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1 Introduction to string theory

1.1 Basic assumptions

The basic idea of string theory is to replace a point-like particle by an extended object
— a string which can be open or closed (Fig. 1.1). One then develops a quantum theory
of strings. In order to do so one needs to define time ¢ and energy H. Therefore one
assumes that the strings move in a D-dimensional space-time R; p_; with Minkowskian
signature (1, D — 1) (Fig. 1.2). The symmetry of this space-time is the Poincare group
and thus ¢, H, mass m and spin s are defined by the representation theory. The drawback
however is that the space-time background has to be assumed from the beginning. With
this preliminaries one can define (perturbative) string theory as the quantum theory of
extended objects (strings).

. Q/\/

Figure 1.1: point-like particles are replaced by strings.

0 )

Figure 1.2: String moving in space-time background.

1.2 The string action

Let us denote the coordinates of the string by X*. It is a map from the worldsheet ¥
(with coordinates (7,0)) into the target space Ry p_;

XMoe*): ¥ -Rypy, M=0,...D-1, o*=(r,0),a=0,1, 0<o<l.
(1.1)

The Nambu-Goto action is
Sng = —T/ dA (1.2)
b
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where A denotes the area of ¥ (measured in coordinates of Ry p_1). T is the tension of
the string with units of energy/unit volume.

The line element of Ry p_; is
ds? = —nyndr™ (0®)da™ (0%) = —Gogdo®do” (1.3)
where G,z is the induced metric on X given by

XM oxN

_ 1.4

In terms of the metric the area A is given by
A=/—detG.pdodr . (1.5)

XM and ¢® have dimension of length or inverse mass of Ry p—1. As a consequence Gog
is dimensionless and the tension T has dimension (length)~2 =(mass)?. One defines

1
oo’

1
l,=2mVo', M= T (1.6)

o/ is called the Regge slope, [ the string length and M the string (mass) scale.

T

In addition to G,g one defines the intrinsic metric h,z(7, o) on X. In terms of h one

can rewrite the Nambu-Goto action as the Polyakov action

T
Sp = 9 / d’ov/— det hh*? 9, XM 05 X Nnarv - (1.7)
>

h®? acts here as a Lagrange multiplier as its kinetic term is topological
= : d*0v/—dethR(h) = x(X) =2 —2g , (1.8)

where R(h) is the Riemann scalar and ¢ the genus of ¥. The equation of motion
0Sp
§hed

yields Sng. The advantage of using Sp instead of Syg is that it corresponds to the
standard action of D scalar fields in a two-dimensional (2d) field theory.

0 (1.9)

Sp has the following symmetries:

1. D-dimensional Poincare invariance

XM XM = AMXN oM (1.10)

where A € SO(1,D — 1) and @™ parameterizes translations. As a consequence

MN
, L

energy, momentum and angular momentum F, PM are conserved.
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2. Reparametrizations of X

c% — a¥(c%) .

(1.11)

As a consequence the energy-momentum tensor T’ of the 2d field theory is (co-

variantly) conserved D, 7% = 0.

3. Local Weyl invariance
ha,ﬁ' - ew(aa)haﬁ‘

As a consequence T2 = 0.

(1.12)

The symmetries 2. and 3. have three local parameters and as a consequence h,g has no
degrees of freedom (dof). Thus Sp is a conformal field theory (CFT) on X. Its Weyl

anomaly corresponds to the Liouville mode.
The equation of motion in the gauge h,z = diag(—1, 1) reads
OXM =hpt=0,0_XM =0,

where
0i:%(87j:80), oct=r+o.

The solution reads
XM= XMoot + XM(o7) .

The boundary conditions of the closed string are
XM(r,0) = XM(r,0+1)

so that X™ can be expanded in Eigenfunctions of a circle

M 1M o', M - o 1 M —i2E ot
Xpr= 3% + 5P +7f\/7§ nLRn® ! :

n#0

1.3 Quantization and excitation spectrum

The next step is to canonically quantize the string by replacing

and imposing

(M (7, 0), XN (r,0")] = —id(c — o' )MV | [y, TIy] = 0 = [XM, XN

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

Due to the signature of 17 the construction of a positive definite Fock space is problematic.

