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1 The Supersymmetry Algebra

Supersymmetry is an extension of the Poincare algegebra which relates states or fields

of different spin. By now it has ample applications in particle physics, quantum field

theories, string theory, mathematics, stastical mechanics, solid state physics and many
1

more.

1.1 Review of Poincare Algebra

Let z#, 1 =0,...,3, be the coordinates of Minkowski space M; 3 with metric
() = diag(—1,1,1,1) . (1.1)
Lorentz transformations are rotations in M; 3 and thus correspond to the group O(1,3)
zh — ot = Al . (1.2)
ds* = n,,da*dz” is invariant for
NuNGAG = 1ps or in matrix form ATpA =1 . (1.3)

This generalizes the familiar orthogonal transformation OTO = 1 of O(4).

A depends on 4 -4 — (4-4), =16 — 10 = 6 parameters. Ag := A;, i,j = 1,2, 3 satisfies
ALAR = 1 corresponding to the O(3) subgroup of three-dimensional space rotations. Ag
depends on 3 rotation angles. Ag := A? corresponds to Lorentz boosts depending on 3
boost velocities.

One expands A infinitesimally near the identity as
A=1—lwp LM+ ..., (1.4)

where wy,,) are the 6 parameters of the transformation. The L™ are the generators of
the Lie algebra SO(1,3) which satisfy

(L, LP7] = —i(n"PL" — gHP LY — "7 LM 4 gt L") . (1.5)

The Poincare group includes in addition the (constant) translations

ot — o = Aa¥ + at | (1.6)
generated by the momentum operator P, = —i0,. The algebra of the Lorentz generators
(1.5) is augmented by

[P, P =0, [Pus Ll = i By — nupB) - (1.7)

The Poincare group has two Casimir operators P, P* and W,W* where W, = €., L P°
is the Pauli-Lubanski vector. Both commute with P,, L,,. Thus the representations can
be characterized by the eigenvalues of P? and W?2, i.e., the mass m and the spin s.

!Textbooks of supersymmetry and supergravity include [1-5]. For review lectures see, for example,
[7-9] .



1.2 Representations of the Lorentz Group

First of all the Lorentz group has (n, m) tensor representations with tensor which trans-
form according to

TH g — T = AR N TR AL AT (1.8)

Vi-Um ViUm Pn —O01°"Om

In addition all SO(n,m) groups also have spinor representations.> They are constructed
from Dirac matrices 4 satisfying the Clifford/Dirac algebra®

{"y =2 (1.9)

From the «* one constructs the operators

St = —1 1" (1.10)

which satisfy (1.5) and thus are generators of (the spinor representations of) SO(1,3).

The -y matrices are unique (up to equivalence transformations) and a convenient choice
in the following is the chiral representation

0 o i - i
v = s 0 ) where ot =(-1,0"), o"=(-1,-0"). (1.11)

Here o are the Pauli matrices which satisfy o'/ = 6“1 + ic"*o*. Inserted into (1.10)
one finds

(o 0 _ _ _ _ _
SHY =g ( ) , where o ={(c¥c" —0o"5"), " =1(c"0" —3c"0").

0 ot
(1.12)
For the boosts and rotations one has explicitly

i_ifo" 0 ij ik (080
50:§<0 _a%’>’ Sii = Li (O _Jk). (1.13)

Since they are block-diagonal the smallest spinor representation is the two-dimensional
Weyl spinor. In the Van der Waerden notation one decomposes a four-component Dirac
spinor ¥p as

\IJD:<1>§§) . a,a=1,2, (1.14)

where y, and % are two independent two-component complex Weyl spinors. The dotted
and undotted spinors transform differently under the Lorentz group. Concretely one has

Mo = %ww(a‘w)gxﬁ = %(wol-ai + iwijeijkok)x ,

. . (1.15)
00 = Jwu (@) 30" =

(—woio” + iw;jeT* ™) |

N

where we used (1.12) and (1.13). These transformation laws are often referred to as (3,0)
and (0, %) representations respectively. Note that the two spinors transforms identically
under the rotation subgroup while they transform with opposite sign under the boosts.

2They are two-valued in SO(n, m) but single valued in the double cover denoted by Spin(n,m).
3Here we use the somewhat unconventional convention of [5].



The spinor indices are raised and lowered using the Lorentz-invariant e-tensor

¢a = Eaﬂd}ﬁ ’ wa = eaﬂwﬂ ) (116)

where
_ _ B _ s§B
€21 = —€12 =1, €11 = €3 =0, Ga’yE’Y = 5a .

For dotted indices the analogous equations hold. One can check that o* carries the indices

ol and gl = edﬁeaﬁog 5 Complex conjugation interchanges the two representations,

e, (Xa)* = Xa-

1.3 Supersymmetry Algebra

The supersymmetry algebra is an extension of the Poincare algebra. One augments the
Poincare algebra by a fermionic generator ), which transforms as a Weyl spinor of the
Lorentz group. Haag, Lopuszanski and Sohnius showed that the following algebra is the
only extension compatibly with the requirements of a QFT [5, 6]

{QOC? Q,B} - 20_56 P}La {QOM Qﬁ} =0= {Qd? Qﬁ} y
[Qo’up,u] =0= [Qaap,u]y (117)
[Qa, L] = 5 (0")2Cs [Qar ) = 5 (0")3Q5
The only further generalization which we will discuss later on is the possibility of having
N supersymmetric generators QX1 = 1,..., N — a situation which is referred to as

N-extended supersymmetry.
Eq. (1.17) implies
[P%,Qu) =0,  [W?Qa#0, (1.18)
and thus the representations of (1.17) are labelled by the mass m but not by the spin s.

From (1.17) one can further show that for any finite-dimensional representations the
number of bosonic states ng and fermionic states nr coincides and one has

Tr ((—)") =np—np=0. (1.19)
Here the fermion number operator (—)VF is defined by
(=) |B)=1B),  (=)"F|F)=—|F), (1.20)

where |B) (|F)) denotes any bosonic (fermionic) state. Due to (1.20) and the fermionic
nature of @, one has (—)"7Q, = —Qu(—)".

The cyclicity of the trace then implies
T (2) " {Qu, Qa}) = Tr (—Qu(=)¥ Qs+ Qu(—)*Qs) =0 (1.21)
Inserting (1.17) yields
Tr ((—)NFQO—ZB. PM> = 20", P,Te ((—)"F) =0, (1.22)
where in the first step the trace was evaluated for fixed P,. This proves (1.19).

As for the Poincare group, the representations (supermultiplets) of the algebra (1.17)
are distinct for different values of the Casimir operator P2.



2 Representations of the supersymmetry algebra and
the Chiral Multiplet

In this lecture we discuss the representations of the supersymmetry algebra (1.17).

2.1 Massive representations

For massive representations (P? = —m? m > 0) one goes to the rest frame P, =
(—m,0,0,0) such that the superalgebra (1.17) becomes
{Qaa Qﬁ} = Zm(saﬁ' 5 {Qav Qﬁ} =0= {Qd, Qﬂ} . (21)

Then one defines the operators

L L o,
Ao 1= \/%Qa , (aq)" = \/%Qa (2.2)
such that (2.1) becomes
{am (aﬁ)T} = 5a[7’ {am aﬁ} =0= {CLL» a;} (2-3>

This is the algebra of two fermionic harmonic oscillators and thus its representations
can be constructed as in quantum mechanics. One defines a “ground state” (Clifford
vacuum) |0) by the condition

a,|0) =0, (2.4)

and constructs the multiplet by acting with a,

0}, (aa)'0) . (a1)'(a2)"]0) - (2:5)

By acting with the spin operator L? one determines that the first and the last state have
spin s = 0 while the two other states have s = 1/2. We therefore have ngp = ngp = 2 and
this representation is called the chiral multiplet.

Other multiplets can be constructed in a similar way if one also assigns spin to the
Clifford vacuum. In this case one finds the multiplet

[s) . (aa)'ls) (a)'(a2)']s) (2.6)

corresponding to the spins (s, s + %, s) and the multiplicities 2s + 1,2(s & %) +1,25+1.
Thus altogether one has ng = nrp = 4s + 2. The different multiplets are summarized in
Table 2.1.

Since P? commutes with () it also is a Casimir operator of the supersymmetry algebra.
Therefore all members of a supermultiplet have the same mass and in particular bosonic
states are mass degenerate with fermionic states

mp = mp V states . (2.7)

Hence, supersymmetry has to be broken, if realized in nature.



Spin | [0) By 1) B
0 2 1
1
3 1 2 1
1 1 2 1
3
5 1 2
2 1
chiral vector spin % spin 2
multiplet | multiplet | multiplet | multiplet

Table 2.1: Massive N = 1 multiplets.

2.2 Massless representations

For massless representations one goes again to a light-like frame, P, = (—£,0,0, E).
Inserted into (1.17) one obtains

Qn@) =280 1y =28 (3 ) {Qu@) =0=(QuQ) . (29

We see that the algebra is trivial for ()5. Inserting
1

1 _
— T
-0, at=—20, 2.9
o7 @1 5 Q1 (2.9)
into (11.11) one arrives at
{a,a’} =1, {a,a} =0={a',a'}, (2.10)

which is the algebra of a single fermionic oscillator. In the massless case the representa-
tions are labeled by the helicity A and a multiplet has only the two states

N, dly, (2.11)

corresponding to the helicities A\, A + % However, due to the CPT theorem of quantum
field theories a massless particle with helicity corresponds to two states with helicities
+\. Therefore in quantum field theoretic applications one has to double the multiplets
(2.11) appropriately. The relevant massless multiplets are summarized in Table 2.2.

2.3 The chiral multiplet in QFT's

The chiral multiplet has in the massive and massless case two states with spin/helicity
zero and two states with spin/helicity 1/2. In a QFT this can be realized as a complex
scalar ¢(x) and a Weyl fermion x,(z). However, with y being complex it has initially
(off-shell) four degrees of freedom (d.o.f.) and only after using the equation of motion
(the Weyl equation) it carries two d.o.f. on-shell.

The next step is to find the supersymmetry transformation of the chiral multiplet. To
this end we define

0 1= £2Qa + £ Q% (2.12)

8



0 D D[ -0 -2

-2 1

—3 1 1

-1 1 1

—3 1 1

0 1 1

+3 1 1

+1 1 1

+3 1 1

+2 1
chiral vector gravitino graviton
multiplet | multiplet | multiplet | multiplet

Table 2.2: The massless multiplets for N = 1.

where the parameters of the transformation &, are constant, complex anti-commuting
Grassmann parameters obeying

50456 = _éﬂga . (213)
The supersymmetry algebra (1.17) implies

[0, 0] = —2i(no"€ — €0™7), (2.14)

One demands that (2.14) holds on all fields of a supermultiplet. For the chiral multiplet
this is satisfied for

0 = V2%%a,  Oexa =iV20156%0,0 (2.15)

if the equation of motion 60, x = 0 holds.

This set of transformation can be promoted to an off-shell realization by introducing
an auxiliary complex scalar field F'(x) and the transformations

0ep = V26 x
0ex = V26F +iV20"€0,¢ (2.16)
(5£F = i\@f&”@ux y

which satisfy (2.14) without using any equation of motion. Note that F' = 0 demands
"0, x = 0 and the transformation reduce to the previous case. Thus the off-shell chiral
multiplet reads

(¢(2), Xa(), F(2)), (2.17)
and has ng = np = 4.

The supersymmetric Lagrangian for the kinetic terms of the chiral multiplet is found
to be B B
Lyin = — #¢a“¢ — i)‘ga“(?ux + FF . (218)



One can check 0¢Lyi, = 0,7" such that the action is invariant for appropriate boundary
conditions of the fields. The equations of motion derived from Ly;, read

O¢=0, &"d,x=0, F=0. (2.19)

We see that the equations of motion is purely algebraic which is the characteristic feature
of auxiliary fields in supersymmetric theories.

One can add mass terms as
L= —im(xx+ XX+ 20F + 20F) . (2.20)
Lyin + L., now have the equations of motion
O¢ +mEF =0, "9, x +mx =0, F+mp=0. (2.21)

Again the equation of motion for F' is algebraic and thus can be inserted into the first
equation yielding the familiar Klein-Gordon equation ((J — m?)¢ = 0.

Finally, the most general renormalizable Lagrangian for n. chiral multiplets reads
L=—0,0'0"p" —ix'a"0, X" + F'F'
S - (2.22)
— sWiix'x? — sWiX'X? + F'Wi + F'W,

where4,j =1,...,n.. W; and W;; in (2.22) are the first and second derivatives of the su-
perpotential W (¢), which is a holomorphic function of the fields ¢’, and in renormalizable
theories constrained to be at most cubic

W () = dmi;d' ¢ + 2Vijud' ¢’ " |

ow ; j
W, = % =my¢ + Yipd’ ¢, (2.23)
O*W
Wi = 5 opg = ™ T 2Yurd"

m;; is the mass matrix while Yj;;. are the Yukawa couplings.* Eliminating the auxiliary

fields F* by
oL

S _FiWizo, 2.24
T + (2.24)
and inserted back into (2.22) yields

L=—0,0'0"0" —ix'a"0ux' — sWix'x’ — sWiyX'X’ = V(¢,9) (2.25)

where V' is the scalar potential given by

V(. 0) = FiF, = W,W;. (2.26)

40f course both couplings are constrained by any symmetry (e.g. gauge symmetry) the theory under
consideration might have.

10



3 Superspace and the Chiral Multiplet

3.1 Basic set-up

The coordinates of superspace are (z#,6%,0%) where 0,0 are Grassmann coordinates

which satisfy
0°0° = —0°0" = —LePg? . 9°0P9 =0 . (3.1)

Superfields are functions on superspace and due to (3.1) have an expansion

f(2,0,0) =f(z) + 0%Xa(z) + 05%(2) + *m(x) + O*n(z) + 0“c" . 0%A,

F 02050 () + 020", (z) + 020%d(z) . 42)
We see that the following ordinary complex fields are combined into a superfield
s=0: f(x),m(x),n(x),d), ng =38
s=3: Xal(2),0%(),A*(2),%a(x) ,  np=16 (3-3)
s=1: A,, ng =38

Note that due to (3.1) sums and products of superfields are again superfields
fl(x797§)+f2(x787§>:f3(x7679_> ) f1<l’,0,9_)f2(1’7(9,8_) :f4(x7878_) : (34)

In this formalism supersymmetry transformations are translations in superspace. Recall
that a finite translation in Minkowski space is generated by

Gla) :== 0" )| (3.5)
The generalization in superspace is defined to be

Gla,my) = &' Frtn@aQ) (3.6)

The product of two transformations can be computed with help of the Hausdorff-formula
eAeB — gA+TB+3[AB+...

G(b,€,€) Gla,n. ) = G(a+b—i(§oq —no), & + 1,6 +17) (3.7)
By acting infinitesimally on a superfield one determines @, Q as differential operators
G(0,€,6)f(2,0,0) = (L +1i6Q +£Q)f + O(&%) = f(a —i(§o0 — 00€),0 +&,0 +€)
= [(2,0,0) —i(60"0 — 00"E)Df + +E"0af + E:0° + O(E7)

(3.8)
where 5
aa = % = —Gaﬁaﬁ . (39)
From (3.8) one finds a representation for Q, Q in terms of differential operators
Qo = 0o —ic".0%0, Qo = —04 +10°0%,0, . (3.10)

11



and checks

{Qom Qﬁ} = 2i05/3‘8u 5 {Qa; QB} =0= {an Qﬁ} . (311)

Note that for left multiplication that we used above the sign of P, changed. For right
multiplication one finds the representation

Do = 0o +i04,0°0, ,  Ds = —0s —i0°0%,0, , (3.12)
which satisfy
{Das, Dy} = —2i0% 0, ,  {Da;Dgt =0= {Ds, Dy} . (3.13)

Whichever representation one uses, the respective “other” differential operators represent
covariant derivatives on superspace as they satisfy

{Da,Qp} = {Da,Qs} = {Da, Qs} = {Ds, @3} = 0. (3.14)
Supersymmetry transformations can be systematically computed by
Sef(,0,0) =0¢f () + 0%0exa(T) + 0:0ep%(x) + ... + 0%0%5:d ()
=(6Q +£Q) f(x,0,0)

In particular one finds that the highest component d(z) of any superfield always trans-
forms as a total divergence.

