (a=1,...,8) (5.13)
Asg = RypRN g RPZRET Ag10 = (RNPRNP)2 :

Agni = —RypROURRN )y Ag1o = —RypRN g RY gy RESTU

Az = RypROY RN g R 11 Agra = RNpRSTRNQPRRQSRT ,

Asss = RypRSTRYN oo RO, Avto = Ry pRNP Ry po RMVFQ

A7 = RNPRNQPRRQSTURRSTU , Ay = RNPRNQRSRPQTURRSTU ’
Asrg = RypR" g R 7"y RSV Agp0 = (RMNPQRMNPQ)2 ,

P
Ago1 = RMNPQRMNPRRQSTURRSTU , Ay = RMNPQRMNRSR QTURRSTU ,
Agos = RynpRMY ps Ry ROV Ayos = RyywpoRMY pe R Ry ROTSY

N
Ayo5 = Ry NPOQ RMRPS R TQU RETSU Ago6 = Ryrnpo RMRPS RNTRU RETSU

where A3, constitute in turn a basis of scalars build of three Riemann tensors:

Asy=R?, Ass = RRypRYT
A3’3 = RRMNPQRMNPQ 5 A3’4 == —RNPRNRRPR 5 (5 14)
A375 = RNPRQRRNQPR 5 A3,6 = RNPRNQRS.RPQRS 5

As7 = RynpoRMNpgRT9HS | Aszg = Ry npoRMgF g RVH9S

and it was again shown in [27], that there are eight linear independent contractions.

Using the definitions of tg and Eg and repeated use of the symmetries of the
Riemann tensor givesﬂ

tgtsR* = 124400 — 1924491 + 24A4 09 — 384A4 04 + 1924, 05 + 3844406,  (5.15)

1Eg = 4A41 — 96As0 +24As 3 — 256 A4 + 384445 — 384 A4
+ 64447 — 128448 — 384 A9 + 19244 10 + 15364411 — 76844 12
+ 3844413 — T68A4 14 + T68A4 15 — 96 A4 16 + T68A417 — 7684413 (5.16)
+ 1536 A4,19 + 124420 — 1924491 + 24 A4 29 + 19244 23 — T68A4 .24
+ 192A4.95 — 384 A4.96 -

2The coefficients in (5.15)) and (5.16)) has been checked using the Invar tensor package for Maple
[28].
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These expressions were already calculated in [I5] for Calabi-Yau manifolds. By set-
ting all terms in ((5.15)) and (5.16]) containing a Ricci tensor to zero, these expressions
reduce to the ones calculated in [15]. Inserting the expansions (5.15) and (5.16|) into

B3) gives

L7 = 1T [4A41 — 96 A4 + 24As 5 — 256 Ag 4 + 384445 — 384 A6
+64A47 — 128445 — 384 A9 + 1924410 + 1536 A4.11
— T68A412 + 3844413 — T68A4 14 + T68A415 — 96A4,16 + T68A4,17
— 7684415 + 15364419 + 19244 23]
+ (rT 4+ ) [124400 — 1924491 + 24 A4 00 + 19244 25]
— 384(rT 4+ 2rF) Ay o4 4+ 384(rT — r¥) Ay 6 -

(5.17)

5.2 Descending to four dimensions

As the corrections to the four-dimensional action shall be determined, the R*-terms
have to be compactified just as the rest of the Lagrangian. The background consid-
ered for the compactification below is a product manifold M; 3 x Y with a metric of
the form

G () 0 . / 6, |
G = , th d detvy| =1, 5.18
MN ( W1 v Yy ’ € ’Y’ ( )

0 v (2) %)

with vg(x) being the volume of Y. The internal manifold ¥ can be any Riemannian
manifold.

In the following the range of the indices is M, N, P, --- € {0,...,9}, used on ten-
sors and vectors defined on the complete ten-dimensional space-time, and 4, j, k, - - - €
{4,...,9}, p,v,p,--- € {0,...,3} for quantities defined on the internal manifold and
four-dimensional space-time, respectively.