One finds that it requires D = 26 which coincides with an anomaly-free Weyl invariance.

'More precisely, one need 26 scalar fields which, however, do not all have to be interpreted as space-

time coordinates.



By applying creation opertors on the Fock vacuum one finds an infite tower of states
with masses
M?* =nM, , ne{-1,0,1,1,...} . (1.20)

There is a unique state for n = —1 called the tachyon and a graviton Gy/n), an anti-
symmetric tensor By and a dilaton ¢ for n = 0. This situation can be improved by
requiring supersymmetry in the 2d field theory on ». Redoing the Fock-space analysis on
finds D = 10 and for a specific projection (GSO-projection) no tachyon.

In two space-time dimensions the superalgebra splits on the light cone into what is
called (p, q)-supersymmetry where p denotes the left-moving supercharges and ¢ the right-
moving supercharges (see Appendix A for more details). For D = 10 and (1, 1) super-

symmetry on Y one has two inequivalent theories termed type ITA and type IIB. Both

are N = 2 space-time supersymmetric, type ITA is non-chiral while type IIB is chiral.
For D = 10 and (0, 1) supersymmetry on ¥ there are three inequivalent theories termed
type I, heterotic SO(32) and heterotic Fg x Fg. Type I includes closed and open strings

and all three are N = 1 space-time supersymmetric.

In Table 1.1 we list the massless spectrum of type II string theories in R, ¢ in the Neveu-
Schwarz-Neveu-Schwarz (NS-NS), the Ramond-Ramond (R-R) and Neveu-Schwarz-Ramond
(NS-R) sector while in Table 1.2 we display it for type I and heterotic strings. The C,
are antisymmetric tensors in p indices or equivalently the coefficents of a p-form and A,
denotes a gauge boson. W, is the gravitino where + indicates the 10d chirality and A
is the dilatino.

Type IIA Type 1IB

NS-NS Gwnys By, ¢
R-R Cy, Cs l, Cy, Cy
NS-R | Wary, Uar, A, Ao | W7, AL

Table 1.1: Massless spectrum of type II strings.

Type I, Heterotic
NS | Gun, By, ¢, A% € G = SO(32), B x Eg
NS-R qu+> )‘77 AL

Table 1.2: Massless spectrum of heterotic and type I strings.

1.4 Interactions
The fundamental string interaction is depicted in Fig. 1.3. The strength of this inter-
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Figure 1.3: Fundamental string vertex.

action is measured by the dimensionless string coupling g5 which is proportional to the
background value of the dilaton ¢ via g, = e!?.

From the fundamental vertex one constructs all scattering amplitudes. As an example
the four-point amplitude is depicted in in Fig. 1.4.

Figure 1.4: Four-point amplitude.

The gs,-dependence of the amplitude is

A=A g 00 (1.21)
n=0

Remarks:

1. Interactions are introduced via “Feynman-diagrams” and corresponds to a sum over
all worldsheet topologies. However, the object which leads to the expansion (1.21) is
not known or in other words there is no analog of the action functional /path integral
known. As a consequence even a formal definition of the theory is not available.

2. The graphs are “smeared” versions of the standard Feynman-diagrams in a quantum
field theory which is the origin of the UV-finiteness of A.

3. For g, < 1 a perturbative evaluation of A is sensible.

4. In the limit [, — 0 one obtains the amplitudes of a QFT coupled to classical rela-
tivity.



2 The low energy effective action of string theory

2.1 The S-matrix approach

In field theories with light (L) and heavy (H) fields, i.e. with m; < myg, one defines for
p < mpy a low energy effective action formally by

i ] Len(D) :/DHez’faL,hy (2.1)

In string theory there is no analog of the path integral but one can do the same procedure
at the level of the S-matrix as depicted in Fig. 2.1

K- e

+ t and u channels

L L L L
< X
— +
p2 < M2 /
I L L L

string

+ t and u channels

For p? < M? one obtains the amplitudes of an effective field theory.

string

The method (called the S-matrix approach) can be systematically used to construct

o 2 n
p n
Lg =) (W) ch (2.2)

n=0

n = 0 corresponds to the potential and Yukawa-interactions while n = 1 give the standard
kinetic terms. In pratice one uses symmetries to simplify the analysis.