(3.15)

3.2 Chiral Multiplet

We already observed that a general superfield f(z,6,0) has ng = ny = 16 which is too
large for the multiplets we have constructed in the previous section. One can reduce the
number of degrees of freedom by imposing algebraic supersymmetric constraints. For a
chiral multiplet this constraint reads

Da® =0= D, . (3.16)

They are supersymmetric since D anticommutes with (). Furthermore, the solution of
this constraint in terms of the components of f(z,0,0) are the algebraic equations

p=v=n=0, A,=i0.f, IAa=-—30"0h,, d=3i0f. (3.17)
Or if one renames f = ¢, x — vV2x,m = F

®(x,0,0) = ¢(x) + V20x(x) + 0*°F(x) + 05"00,¢(x)

i 2 g 4 1p272 (3.18)
— 507 0ux(x)o"0 + 16°0°0o(x) -
The field redefinition y* := x* + ifo*0 removes the § dependence and yields
®(y,0) = d(y) + V20x(y) + 0°F(y) . (3.19)

12



Now one can work out the supersymmetry transformation law

06 = (£Q +EQ)®|,_5_, = .- = V2%x
0x = &5 (EQ+EQ)®|, = ... = V2UF +iV20"E0,0 , (3.20)
F=(Q+£Q)®|,, = ... =ivV2a"d,x

which indeed coincides with (2.16).

The supersymmetric action is constructed by choosing appropriate highest components
of superfields or rather products of superfields. Note that due to (3.16)

- - - oW
Dy®" =nd®" 'Dy® =0, D W(P) = 5 Da® =0 . (3.21)

Thus the 6% component of W transforms as a total divergence. One finds

W (¢ + 20y + QQF)‘H — OW|p_go F+ 1 0°W|, . xx (3.22)
or for n, chiral multiplets ®',i =1,...,n,

where W;(¢), W;;(¢) are defined in (2.23).
The kinetic terms arise from ®® which is not chiral and thus one has to take the 6262
component - ~ -
OD| ., = —0,00"¢ + FF —ixgx . (3.24)
Thus altogether we have

L= 0P|, + WD), + W(P)|, - (3.25)

oo

3.3 Berezin integration

There is an alternative way to display this result. One defines an integral for Grassmann

variables by
/d&zO, /9d9:1, (3.26)

such that for f(0) = f(A+ 0x) one finds

/f(@)de _— /f(e)ede A (3.27)
This can be generalized to #%, 6% by defining the measures
0= —1d0°d0Pe,s , AP0 = —1d0,d0;e,  d0 = d*0d%F . (3.28)

with

/ 62420 = / 02420 / 0202d20d%0 (3.29)

In this notation the Lagrangian (3.25) reads

E:/cbi)d‘l%r/ W(@i)d29+/W(cI>i)d20. (3.30)

13



3.4 R-symmetry

The supersymmetry algebra (1.17) has an U(1) auter automorphism (called R-symmetry)
which transforms () as

Q—Q =eQ, Q— Q =e“Q , acR. (3.31)

This implies that the members of supermultiplet transform differently and one has the
R~charges for the chiral multiplet

R(@®)=R(¢')=q¢., RKX)=¢-1, RF)=¢-2, RO =1. (3.32)
The kinetic terms are automatically invariant but the interactions might break this sym-

metry. R(0) = 1 implies R(d*0) = —2, R(d*0) = 0 and thus one needs R(W) = 2 which
indeed constrains the interactions.

14



4 Super Yang-Mills Theories

In Table 2.2 we saw that the massless vector multiplet contains the states |\ = +1) and
A = =1). In a QFT they correspond to a gauge boson A,(z) and a Weyl fermion A, (z)
termed gaugino. Off-shell the gauge boson and the gaugino have ng = ngp = 4.

A massless A, has a gauge invariance which removes one degree of freedom
Ay(x) — Al (z) = Au(x) + 0\ (z) . (4.1)

Therefore we expect a real scalar auxiliary field D(x) to complete the off-shell massless
vector multiplet. The gauge invariant field strengh is defined by

F = 0,A, —0,A, . (4.2)

4.1 The Vector Multiplet in Superspace

In the previous lecture we discussed the general superfield f(z,6,6) in (3.2) which has
ng = nr = 16. The vector multiplet V satisfies the constraint V = V1 has ng = np =8

and a f-expansion
Vi 0.0) =f(0) + 0°xale) = Bax*(@) + 4°m00) = 4Fm) ~ 0oL,
o ~ ~ 4.3
+ 1020, 2% () — 1020% N\ () + %929261(@ ,

where the convention compared to (3.2) was slightly changed for later convenience. The
bosonic fields of V' are the real f,d, A, and the complex m while the fermions are x, A.

Since the massless vector has a gauge invariance we need to implement this at the level
of superfields. We will see that the right transformation (for the Abelian case) is

V-V =V+A+A, (4.4)

where A is a chiral multiplet (i.e. DgA =0 = D,A) . Let us denote the component of A
by (A,%, F) and one computes

VAA+A=f+(A+A)+00ix +V2p) — 0(ix — V20)
+ 10%(im + 2F) 4+ 30*(—m + 2F) — 0°0% ,0%(A, — i0,(A — A)

+i620(\ + 5560, — i0°0(\ — 50191 + 30707 (d + JO(A + A)) -
(4.5)
This shows that f, x,m and the longitudinal component of A, are np = np = 4 gauge
degrees of freedom. Finally one performs the field redefinition

)\—>)\—|—§'a“8u)_<, d—>D—|—%Df, (4.6)
such that the gauge transformation of the physical components (A4,, A, D) become

§A, = —i0, (A —A) SA=0, 6D =0. (4.7)
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With the help of the gauge invariance (4.5) one can gauge fix to the (non-supersymmetric)
Wess-Zumino (WZ) gauge and set f = x = m = 0. Then one has

V=~ 070" G A, + 0PN — 00N+ 10°0°D
VZ=—100°4,A" (4.8)
V3 =0.
The gauge invariant field strength is defined as
Wo:=-1D’D,V |,  Ws:=-1D’DsV , (4.9)
and one checks that under the gauge transformation (4.4)
W, =W, —1iD’D,(A+A)—1D*Dy(A+A) =W, (4.10)
due to the chiral property of A. One also has
DW= 0= DgW,, (4.11)
and an expansion

Wy = —ida + (62D — £(0"6%)0F,)05 + 070" O, . (4.12)

The supersymmetry transformations can be found from the generic transformation
rules given in section 3 to be

OeA, = —iAgHE +ila" N,
Seh = iED + 0" EF,, (4.13)

6¢D = —Eat O\ — (9,\) 1€
The Lagrangian in terms of superfields is

L= B W S = 4 [ eoware st [aai,

(4.14)
= —1F, F" —iAgA+1D% .

T 4

It is possible to add a supersymmetric and gauge invariant Fayet-Iliopoulos (FI) term
Lrr = E&pr / d*0V = &prD . (4.15)

Due to [d*@(A+A) =0 it is gauge invariant. The equation of motion for D in this case
becomes D = —&py.
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4.2 Non-Abelian vector multiplets

In non-Abelian gauge theories A, carries the adjoint representation of the gauge group G,

Le., Ay, = AT where T* are the generators of G obeying

[T, T% = ifTe, To(TT°) =ké®, k>0, abec=1,...,n,=dim(ad(Q)) .

(4.16)

The generators of G commute with the supersymmetry generators, i.e. [T% Q] = 0, so
that all members of any supermultiplet carry the same representation of G'. Therefore

the entire superfield V' carries the adjoint representation, i.e. V = VT,
The non-Abelian field strength is defined by

Fu = 0,4, — 0,A, + 3[A, A] = FT",
Fi, = 0,A, —0,A7, — %f“bCAZA,‘j .
The (unitary) gauge transformation read
A, — A =UAU-U9U ,
Fu — F,,=UF,U,
for UTU = 1.
The superspace generalization is
W= —1D* "V D,e" = WiT* ,
with a gauge transformation

L s v
oV s oV = oAV ik

, W, — W = e W, |

where A = A%T°.

The non-Abelian Lagrangian then reads

T T - - =
L=— [ POTTW W+ — [ &0 Tr WW,
16k ' " Tox / '
a va [ a Trpva i ya a aMa
= — Lo, Pt — SO e fpeve _ ixapre 4 L pepe
where )
Dﬂ)\a — aﬂ/\a o fabcA/ll)\c ’ Frra . — %E,lwpoF;U ’

and we introduced the complex coupling constant

e 2 - 0
T:=4d +Zm

The equation of motion for D reads

D*=0.

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

For a non-Abelian gauge group a FI-term cannot be added as it is not gauge invariant.
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5 Super YM Theories coupled to matter and the
MSSM

5.1 Coupling to matter

Chiral multiplets can carry a reprensentation r of the gauge group G. In this case one
has n, chiral multiplets ® = (¢', x*, F*),i = 1,...,n, = dim(r) transforming as

& - P = NP ) d — & = Pt ) A=AT, (5.1)

where 7% are the generators of GG in representation r. Gauge invariance then requires
changing the kinetic term of the chiral multiplets as follows

PP — PP | (5.2)

which indeed is consistent with (4.20). The gauge invariant non-Abelian Lagrangian then
reads

7

16k

T

L =16

d*0 Tr W, W< + / d%0 Tr W,

5.3
+/d49 cI>eV<I>+/d29 W(®) +/d29W(<i>) : i
After the rescaling V' — 2¢V it reads in components
L=—LF5 P — i)\ PA* + §DD® — D,¢' D*¢' —ix' D' + F'F"
+iv2g (§'T5X N — S TEAY) + gD T (5:4)
— sWixX'X? = sWiX'xX> + F'Wi + F'W,

where W; and W;; are defined in (2.23) and the covariant derivatives are defined in (4.22)
and as

D¢’ = 9,0 + ig AT ;¢ DX = 0, +igdl T ;X . (5.5)
L is invariant under the combined supersymmetry transformations
0e' = V26X,

0ex' = V2EF' +iV20"ED,¢"

0 F' = iv2E0" DX’

Sevpy = —iX"GHE 4 iEoM A"

SN = QD" + oM EFY,

6¢D* = —£0" D, A" — (DA 67€ .
The additional terms compared to (2.16) and (2.15) are enforced by gauge invariance.

The auxiliary fields %, D® can be eliminated by their algebraic equations of motions

oL - , oL A
= a YA — _— = i b — . 57
= DU g T =0, S = F W =0 (5.7)
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Inserted into the Lagrangian (5.4) then yields

LZ_%LF/Z/FW&_ LetPr FO FY — G\ PN — D, DFG' — i DY

pv™ po

o | o _ (5.8)
+iV2g (FTEN A — ¢ TENY) — sWix' X — $WiuX'x — V(9. 9)
where V' is the scalar potential given by
V(¢ 0) = WilW; + 39° (#'T55¢7) (¢"Tiyo') = FiF; + 3D D" (5.9)

Before we continue let us make the following remarks:

e V/ is positive semi-definite V' > 0.

e V is not the most general scalar potential, i.e. there is no independent \(¢¢)?
coupling. Instead the quartic scalar couplings arise from Y? in the F-term or ¢? in
the D-term. In the SSM this properties leads to a light Higgs boson.

e V depends only on g, m;;, Y;;; with no additional new parameters being introduced.

e There is a “new” Yukawa coupling proportional to gdyA.

5.2 The minimal supersymmetric Standard Model (MSSM)

The basic idea of the supersymmetric Standard Model (MSSM) is to promote each field
of the Standard Model (SM) to an appropriate supermultiplet. In particular the quarks,
leptons and Higgs reside in chiral multiplets while the gauge bosons are members of vector
multiplets. Since the gauge generators commute with the Q)’s, the supermultiplets have

to carry the same representations as their SM-components. The gauge group of the SM
is G = SU(3) x SU(2) x U(1)y which is spontaneously broken to G = SU(3) x U(1)em

5.2.1 The Spectrum

The spectrum of the MSSM is summarized in Table 5.1.

Before we turn to the Lagrangian let us note that two Higgs doublets (i.e. an extended
Higgs sector) are necessary. This is imposed on the theory by supersymmetry as gauge
invariance of the superpotential otherwise cannot be achieved. Alternatively, the absence
of a gauge anomaly leads to the same conclusion as the Higgs multiplets contain two new
chiral fermions which have to be in vector-like representations of the gauge group.

Let us also summarize the new fields in the spectrum. For s = 0 these are the squarks
q,u, d and the sleptons [, ¢, 7. For s = 1 /2 these are the Higgsinos hu, hg and the gaugmos
G, W, B. They will often be regrouped into the four neutralinos h h A (where 7°, Z
are called photino and Zino) and the four charginos hi, hy, W*.
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SM fields | SU(3)xSU(2)xU(1)y | U(1)em | supermultiplet F B
ul 2 Uf -
auts | = ( 4 ) 32 (&) a=() = @
ug? (3717_§) _§ UII% uf% ﬂ{?.
d{% (3717_%) _% D{% d{% d%%

I I
1_ [ VL 0 r_ | N I il
leptons lL—( o ) (1,2,—3) ( _1) LL—( £l ) Iy I
el (1,1,1) 1 El ek ek
vh (1,1,0) 0 N} vh vh
. hi 1 Hf h h
| ()| e | () ()| (5) (4
0 Y Ay hg
eb [ (5) e (i) () G
( 2) —1 I d hd hd
gauge G (8,1,0) 0 G G G
bosons 1474 (1,3,0) (0,£1) W 1474 1474
B (1,1,0) 0 B B B

Table 5.1: Particle content of the supersymmetric Standard Model. The column below
‘F’ (‘B’) denotes the fermionic (bosonic) content of the model. The index I = 1,2,3
labels the three families of the SM.

5.2.2 The Lagrangian

The Lagrangian for the supersymmetric Standard Model has to be of the form (5.8) with
gauge group G = SU(3) x SU(2) x U(1)y. This specifies the covariant derivatives in
(5.5) appropriately. The superpotential (2.23) has to be chosen such that the Lagrangian
of the non-supersymmetric Standard Model is contained. This is achieved by

3
W = Z (Vo) s H QLUR, + (Ya) 1sHaQy D} + (Y1) 1 HaL L Ef + myNENR) + w HoHy |
I,J=1

(5.10)
where (Y,)rs, (Ya)1s, (Y7)1s are the measured Yukawa couplings of the SM, u a Higgs-
mass parameter and my; a possible mixing matrix of the right handed neutrinos. Now
we see more explicitly that a h,h, Higgs mass term as in the SM is incompatible with
the holomorphicity of W. This forces the presence of a second Higgs doublet hy in the
complex conjugate representation of SU(2) x U(1).

From Table 5.1 we see that in terms of quantum numbers there is no distinction be-
tween the chiral superfields L; and H,. This in turn leads to additional gauge invariant
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couplings which are possible in W. These are
AW:CLHULL+bLLQLDR+CDRDRUR+dLLLLER, (511)

which, however, violate baryon or lepton number conservation and thus easily lead to
unacceptable physical consequences (for example fast proton decay). Such couplings can
be excluded by imposing a discrete R-parity. Particles of the Standard Model (including
both Higgs doublets) are assigned R-charge 1 while all new supersymmetric particles are
assigned R-charge —1. This eliminates all terms in (5.11) while the superpotential given
in (5.10) is left invariant. An immediate consequence of this additional symmetry is the
fact that the lightest supersymmetric particle (often denoted by the ‘LSP’) is necessarily
stable and thus a candidate for WIMP dark matter. However, one should stress that
R-parity is not a phenomenological necessity. Viable models with broken R-parity can
be constructed and they also can have some phenomenological appeal.