The Riemann tensor on the ten-dimensional space-time can be calculated in terms
of the Riemann tensors R, and R;;; constructed using the metrics g, and v,
respectively, by inserting the metric ([5.18]) into the definition of the Riemann tensor

(5.2)). This gives [15]:

1. 1 2
Rijr = v6 Rijr — 5506 (0 Inv6)? (Yievjt — Yavjn) » (5.19a)
1 1
R, = —3g i ve (6V,Vy Invg + (0yInwve) (0, Inwg)) , (5.19b)
R,prcr = R,uzzpa . (519C)
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All other components (R;jxu, Rupi and Ryj,,) vanish. Moreover, it will be useful to
calculate the Ricci tensor Ry n := RE MmN and scalar R := RM M

A 1 1
Rij = Rij — évé” ((8“ In 1}6)2 + V“V# In ’UG) Yij (5.20&)
1
Ry =Ry — 6(8“ Invs)(0y Inve) — V,V, Inve , (5.20b)
Ry, =0, (5.20c)
1.7
R=R+vs°R— 6(8“ Inve) (0, Invg) —2 VAV, Inwg . (5.20d)

Here, also the Ricci tensors R, ]%ij and Ricci scalars R, R of the four-dimensional
space-time and internal manifold respectively appear.

In the following corrections to the Einstein-term and the volume kinetic terms
will be calculated. The relevant uncorrected part of the action is obtained from the
ten-dimensional Einstein term, which is the same for type IIA and IIB theory. Using
(5.20d)) and integrating the last term in by parts one obtains [15]:

SRws = /d4$\/@1)6€72¢ (R—i— 5(9y Invg) (0" In v6)> . (5.21)

Corrections to this action terms arise from terms, that are a product of either R
or (0,1nvg)? and a contraction of three Riemann tensors of the internal manifold
only. Terms which depend on contractions of more than one Riemann tensors on
four-dimensional space-time, e.g. Ry, ,o R* p"RijklRij kL or which are of higher order
in (9, Invg)? will be omitted, as they do not contribute to one of the kinetic terms,
but merely to higher couplings.

5.2.1 Corrections to the Einstein term

The corrections to the kinetic term of the four-dimensional space-time metric are
induced by terms proportional to the ten-dimensional Ricci-scalar, as due to
and only these contain a Riemann tensor on the four-dimensional space-time
R. Thus, the relevant terms are A4 1, ..., A4 g, which are defined as RA3 1, ..., RA3zs.
Each of these contribute a correction proportional to vy 173/137,1:

4”(3_172143@ fora=1,
RA3, — 4 205 ' R A3, fora=23, (5.22)
U6717'\’,/A1373 fora =4,...,8,

with A37a being defined analogous to A3, as in , but with Ry;nk, replaced by

A

R;jk1, the Riemann tensor on the internal manifold Y. All contractions defining A3,
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in (b.14) remain linear independent after the substitution, as this was proven for any
manifold of minimum dimension six and Y having dimension six [27]. Restricting to
corrections of this form gives

LE =2 Rug Eg+ -, (5.23)
where Fjg is defined analogous to Eg:

E6 — 5;11 N 516]R B2 fy  Jsjafy sl (5.24)

1112 1314 1516

and can be equally expanded in the basis {1213?&}:

Eg=8A31 — 96A35 + 24433 — 128434 + 192435 — 192436
+ 32437 — 64435 . (5.25)

The integration over the internal manifold will be performed below, after the re-
maining corrections are collected.

5.2.2 Corrections to the volume kinetic term

Correction to the volume kinetic term are affected by all possible contractions of
the Riemann tensors. In order to determine their exact form, the contribution of all
scalars Ay, need to be identified. By inserting (5.19) and (5.20) into the definitions

of Ay (5.13) one obtains

A41—>—L4AA317 Agp — —gA (2431 + TA33),

Ayz — — «4(«41431+21A33) Aga — —2A(— 3Az9 +7Az,),

Ags — —LA(Az 3+ TA35) Ase — —3A(Azp + 3435+ E Asp)
Az — =t A(TA37 — As) Asg — —55 A(2435 — Az 3+ 28435) ,
Ayg — gAA3,4 , Ag10 — _gAAS,Q ,