2.2 Type II A supergravity in D = 10

We consider now type IT A supergravity in D = 10. The multiplet contains

GMN ) BMN ) ¢ ) CM7 CV[M]\/'P} ’ \IlMa ; \IIMO'z ; )\a ) )\dl ) (23)
@ e W ® @ 60 66 ¢ ©
(1‘2,8) (12v8)



where we indicated the number of d.o.f. in brackets. The bosonic Lagrangian has the form

Lia = Lxs + Lrr + Les (2.4)
where in the string frame
_ 220/ ) 8
Lns =gz e ™ (R+40,00"0 — ), 7=l =
Lin = — 5 (YELP + HIAP) (2.5)

ECS:_ﬁBQ/\FzL/\FzL,

and Fy = dCy, Hy = dB,, Fy = dCs, Fy = Fy — C; A Hs.

The ITA theory has two local supersymmetries of opposite chirality. In addition there
three independent gauge symmetries related to the various p-forms present. They are

(Z) (501 - dAo, (503 = A(]Hg, (SFQ = 5F4 = 0 y (26)
(i1) 6By =dA,, 6H3=0, (2.7)
(ii1) 6Cs=dAy,  0EF, =0, (2.8)

with parameters Ag, A1, A5. Note that the theory contains no charged fermions.

2.3 Type II B supergravity

The multiplet contains

CTVMN> BJI\/[N> BJQ\/[N7 QS > ! ) CMa CJT/[NPQ? \Il]l\/[a? \D?\/[om )‘tljm )‘?jm (29)
(35) (28) 28 (M 1 @) (35) (56)  (56) (8) (8)
(1‘2,8) (1524)

where the four-form has a self-dual field strength

F5 == dCZ == F5, where FM1 7777 Ms = €My,..., ]\410171\/[6 """ Mio . (210)

This theory has no Lorentz invariant action but only field equations due to the self-
duality constraint. One can give the action without imposing the constraint and include
it on the field equation by hand. One has

Lip = Lns + Lrr + Lcs (2.11)

where Lys is as in (2.5) while

Lon = — 2 (MAE - $IBE+ 1A |
(2.12)
Los=— 75 CiNHy A Ty |
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with
Fy=dCy—1Hy, Fy=dCyi+ 1By ANF;—1Co A H;. (2.13)

The type IIB theory has two supersymmetries of the same chirality. The p-form gauge
symmetries are

6Cy=dAs,  6By=dA},  5Cy=dA]{, 6C,=—-APAE+IAAH;. (2.14)

The type IIB theory also has SL(2,R) symmetry which is visible in the Einstein frame.

Defining
GJ\E/[N :67¢GMN s T :l—‘—i@i(ﬁ,
M. — 1 7> —Rer mi Hs; i 1o (2.15)
Y Im7 \—Rer 1 ’ 5o \F) 7

the Einstein frame Lagrangian reads

1 Oy oM . . . . .
Lip =5 - (RE —AMTET  AMy (Figy FIMN) = g B — LeyCa A Fi A Fg) .

2K3, 2 Im7)2 2 25!
(2.16)
In the Einstein frame one can check the SL(2,R) symmetry acting as
, ar+b
T—T =—, a,bec,de R, ad—bc=1,
ct+d
M— M =AY MA, A= <0bl C) , (2.17)
a

Fi — Fy = N F].