Another extension of the SSM (often called the NMSSM) adds an additional singlet
chiral multiplet S with couplings

Wxamssy = %MSSQ + %YSSS +AsSH, H; +Wgsar . (512)
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6 Spontaneous Supersymmetry Breaking

6.1 Order parameters of supersymmetry breaking

Recall that in a theory with a spontaneously broken symmetry the action of the theory
is invariant under the symmetry transformation but its ground state or background is
not. Here we consider backgrounds which preserve four-dimensional Lorentz invariance
and minimize the potential V. In supersymmetric theories we have generically

(6fermion) ~ (boson) , (0boson) ~ (fermion) =0 , (6.1)

where the second transformation always vanishes in a Lorentz-invariant background.
Therefore we see that the Lorentz-scalar part of (dfermion) is the order parameter of
supersymmetry breaking. For super Yang-Mills theories we have

(Ox) = V2 (F) . (0) = i(D") (6.2)

where all additional terms vanish in a Lorentz-invariant background. We see that we can
have spontaneous supersymmetry breaking if and only if

(F'Y #0 (F—term breaking) , and/or (D")# 0 (D—term breaking), (6.3)

i.e. (F*) and (D?®) are the order parameters of supersymmetry breaking in that non-
vanishing F- or D-terms signal spontaneous supersymmetry breaking.

Let us determine the minimum of the scalar potential (2.26)
V=FF+1D'D*>0. (6.4)
Its first derivative reads
0,V = F0;F, + (0;D")D* = W;Wy; + (0;D*)D* = 0 . (6.5)
We immediately see that the minimum of V' is at
(F) = (F) = (D) = (V) =0 (6.6)
Conversely, (V) = 0 implies that supersymmetry is unbroken while (V') # 0 implies that
supersymmetry is broken.
6.2 Models for spontaneous supersymmetry breaking

Let us now discuss models for spontaneous supersymmetry breaking. The idea is to add
fields to the spectrum with couplings such that supersymmetry is spontaneously broken.
Concretely one needs to forbid solutions with (F;) = (D*) = 0 which is surprisingly
difficult to arrange. Let us start with F-term breaking.

22



6.2.1 F-term breaking

In the O’Raifeartaigh model [?] one introduces three chiral superfields ®,, @1, 5 and the
following superpotential:

W = )\Qbo + m¢1¢2 -+ Ygﬁogﬁ% s m2 > 2\Y . (67)

The algebraic equations for the F-terms are:

ow
Fy = 960 = A +Yei,
ow
Fy = o5 =mp2 +2Y ¢o¢1, (6.8)
99
ow
F2 = 87& = mgbl .

(Fp) = 0 = (F%) has no solution and thus supersymmetry must be broken.

The scalar potential reads
V= A+ Y[ + Imes +2Y o + Imasi[* (6.9)

It is minimized by (¢1) = 0 = (¢2), (¢o) arbitrary, such that (F;) = 0 = (F3) and
(Fo) # 0. The mass spectrum of the 6 real bosons and the 3 Weyl fermions is found to

be
bosons : (0,0, m? m? m?* £2Y\), (6.10)
6.10
fermions : (0, m, m) .

We observe a mass splitting of the boson-fermion mass degeneracy but a sum rule still
holds

StrM? =) "(=)*(2s + )T M7 = Tr M7 — 2Tr M7, = 4m® — 4m® =0 . (6.11)

S

(In section 6.3.2 we will derive the general form of the sum rule and show its validity.)

Phenomenologically the sum rule (6.11) is problematic for the supersymmetric Stan-
dard Model. Since none of the supersymmetric partners has been observed yet, they must
be heavier than the particles of the Standard Model. Close inspection of (6.11) shows
that this cannot be arranged within a spontaneously broken supersymmetric Standard
Model. Nevertheless let us continue and discuss D-term breaking.

6.2.2 D-term breaking

We already discussed the possibility of adding a Fayet-Iliopoulos term to the supersym-
metry Lagrangian for any U(1) factor in the gauge group. Let us therefore consider a
U(1) vector multiplet and one charged chiral multiplet with vanishing W = 0 but the
additional FI coupling (4.15). In this case the D-term and the potential read

D=—(gop+&r), V=21D"=1(go0+&m)" . (6.12)
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We need to distinguish the cases gép; < 0 and g€p; > 0. For g€p; < 0 the minimum is
at (p¢) = —Epr/g with (D) = 0 = (V). Thus the U(1) gauge symmetry is spontaneously
broken but supersymmetry is intact. For g§z; > 0 the condition (D) = 0 has no solution.
The minimum is at (¢) = 0 with (V) = &%,/2, (D) = —&p;. In this case the U(1) is
unbroken but supersymmetry is broken. Thus the vector multiplet remains massless, the
chiral fermion remains massless as W = 0 and only ¢ receives a mass

m? = (0,0;V) = =219 - (6.13)
In this case we have the sum rule

StrM? = mj = —2gD . (6.14)

6.3 General considerations
6.3.1 Fermion mass matrix and Goldstone’s theorem for supersymmetry
Let us start by computing the generic fermion mass matrix including the case where the

scalar fields ¢ have a non-trivial background value (¢°) # 0. It arises from the following
terms of the Lagrangian (5.8)

Lo, = —IWiux'X + W'y + iv2g (&T;}Xj)\a - /_\GT{; ) . (6.15)

These terms can be arranged in matrix form

) J
‘CM1/2 = _% (X27 )\a) M1/2 (§b> + h.C., (616)
for 5
Wi iv20;D*
My = < e l ) : (6.17)
Z\/iajD 0 min(V)
where 0;D* = —ggﬁjﬂ%. Similarly
_ W —’iﬁé-D“
M,y = " i
1/2 (—i\@@ij 0 ) ) (6.18)

Note that for ((b’) = 0 only Wj; = my; survives in M, /5. For later use we compute

Tr M1/2M1/2 = (VVijoi + 48¢Da5z‘Da) ‘min(V) . (6.19)

Goldstone’s theorem implies that any spontaneously broken global symmetry leads to
a massless state in the spectrum. This also holds for supersymmetry where the broken
generator is a Weyl spinor and thus there has to be an massless Goldstone fermion.
Indeed for arbitrary background values, M, always has a zero eigenvalue corresponding
to the Goldstone fermion. This can be seen by identifying the corresponding null vector.

Consider 5 B ( )
; Wi W + (0, D) D* 0
M L) = KA - = , 6.20
() = (Maao, )= (0) (620
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where in the first equation we used (6.18). In the second equation the upper component
vanishes due to (6.5) while the lower component vanishes due to gauge invariance of W.
Gauge invariance indeed implies

OW = Wid¢! = iaW; (T*); ¢/ = ia"W;0;D" = 0. (6.21)

This proves Goldstones theorem for supersymmetry. Phenomenologically, however, the
presence of a massless Goldstone fermion poses a problem for the SSM as no massless
fermion has been observed yet. This already hints at the super Higgs effect where the
Goldstone fermion is “eaten” by the gauge field of local supersymmetry, the gravitino.

6.3.2 Mass sum rules and the supertrace

In order to determine the scalar mass matrix we need to consider the second derivatives
of V. From (2.26) we find

ajV == VVZJVT/Z + (8jDa)D“,
8Jc9kV = VVijWz + (c‘)jD“)((‘?kD“) (6.22)
0,0,V = W;jWiy, + (8;0,D*) D" + (9; D) (0, D*)

where _ . —
D" = —g¢'Tig? — Epr6P ™) 0;D* = —g¢'T};
_ A _ (6.23)
&-D“ = —gT;-(; J s (‘9j8kD“ = —gT]g‘j .
The scalar masses can also be written in matrix form
1 (70 4 2 [P
V=1 (%) (624
for B o
0,0,V 0,0,V
2 iVk iUl
My = <ajakv ajalv) ) (6.25)

Note that for (¢*) = 0, Mg is block diagonal with m?; appearing in the diagonal. The
trace is

Tr Mg = 2 (Wi;Ws + (0:0,D*)D* + (8;D*)(0;D"))| .. - (6.26)
Finally, the mass matrix of the gauge bosons arises from
Ly, = —Du¢'D*¢' = —IMp AL A + (6.27)
with B B
MIQb = 292¢]7}Ilegl¢l = 2(8kD“)(8ka) ) (6-28)
where we used
D¢’ = 0,¢" +igAsT ¢ Dyu¢' = 0,¢" —igAST ) . (6.29)

Note that for {(¢’) = 0 all gauge bosons are massless.
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One defines the supertrace of the mass matrices by

StrM? =) (—=)*(2s + 1)Tr M . (6.30)

s=0

For the case at hand we find from (6.19), (6.26), (6.28)

StrM? =Tr M§ — 2Tr M, )5 + 3Tr M?
=2(Wy;Wj; + (8,0,D*)D* + (8;D")(0;D"))
— 2(Wy;Wj; + 40;D°0; D) + 6(0;D*)(0; D*)
=2(0;0;D*)D* = —2¢ (Tr T*) D*.

(6.31)

For a non-Abelian gauge group the generators are traceless while for an Abelian (U(1))
gauge group the trace is proportional to the sum of the U(1) charges q. Thus we have
altogether

0 for non-Abelian G

—29 (> q) DYM) for G = U(1) (6.32)

StrM? = —2g (Tr T*) D* = {

However, for ) ¢ # 0 the theory has a gravitational anomaly and thus cannot be coupled
to gravity.
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7 Non-renormalizable couplings

In this lecture we consider supersymmetric theories as effective theories below some (cut-
off) scale M. Such effective theories are non-renormalizable and therefore we have to
generalize the considerations so far. In particular the following three generalizations will
be important:

1. The superpotential W (¢) will be an arbitrary holomorphic function and no longer
contraint to be cubic.

2. The gauge couplings will be field dependent 7 — 7(¢).

3. The kinetic term of the scalar fields will have the form of an interacting o-model.

Let us start with the latter.

7.1 Non-linear o-models

The renormalizable kinetic term for n scalar fields given by
L=—0;0,0'0"¢, i,j=1,...,n, (7.1)

can be generalized as ‘ '
L=-Gi(¢) 0,9'0"¢ (7.2)
where G;;(¢) is a symmetric, positive and invertible matrix depending on ¢*. A theory

with the Lagrangian (7.2) is called non-linear o-model which, due to the ¢ dependence
of G, is non-renormalizable.

The scalar fields ¢ can be interpreted as coordinate of an n-dimensional Riemannian
target space M and Gj; as its metric. Indeed an arbitrary field redefinition ¢* — ¢*/(¢?)
implies ‘

9,6 — 0,6 = 22 5. 7.3
u¢_),u¢_a¢ju¢]~ ()
L is invariant if G;; transforms inversely, i.e.,
Ik Ot G
aéi/ aqul k}l )
which is precisely the transformation of the metric on M. The scalar fields can thus be
viewed as the map

Gy — G = (7.4)

¢'(x): My — M, (7.5)
where M, is the Minkowski space and M a Riemannian target space.
Let us also recall that the metric has an expansion in Riemann normal coordinates.
For ¢ = ¢}, + §¢' one has
Gij = 0ij + M7 Riju(¢0)0¢"0¢" + O((69)°) (7.6)

where we have chosen G;;(¢o) = 0;; and R;jj; is the curvature tensor on M. We also in-
cluded the cut-off scale M which is necessary due to the mass dimensions [¢'] = 1,[G;;] =
0. This M-dependence is another way to see the non-renormalizability of the non-linear
o-model. For complex scalar fields M is a complex manifold.
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7.2  Couplings of neutral chiral multiplet

Let return to supersymmetric theories and first discuss the couplings of chiral multiplets.
As we already said, W is no longer constrained to be cubic and the kinetic term ¢'¢’ is
replaced by an arbitrary real function K (¢!, ¢’) where now one conventionally also puts
a “bar” over the index of the anti-holomorphic scalar ¢7.

The couplings are determined most easily in superspace where the non-renormalizable
Lagrangian replacing (3.30) reads

L= /d‘*eK(qﬂ,iﬂ) +/d29 W (") +/d29W(§>i) : (7.7)

Note that K is not uniquely defined but only up to so called Kahler transformations as
for K(®,®) — K(®,®) + f(®°) + f(P) one has

/K((I)i,i)i)d‘*e—>/K(CIJZ',CT)")+/f(¢>i)d49+/f((f>i)d49:/K((I)",CB"), (7.8)

where we used [ f(®)d*0 =0= [ f(®")d*d = 0.
In components the Lagrangian (7.7) is found to be (generalizing (2.25))

L= ~Giy(¢,9) 0,¢'0"¢" — iGyx’a" DX’ — V{9, 9)

o . S (7.9)
= 5(Vig;W)X'x = 5(VidW) X' + Rigax' XXX -
The o-model metric G;(¢, ¢) is related to K by
g 0 -
Gi* - ———,K 5 5 7.10

which is the metric on a Kéhler manifold with K being the Kahler potential. Supersym-
metry forces the fermions x* to transform as vectors under the coordinate change (7.3)
and thus its covariant derivative reads

DX’ = 0ux' + Tl 0u"X" (7.11)
where the Christoffel symbols on a Kahler manifold read
Iy = G"9;Gy, | (7.12)

with ng being the only other non-vanishing one. R,z is the Riemann curvature tensor
which on a Kéahler manifold reads

Furthermore, the generalized Yukawa couplings are given by
VoW = 0;0,W — TE0W (7.14)
Finally, the scalar potential is given by

V =GIgWoW (7.15)
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7.3 Couplings of vector multiplets — gauged oc-models

For vector multiplets the non-renormalizable generalization of (4.21) is

L= [ dOru(@)WiW' +hc.
(7.16)

= —iReTabF/‘jl,F“”b — iImTabFSVF“”b — iReTp N DA + %ReTabD“Db ,

where 7,,(¢) is holomorphic and called the gauge kinetic function. We thus see that the
gauge couplings and the #-angles became field dependent

Hab

87‘(2 = ImTab . (717)

—2
9 = ReTab )

Note that for a simple gauge group one has 7., = 07 ().

Coupling chiral multiplets is not straightforward. Gauge invariance of the non-linear
o-model (7.2) requires the metric G;; to admit (non-Abelian) isometries. In particular
one needs that the metric is invariant (i.e. 04G;; = 0) under the gauge transformation

Bng' = A(2)K(0),  0nd = A%(z) K(), (7.18)

where A%(x) is the gauge parameter and k(¢) are Killing vector fields.?

Demanding 0, G;; = 0 results in the Killing equations
Vik§ +V;ki =0, Vik$ + Viki =0, (7.19)
where B ) o B o
k;'l(¢7 ¢) = Gﬂ(¢7 ¢) km(¢) ) k;’l(¢7 ¢) = Gji(¢7 ¢) km(¢) : (72())

The solution of the first equation in (7.19) is an (anti-) holomorphic Killing vector field
k' = k'(¢) as promised. The solution of the second equation locally reads

. Pa
ke = Gy k= _iZ

J

oP*
ot
where the P* are real and called moment maps or Killing prepotentials. They are unique

up to holomorphic terms which in particular include the Fayet-lliopoulos terms. The
relation (7.21) can also be inverted leading to

R = G kT = i

R (7.21)

P =i(kYo;K —7(¢)) = —i(k", K —r*(9)) , (7.22)

where 7(¢) contains the Fl-terms r7® = §*YM ¢,

In order to construct a gauge invariant Lagrangian one also needs the covariant deriva-
tives. They are given by

Dugbi = 8,u¢l - Azkaz(¢> ) Duxi = auXi + F;k a,ugbjxk - Azﬁkkaixk ’ (723)

®Consistency requires that the k%%(¢) are holomorphic functions of the ¢¢ and we will see shortly
that this also results from the solution of the Killing equation.
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Together with (7.18) gauge invariance requires that k%(¢) carry a representation of the
gauge group G. One defines

a .__ aii 7.a _ T.ai 9
L R (7.24)
and shows
[ka’ kb:| — _fabc ke ’ [i{a, ];,b] — _fabc ];:c , [k,a, ]%b} =0 ’ (725)

where f%¢ are the structure constants of G.

Let us check the renormalizable limit. Using again dimensional analysis reveals that
[¢] = [A,] =1 implies [k*] = 1, [K] = 2. Thus expanding k*, K for small ¢ yields

=TT+ O, K = 560 + O(6") . (7.26)
Inserted into (7.22) then yields
P = —§'Ti¢" + 0(¢%) (7.27)

which indeed shows that the Killing prepotentials P are related to the D-terms at lowest
order.