Agan — —ss A(— Ao+ 5454 — 124355),  Ag1z — —tA(A34 —3435),  (5.26)
Ag1s — —3A(Ass + 3454) Ag1a = — 5 A(Asp + 5455)

Ag1s = — 5 A=Az s + Az 5 + 6455) Asi6 — —3A(Az2 + 3433),

Agir = — 2 A(As 3 + 4455 + 5436) Agis = —2A(As g+ Asr)

Ay19 — 5%1-/4(1‘134 — %1213,5 + Azg —4A3g), Agso— —gAA3,3 ,

Ago1 — _%«41213,6 , Agoo — —gAflg 7,

Ay 3 — —1«412137, Ay — — A(2A36 — Az +443y),
Agos — —as A(4As 5+ Az 7 — 4455) Agos — —as A(dAse — Az 7 +4435)
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with A = vy ! (Opln vg)?, omitting terms containing higher orders in (Ouve) or the
Riemann tensors of the four-dimensional space-time, as described above. By insert-
ing ((5.26)) in (5.17) the corrections to the volume kinetic term can be computed:

8 ~ “ ~ ~
Ly = 3vg (9 Inwvg)? [—r+E6 + 87T A3y — 967" Az + (1677 — 487%) A3y

3 (5.27)

—128 7’+A3,4 + 128 T+A475 — 128 7’+A376} .

5.3 Integration over the internal manifold

Eventually, to obtain the corrected form of the four dimensional effective action, the
integral over the internal manifold Y has to be performed. The only terms in
and well manageable are those proportional to Eﬁ, as the integral over Fy
is proportional to the Euler characteristic x of the internal manifold by the Gauss-
Bonnet theorem (see e.g. [25]). But, as will be show in the next lines, all other terms
in can be eliminated by a redefinition of the ten-dimensional metric. To be
precise, the goal will be to alter the composition of ,C;E% in terms of the scalars A4 , so
that the relevant corrections to the volume kinetic term become proportional
to Eg and the corrections to the Einstein term remain proportional to Eg:

£E+ X7 e vg 'R Es (5.28a)

EffG + X L vg 1 (9, Invg)? Eg , (5.28b)

where X® and X% are terms induced by the redefinition of the metric and will be
specified in a moment.

The relevant redefinition is
Gap — Gap+ Xap, (5.29)

with X 4p being a symmetric tensor build of three Riemann tensors. Under ([5.29)
the action transforms as [29] (see also appendix @[)

/dl%\/éR — /dl%\FG <R + @RGAB - RAB) X484 O(RX2)> . (5.30)

In ten dimensions there are 24 linear independent two-tensors constructed of three
Riemann tensors and the metric [27]. The expansion of X4p in a basis of these
tensors is

XAB: 1 RABR2+$2 RRAMRBM
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+ 23 Ryg Ry nRMN + 24 Ry Rpy RMY

+ 25 RRMVR gy + 26 RN Ry "Ry aps

+ 27 RMNYRY \ Ry pnp + 78 RRynpa RN

+ 29 RypRynpoRYN? + 210 Roy RYPY Ry po

+ 211 RYY RpgpaR Oy + 212 RyyRMTNORp 40 (5.31)
+ T3 RMNRPMQARPNQB + a1 RYVPCR )y R Rpo™ s

+a15 RMNPORy ppa Ry gp + 216 RYVORynprRoas

+ 217 Gyp Asy + 218 Gap Az + 119 Gyp A3 3 + 120 Gap A3

+ 291 Gup A3 + 220 Gup Az e + 23 Gap A7+ 224 G g A3g .

As Rijiy, Ruvpi and R;j,,, as well as R;, vanish, the block diagonal form of the metric

will not be altered by (5.29 -, but gW — gW + X, and v — vi; + vg 1/3X,~j. The
form of X, and Xj;; can be read off . The terms induced by the redefinition
of the metric are calculated easily

(3RGap — Rap)X*P = (a1 + 4$17)A4 1+ (33 + l332 — 21 + da1s + §a5) A2
$29 + $as + 4x19) Ags + (— 3y — J36 + 22 + dwa0) Asa
x5+ 37 + ST12 + 43:21)/14,5
Ts + 4T20 + 3213 + 3211 + 3210 + 2216) Aue (5.32)
+ (3214 + 4m93) As 7 + (daos + S315) Ass — T4 Asp