2.4 Heterotic and type I

The effective actions of these two string theories are very similar. The massless multiplets
are the gravitational multiplet containing

Gun, Bun, ¢, Yua, Aa, (2.18)
(35) (28) (1) (56) (8)
(. ~~ 7 N, s’

(64) (64)

and the vector multiplet featureing

AM) Xa s (219)
®)  ®

Now non-Abelian gauge symmetries are possible. The Lagrangian is

Lhety1 = Lns + Lynet/1 (2.20)

11



where Lyg is again given by
Lys = phre <R + 40y00M § — \ﬁ3\2> , (2.21)

but now with .
Hz = dB; — iO/(QYM - Qym)
QYM =Tr (A1 VAN dA1 - %Al VAN Al N Al) s (222)
QL :Tr(wlAdw1+§w1/\w1Aw1) .
Qv is the Yang-Mills Chern-Simons term which obeys dQQyy = Fo A Fy while y, is the
Lorentz Chern-Simons term which obeys df);, = Ry A Ry. This implies
dHy = —1o/(TTFAF — TtRAR) . (2.23)

The kinetic term for the vector multiplet Lype 1 reads

heterotic : Lhet/1 = —ﬁe’Q‘z’Tr (FunFMY)
. ' B L s N (2.24)
ype L: Lihet1 = ~ 355, ¢ Tr (FMNF ) )

(2.25)

/

2 1
—ZOé.

i

where

=Y
=1

0

The theory has one local supersymmetry and the two-form gauge symmetries d B, = dA;

together with the gauge invariance
0By = 1o/ Tr(AAF), (2.26)

dA; = dA +i[Aq, A], Qyy =dTr (AANF),
and an analogous symmetry for .. The theory is anomaly free for Eg x Eg, SO(32).
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3 Calabi-Yau compactifications

In the way we discussed the quantization of string theory in section 1 we need ten scalar
fields XM M = 0,...,9 on the worldsheet ¥. These scalar fields are interpreted as
the coordinates of a target space which is identified as our space-time. However, the
choice of the global symmetry in the target space is not fixed by the consistency of the
quantization. In sections 1 and 2 we discussed R; ¢ with a Lorentz symmetry SO(1,9) as
an instructive example but this is by no means necessary. Instead we can have a target
space Ry 41 X Yjg_4 with symmetry group SO(1,d — 1) x SO(10 — d) where Yio_,4 is a
compact (10 — d)-dimensional manifold. Such backgrounds are commonly referred to as
compactifications of R; g and have been prominently discussed in Kaluza-Klein theories [9].

In string theory there is an additional consistency condition in that the background has
to be a SCF'T on the worldsheet. This can be satisfied by choosing Y19_4 to be Ricci-flat
or by turning on appropriate background values (background flux) of other fields such
that

Ric(Yio-q) =0, or Ric(Yi0_q) + background flux =0 . (3.1)

In fact it is possible to abandon the concept of a geometrical background altogether
and have instead R; 41 X SCFT where SCFT denotes an appropriate two-dimensional
SCFT which plays the role of the (10 — d) compact dimension but does not admit any
geometricl interpretation in terms of some target manifold.? This state of affairs is another
manifestation of the fact that currently we do not understand how in string theory the
space-time background the string moves in is choosen.

The Ricci-flat compact manifolds have been studied in mathematics. They consist of:

e Tori 7"~ which are even flat in that also the Riemann-tensor vanishes,
e four-dimensional K3-surfaces (they correspond to d = 6),

e (Calabi-Yau threefolds which are complex three-dimensional manifolds corresponding
tod =423

In the following we will concentrate on d = 4 and thus Calabi-Yau threefolds which we
denote by Y3.

3.1 Calabi-Yau manifolds

There are different equivalent definitions of Calabi-Yau manifolds. From [2] we take:

2Fermionic construction or asymmetric orbifold are prominent examples of this situation.
3Calabi-Yau n-folds exist for any n but for the application discussed here only n = 3, 4 will be relevant.

13



Definition: A Calabi-Yau n-fold is a complex n-dimensional compact Kéahler manifold
with a metric of holonomy H = SU(n) (or H C SU(n)).

This implies the following properties:
1. The metric is Ricci-flat.
2. The first Cern class vanishes ¢;(Y;,) = 0.