Let us now give the final Lagrangian
L = Rerg F, F*™° — 1l Fy, F*" — iReTp A" PN
— Gis(¢,¢) Do’ D*¢? — iGi’a" D'
+V2EINN + V2RI (7.28)
— L(VOW) XX = H(Vio W) X'
+ R XXX = V(,9) -

where

V = GIgWI,W + L Rery,  P*P" | (7.29)

and P® = Rer®D’. We see that altogether £ is determined by the couplings K (¢, ?),
W(¢), 7(¢) and the Killing prepotentials P*(¢, ¢).
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8 N =1 Supergravity

8.1 General Relativity and the vierbein formalism

Let us first recall a few facts about General Relativity. It can be viewed as a (semi-)
classical field theory for a spin 2 field, the metric g, () which is a symmetric tensor field
on an arbitrary (pseudo-) Riemannian manifold. Its Lagrangian is given by

/CEH = —ﬁ\/ —g(R + A) + ,Cmat, (81)

where k% = 87 M 1312, g = det g,,,, R is the Ricci-scalar, A is the cosmological constant and
L.t contains the couplings to matter and gauge fields. The equations of motion derived
from the action are the Einstein equations

Ry — 19w (R+A) =kT,, , (8.2)
where R, is the Ricci tensor while T}, is the energy-momentum tensor defined as

- 1 aLmatter
VA 89;“/ '

The matter couplings summarized in L,,,; are obtained from the corresponding flat-
space version by replacing n*¥ — ¢"” and multiplication by y/—g. For a scalar field it
reads

T (8.3)

‘Cmat =—Vv—g gwjau¢al/¢ ) (84)
for a gauge field one has
['mat = _i vV —g g'uygﬁpFwiFup (85>

In order to couple fermions on needs the vierbein formalism where one defines the 4 x 4
matrix, the vierbein, ef.(z) by

G (2) = € () N ey (x),  p,v=0,...,3, mn=0,...,3. (8.6)

At each space-time point z# it erects a local Lorentz-frame. Note that (8.6) is invaraint
under the local Lorentz transformation

m m/ m
% P
Gu GM _An e

(8.7)

J7
where A is the rotation matrix defined in (1.2). Finally, the inverse vierbeins are defined
by

enen =10, eney =0, . (8.8)
With the help of the vierbein one can give the Weyl action for a spin-1/2 fermion x as
L=—iexc"eh D,x, (8.9)

where e = det(e)}) = /—g and o™ are the Pauli matrices as defined in (1.11). The
covariant derivative is given by

D, x = 0, X + Wumno ™" X, (8.10)
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where w = w(e, de) is the spin connection and ¢™" is defined in (1.12).

Demanding metric compatibilty, i.e.

Dygvp = 0ugup — FZugnp - Fprg“V =0,

(8.11)
Dyey = 0,e) — 1€ +epwn,, =0,
expresses [' = I'(g, dg) and
Wip = W€y e Grp = —%(epm(é?ue’f — &,ezl) + e,,m(ape/’f - 8,&21) — e#m(&,eg‘ — 8peT)) )
(8.12)
One also has the relation
[0 et = oue, +epw,,™ . (8.13)

With the help of the vierbein one defines for m vector field v,

U i=€h v, (8.14)
and the covariant derivatives
Dy, = dyv, — 1,0, , D" =9’ + 0T, (5.15)
Dy = 0,0 — W, D™ = 90" +v"w,, ™,

The mction (8.1) hms two sets of invmrimnces. Firstly there are the general coordinate
transformations
ot — " =t — at(x) , (8.16)

which leads to the infinitesimal transformations of vector fields v,
dv, = —a’0,v, — (0,a°) v, . (8.17)

In addition there are local Lorentz transformations for vector fields which are defined in
the local tangent space and which carry m-type indices

o™ =ov"L,"(x) , O = —Ly,"(z) v, . (8.18)

(Note that in the notation of (1.4) we abbreviated L,™ = —Ziwy,, (L"),™.) Thus the
vierbein itself transforms accordingly as

ey = —a’0ye; — (0ua”) et + e, L™ (8.19)
while w transforms as
dwpum" = —aP0wum" — (0,0”) o™ + Wy L — Ly ‘wy — 0, L™ (8.20)

Note that w transforms as a connection of local Lorentz transformations.
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8.2 Pure supergravity

The goal now is to supersymmetrize General Relativity. From lecture 2 (Table 2.2)
we know that we need a spin — or rather helicity-3/2 field, the gravitino v, in the
gravitational multiplet.

Before the invention of supersymmetry there was a no-go theorem stating that a mass-
less spin-3/2 field cannot be consistently coupled in an interacting QFT. Let us briefly
review this argument. In fact any massless field with s > 1 has to couple to a conserved
current since as a consequence there is a local gauge invariance which removes possible
ghost-like excitations and renders the Hilbert space positive definite. Concretely for s = 1
one has

L=—1F,F"+ A,j", (8.21)

with the equation of motion
o, F" = jh . (8.22)

Taking the derivative one obtains 0,j* = 0 which implies that £ is gauge invariant
and the ghost-like excitations of A, can be removed. Similarly, taking the derivative
of (8.2) implies D, 7" = 0 or in flat space 0,7" = 0. Here the local symmetry is
reparametrization invariance. For s = 3/2 no appropriate local symmetry was known
before supersymmetry and in fact Coleman and Mandula showed that it cannot exist and
at the same time be compatible with the axioms of a QFT [10]. Of course there was the
hidden assumption in their argument that all symmetry generators are bosonic charges
which is not the case for supersymmetry. Thus 9, has to couple to the supercurrent, i.e.
the generator of the supersymmetry transformation and it has to be a local invariance.

The kinetic term for ¢, (also known as the Rarita-Schwinger field strength) is given by
Ly = 51.6%0"5" D, (8.23)

where the covariant derivative includes appropriate connections and we defined o, :=
€y Om- Together Lgy(A = 0) + L, are invariant under the local supersymmetry transfor-
mations®

oce) = i(wuamf(x) - §($)0m7]1u) , d¢hy, = —D, (). (8.24)
Note that £(z) is a local parameter and v, transforms like a gauge field or a connection
that is inhomogenously.

Let us close this lecture by counting degrees of freedom. Off-shell e, has 6 =16 —4 —6
degrees of freedom (4 are removed by coordinate invariance and 6 by local Lorentz in-
variance) while ¢, has 12 = 16 — 4 degrees of freedom (4 are removed by local super-
symmetry). There are various off-shell multiplets with different auxiliary field structure.
In the following we concentrate on the old minimal multiplet with six auxiliary fields, a
real b, and a complex M. Altogether the off-shell multiplet is

(G Vpas by M) . with dio.f.: (6,12,4,2) . (8.25)
Including the auxiliary fields the Lagrangin reads
L= —5%(R+ 050" Dy, + MM +b'D,,) . (8.26)

SHe we only discuss pure supergravity in Minkowskian background and return to the issue of the
cosmological constant in the next section.
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In this case the equation of motion for the auxiliary fields is

by=0, M=0. (8.27)

34



9 Coupling of N = 1 Supergravity to super Yang-
Mills with matter

In this lecture we discuss the couplings of chiral and vector multiplets to N = 1 super-
gravity. Since theories including gravity are non-renormalizability we can use the results
of Section 7 with the cut-off scale being the Planck scale, i.e. M = Mp.

There are basically three approaches to construct the action:

1. via superspace [5].

In this case one promotes the vierbein e7(x) to a full superfield Eff (x,0,0),N =
(n,a, &), 11 = p, a, &, where the underline variables contain a vielbein. This step
introduces too many d.o.f. and it is necessary to impose covariant constraint on
torsion and curvature.

2. One constructs the couplings of superconformal supergravity and then gauge fixes
to Poincare supergravity [3].

3. One constructs the action for linearized gravity and then systematically adds higher
order terms to Lagrangian and transformation laws [4].

The resulting action is given in Appendix G of [5]. In the following we focus on selected
terms of this action.

9.1 The bosonic Lagrangian

Let us first focus on the bosonic terms as they also fix all fermionic couplings by super-
symmetry. They read

L =55 R — L Rery(¢)F2, F*" — 1 Tmry(¢) FOF?

T 2kr2

- ) (9.1)
— G;;D,¢' D) — V (¢, ¢) + fermionic terms,

where the covariant derivatives are exactly as in (7.23) and the metric continues to be
Kéhler and given by (7.10). The scalar potential V' is given by

V= oK (DZ-WGﬁD;W - 3&2\W|2) + 1Rer,, PP’ (9.2)

where

D¢ D
P = (k0K — kYO K) — Imr® .

DWW := ow + K2 (aK) W,
(9.3)

As in Section 7 the couplings in £ of (9.1) are determined by the three functions
K(¢,0),W(¢), f(¢) and the choice of P*. In the flat limit K — 0 the potential reduces
to the V' given in (5.9).
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The Lagrangian (9.1) has a modified Kéhler invariance under which the couplings
transform accordingly

K—K+f@)+f(¢), W—We™T, (9.4)

which leave the metric G;; and the potential V' invariant.”

One can combine K and W into an invariant combination G = xk*K + In x%|W|* and
in terms of GG the potential takes the form

V =r'e%(G,GYG; - 3) . (9.5)

In this formulation it appears that W can be redefined into K. However, the definition
of G is problematic for (W) = 0. In fact the physical meaning of W are its zeros and
poles.

The fermions also transform under Kahler transformations as can be seen from their
covariant derivatives

Dux' = 8ux + X'wu + D Dud X — gALO K X — K X' — g ALPX"
DyX* = 9\ + Nw,, + —gf AN + K\ 4 gAY PPX* (9.6)
Dby = 0uthy + howu + +Kuthy + 59 A, PPnu

where

K, = 1(Ki0,¢' — K;0,0") . (9.7)

K, is called the composite Kéhler connection as it transforms under Kéhler transforma-
tions as

K, — K, + :9,Imf . (9.8)

Accordingly the fermions transform as

i .

¢u - % e 2™ ) A— AG_%Imf , X — Xe%Imf . (9.9)

So far the Kéhler transformations (9.4) were a mere redundancy of the couplings but
not a symmetry. However, it can happen that under a gauge transformation K does
transform as in (9.4). In this case one has

OK = A (r* +7°) |

W = =Ar"W,

Oy’ = Nk + EA“Tmr®y | (9.10)
SN — fabcAb)\c . %Ablmrb)\“ ’

0, = —%Aalmrbwﬂ .

We see that in this case the fermions have an additional coupling to the gauge field which
is often referred to as gauging the R-symmetry.

"P? is invariant after an appropriate shift of r®.
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10 Spontaneous supersymmetry breaking in super-
gravity

As in section 6 the order parameters of spontaneous supersymmetry breaking are the
scalar parts of the fermionic supersymmetry transformations. In supergravity they are
given by

Sex' ~ FU€ ., G\~ gD, Sehy ~ Dy +ier" K Wo £ (10.1)

where

Fi = es"KQUDW = 912G G5 (10.2)

We see that, as before, (F) and (D®) are the order parameters of supersymmetry break-
ing.® For (F") = (D) = 0, the potential evaluated at the minimum is

(V) = =3:2(e" KW ) <0 . (10.3)

(V) plays the role of a cosmological constant and for (W) = (V') = 0 one has a Minkowski
background M,. For (W) # 0 follows (V) < 0, i.e. one has an AdS,-background. Note
that a dS-background is incompatible with unbroken supersymmetry.

10.1 F-term breaking

Let us focus on F-term breaking in a Minkowski background M, (and set £ = 1 most of
the time). In this case we have

(SPGUG5) 40, (GUGG5) =3 (10.4)
The non-derivative couplings of the gravitino read
—“2 (0", + S5 Gix oM + 5(ViGy + GiGi)x'X + hee.) . (10.5)

These terms can be diagonalized by the redefinition

U = Wi+ g O + " 0,1 (10.6)
for n := G;x". Inserted into (10.5) one obtains
mg/g(zﬁua’”@/;y) + %mijxixj + h.c. | (10.7)
where
M3y = k2D = kMKW . my = (Vi + 1GiGy)my)s . (10.8)

One can show that the mass matrix m;; of the chiral fermions always has a zero eigenvalue
corresponding to the Goldstone fermion (GF). Indeed, using the minimization condition
of the potential and (10.4) one shows m;;G’ = 0 and thus 7 is indeed the GF. One can

8For (F') = (D) = 0 one can always find (6¢¢,) = 0 which determines a Minkowski or AdS-
background.
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further show that n also disappears from the kinetic terms and thus n is “eaten” by the
massive gravitino and becomes its “longitudinal” d.o.f..

Let us turn to the bosonic mass matrices. In terms of G = K + In |W|? they read

M= {(DiGD;G* = RyguGFG' + Gig)e€)

(10.9)
The sum rule (6.32) is modified and now reads
3/2 i
StrM? = "(=)*(2s + 1) Tr M3 = 2(n, — 1) m3, — 2(R;;G'G)ms3 5 . (10.10)
s=0

The new terms arise due to the massive gravitino and as a consequence it becomes
possible to have all scalar partners of the SM fermions heavy.

In AdS, similar formulas exist but they are more complicated as the cosmological
explicitly contributes.

10.2 The Polonyi model

After these generalities let us come to a concrete realization of supersymmetry breaking.
As in global supersymmetry the basic idea is to add a “hidden sector” which is responsible
for the supersymmetry breaking. That is one adds

W = Wnssm + Whidden (10.11)

such that
(F") = <6H2K/2GiijWhidden> #0. (10.12)

The simplest concrete W is the Polonyi model where one singlet ¢ is added with the
following couplings

W= M:(p+5), M, peR,
_ (10.13)
K = ¢¢ + Kysswm , G¢¢‘5 = 8¢8¢;K =1.
Computing B
DyW = W + k2K W =m? + k2¢m? (¢ + 3) (10.14)

one see that D,WW = 0 has no solution for 3 < 2. Minimizing V" and tuning (V') = 0 by
choosing 3 appropriately one finds

KB=+(2-V3), (¢)=+(V3-1),

(10.15)
(D) = V3m2e(~V3) (W) = +x'm2 .
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10.3 Generic gravity mediation

In this section we want to identify the effect of supersymmetry breaking in the observable
(MSSM) sector following [11]. We distinguish the observable charged matter fields Q'
from neutral (hidden) scalars T% and assume (Q?) = 0. Then we expand their Kihler
potential in a power series in Q! as

K = «2K(T,T) + Zi,(T,T)Q'Q" + (LHi (T, T)Q'Q" + cc.)+ ---, (10.16)
where we neglect terms of order O(Q?). In this notation the superpotential is given by
W(T, Q) = Wors(T', Q) + Whidaen(T') , (10.17)

with
Wobs(T, Q) = 3mps(T) Q' Q" + 3Y1,0(T) Q"Q7QF + --- (10.18)

For Whidden(T') we make the following assumption:
1. some (F*) # 0,

2. all (T") fixed,

3. (V)y=0,

4. mzsy < Mpy.

With these assumption one can compute the leading order effect in the limit Mp;, — oo
with mg/, fixed. One finds that the (canonically normalized) gaugino masses are given
by

m = 1F'0;log g + 1= bmg)s (10.19)

1672
where b is the one-loop coefficient of the §-function and the second term is know as a
contribution from anomaly mediation [12]. The potential reads

Vo =1¢(Q'2;,T°Q")" + oWz o;W

+ m?jQIQj + (%AIJLQIQJQL + %BUQIQJ + C.c.) )
The first line is the scalar potential of an effective theory with unbroken rigid supersym-

metry while the second line is comprised of the soft supersymmetry-breaking terms. W
is given by

(10.20)

W(Q) = %[HJQIQJ + %YIJLQIQJQL7 (10.21)
where R o
firg = e"Pmyp; +mypHr; — FIO;Hpy,
’ A (10.22)
Vi = Y.
The coefficients of the soft terms in the second line of (10.20) are as follows:
mi; = mj;Zy — F'FiR5;,
A = F'DiYip, (10.23)

Bry = F'Difiry — mapfiry,
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where

Ry = 0:0:21; — T2yl T = ZV0:7,5,
DYiyn = 0 + %KZYIJL - Fi\(flyJL)Nu (10.24)

Difiry = Oifiry + %Kz firg — Pz]’\(fl BN -
Notice that all quantities appearing in egs. (10.19), (10.22) and (10.23) are covariant with

respect to the supersymmetric reparametrization of matter and moduli fields as well as
covariant under Kéahler transformations.