— 24410 + (27 + 26)As11 + T10A4,12 — 2114413

(
+(
+ (=
+(=

— 2124414 — 134415 — T9As 16 — T16A417
— 2144418 — w15 A419 -

The corrections to the kinetic terms contributed in this way can be determined
similarly to the calculations above by reducing to terms proportional to R and using

(5.26)), respectively:

XR = A3 (3214 + 217) + Ago(—21 + 2wg + Lag + Ja5 + daqs)
+ 43 3(%5'38 + l$9 + 4a1g) + As 4wy — %564 - %376 + 4x90)
+ Ags(—a $o7 + 3312 + 4391) (5.33)
+ A3 (—g 3310 + *3711 + *3313 + lxm + 4x99)
+ Aj 7(3z14 4 dxa3) + As s(3215 + 424)

72XU6 = A371(—12$2 - 12:L‘3 - 10.%5 — C7 — 4%8 — 4%9 — 144:[1 — X112
— 1344:1717 — 963318 — 32.%'19 — 83321)
+ A372(1685L’1 — 48:62 — 36%3 — 18.734 — 621:5 — 16%6 — 9%7 + 8%8
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+ 8xg — 4dx19 — 411 — TT12 — 4213 — 3215 — 416 — 672218
+ 144290 — 88x91 — 32x92 — 24x94)
+ Ay 5(—T2x5 — 7219 — 6210 — 6211 — 6713 — 6214 + S215 (5.34)
—4x16 — 672219 — 48790 — 4893 + 12x94)
+ fl374(—84x2 — 6x4 + 3226 — 1027 — 819 — 4213 — 2215 — 336220)
+ A3 5(84x5 4 24x6 — 1877 4 8211 + 4313 — 22212 + 4215 + 8316 — 336121)
+ 1213,6(84338 — 18x19 — 18211 — 1813 + 12214 — 3215 — 32216 — 336192)
+ A3 7(—30214 — 336293) + A3 8(—30215 — 336224)

Inserting these expressions into (5.28)) results in 16 equations (eight for each coeffi-

cient of Az, (a =1,...,8)), restricting the 24 parameters in the expansion of X4p:
d=0
r1=4c— 8rt — 8x17
x9 = —88¢+ 1761 — 23 — 25 — 16217 — 8218

x4 = 15248/ ¢ + 2752/7r" — 33184/7rF — 86/7 x5 + 2 x5 — w7 + 1312/7 x17
+ 656/7 218 — 328/ 7 w9 + 272/7 91
x6 = —14688/7 ¢ — 2752/7rT + 320647 rF + 72/7 x5 — 4 x5 + w7 — 1536 /7 217
— T68/7 x18 + 3847 90 — 272/7 221
xg = —1152/7 ¢ — 6887 + 29767 1% 4 60/7 23 — 3847 217 — 192/7 x18
—8x19 4+ 96/7x90 — 96/7 x93
T = 1320/7 ¢ + 688/7rt — 3312/7rF — 60/7 x5 + 384/7 x17 (5.35)
+192/7 218 — 96/7 o0 + 96/7 x93
x10 = —122872/7 ¢ — 26352/7rF + 274640/7 r* 4+ 1002/7 x5 — 14 x5 + Tx7 + 211
— 12864/7 x17 — 6432/7 218 + 3216 /7 200 — 2824/7 x21
T19 = 384 ¢ — 768 rT + 2x5 —x7 — 8191
213 = 119872/7 ¢ + 27008 /7 r* — 272000/7 r+ — 1152 /7 x3 + 14 x5 — Tay — 21,
+ 13824/7 17 + 6912/7 215 — 3456 /7 290 + 3064/7 21
T4 = 224 ¢+ 64rT — 448 rF
T15 = —448 ¢ — 128 vt + 896 1T
216 = —6912/7 ¢ + 21888 /7 r* — 3456/7 1" + 360/7 3 — 2304/7 217 — 1152/7 218
+ 576/7 290 — 5767 o1
Tog = 615/7 ¢+ 178/7rF —1650/7rF — 45/28 13 + 72/T 217 + 36/7 218 — 219
—18/T x99 + 18/7 x9
x93 = —20¢c—8r" +40 7%
Tog =40c+ 1677 — 807+
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Ten parameters (x3,xs,x7,x11,T17, T18, T19, 20, T21 and ¢) remain arbitrary. Re-
defining the metric in this way results in absorbing all corrections to the volume
kinetic term in the metric, as d has to be set zero. Thus, the R*terms of the
Lagrangian after redefining the metric are given by