3. Precisely one covariantly constant spinor n exist for H = SU(n) or at least one for
H c SU(n).

4. Y, has a unique holomorphic nowhere vanishing and covariantly constant (n,0)-
form €.

(For more details see Appendix B.)

3.2 Supersymmetry in Calabi-Yau compactifications

If we consider a background Ry 41 x Yjo_4 instead of R;g the Lorentz group SO(1,9)
decomposes as
SO(1,9) — SO(1,d—1) x SO(10 — d) . (3.2)

The spinor representation 16 of SO(1,9) decomposes accordingly
16 — (2%((172), 2(47%)) + (2%((172)/7 2(47%)/) 7

))7

where ’ denotes the inequivalent Weyl representation. For d = 4 one has SO(1,9) —
SO(1,3) x SO(6) and

\ (3.3)

16’ — (22(972) 2(4-5)) 4 (22(d-2) o4~

16 — (2,4) + (2,4) . (3.4)
In particular the supercharge () € 16 decomposes into

Q—Q,QL, aa=12 1TI=1,...4. (3.5)

On a flat background T'® all supercharges exist and thus one obtains N = 4 supercharges
in d = 4 from one supercharge in d = 10. On curved Calabi-Yau backgrounds one has to
make sure that the supercharges are globally defined spinors. On K3 there are two such
spinors corresponding to eight well defined supercharges while on Y3 there is one such
spinor corresponding to four supercharges or N = 1. The situation is depicted in Fig. 3.1.

Constructing the effective low energy action one can use two different approaches. It is
again possible to compute the massless spectrum of the theory directly in string theory
and then use the S-matrix approach in Ry 4_; to compute L.g. Alternatively one can
perform a Kaluza-Klein reduction which we turn to now.

14
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Figure 3.1: Calabi-Yau compactifications of the 10-dimensional string theories. The solid
line (—) denotes toroidal compactification, the dashed line (——) denotes K3 compactifi-
cations and the dotted line (---) denotes Y3 compactifications. Whenever two compact-
ifications (two lines) terminate in the same point, the two string theories are related by
a perturbative duality. (A line crossing a circle is purely accidental and has no physical

significance.)
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3.3 Kaluza-Klein formalism

The massless wave equations in R; g read
O¢p =0, iMDyp =0 . (3.6)
The corresponding wave equations in R; 41 X Yj9_q then read

(Dl,d—l + Ay)¢(xa y) =0 ) Z'(’}/MD“ + VmDm)qu)(xv y) =0 ) (37)

where z# are the coordinates of Ry 4_; while y™ are the coordinates of Yjo_4. Both fields
can be expanded in terms of Eigenfunctions of the wave-operators on Yig_4

6=> ") 0"y, = ¢ ()x"(y), (3.8)

where
A =miM6M iy Dy = m (3.9)

Inserted into (3.7) yields
(O +m* ™) e (z) =0,  i(y"D,+m™) ™ (z)=0. (3.10)
The scale of m is related to the Kaluza-Klein scale lxk via
me~lgk s Vieea~ LG, (3.11)

where V' denotes the volume of Yjg 4. From (3.10) we see that the massless modes
correspond to the zero modes of the wave operator on Yjq_4. For Calabi-Yau manifolds
these zero modes are in one-to-one correspondence with the harmonic forms on Y which in

turn are in one-to-one correspondence with elements of the Dolbeault cohomology groups

H®9(Y) defined as

H(P#})(y) — closed (p, g)-forms

. 3.12
exact (p, q)-forms (3.12)

Here (p, q) denotes the number of holomorphic and anti-holomorphic differentials of the
harmonic forms. The dimensions of H®9(Y) are called Hodge numbers and denoted as
hP? = dimH™4(Y"). They are conventionally arranged in a Hodge diamond which on a
Calabi-Yau manifold simplifies as follows

h(0:0) 1
K (1,0) /0,1) 0 0
h(2,0) AL 1 (0,2) 0 AL 0
h(B,O) h(2,1) h(1’2) h(0’3) = 1 h(1,2) h(1,2) 1 .
h(3’1) h(2,2) h(l,?)) 0 h(l,l) 0
h3:2) h(2:3) 0 0
h(33) 1