According to eq. (10.23), m%, ~ mg/Q, A ~ m3/2}>1JL, and Byy ~ mgjniyy; nev-
ertheless, the soft terms are generally not universal, i.e. A;j;, # const - mg/QYUL and
mij # const - m?,)/QZIj, even at the tree level. In the context of the MSSM, this non-
universality means that the absence of flavor-changing neutral currents is not an auto-

matic feature of supergravity but a non-trivial constraint that has to be satisfied by a
fully realistic theory.

Phenomenological viability of the MSSM imposes yet another requirement: The super-
symmetric mass term g for the two Higgs doublets should be comparable in magnitude
with the non-supersymmetric mass terms. Equation (10.22) displays m;; and H; as two
independent sources of my;. The contribution of a non-vanishing H;; to m is automati-
cally of order ms/, without any fine-tuning. This fact is known as the Giudice-Masiero
mechanism [13].

10.4 Soft Breaking of Supersymmetry

As we have seen in section 6 models with spontaneously broken supersymmetry are
phenomenologically not acceptable. For example the mass formula (6.32), generally valid
in such cases, forbids that all supersymmetric particles acquire masses large enough to
make them invisible in present experiments. One way to overcome those difficulties is to
allow explicit supersymmetry breaking.

A special case of explicit breaking is so called soft supersymmetry breaking where the
added terms do not introduce quadratic divergences into the theory and thus stabilizes
the Higgs mass and the weak scale.

One possibility to identify the soft breaking terms is to investigate the divergence
structure of the effective potential [14]. Consider a quantum field theory of a scalar field
¢ in the presence of an external source J. The generating functional for the Green’s
functions is given by

e BVl — /D¢exp [i/d4$(£[¢(:c)] + J(x)p(x))| - (10.25)

The effective action I'(¢) is defined by the Legendre transformation

[(¢a) = —ELJ] - / e (@)balc) (10.26)
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where ¢ = —gﬁ[ﬁ ['(¢y) can be expanded in powers of momentum; in position space

this expansion takes the form

I(a) = /d4x[—‘éff(¢cz) — %(am¢cl)(am¢cl)z<¢cl) +...]. (10.27)

The term without derivatives is called the effective potential V.¢(¢.). It can be calcu-
lated in a perturbation theory of h:

Ves(ar) = VO (ba) + BV N (da) + .. (10.28)

where V() () is the tree level and V() (¢,;) the one-loop contribution. In a theory with
scalars, fermions and vector bosons the one-loop contribution takes the form [15]

v~ /d4k Strin(k* + M?) = Z(—1)25(23 +1) Tr/d% In(k* + M?) | (10.29)

s

where M2 is the matrix of second derivatives of L|—¢ at zero momentum for scalars
(s = 0), fermions (s = 1/2) and vector bosons (s = 1).” The UV divergences of (10.29)
can be displayed by expanding the integrand in powers of large k. This leads to
d*k d*k
vV ~ St 1/ Ink? + St M?/—k:—2 e 10.30
B T T N e T 050
If a UV-cutoff A is introduced the first term in (10.30) is O(A*InA). TIts coefficient
Strl = ng — npg vanishes in theories with a supersymmetric spectrum of particles. The
second term in (10.30) is O(A?) and determines the presence of quadratic divergences at
one-loop level. Therefore quadratic divergences are absent if

StrM? =0 . (10.31)

More precisely, one can also tolerate a constant StrM? since this would correspond to
a shift of the zero point energy which, without coupling to gravity, is undetermined. In
theories with exact or spontaneously broken supersymmetry (10.31) is fulfilled whenever
the trace-anomaly vanishes as we learned in (6.32).1°

The soft supersymmetry breaking terms are defined as those non-supersymmetric terms
that can be added to a supersymmetric Lagrangian without spoiling StrM? = const.. One
finds the following possibilities [14]:

e Holomorphic terms of the scalars proportional to ¢? ¢* and the corresponding
complex conjugates.!!

e Mass terms for the scalars proportional to ¢¢. (They only contribute a constant,
field independent piece in StrM?).

9M?2 is not necessarily evaluated at the minimum of V,s;. Rather it is a function of the scalar fields
in the theory. The mass matrix is obtained from M?2 by inserting the vacuum expectation values of the
scalar fields.

10Tndeed, theories with a non-vanishing D-term have been shown to produce a quadratic divergence
at one-loop [16].

HHigher powers of ¢ are forbidden since they generate quadratic divergences at the 2-loop level [14].
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e Gaugino mass terms.

Thus the most general Lagrangian with softly broken supersymmetry takes the form
L = Lasy + Loott (10.32)
where Lgsy is of the form (5.4) and
Lot = —m;¢' ¢’ — (Biid'd + Ajjud' ¢’ ¢ + h.c.) — 2 mapA*A’ + hec. (10.33)

m?j and B;; are mass matrices for the scalars, A;;; are trilinear couplings (often called
‘A-terms’) and My, is a mass matrix for the gauginos. As we have seen in the previous
section these terms precisely appear in spontaneously broken supergravity (c.f. (10.20)).

We see that many new parameters are introduced which are only constrained by gauge
invariance. For the SSM (with R-parity) one has

Lo = — ((Au)”hqua{% + (AQ) rshaGldh + (A rshaltéh + Bhyhg + hec. )

3
— Z mfj(b’qg] — (% Z m(a)()\/\)(a) + h.c. ) , (1034)

all scalars (a)=1

where the index (a) runs over the three factors in the SM gauge group. Obviously a
huge number of new parameters is introduced via L. The parameters of L, are the
Yukawa couplings Y and the parameter p in the Higgs potential. The Yukawa couplings
are determined experimentally already in the non-supersymmetric Standard Model. In
the softly broken supersymmetric Standard Model the parameter space is enlarged by

(1, (@) 17, (@a) 17, (ac) 11, D, m?p M) - (10.35)

Not all of these parameters can be arbitrary but quite a number of them are experimen-
tally constrained.

Within this much larger parameter space it is possible to overcome several of the
problems encountered in the supersymmetric Standard Model. For example, the super-
symmetric particles can now easily be heavy (due to the arbitrariness of the mass terms
m?j) and therefore out of reach of present experiments. Furthermore, the Higgs potential
is changed and vacua with spontaneous electroweak symmetry breaking can be arranged.

However, the soft breaking terms introduce their own set of difficulties. For generic
values of the parameters (10.35) the contribution to flavor-changing neutral currents is
unacceptably large, additional (and forbidden) sources of CP-violation occur and finally
the absence of vacua which break the U(1)en and/or SU(3) is no longer automatic. It is
beyond the scope of these lectures to review all of these aspects in detail.
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11 N-extended Supersymmetries

11.1 Supersymmetry Algebra

Let us consider the generalized situation of N supercharges Q., I = 1,..., N. In this
case the superalgebra reads

{in Qg} = 20—55 PM(SIJ ) {Qé? Qg} = 26aBZIJ7 {Qda Qﬁ} - QGQBZij (111)

where the commutations relations for each of the Q! with the generators of the Poincare
group Ly, P, are as in (1.17). The Jacobi-identity requires that Z commutes with all
generators [Z,Q] = [Z,P] = [Z,L] = 0 and thus these are (Lorentz-invariant) central
charges of the algebra.

Furthermore (11.1) is left invariant by an U(/N) automorphism which rotates the
charges according to

Q'—-Q"=Q'U,), Q' -Q"=U0",Q", o
71— 7 — gl KL ULJ’ (11.2)

where UUT = 1. One can use this freedom to bring Z into “normal-form”, i.e., into 2 x 2
antisymmetric block-matrices leaving N/2 physical real central charges:!?

0 -z
Z; 0

71 = 0 -2 : (11.3)
Zy 0

11.2 Representations of extended supersymmetry
For massive representation with P, = (—m,0,0,0), the superalgebra becomes
{QF, Q) =2mé, ;07" . {QF,Q5) =2ep 27", {QF,Q5) = 26,5771 . (11.4)

Let us start with N = 2 and define

(Qa — €as(@3)"). (11.5)

-

1
(o = E(Qi +eap(@3)), ba=

Inserted into (11.4) one obtains
{0, al} = 20as(m+ Z),  {ba, b} = 20a(m — Z), (11.6)

with all other anticommutators vanishing. Positivity of the quantum mechanical Hilbert

space requires
m>Z. (11.7)

This constraint is known as the Bogolmoni-Prasad-Sommerfield (BPS) bound.

12For N odd there is a single zero in the bottom right corner.
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1121 N=2m>Z

From (11.6) we see that for m > Z there are 4 (= 2N) fermionic creation operators af,, b;.
Let us combine these four operators as A" := (al, b;) and construct the representations
by acting with A" on the spin-s Clifford vacuum |s) which is annihilated by A4, i.e.

Als) =0 . (11.8)

The states with there multiplicities are given in Table 11.1. We see that the total number

states | spin | multiplicity
) s 25 +1
Y| st5 | 4@2s+1)

AAls) | s,sE1| 6(2s+1)
)| s+ % 4(2s 4+ 1)

AAAAls) s 25 +1

Table 11.1: Massive N = 2 states.

of states is 16(2s + 1) while the spins range from s +1,...,s — 1.

The different multiplets are summarized in Table 11.2.

Spin 0] 1) 1)

0 5 4 1

z 4 6 4

1 1 4 6

3 1 4

2 1

np =ng 8 16 32

long vector | spin % spin 2
multiplet | multiplet | multiplet

Table 11.2: Massive N = 2 multiplets.

11.2.2 N even, m > Z,

In this case one follows the same construction as for N = 2. The total number of states
of a multiplet is given by

n=(2s+1))_ <22V) =22V (25 + 1), (11.9)

where (2s + 1) is the multiplicity of |s). The number of bosonic and fermionic states

therefore is
ng =225+ 1) = np, (11.10)
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and the different spins occurring in the multiplet are (s + %, co.,5 =), The N =4
massive graviton multiplet is given in Table 11.3.

Spin |0)
0 42
1 48
1 27
s 8
2 1
np =nNr 128 = 27

Table 11.3: Massive N = 4 graviton multiplet.

1123 N=2m=/2

Let us now turn to the situation where the mass m saturates the BPS bound in (11.6),
i.e., m = Z. In this case the N = 2 fermionic creation operators bl decouple and we are
left only with the af or in other words with an “N/2 situation”. The number of states
in a multiplet is only half, i.e., n = 2V¥(2s+1). The N = 2 BPS multiplets coincide with
the massive N = 1 multiplets given in Table 2.1. We repeat them in adapted form in
Table 11.4. Note that in N = 2 supersymmetry there are two distinct vector multiplets.
A “short” BPS multiplet with a total of 8 states and a “long” non-BPS multiplet with a
total of 16 states.'

Som [ I0) D 1) B
0 2 1
1
3 1 2 1
1 1 1
3
5 1 2
2 1
np =nr 2 4 6 8
half-hyper | short vector | spin % BPS | spin 2 BPS
multiplet multiplet multiplet multiplet

Table 11.4: N = 2 BPS multiplets.

11.2.4 N arbitrary, m = Z;

For N > 2 there can be N/2 distinct central charges Z;,i = 1,..., N/2 and the multiplet
structure depends on how many BPS bounds are saturated. In the generic case one
has m > Z;,Vi and we discussed this in 11.2.1 and 11.2.2. Then one can have the
situation that » < N/2 BPS bounds are saturated, i.e., m = Z;,;Vi = 1,...,r. In

13Half-hypermultiplets in complex representation of the gauge group G are inconsistent. However,
they appear to be possible in pseudo-real representations of G [17,18].
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this case the representation theory coincides with a theory with N — r supercharges.
Finally, all BPS charges might be saturated m = Z;,Vi and then one encounters the
representations of N/2 supersymmetry. The importance of the BPS bound comes the
fact that it only depends on the algebra and therefore is expected to hold after including
quantum corrections.

11.3 massless representation

Finally, let us turn to massless representations where again a light-like frame with mo-
mentum P, = (—F,0,0, E) is chosen. The superalgebra becomes

_ 10
{QF, QY =2B(=0" + )57 =28 (O 0) Ei

af (11.11)
{Q Q5 =0={Qs.Qy} -
Thus we have the same situation as in the BPS case with all charges saturated, namely

N fermionic creation operators (Qi')". For multiplets which are in accord with the CPT
theorem we thus have for the number of states in a multiplet

N 1 if the multiplet is CPT complete
n=20 X { 2 if the CPT conjugate has to be added (11.12)
The massless multiplets for N = 2,4, 8 are given in Tables 11.5,11.6,11.7, respectively.
X 0 (-0 - D[-2 0
-2 1
—% 1 2
-1 1 2 1
-1 1 2 1
0 2 1 1
+3 1 1
+1 1 1
+3 1 2
+2 1
half-hyper vector gravitino | graviton
multiplet | multiplet | multiplet | multiplet

Table 11.5: The massless multiplets for N = 2.

We see that for N > 4 no matter multiplets exists and for N = 8 there is a unique
massless multiplet incorporating all helicities A = 0,...,4+2. For N > 8 one necessarily
has states with |A\| > 2 in the spectrum which is believed to be inconsistent in a Minkowski
background. Therefore one confines the attention to N < 8.
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=D (=9 =512
-2 1
-3 1 4
-1 1 4 6
—% 4 6 1 4
0 6 4 4 1 1
+3 4 1 6 4
+1 1 4 6
+3 1 4
+2 1
vector gravitino graviton
multiplet multiplet multiplet

Table 11.6: The massless multiplets for N = 4.

X[ [=2)
2 1
_% 8
1| 28
-1 56
0| 70
+5 | 56
+1| 28
+31 8
+2| 1

Table 11.7: Massless multiplet for N = 8

12 QFTs with global N =2 supersymmetry

12.1 The N = 2 action for vector multiplets

The massless vector multiplet consists in one vector A, two fermions A7 (¥ = 1,2) and
a complex scalars z. For n, vector multiplets we use the notation (A“ \Za za) with

M) o )
a=1,...,n, All members of the multiplet transform in the adjoint representation of
some gauge group G. In terms of N = 1 multiplets, we have the decomposition:

) a la 2 a
(A2 X5 2%) — (A0 N & (A2, 2%) (12.1)

where the first multiplet is the N = 1 vector multiplet while the second is a N = 1 chiral
multiplet. The bosonic Lagrangian is

£ == HImF)u(z,2) Fp, ™ — {(ReF)a(z, 2) Flo I
— Gal?(% E)DuZaDMZb -V (Z, 2) )

where due to supersymmetry the couplings are now interrelated. In particular the gauge
kinetic function Fy, and the o-model metric G, ; are both expressed in terms of one

(12.2)
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holomorphic prepotential F'(z).1* Concretely, G, is again Kihler but with a specific
Kahler potential B
K =i (F,2* — F,z") , F, = 0,F (2) (12.3)

such that
Gy = 0.0, K = 2ImPFy, . (12.4)

Manifolds with this property have been termed rigid special Kahler manifolds.

The gauge kinetic functions are also determined by the second derivative of F' according
to

F = 0.0,F(2) . (12.5)
Note that the physical requirement of properly propagating fields imposes Im (F) > 0.

The scalars z* transform in the adjoint representation of G and thus the covariant

derivatives are given by
D,z" =0,2" — UZk:b“ (2) . (12.6)

As in N = 1 the Killing vectors k*® are expressed in terms of Killing prepotentials P?
according to

ko(2,2) = Gaek™ (2) = —i0.P%(2, %) | kb (2,2) = Goek™ (2) = i0,P"(2,2) . (12.7)

In N = 2 no superpotential is possible and the potential is entirely determined by the
Killing vectors .
V = Gkikhz2? (12.8)

For renormalizable theories one finds

F =21z K = 5agza2b ) G =045 » ke = ifabczc . (12.9)

i
Thus the potential is quartic and reads

Vo~ Sgafeteflei ezl ~ Tr(z, 2 >0, (12.10)
where in the second step we defined z = 2¢T%, z = z*T*.