S5 _/dlo Glevg' R Fe . (5.36)

As the only y dependent terms is Fg the integration over the internal manifold can
easily be performed:

S = /d4 lg|6(47m)3c R (5.37)

where y denotes the Euler number of the internal manifold Y and the Gauss-Bonnet

d° Eg = 25673y, 5.38
/Y (RVARII X (5.38)

has been used. Thus, the complete action is given by

theorem

Sivﬁ = /d4x\/@ ((6_2¢Uﬁ +6(47)3cx)R — %6_24)06(8# In v5)2> . (5.39)

5.4 Comparison with Calabi-Yau compactifications

As mentioned above, these calculations have already been carried out for the simpler
case of the internal manifold Y being a Calabi-Yau manifold. The corrections to the
Einstein-Hilbert term have been presented in [30]:

SR—/d - (uﬁe 2 4 =2 (C;W)) +1;<7r>7€ (5.40)

which is consistent with (5.39)), as ¢ can be chosen to be

9 C(3) 1
c=c 2¢24(27r)6 18(47)3 (5.41)

For the volume kinetic term, only one-loop corrections has been calculated [15]

So / d'z/lg| 5v66 26 4 (16 — 311) ~X=)(9, In vg) (9% In vg) | (5.42)
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with 42 = 4. In contrast to this result, the corrections to the volume kinetic term
have to be absorbed by a redefinition of the metric in the case of a generic manifold
as demonstrated above.
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6 Summary and Conclusions

In this thesis two aspects of string theory compactifications have been devised. First,
the orientifold projection of type IIA theory compactified on Calabi-Yau and mani-
folds with SU(3)-structure were examined. The description of the orientifold pro-
jection outlined in [I2] for type IIB theory on a Calabi-Yau has been successfully
transfered to these theories. The spectrum of the orientifold compactifications were
explicitly calculated in [10] for Calabi-Yau compactifications and in [II] for com-
pactifications on manifolds with SU(3)-structure. In this thesis, it has been shown,
that the description of [12] can be adapted to type IIA theory. By demanding the
projective superfields describing the hypermultiplet sector to be either parity odd
or even, the truncation of the spectra calculated in [I0, [IT] have been generated.
Furthermore, the Kéahler potential for the N = 1 chiral multiplets obtained in this
way has been calculated using the superconformal formalism and shown to match
the result of [10] [11] as well.

Second, corrections to the four-dimensional action of type ITA /B theory induced
by R*-terms were calculated for compactifications on a generic Riemannian manifold.
The compactification of these terms was already performed in [14] [15] for Calabi-Yau
manifolds. In the case of Calabi-Yau compactifications, the Ricci-flatness of Calabi-
Yau manifolds together with the symmetries of the Riemann tensor can be used to
show, that the R*-terms lead to corrections in the four-dimensional action propor-
tional to the Euler characteristic of the internal manifold. It was demonstrated in
section [5| that in the case of a compactification on a generic manifold, the correc-
tions to the Einstein term in four dimensions assumes the same form. However, in
contrast to Calabi-Yau compactifications, the corrections to the volume kinetic term
have been absorbed by a redefinition of the metric in ten dimensions.
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A N =1,2 supergravity

In this section the basic properties of supersymmetry required in the main text will
be reviewed. After stating the supergravity algebra, its representations needed here

3

will be discussed. A general references for this topic is [2].