Due to the semi-positivity of V' its minimum is at (V') = 0 which holds for example at
the origin of field space (z*) = 0. However, there is a moduli space of solutions spanned
by the directions which point along the Cartan subalgebra of G. For z = 2T where
T are the generators of the Cartan subalgebra which obey [T%,T%] = 0, the potential
remains zero but the gauge group is broken G' — U(1)"*¢, This moduli space is called
the Coulomb branch of the theory.

12.2 Hypermultiplets

A hypermultiplet consists of two half-hypermultiplets and thus contains four real scalars
¢* and two Weyl fermions x*. It can also be viewed as the product of two chiral multiplets.
The ungauged bosonic Lagrangian reads

L=-1Gu0,q"0"q" , (12.11)

M Note that compared to N = 1 the notation changed as the gauge kinetic function is now called Fj;
and the role of real and imaginary part have been interchanged.
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where G, is a metric on a Hyperkahler manifold. This is related to the fact that the four
scalars can be combinded into complex fields in three different ways. This corresponds
to the fact that three complex structures J*, x = 1,2,3 exist. Therefore let us make a
brief excursion into (almost) complex structures and Hyperkahler manifolds.

12.2.1 Almost complex structures
An almost complex structure J maps the tangent space T'(M) of a manifold M to itself
J: T(M)—T(M), " — J)q¢", u=1,...,dimM , (12.12)
where ¢ are tangent vectors. J obeys
JUJY = =84 & JP=-1. (12.13)

Therefore J has eigenvalues i and T'(M) splits into two subspaces T'= T, & T_. This
in turn can be used to define complex vectors ¢ = qi +iq" where g € Ty.

If J exits complex vectors can be defined locally. However, there is an obstruction to
do this globally on a manifold which is called the Nijenhuis-tensor N. It is defined by

N2 = J(0pJ) — 0, JY) — (u < v) . (12.14)

If N = 0 global complex coordinates exist, .J is called a complex structure and the
manifold M is called complex. If N} # 0 global complex coordinates do not exist, J is
called an almost complex structure and the manifold M is called almost complex.

If the metric G in M satisfies
J' G’ =Gy < JGJT =G, (12.15)
it is called a hermitian metric. One defines the fundamental two-form K

K = K,,dq¢"dq" | where Ky = Gyl = =Ky, (12.16)

If J is covariantly constant w.r.t. a hermitian metric, i.e.
Vwdy =0 (12.17)

then M is complex and Kahler. In this case K is closed, i.e. dK = 0.

On a Hyperkahler manifold three covariantly constant complex structures J*, z = 1,2,3
exist and they obey
JEJY = 5" + iV J* (12.18)

The metric is hermitian w.r.t. all three complex structures and thus we have
VJ*=0 & dK* =0 V. (12.19)

Hyperkahler manifolds are Ricci-flat.
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12.2.2 Isometries on Hyperkahler manifolds

Under an isometry the scalars transform as
0q" = Nk . (12.20)

As they are isometries on a Kahler manifold they obey k¢ = 0, P¢. However they should
leave all three Kahlerforms invariant which in turn implies that are tri-holomorphic in
that they obey

K7 k"™ = 0,P" (12.21)

i.e. we have three Killing prepotentials P*. In addition the Killing vectors obey the Lie
algebra (7.25). For Ké&hler manifolds with Killing vectors that obey (7.21) this implies
the equivariance condition

KGokl — KGikl = ifupePe . (12.22)

17 "Va

Analogously, for Hyperkéhler manifolds one has

KUK | = faePT . (12.23)

The bosonic Lagrangian now reads
L=—-1GuD, " D"¢" =V | (12.24)
where
Duqu = 8uqu - AZ kau(Q) )

V = (GklRy + 4G, kyk) 2125 + G S PrPE > 0 (12.25)
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13 N =2 Supergravity coupled to SYM and charged
matter

The massless multiplets for N = 2 are given in Table 11.5. The gravitational multiplet
contains the metric g,,, two gravitini ¢;="* and a vector A} called the graviphoton,
i.e. together (gW,g/JE,Ag). The vector multiplet (AZ,/\Ea,z“) with a = 1,...,n, and
the hypermultiplet (x%, ¢*),i=1,...,2ng, u=1,...,4ny were already discussed in the
previous section.

The bosonic Lagrangian in reads

L=—1iR—1Im(WN),, FAFP" — 1Re(N),, FiL FEe

AB * pv— po

(13.1)
— Ga(z, E)DHZ“D“Zb — Guw(q)Dug" D"’ =V (2,2,q) ,

where A = 0,...,n, also labels the graviphoton. The scalar field space is locally the
product
M = M2 x Mylh (13.2)

where Mg"S”K is a 2n,-dimensional special Kédhler manifold while Mi’g  1s a 4n,-dimensional

quaternionic-Kéhler manifold. Let us discuss both geometries in turn [?,3].

13.1 Special Kahler geometry

A special Kéahler manifold is a Kéhler manifold where the Kéahler potential is of the
specific form

K =—Ini(ZFs(2) — Z'Fu(2)) , (13.3)
with oF
Fy = 57A and  ZAF, =2F , (13.4)

i.e. F(Z) is homogeneous of degree 2 in the coordinates Z#. The physical scalar fields
2% are defined as the projective coordinates z* = % Using the homogeneity of F'(Z) we
can define a F(2%) via F(Z4) =i(Z°)2F(2%). In terms of F the Kahler potential reads

K=-ImQ2F+F)— (Fo—Fa) (z*=2)) —In|Z°], (13.5)

where the last terms can be removed by a Kahler transformations. Indeed, the rescalings
74 — Z4% 1) Fy — Fae 1) induce a Kihler transformation of the form K — K +
f(2)+ f(2) and can be used to set Z° = 1. The choice of coordinates Z4 = (1, 2?) are
called special coordinates.

There also is again an invariant symplectic form of K given by

. . 0 1 Fy
K=-i(VIQV), with Q= (_1 0) , V= (ZB> : (13.6)
The symplectic section V' transforms according to
V-V =5V, (13.7)
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with S being an element of Sp(2n, + 2, R) obeying
STQS =0 . (13.8)

The gauge kinetic matrix N is given by:

(ImF) ,. Z€ (ImF) ,, Z"

— Fap

(13.9)

where the second term is due to the graviphoton. Finally, the covariant derivatives read
D,z = 9,2" — AT EP(2) (13.10)

where the holomorphic Killing vectors £54(z) can again be expressed in terms of Killing
prepotential PP by
kP = Gak®’ = i0.Pf . (13.11)

Finally, if one decouples gravity the geometry reduces to the geometry discussed in
Section 12.

13.2 Quaternionic-Kahler geometry

For n; hypermultiplets one has 4n, real scalars ¢*,u = 1,...,4n;, which span the 4ny-
dimensional target space Mi?c’jK. In supergravity it is not a Hyperkahler manifold bur
rather a quaternionic-Kahler manifold. This means that again three almost complex
structures (J*)¥, x = 1,2, 3 which satisfy (12.18) exist. The metric Gy, is again Hermitian
with respect to all three of them

(S )0 Gouw(J)y = Gus - (13.12)

s —

Other than for Hyperkahler manifolds they are covariantly constant with respect to an
SU(2) connection w in that they obey

Voo (J5) + €08 (J5)2 =0 (13.13)

instead of (12.19) For each J* there is again an associated two-form K* with coefficients
K? = Guw(J*)¥ which now obey

dK* + eV u? ANK* =0 . (13.14)

Note that Hyper-Kahler manifold are Ricci-flat while quaternionic-Kéhler manifold are
Einstein manifolds.

The ¢* can be charged with respect to an Abelian or non-Abelian gauge group. This
requires the couplings to vector multiplet via the covariant derivatives

Dug" = 8uq" — Alk4(q) (13.15)
where the Killing vectors k%(q) can be expressed in terms of Killing prepotential P} by

KiK® = —D,P% = —(9,P% + eV u! P3) . (13.16)
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The equivariance condition now reads
k4 K2 kY = fapoPE + € PP . (13.17)
Fianlly, the potential is given by

V=K (Gal;kz,/%ngZB + 4G k8K ZA 28 + (G (0,27) (0, 27) — BZAZB)Png)
(13.18)

Before we continue let us mention one caveat. The situation discussed here only features
multiplets which are charged with respect to electric gauge bosons but not their magnetic
duals. In string theory it is sometimes convenient to go to a different symplectic basis
and includes magnetic charges. This can be done via the embedding tensor formalism [?].
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14 Seiberg-Witten theory

14.1 Preliminaries

In section 12.1 we discussed the couplings of the vector multiplets in global N = 2
field theories. We noted that their Lagrangian is entirely determined by a holomorphic
prepotential F'(z). The scalar fields pointing in the direction of the Cartan subalgebra
2 = 2%T% where T% are the generators of the Cartan subalgebra are flat directions of the
potential and span what is called the moduli space of the theory.

So far we did not discuss any quantum corrections. The one loop corrections to the

gauge coupling reads
b A
—20 N -2 Uv
9" (1) = g0 (Auv) + 2 1117 ) (14.1)

where gq is the bare coupling defined at some UV-scale Ayy and b is the one-loop coef-
ficient of the g-function. If G is asymptotically free there also is an IR-scale A;r where
the gauge coupling becomes infinite. For SU(2) and (2®) > A the logarithmic running
stops and the gauge coupling stays constant below (2%). For large (2%) one has a classical
U(1) theory at all scales while for small (z3) classically a gauge enhancement to SU(2)
occurs. The question Seiberg and Witten addressed is to what extent this perturbative
picture holds non-perturbatively [19].15

Concretely they determined the prepotential F' exactly, i.e. including all non-perturbative
corrections. The generic form of F' was known to be of the form [21]

a2 a 0o AUV 4l
_ 1 2 i 2
F(CL) = 5700 +;CL IHATUV—F%;CI ( a ) , (142)

where for simplicity one denotes a = 23. The first two terms are perturbative but due
to the non-renormalization theorem there is no further perturbative correction and only
a sum of non-perturbative contributions. Note that the perturbative part of F' is not
single valued due to the Ina? term.

The holomorphic gauge coupling is defined as

0*F , 2

A2
Since Im7 also determines the o-model metric we need to have Im7 > 0. However since
Im7 is harmonic it can have no minimum unless it is constant and thus turns negative
somewhere on the moduli space. This in turn implies that 7(a) is only locally and for
large a well defined but the global description of the moduli space should be different.
On the other hand the physics properties of a theory should not depend on a specific
parameterization.

7(a) = 16(a) + 87ig~*(a)

The resolution of this apparent paradox is that only the equation of motion have to
be well defined while the action might not be. For the case at hand it turns out that for
small a the theory is better described in terms of a dual gauge theory. Let us therefore
pause and discuss the electric-magnetic duality.

5For a review of Seiberg-Witten theory see, for example, [20].

54



14.2 Electric-magnetic duality

For a U(1) gauge theory the e.o.m. and the Bianchi identity reads

o"F,, =0, P70, F,e =0 . (14.4)
In terms of the dual field strength F* = —%e‘“’p"F o one has
P9, Fp =0,  O0'F, =0, (14.5)

i.e. e.o.m. and B.I. are interchanged. For field dependent gauge couplings one has
0"(g7%(a)F + 550(a)F,) =0,  €""0,F,, =0. (14.6)
It is convenient to define the self-dual and anti self-dual combinations
Ft =4F.,+F.), (14.7)

and
R + =+
G, =T1F,, G, =TF,, . (14.8)

In terms of these quantities e.o.m. and B.I. are equivalent to

oMmF,, =0, MmG,, =0. (14.9)
In terms of these quantities the electromagnetic duality can be expressed as a SL(2,R)
transformation
(%_) - (g:_) e <%> L o= Z:_j:z , (14.10)
where
S:((z 2) , ad—bc=1, a,bc,deR. (14.11)

At the same time one needs to transform

! or
(a;) — <C;’,3) =9 <aaD> , where ap =5 (14.12)

14.3 The Seiberg-Witten solution

For the case at hand we have for the perturbative terms

(a(f) = (2?\/_%1 %> , (14.13)

2mig, induces

/ J—
<(Z’,D) =My (af) : where My = ( 01 _41) . (14.14)

55

where u = a2. The transformation ©u — v’ = e



Seiberg and Witten suggested that a global description of the moduli space exists with
two singularities at v = +A? where magnetically charged states (a monopole and a dyon)
become massless and a perturbative description in terms of the dual gauge theory exits.'6
Consistency requires that the mondromy matrices M obey

M a2 M_p2 = My . (14.15)

For a dyon of magnetic charge g and electric charge ¢ the monodromy matrix is
l+q9 ¢ )
M@ = ( : 14.16
-9 1-gq (14.16)
One can check that (14.15) is satisfied for a monopole of charge (1,0) and a dyon of
charge (1, —2).

The next step is find a(u),ap(u) that display the required monodomies. This is a
version of the Riemann-Hilbert problem and there are two basic strategies:

1. determine a(u),ap(u) as a solution of a singular so called Picard-Fuchs differential
equation.

2. express a(u),ap(u) as period integrals of an auxiliary spectral surface.

Seiberg and Witten chose the second route and due to the SL(2) considered a torus as
the auxiliary spectral surface. One finds

Wp dap Oa
T(Uu) = — wp = —— = w, W= —= w 14.1

(w) w P bu ?{; ou j{ (14.17)
where w is a certain one-form on the torus and (a, 3) are the two cycles of the torus.

Further discussions about the solution are beyond the scope of these lecture and we refer
to the literature [19,20].

16The Seiberg-Witten proposal was later on verfied by explicit instanton computations. See [20] for a
list of references.
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15 N =4 and N =8 Supergravity

For supergravities with N > 4 the scalar field space M is a coset space of the form
M = G/H where G is a non-compact Lie group and H its maximal compact subgroup.
Therefore let us first discuss such o-models in general [22].

15.1 o-models on coset spaces G/H

In order to describe such o-models we introduce an n x n G-valued matrix )V and assign
the transformation law

ScV=AV, gV '=-V'A, (15.1)

where A is the constant parameter of the transformation with values in the Lie algebra
of G which in the following we denote as Lie(G). H is a subgroup of G and V transforms
under H according to

6yV =—Vh(z), gV '=h@)V !, (15.2)

where h(x) is a space-time dependent parameter (local parameter) with values in Lie(H).
It is convenient to define the current

J,=V7'9,V € Lie(G) . (15.3)
One readily determines its transformation law to be
o, =0, dudy=—0,h+[h,J,] . (15.4)
Next one decomposes J,, as
J,=Q,+P,, with Q,€Lie(H), P,e (Le(H))", (15.5)

where (Lie(H))T is the orthogonal compliment of H in G. With this assignment one can
read off their transformation properties from (15.4) to be

0aQu = —0uh + [h, Q] , oy, =[h,P.] . (15.6)

We see that (), transforms as a composite H-connection while P, transforms as a tensor
of H.

If G is non-compact (as it is in extended supergravity) it is not straightforward to
construct a Lagrangian. £ ~ Tr.J,J" is not postive as the trace involves the indefinite
Cartan metric. £ ~ Tr Q,Q* is positive but not gauge invariant. Instead

L=TrP,P*=TrV (D, V)V 'D"V , (15.7)

where D,V = 0,V — VQ is positive and gauge invariant if A is the maximal compact
subgroup of G.

An important quantity is the positive, H-invariant matrix

N =T, (15.8)

57



with transformation law
SN = AN +NAT | gN =0. (15.9)

As we will see shortly NV parametrizes the inverse gauge couplings but also the Lagrangian
L can be expressed in terms of the N as

L=Tro NMN, (15.10)

The physical scalars parametrize the coset, i.e. there is a “unitray gauge” where
V=T a=1,... dim(Lie(G)) — dim(Lie(H)) , (15.11)

with 7% being the non-compact generators.