Supersymmetry transformations extend the Poincaré algebra, generating space-
time symmetry transformations, by introducing a number of fermionic transfor-
mation generators Q. The Indices o, 8 = 1,2 are Weyl spinor indices and I,
J =1,...,N are isospin indices. Together with the momentum operators P, and the
angular momentum and Lorenz boost operators M, the supersymmetry generators
form the supersymmetry algebra

{QL,Qp,} =265 (0")3 Pu (A.1a)
{QL, Q%) = casz" (A.1b)
[M,uzn Q(Ix] = i(guu)aﬁ Qé ) (A.lC)

with all other (anti)commutators vanishing. Zj; are the central charges and
(0")o” = 1 [(6")a5(5)7® = (0" )y (5)7] (A1d)

with o being the Pauli matrices. The following discussion will be restricted to
N = 1,2 supersymmetry, as these are the only cases needed in the main text.

A.1 N =1,2 supermultiplets

The representations, that are important for the calculations in the main text are:

e N =1 Chiral multiplet: Field content (v, F, ¥,).
Here, v is a complex scalar, F' a complex auxiliary scalar and ¥, a Weyl spinor.

e N =1 Tensor multiplet: Field content (z,t,,, V).
As the name suggests, the tensor multiplet contains among its bosonic com-
ponents an anti-symmetric tensor ¢,,. Furthermore, it contains a real scalar
and a Weyl spinor ¥,,.

e N =2 Hypermultiplet: Field content (A%, ¥ F*) with i = 1,2.
The content of the N = 2 hypermultiplet is that of two N = 1 chiral multiplets.
Namely, two complex scalars A’ two auxiliary scalars F? and a doublet of
spinors W' .

e N =2 Vector multiplet: Field content (A, V,, ¥!) with i = 1,2.
Here, A denotes a complex scalar, U¢, a doublet of spinors and V,, a vector.
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e N =2 Tensor multiplet: Field content (z,v,t,,, V¢ ) with i = 1,2.
The content is the sum of a N = 1 chiral and tensor multiplet: A real and a
complex scalar z and v as well as a tensor ¢,,, a doublet of spinors U! and an
auxiliary scalar F.

A.2 Generic N =1 chiral multiplet actions

An important property of actions for a number of self-interacting N = 1 chiral
multiplets is, that they can be described in terms of a single function K. The kinetic
terms of the bosonic fields of n chiral N = 1 multiplets v* (i = 1,...,n) can always
be written in the form

2K . ,
= 4 —_ N (9
S / d'e\/lg 5555 (0u0") (09) (A.2)

with K being an arbitrary function of the fields v’ and their complex conjugates.
The function K is called the K&hler potential for the chiral multiplets. Using the
superfield formalism, the action of the complete multiplets can easily be given in
terms of K. This formulation obviously simplifies the discussion of actions for N =1
chiral multiplet.

A.3 Duality transformations

An important feature of supersymmetric theories is the duality between chiral and
tensor multiplets in four dimensions [3I]. N = 1,2 chiral multiplets and N = 1,2
tensor multiplets both carry the same physical degrees of freedom. As the connection
between these two representations of supersymmetry is crucial for the calculations
in sections |3| and {4, it will be reviewed in this section. Whereas Lagrangian for a
number of chiral or tensor multiplets are completely equivalent in the free theory,
the duality transformation generally can only be performed from tensor to chiral
multiplets when interactions are present. The reverse is only possible for a restricted
class of interactions. But as in the main text only the transformation from tensor to
chiral multiplets is relevant, the discussion will be restricted to this direction.

In the following it will be shown, that the a generic action for a number of self-
interacting N = 2 tensor multiples is dual to an action for N = 2 hypermultiplets.
The duality will be demonstrated following [2I] on the level of bosonic component
fields, as the calculations in the main text are also restricted to these. The duality
can be equally demonstrated for N = 1 multiplets [31].
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The bosonic part of a generic action for n N = 2 tensor multiples reads [21]

S = /d4m [ﬁxli (i(@uxlaux‘] = HjH“J) + 8Mv18“vj)
1 (A.3)

+§i(£v1m13uvl — Eﬁszauﬁl)H“J (I=1,...,n),

where HH = e"P?0,t,, and the subscripts on £ again denote partial derivatives
with respect to the listed fields. As mentioned in section [3] the function £ can not
be chosen arbitrary, in order to give rise to an superconformal action. Namely, it
has to be homogeneous of first degree, invariant under phase transformations of the
v! and obey the differential equations [21]