15.2 N =4 global supersymmetry

The massless multiplets in N = 4 supergravity are recorded in Table 11.6. The only mul-
tiplet with possibly renormalizable interactions is the vector multiplet. Its field content
is (A%, ™, M) with 3,11 = 1,...,4. Apart from the vector we have four gaugini in
the 4 of the R-symmetry group U(4) and six scalars in the 6 of U(4). All reside in the
adjoint representation of some gauge group GG and their bosonic Lagrangian is given by

L=— 3P, F" — D" D"¢" = V(9) , (15.12)
where a = 1,...,n, and for simplicity we label the six scalars by the index ¢ =1,...,6.
The potential takes the form

V ~ ZTI (0", ¢]?, for ¢ =" T . (15.13)
]

Remarks:

e The o-model metric for the scalars is flat and the gauge kinetic function is constant.
e [t is a conformal theory with a vanishing  function to all orders.

e [t is a finite theory.

15.3 N =4 Supergravity

The N = 4 gravitational multiplet is given in Table 11.6 and has the field content
(gw,wE,ALEH],Xz,T). Apart from the graviton it contains a 4 of gravitini, a 6 of
graviphotons , a 4 of spin-1/2 fermions and a complex scalar 7.

The Lagrangian is of the form

1 _
L =— =R — {Im7NypF,, F** — IRernapF, F*4
2 ! g ! g (15.14)

— Tr QNN — L(Im7) 20,707 ,
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where A, B = 1,...,n, + 6, nap is the flat metric of SO(6,n,), and N is an SO(6,n,)
valued matrix and the coset representative of the scalar field space

SO (6,n,) SU(1,1)

M= 556y x50y < UQ)

(15.15)

The first component of the product is spanned by the scalars of the vector multiplet and
represented by N as in (15.8) while the second component is spanned by 7.

This Lagrangian can be gauged for a gauge group G which is a compact subgroup of
G = S0(6,n,) x SU(1,1). In this case a potential appears which is of the form

V(¢) = 5lA2(¢, 7)1 + 31 A2a(0, T)* — 3| Ar(e, ) (15.16)
where the matrices A; 59, are again the scalar parts of the fermion variations
Sy~ Afe + L L II=1,...,4,
S~ Agpet (15.17)
SN~ A et

The explicit form of the A’s together with the entire NV = 4 Lagrangian can be found, for
example, in [23]. Asin N = 2, the A’s depend on the Killing vectors of M and vanish
in the ungauged theory.

15.4 N = 8 Supergravity

For N = 8 there only is the gravitational multiplet which we listed in Table 11.7. It has
the field content
(G 0, AL (BTN g[BIACT (15.18)

residing in the U(8) representations (1, 8,28, 56, 70). The scalar field space turns out to
be

(15.19)

where IJ7(7) is a non-compact version of £; where the number of non-compact generators
minus the number of compact generators (which is also called the character of the algebra)
is equal to the rank (= 7) of F; [3]. For this version of E;, SU(8) is the maximal
compact subgroup and the dimension of M is indeed dim M = dim(E7 ;) —dim(SU(8)) =
133 — 63 = 70.

The Lagrangian is of the form
L=—1R— INapF, F*"* —Tr O NN~ + .. (15.20)

where A, B =1,...,28, and NV is an Er(7) valued matrix and the coset representative of
the scalar field space M given in (15.19).

It has been a questions which subgroups of E;(7) can be gauged. For a partial answer
see, for example, [24].
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16 Supersymmetry in arbitrary dimensions

16.1 Spinor representations of SO(1,D — 1)

The spinor representations of SO(1,D — 1) are constructed from Dirac matrices v
satisfying the Clifford/Dirac algebra

{AM AN} = 2™ M,N=0,....,.D—1. (16.1)

Then the operators
2N =1 M) (16.2)
satisfy the SO(1, D — 1) algebra and thus are generator of (the spinor representations of)
SO(1,D —1).
Concretely let us consider SO(1, D — 1) for D even.!” We choose D = 2k + 2, k =
0,1,2,... and define

’}/Oi = % (j:/}/o + ’Yl) )
o = % (,}/Qa j:i’yQa“) o oa=1,...k, (16.3)
,YA:I::(,YO:I:7,ya:I:)’ A=0,... k.

Inserting these definitions into (17.18), one obtains the relations
APy =0 (VP =0, (16.4)

This corresponds to the algebra of k + 1 fermionic creation and annihilation operators
(oscillators). One can construct the Dirac representation from the a Clifford vacuum [2)
defined by

YT =0, VA, (16.5)

The states are constructed by acting with 4% in all possible ways on |Q) using (7A+)2 =

0. The (complex) dimension of the Dirac representation thus is

K k1
n = dimc (Dirac rep.) = Z ( , ) = ok*1, (16.6)

- 1
=0

For D = 4 we have k = 1 and thus n = 22 = 4. For D = 2 we have k = 0 and thus
n = 2. Let us exemplary construct the matrix representation for D = 2 explicitly. The
only non-zero matrices are v°* and v~ with

PR =11), 27 =19). (16.7)

Therefore we can read off the matrix representation

04 0 ]6

1"Here we follow Appendix B of Vol II of [25].
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and thus according to (16.3)

v = (_01 (1)) ,  q'= ((1] (1)) . (16.9)

The construction for arbitrary k can be obtained similarly [25].

It is possible to define a ‘generalized 5" by

o1 =0T (16.10)

satisfying
{10+1.7"} =0, [, 2"V =0, (pu)’=1. (16.11)

Then one can define two projection operators, 1 + vp.1, that split the Dirac represen-
tation into two Weyl representations with eigenvalues +1. The dimension of the Weyl
representation thus is

dimg (Weyl rep.) = 2% . (16.12)

One can check that (v™)" and (—y™)" both satisfy the Dirac algebra (17.18). Since
the previous construction was unique both have to be similar to 4™ itself. Indeed one

defines

Byi=7 4P By :==vp41By, (16.13)

and shows
ByMBit = (1) (YM)", BByt = (=DM (M) (16.14)
i.e., for any k a similarity transformation exists. Furthermore
Biavp11 By = (=1)" (vp11)" (16.15)

so that for k even, i.e., D = 2,6,10,..., the Weyl representation is its own conjugate
(s.c.), while for k odd, i.e., D = 4,8, ..., the Weyl representations are conjugate to each
other (c.c.). From

B ,2MV By = — (2N (16.16)

it follows that both ¢ and B~'¢* obey the same Lorentz transformation law, i.e.,
51 = iwynSMNY SB~ W = iwynEMN By (16.17)

Thus one can impose a Majorana condition and define the Majorana Spinor 1 being a
Dirac spinor but with the additional requirement (reality condition)

Yt =By (16.18)
Thus the dimension of the Majorana representation is

dim¢ (Majorana rep.) = 2%, or dimg (Majorana rep.) = 2841, (16.19)

From (16.18) we find
W = B* = B*Bib, (16.20)
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and thus

BB* =1. (16.21)
From the definition (16.13) one computes
k
BBl = (-1)2%" = £=0,3,7,... (D=2,8,...), (16.22)
k
BB = (—-1)2%Y = k=14.8,... (D=4,10,...). (16.23)

A Majorana-Weyl (MW) representation is only possible if the Weyl representation
is self-conjugated, i.e., k is even, and hence, for k& = 0,4,8,... (D = 2,10,...). Its
dimension is

dimg (MW) = 2F. (16.24)

For D odd and D = 2k + 1 there are no Weyl representation and a Majorana repre-
sentation is possible only in D =1,3,9,11,... . Its dimension is

dimg (Majorana rep.) = 2. (16.25)

In this case the dimension of the Dirac representation is

dimg (Dirac rep.) = 28!, (16.26)

All the possible representations are summarized in Table 16.1.

D | k | Majorana | Weyl | M-W | dimp
210 v S.C. v 1
3 |1 v - - 2
4 11 v c.c. - 4
512 - - - 8
6 |2 - S.C. - 8
713 - - - 16
8 |3 v c.C. - 16
9 | 4 v - - 16
10 | 4 v s.C. v 16
11 |5 v - - 32
1215 v c.c. - 64

Table 16.1: Spinor representations for 2 < D < 12.

16.2 Supersymmetry algebra

The supersymmetry algebra is an extension of the Poincare algebra. In arbitrary space-
time dimensions D it depends on the spinor representations of SO (1, D — 1). Schemati-
cally it reads

{Q1, Q7 ~MPyd”,  {QN,Q7} ~ 2",

(16.27)
[LMN7QI} NEMNQIa [PMaQI} :07
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where M = 0,...,D — 1. Q' is a spinor in the smallest spinor representation listed in
Table 16.1. The Jacobi-identity requires that Z!” commutes with all generators and this
is a central element of the algebra. Positivity requires the BPS-bound

M>|Z|. (16.28)

For arbitrary D it is more convenient to counts real supercharges (which we denote by
q) instead of the number of spinor representations. For example, N = 1 in D = 4 has
q = 4 real supercharges, or in general ¢ = 4N for arbitrary N in D = 4. For this notation
the various supersymmetric theories for 4 < D < 12 and 4 < ¢ < 32 are displayed in
Table 16.2.18

q
D 4 8 16 24 32 64
4 X o o o o o o o
(N=1) (N=2) (N=4) (N=8)
5 X o o o
6 X o o oo o
(1,0) (1,1) (2,0) (2,2)
7 X
8 X
9 X
10 X o o
T IIA IIB
11 X
12 X

Table 16.2: Table of supersymmetric theories. “x” denotes the theories with the minimal
number of supersymmtries.

Most of the entries in Table 16.2 are self-explanatory. However note that in D = 6 the
supercharge @) is self-conjugate and two independent Weyl representations of opposite
chirality, denoted 8 and &', of SO(1,5) exist. For the theory denoted by (1,1) the two
supercharges transform as ()7 € 8, Q2 € 8 and thus the theory is non-chiral while the
(2,0) theory has Q1 € 8, Q2 € 8 and therefore is chiral.

In D = 10 also two Majorana-Weyl representations of opposite chirality 16, 16" exist.
Type ITA is non-chiral with Q; € 16, Q2 € 16’ while type IIB is chiral with Q; € 16,
Q- € 16.

In D = 2 the Lorentz group is SO(1, 1) and the supercharges () are real one-dimensional
Majorana-Weyl spinors. The type (p, q) superalgebra in two dimensions reads

{Q£L7 iL}:élLJLP_; Iy, Jp=1,...,p,
{Ql QJry = §TvIn P+ Ip Jp=1,...,q, (16.29)

(@1, Qlpy = 7hin.

18For ¢ = 64 one goes beyond N = 8 and thus has higher spin fields in the massless multiplet. For these
theories one does not have a consistent interacting quantum field theory in a Minkowski background.
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17 Kaluza-Klein Compactification

17.1 S'-compactification

The basic idea of Kaluza-Klein theory is to formulate gauge symmetries as space-time
symmetries of a higher-dimensional space-time. The simplest example is the compactifi-
cation on a circle S*, i.e. the space-time background is the five-dimensional space-time

Ry3 xS, (17.1)

with coordinates

oM = (aty) M=0,.,4, u=0,..3. (17.2)

y is the periodic coordinate of the circle, i.e. y = y+ 27 R with R being the radius of the
circle. Thus a scalar field ®(z™) in this background satisfies

(¥, y +21R) = O(2",y) , (17.3)
and therefore can be expanded in terms of Eigenfunctions of S! as

(M) = i oM (zH) e/ B (17.4)

n=—oo

If ® satisfies the massless Klein-Gordon equation one has

OsP := nMNaMﬁN@ = (n"0,0, + 8y2)CI> = Z (D4gb(") - m%n)qb(”))ei"y/R =0, (17.5)

n

so that each Fourier mode ¢(™ satisfies
04" —m2e™ =0,  m, =n’/R*. (17.6)

From an R; 3 perspective the ¢ form an infinite tower of massive scalar fields called
the Kaluza-Klein tower.

One can estimate the size of S; by experimentally testing the validity of the two %

potentials:

Veoulomb ~ ¢ , confirmed for r > 107%m ,

- (17.7)
VNewton ~ — confirmed for r > 10"*m .

r

Therefore, generically we need to choose R < 107!%m so that the extra dimensions are
not visible.!

In any case the SM modes should be found among the massless (zero) modes, i.e. for
n = 0. In this case ® has no y dependence ®(a#,y) — ¢ (z#).

YHowever there is an exception pioneered by Rubakov and Shaposhnikov [26]. Whenever the gauge
theory is localized on a three-dimensional hyperplane inside a higher dimensional space-time then a large
R with R < 10~*m is allowed. In string theory this scenario is realized by D-branes [25].
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One includes gravity by considering and reducing the higher-dimensional Einstein-

Hilbert action ]
S = 2—2 dSZE V —g(B)R(5) s (178)
ks
where R is the five-dimensional Ricci scalar. One expands the five-dimensional metric
around an SO(1,3) invariant background with some fluctuation dgyy. A convenient
parametrization is

y+ 1P AA, TPA vV
gMN = (gﬂ r2A, g 2 ”) = (gmn) + 0gun (gun) = (nﬁ < r? >)
(17.9)
and one obtains after Weyl rescaling
-1 - L~ a,rotr
— 4 /~ 4 1,.2 v w
S = /d X 9(4) (2_/41421 R( ) ZT F’MF"u - H?LT'Q ) ) (]‘710)
where or R
k=t Fu=0,A,— 0,4, , A, =riA,. (17.11)
ks

This shows that the five-dimensional Einstein-Hilbert action decomposes into the four-
dimensional Einstein-Hilbert action, a U(1) gauge theory plus a neutral scalar without
potential. The local U(1) gauge transformation arises from general coordinate invariance
of the five-dimensional theory y — y — {(z#).

17.2 Generalization

As a first generalization consider a spacetime of the form:

My x T (17.12)
where T? is a d-dimensional torus. As in (17.9) the metric is parametrized as
o Juv + gmnA,TATJ gnpAz —
JMN = ( Gy AT oo , m,n=1,..d . (17.13)

For a 4-dimensional perspective we have

zero modes ‘ spin ‘ multiplicity

I 2 1
Ap 1 d
Gmn 0 sd(d+1)

The isometries of T¢ read y™ — y™ — ¢™(x) and induce
AT AT (17.14)

corresponding to a [U(1)]? gauge theory. The action of the zero modes after the KK
reduction and Weyl rescaling takes the form

~ [ [ Ty mn
S = /d4x\/—g(4)<2—/ﬁ72(4) + G F L F™ = (04 Gmn) (0" g™") + (9, In det g) (9" In det g) :
(17.15)
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Note that again there is no potential and the o-model target space is the coset

~ GL(d)
M = 500 (17.16)

One can consider more general Kaluza-Klein theories in that one takes a space-time
background of arbitrary dimension and includes a compact d-dimensional manifold X¢
as follows

RGP 5 x4 (17.17)

where X ¢ is a d-dimensional compact Riemannian manifold. Following the same procedue
as just outlined one derives an effective theory in R&-P=1 for the massless modes. This
includes the metric, a set of gauge bosons and a set of scalars. Any isometry of X¢
then appears in R&P~1 as a gauge symmetry. It can be non-Abelian if X¢ admits non-
Abelian isometries which, for example, a group manifold X¢ = G/H has.?’ The problem
with such compactifications is that generically they are not flat and the Ricci-scalar of
X induces a large cosmological constant.

17.3 Supersymmetry in Kaluza Klein theories

Let us first include fermions into Kaluza-Klein theories and consider the massless Dirac
equation in the background (17.17)

iy Dy (z,y) = (iv" D, + i7" D)V =0, (17.18)

where v denotes Dirac matrices and a#, ju = 0, ..., D — 1 are coordinates on R(:P~1 while
y™, m =1,...,d are coordinates on X?. One expands

U(,y) =Y tn(@)ma(y),  with iy Dyipy = man, , (17.19)

(no sum on n in the last term). The 7, are called Killing spinors and at level n there can
be more than one of them. Inserted into (17.18) implies

(Z”YMD;L + mn) wn(x) =0, (17.20)

with m,, = 0 corresponding to the massless (zero) modes.