Lyrgr 4+ Lyrgr =0, (A.4a)
ﬁxle — ﬁvaz =0. (A.4b)
In order to establish the connection to N = 2 hypermultiplets, real Lagrangian
multipliers y! are introduced by adding —%y;@uﬂ #l to the action. After this, H*

can be removed from the action in favor of y/ by means of the field equations for
H#. This results in an action of the form [21]

S — / 040 [Ly1,0 (0,010 + 10,00
L' Dy + i 0% Lorepr — Lorox 0,55)) (A.5)
X (9yy + 0" Ly — LprpndTh)]
where £7'®” denotes the inverse of L1, ie. UCIIJLmeK = 01, This action
contains the same bosonic degrees of freedom as the N = 2 hypermultiplet action.
However it is not obvious from a component field point of view, how this action can
be expressed in terms of a Kéahler potential as described above. It can be shown, that

the right set of fields describing the bosonic components of the N = 2 hypermultiplets
are v! together with

1
wr = 5(511 + in) . (Aﬁ)

Rewriting the action (A.5)) in terms of these fields yields an action gives [21]

L = X150 (00" (0"07) + x50 (Opwr) (0"07)
+ Xt (00" (0"@) + Xuya, (Ouwr) (0F@s) , (A7)

with

L(v,v,x) — (wr + wl)acf , (A.8)

=

B

&

<

&
I
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where 2 has to be regarded as a function of (w,@), defined implicitly by (A.6]).

Thus, the bosonic action of n N = 2 tensor multiplets can be cast into the form
of the bosonic part of an N = 2 hypermultiplet action. The fact, that this duality
holds for the entire multiplet can be most easily shown in a superfield calculation
[31]. As in the calculations in the main text only the duality of the bosonic compo-
nents is needed, the proof of the duality of the entire multiplets will not be given
here, but can be found in [31].

B Complex geometry

In this appendix basic features of complex manifolds are reviewed, in order to provide
the basics for Calabi-Yau manifold compactifications. A general reference for this
topic is [25]. Complex manifolds are defined as even-dimensional manifolds with
an atlas of charts that map to open sets in C™ and possess holomorphic transition
functions.

On every complex manifold M one can define a tensor field J, the complex
structure of M, which is given on every chart (U;, z# = a* + iy*) by

0 0 0 0
(o) = (o) = o .

Obviously, J squares to minus one
2 .
Jp = —ldTpM , (B.2)

implying, that J, has eigenvalues +i. Thus, J can be used to divide T, M into two
disjoint vector subspaces

T,M =T,M* &T,M~, with T,M*={XeT,M|J,X =+iX}. (B.3)

On the other hand, J can be used to define complex manifolds: A 2n dimensional
differentiable manifold M together with an tensor field J satisfying , the almost
complex structure of M, is called an almost complex manifold. As the name
suggest, these manifolds are not in general complex, because there are not necessary
subsets of a coordinate basis spanning T;EM . An almost complex manifold can be
shown to be complex, if the almost complex structure is integrable, that is the Lie
bracket is closed under J:

[(X,Y] €Ty forall X,YeT andallpe M. (B.4)
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The next important objects on (almost) complex manifolds are their metrics. A
metric g of a complex manifold is said to be hermitian if it satisfies

gp(Jan JpY) = gp(X, Y) (B.5)

for all points p € M and any X,Y € T,M. The pair (M, g) is called a hermitian
manifold.

Definition: Kihler manifold

A complex manifold is called Kéhler, if its Kdhler form
Qp(X,Y) = gp(SpX,Y) (B.6)
is closed df)2 = 0 or equivalently the complex structure is covariantly constant
Vu,J=0. (B.7)

It can be shown, that this implies that the metric can locally be completely specified
in terms of a single function K

95 = 81'63K. (B.8)
The function K is called the Kéhler potential of the Kéhler metric g.

As already demonstrated, the complex structure can be used to split the tangent
bundle into TM*. This decomposition can be used to split the spaces of g-forms on
a complex manifold: Let M be a complex manifold of dimension 2m and V; € T),M
(i=1,...,q). A ¢g-form w is said to be of bidegree (r, s), with r + s = ¢, or simply
a (r,s)-form, if w(Vi,...,V,) = 0 unless r of the V; are in T,M ™" and s of them are
in T,M~. The components of a (r, s)-form are label as

0 0 0 0
wil,...,iT,Er+1,...,€r+s =w <6zi1 )y 9z ) Dzirt1 PRRT] 85“"'5) . (Bg)
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C Details on type ITA compactifications

In this appendix, some formulas are collected for the sake of completeness, that were
omitted in the main text as they are not required for the calculations in section [4]

and (Al

The matrices N and G” in (2.9) containing the informations about the couplings

of the field strength F* is given by [17]

.y (—élCABCbAbBbC ;/CABchbC)
eN = ,

—3KapcbPb®  —Kapcb®
= K (GRG0
6\ —4GYzbP 4G 5

with

3
G;Z‘Bzﬁ/yww*ws

ICABC:/wA/\wB/\B, IC:/J/\J/\J.
Y Y
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D Redefinition of the metric by G p — Gap + Xap

In this appendix it will be shown, that the redefinition of the metric of ten-dimensional
space-time by

Gap — Gap:= Gap + Xap, (D.1)

with X 45 being a tensor build of three Riemann tensors, results in the modification
of the action by [29]

/dxlo\/@R = /dxw\FG (R+ (3RGas — Rap) XAP + O(RX?)) . (D2)

To proof this relation, the Ricci scalar R related to Gap as well as the deter-
minant of the metric G4p has to be calculated. As the focus lies on terms of the
Lagrangian, that are of the order R* maximum, that is of order eight or lower in
derivatives of the metric G 4, all terms, that will lead to expressions of higher order
will be omitted in the following. All indices will be lowered and raised only with
G 4p and its inverse.

At first, the determinant of the redefined metric will be computed:

|G‘ = —det GAB = — det(GAB + XAB) = —det(GAB) . det(]l + GACXCB)
= —det(Gap) - exp(trace(log(1 + GA° X)) (D.3)
= —det(Gap) - (1 + X4 — 3XPXup+---).

Therefore, its square root is given by

VIGasl = \/|Gasl - (1 + 2G4 P X ap +- ). (D.4)

Second, the effect on the Ricci-tensor will be determined. To this end, it is
necessary to know the inverse metric G482

GAB = (G+Xx)1MB =GB _x4B | (D.5)
and the Christoffel symbols

M50 = 3G (0cGpp + 908G pe — IpGpe)
=T 30 — $X"P(0cGpp + 0pGpc — OpGpe) + -+ (D.6)
=T 50 — X150 + 5GP (9 Xop + Bowpp — OpXpo) + -+ -

With the help of these equations the Ricci scalar R can be calculated by contracting
the Riemann tensor of the redefined metric

R=GGPPRapep
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— (GAC _ XAC)(GBD _ XBDRABCD)
+1GA°GBP (0% X ap + 4 pXnc — 04c XD — 08pXac)
— Xpr(TP gl ap = TP 4cT 5p)
+1GA°GPP (05X pe + 0cXpp — 0 X)) 4p
+1GAYGPP (94X Ep + 0pXpa — O Xap)TF e
—1GAGPP (04X e + 00 XEA — O Xac)TE gp
—~1G4°GPP (0 XEp + OpXEep — 0pXpp) TP 40 + ...
= R— R X8 + GACGPP(VVeXap — VaVeXpp) +... . (D.7)

In the first step the definitions of the Riemann tensor and the expressions for
the Christoffel symbols and the inverse metric have been inserted. Terms
of higher order than R* were omitted in the calculation. The third term in the last
line is a total derivative and therefore does not contribute to the action. Merging

(D.7) and (D.4]) gives the form of the action after the redefinition of the metric

5= [daiGIR
- /dxlo\/@ ((1+ 36" Xap) - (R~ RapX*P) + O(RX?)) (D.8)
_ / d'VG (R + (1RGap — Rap) X2 + O(RX?)) .

This proofs that the action transforms under the redefinition of the metric (D.1)) as
claimed in (D.2)) and (5.30)).
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