As an aside let us remark that the Atiah-Hirzebruch index theorem states that if X¢
has continuous isometries, the (character-valued) index of the Dirac operators vanishes

index(D(X)) =ny, —ng=0, (17.21)

where ny/r counts the left-handed/right-handed zero modes of D. This has an imme-
diate application to Kaluza-Klein theories as gauge theories which arise from higher-
dimensional backgrounds (17.17) necessarily need an X¢ with continuous isometries.
Therefore, a chiral spectrum in R(-P~1 cannot be generated by compactifications on a
smooth manifold unless it was already chiral before the compactification [27].

1,D—1)

200ne can also replace R( by an anti de Sitter or de Sitter background.
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For the supercharges one makes the Ansatz

Q(*T?y) = ZQE(:C) 772(3/> ) (17'22)

where Q*(z) are a spinors on RMP~1 and n*(y) are spinors on X¢. One further requires:

1. The n* are normalizable, i.e. |[n*|| = 1 which implies that the n* are nowhere

vanishing on X¢.

2. The n* should be globally well-defined which implies that they are singlets of the
structure group.?!

The existence of globally well-defined n* imply a reduction of the structure group and
X% is called a manifold with the G-structure [28]. G is a subgroup of GL(d,R), i.e.
G C GL(d,R) which leaves n invariant.

As an example let us choose D = 4,d = 6 in which case the Lorentz group SO(1,9)
decomposes as

SO(1,9) — SO(1,3) x SO(6) . (17.23)
The spinor representation 16 of SO(1,9) decomposes accordingly
16 — (2,4) +(2,4) . (17.24)

If one demands a specific number of supercharges in R(3) the structure group is fixed
and the class of manifolds determined.

Let us consider the following examples [28]:

1. X% =T6 or a torus fibration. In this case one has an identity structure with four
n* € 4 of SO(6) which correspond to four supercharges.

2. X% with SU(2) structure. In this case two 1™ exist corresponding to two super-
charges.

3. X% with SU(3) structure. In this case one 7 exists corresponding to one super-
charge.

An additional requirement one can impose is that the 7 is covariantly constant (w.r.t.
the Levi-Civita or spin connection)

Pn=0. (17.25)
In this case the following properties hold:
1. Hol(X?%) C SU(%),
2. Ryn(X4) =0,
3. (X% =0.

21This is the group acting on the frame bundle.
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This implies that X¢ is a Calabi-Yau manifold.

Let us briefly discuss the implications for supersymmetry. The supersymmetry trans-
formation of the gravitino W, is schematically given by

0Uy =Dyé+ > ayy-Fpé+... (17.26)
P

where ¢ is the parameter of the supersymmetry transformation, a, are some constants
and v - F, denotes appropriate contractions of the p-form field strength present in the
theory. Expanding &(z,y) = &(x)n(y) as in (17.22) we find in the background (17.17)

(00,) =0,  (00n) ~ D+ D ayy- (Fpn . (17.27)

We see that depending on the (F,) and D,,n, supersymmetry can be intact or sponta-
neously broken. In standard Calabi-Yau compactifications one has (F,) = 0 = D,,n and
supersymmetry is preserved.
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18 Supergravities with ¢ = 32 supercharges

18.1 Counting degrees of freedom in D dimernsions

The most economic way to count on-shell degrees of freedom for massless fields is to go
a light-like frame pM = (—E,E,0,...). In D space-time dimensions this choice is left
invariant by the little group SO(D — 2) and the massles modes fall into representations
of this group.?? The on-shell degrees of freedom for the various fields are recorded in
Table 18.1.23

fields on-shell d.o.f.
scalar ¢ 1

spin-1/2 fermion y % dim(spinor rep.)

gauge boson A, D -2

gravitino 1y (D — 3) dim(spinor rep.)
graviton gy n I(D-2)(D-1)-1
p-form Ajng ary..0,) (Dp_2)

Table 18.1: Counting degrees of freedom (d.o.f.).

18.2 D =11 Supergravity

In D = 11 the massless multiplet contains the metric gy, ny with 44 d.o.f., an antisymmetric
3-index tensor Ay, np with 84 d.o.f. and a gravitino W), with 128 d.o.f.. The action is

S = %/dllng /=g(R - L|Fy?) — & /A3 A Fy A\ Fy + (fermionic interactions), (18.1)
where F) = dAjz is the field strength of the three from and we abbreviate

|Bl* = P, FA (18.2)

L has diffeomorphism invariance and local supersymmetry by construction. In addition
there is gauge invariance related to the three-form

5143 = dAQ y 5F4 - 0, 6\11 - O, (183)

where Ay is a 2-form and dFy = 0.

22For massive representations one goes to the rest frame p™ = (—m,0,0,...) and in this case the little
group is SO(D — 1).
23 A counting using gauge invariance and the equation of motions can be found for example in [29].
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18.3 Compactification on S': Type II A supergravity in D = 10

Compactifying D = 11 supergravity on an S* yields the spectrum
IMN — Guv 5 Guio ™~ Au ;G100 ~ @,
Aunp — A,wp ) A,wlo ~ B,w ) (18-4)
Ut = (Yo, Vi) s (Wioa ~ Aa, Pioa ~ Aa) -
Altogether the D = 10 gravitational multiplet thus contains

0

G;w ) Bul/ ) ¢ ) Au ) A[uup] ) \Il;wc ) \I]udc ) )\oz ) >\d )
35 (28 (1 (®)  (56)  (56) (56) () (8) (18.5)
(128) (128)

where we indicated the number of d.o.f. in brackets.

Performing the KK-reduction one obtains

SH _/ dy/dloibﬁn = /d10$£11A, (186)

where one only keep the lowest KK modes after the compactification (no y-dependence).
The type IIA actions is

Stia = %/dlol‘v—g (€_¢ (R + 40,90" ¢ — %|H3|2) - i(|F2|2 + |F4|2)>
(18.7)
— }l /dlox By A Fy A Fy + (fermionic interactions) ,

where Fy = dA;, Hy = dB,, Fy = dA; and F, = F, — A, A H;.

The ITA theory has two local supersymmetries of opposite chirality. In addition there
three independent gauge symmetries related to the various p-forms present. They are

(’L) 5141 - dAO 5 5143 - A0H3 y (188)
(i7) 6By =dA,,  0H3=0, (18.9)
(i) 6A; = dA,, (18.10)

with parameters Ay, A1, As. Note that the theory contains no charged fermions.

18.4 Kaluza-Klein reduction on T°

Reducing eleven-dimensional supergravity on 7 one has a space-time background Mp_;;_qx
T?. The bosonic spectrum of the gravitational multiplet is

Guv
guMN — 8 Gui,t=1,...,d — d graviphotons
9ij — 2d(d + 1) scalars
A (18.11)

pvp
A — d two-forms B,

Annp = Au;  — 3d(d — 1) graviphotons

Aij,  — (g) scalars
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Altogether the gravitational multiplet in 11 — d dimensions contains the bosonic compo-
nents

Guvs Ay d By, 3d(d + 1) Ay, 2d(d® +5) ¢ . (18.12)

In order to understand the scalar field space M we need to pause and discuss Poincare-
duality in D space-time dimensions. Consider a p-form B, = By, .. Mpd:le A...deMe. Tts
field strength is H, 1 = dB, and one has a gauge invariance B, — B, +dA,_;. Poincare
duality related

Hyyw~Hp_p ;. (18.13)

For example in D = 4 a two form Bj is dual to a scalar while in D = 3 a vector A; is dual
to a scalar. In even dimension for can impose a self-duality condition on a p+1 = D/2-
form. For example, in D = 4 a self-dualty condition can be imposed on a a one-form A;
or rather its field strength F, = Fy.

The scalar fields arise from the metric gy/n and from the three-Form Apyvp). Together

they form the scalar manifold
_ Faa , (18.14)
H
where the groups E, 4, H are given in Table 18.2.

As we already said the scalars arise from the metric gy/n and the three-form Ay p).
For 3 < d < 6 dim(M) is the sum number of scalar fields ¢d(d® + 5) given in (18.12).
For D = 4,d = 7 however, there are 7 additional scalars from the duality By ~ ¢ so that
the total number is 70. For D = 3,d = 8 there are 36 additional scalars from the duality
A1 ~ ¢ so that the total number is 128.

1]S0(1,1) 1 1
2 | GL(2) SO(2) 3
3| SL(2) x SL(3) SO(2) x SO(3) 7
4| SL(5) SO(5) 14
5| SO(5,5) SO(5) x SO(5) 25
6 E6,6 USp(8) 42
7| Brq SU(8) 70
8 | Fsg S0(16) 128

Table 18.2: Scalar coset for ¢ = 32.
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19 Supergravities with ¢ = 16 supercharges

19.1 Type I supergravity in D = 10

In this supergravity there are two multiplets. The gravitational multiplet contains

gun s Bun, ¢, Ve, A,

(5) (8 (1) (56) () (19.1)
(82) (EZ)

while the vector multiplets features

AM, Xa -

® @ (19.2)
Now non-Abelian gauge symmetries are possible in that the vector multiplet can trans-
form in the adjoint representation of some non-Abelian gauge group G. The Lagrangian
is

S = %/d% V—ge % <R+ 4001 p0™M ¢ — |ﬁ3|2> +Tr (FunF"Y) + ..., (19.3)
where )
Hy:=dBy—ws, wy:=Tr (AANdA+2ANANA) . (19.4)

ws is the Yang-Mills Chern-Simons term which obeys dws = Fy A Fb.

The theory is general coordinate invariant and has one local supersymmetry and asso-
ciated with By there is a two-form gauge invariance

0By = dA; (19.5)
where A, is a one-form parameter.

The non-Abelian gauge invariance transforms 0A = dA + [A, A] but from (19.4) we
i{lfer that also w3 transforms and as a consequence Bs has to transform in order to keep
Hj invariant. Altogether one finds

SA=dA+[A,A],  dwy=Trd(AdA), 6B, = Tr(AdA).  (19.6)

Type I supergravity is chiral in and generically anomalous [?]. The anomaly can only
be cancelled for two gauge groups Fg x Eg and SO(32).

19.2 Compactification of type I on T

Compactifying D = 10 Type I supergravity on T yields the bosonic spectrum

Guv
guN — § Yui i =1,...,d — d graviphotons
i — 2d(d + 1) scalars
B
" (19.7)

Bun — B,; — d graviphotons
B;; — 3d(d —1) scalars

Al gauge boson in adjoint representation

AS, — . Ay .
A¢  — d scalars in adjoint representation
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Altogether the gravitational and vector multiplet in 10 — d dimensions contains the
bosonic components

gravitational multiplet : (g, B, dA,, @), ( )
19.8
vector multiplet :  (A,,d¢) .

Thus in 10 — d dimensions there is one gravitational multiplet and (d + n,) vector mul-
tiplets. The d(d + n,) + 1 scalars parameterize the coset

SO(d,d+ny)
so@=so@iny < R for d < 5
_ SO(6,64+ny) SU(1,1) .
M= 50(6)xSO(6+nv) U() ford=6 (19.9)

SO(8)xSO(8+ny)

where the second factor is the dilaton for d < 5 and the dilaton plus the dual of B, for
d = 6. For d =7 also all 14 + n, vector fields are dualized to scalars.
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20 Chiral supergravities and supergravities with ¢ =
8 supercharges

20.1 Type II B supergravity

In type IIB supergravity there is again only one massless multiplet, the gravitational
multiplet, which contains the fields

1 2 * 1 2 1 2
gun, Byn, Bun, ¢, L, Au, AMNPQ7 Vitas Yizas Aas Aa s

(35) (28) 28 @O O @ (35) (56) (56)  (8) (8) (20.1)
(f{s) (1‘2r8)

where the four-form has a self-dual field strength

F5 = dAZ = F5 3 with FMl ..... Ms = €My,..., MIOFM6 """ Mo . (202)

This theory has no Lorentz invariant action but only field equations due to the self-
duality constraint. One can give the action without imposing the constraint and include
it on the field equation by hand. In this case the action reads

1 10 13M7'3M7' 1 i MNP 112

525 d JJ\/—_g R+§W_§MU'FMNPF —§|F5|
(20.3)

— z—ieij\/dlofEAgl A Fg /\Fg,
where . | |2
- — L T —Rert
T=1+1e"?, M;; oo (—RGT ) ),

45! (20.4)

The type IIB theory has two supersymmetries of the same chirality. There are two
p-form gauge symmetries

(Z) 5144 == dAg, ( )
, o 20.5
(ii) 0BY =dA!, 0As = —1e;AidB],

where Az (A1) is a parameter three-form (one-form). Finally there also is an SL(L, R)
symmetry acting as

b
T—>T’:aT+ , a,b,ec,deR, ad—bc=1,
cT +d
M— M =AY MA, A= (Z 2)7 (20.6)

Fi— Fyi = AN F].
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20.2  (2,0) supergravity in D =6
This is a supergravity in D = 6 with two supercharges of the same chirality. The
gravitational multiplet contains

ta=1,.5 i=1,2
gMN, BMN , v

(9) (5x3=15) (2><{\g324) (20-7)
The only other massless multiplet is a tensor multiplet with field content
By, %715 xi=12 (20

(3) (5) (2x4=8)

Recall that in D = 6 a two-form is Poincare dual to a two-form Bs ~ B, and thus one
can impose a self- or anti-self duality condition on B,. Five self-dual B are part of
the gravitional multiplet while the tensor multiplets contain the anti-selfdual B; . As a
consequencet there is again no Lorentz-invariant action and the theory is defined via its
field equations. The scalar field space turns out to be

50(5, nT)
SO(5) x SO(nr) ’

M = (20.9)
where nr counts the number of tensor multiplets. The theory is anomaly free only for
ny = 21. Note that the theory contains no gauge fields at all.

20.3 (1,0) supergravity in D =6

This is also a chiral supergravity in D = 6 as it has one chiral supercharge. The massless
multiplets are

gravitational multiplet :  Gurn, Bijn, Yasa
9) (3) (12)

tensor multiplet : By, n, ¢, X ,

@ O @
(20.10)

vector multiplet : A%, \* |
4 @

u=1,...,.4

hypermultiplet : ¢ s X

ORI
where the vector multiplet is in the adjoint representation of some gauge group G while
the hypermultiplets can be in any representation.

The scalar field space turns out to be

M =

SO(1,ny) { Muyk for global supersymmetry (20.11)

SO(n7) Mk for local supersymmetry

where the second component is spanned by the scalars in the hypermultiplets.

Remarks:
1. A Lorentz-invariant action only exits for ny = 1.
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2. The hypermultiplets are exactly asin D =4, N =2 (and in D =5, N = 2).
3. Asin D =4, N =1 the vector multiplets have no scalars.

4. The theory is anomaly free only for n, — n, + 29nr = 273.

20.4 ¢ =38 (N =2) supergravity in D =5

This theory can be constructed from the (1,0) theory in D = 6 by KK-reduction. In
D = 4 a two-form is Poincare dual to a vector Bs ~ A; and thus one can dualize an
entire tensor multiplet to a vector multiplet.?*

The massless multiplets are

gravitational multiplet : g,,, A?L, v, .,
G @ ©®

tensor multiplet : B;V, o, X,
@3 @O @
(20.12)
vector multiplet : A% ¢, \*,
& @)
@3 @

hypermultiplet :  ¢“= DX,

where the vector multiplet is again in the adjoint representation of some gauge group G
while tensor- and hypermultiplets can be in any representation.

The scalar field space turns out to be

Muyuk for global supersymmetry

Mk for local supersymmetry (20.13)

M = MSR X {
where Mgr denotes a “very special” real manifold spanned by the scalars in tensor- and
vector multiplets while the second component is again spanned by the scalars in the
hypermultiplets.

Let us briefly describe the geometry of the very special real manifold Mggr. Its co-
ordinates are the real scalar fields ¢, a = 1,...n, + ny from both tensor- and vector
multiplets. They are the soltion of a cubic constraint

capch(@)hB(9)hC(¢p) =1, A B,C=0,...,n, +np, (20.14)

where the constant, symmetric tensor cspc specifies the theory. The metric is obtained
by
Gap = —3(0.h™)(9hP)capch® . (20.15)

More details can be found in [3].

24There is a caveat in that the vector multiplet has to be in the adjoint representation of G' while the
tensor multiplet can be in any representation r of G.
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