16



Or in other words the h("% satisfy

h(lvo) — h(O,l) — h(270) — h(072) — h(3,1) — h(1,3) — h(372) — h(273) — 0 , (314)

B00) — f3.0) — p(03) — ;(33) — 1 p2h) — p12) R — p(22)

) Y

We see that A(') and A1) are the only non-trivial, i.e. arbitrary Hodge numbers on a
Calabi-Yau threefold.

The deformations of the Calabi-Yau metric ¢;;,4,7 = 1,...,3 which do not disturb the
Calabi-Yau condition correspond to moduli scalars in the low energy effective action.
They naturally split into deformations of the complex structure dg;; and deformations
of the Kahler form dg,;;. The latter are in one to one correspondence with the harmonic
(1,1)-forms and thus can be expanded as

6gi; = " (7) Wi , a=1,... hbY (3.15)

where w, are harmonic (1, 1)-forms on Y which form a basis of H:Y(Y). The v® denote
(Y moduli which in the effective action appear as scalar fields. Similarly the defor-
mations of the complex structure are parameterized by complex moduli z¥ which are in
one-to-one correspondence with harmonic (1, 2)-forms via

7 _

°9 = IRIE @)X, a=1.. 0 (3.16)

where Q is the holomorphic (3,0)-form, Y, denotes a basis of H(»? and we abbreviate
1907 = 527",

=3
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4 Calabi-Yau compactifications of the heterotic string

Let us recall that the massless spectrum of the heterotic string in R; ¢ contains a grav-
itational multiplet consisting of the ten-dimensional metric Gy, M, N = 0,...9, an
antisymmetric two-tensor B),y, the dilaton ¢, a left-handed Majorana-Weyl gravitino
1 and a right handed Majorana-Weyl fermion, the dilatino A\. Additionally, we have
a Yang-Mills vector multiplet which features a gauge boson A}, and a gaugino x*, both
transforming in the adjoint representation of either Eg x Eg or SO(32). The corresponding
action was discussed in Section 2.4.

4.1 The four-dimensional spectrum

Let us first discuss the massless spectrum of the compactified theory in the background
Ry 3 x Y3 where Y3 is a Calabi-Yau manifold. The metric Gy decomposes into the metric
Guvs 1, =0, ..., 3 of Ry 3 and the AV 4+ 2°1:2) geometric moduli v®, 2@ discussed in the
previous section (cf. in (3.15),(3.16)). The component g,,; has no zero modes as there are
no harmonic one-forms on Y3 (cf. (3.13)). Similarly, Bysy decomposes into B, and k)
scalar moduli b* (cf. (B.21)).

For the fermions let us recall the decomposition of the 16 spinor representation discussed
in Section 3.2. For the group decomposition

SO(1,9)) — SO(1,3) x SO(6) — SO(1,3) x SU(3) x U(1) (4.1)

one has
16 — (2,4)+(2,4) — (2,1) +(2,3) +(2,1) + (2,3) . (4.2)

Therefore the 10-dimensional gravitino i), decomposes into ¢, € (2,1) and ¢, € (2, 3)
The latter is a spin-1/2 fermion in the (3+3) x 3 ~ 6+3+8+1. Since there is non zero
mode corresponding to the 3 we are left with the 6 and the (8 + 1). Finally the dilatino
A € 16 decomposes into (2,1) + (2,1).

These bosons and fermions combine into the following 4d N = 1 multiplets:

gravity: (g, ¥p)
dilaton: (¢, By, A)
ht! Kihler structure moduli:  (¢%,¢*) € (8 + 1) of SU(3)
h'? complex structure moduli: (2%, 1%) € 6 of SU(3)
For the vector multiplets the identification of the zero modes is more subtle due to
(2.22). On a Calabi-Yau one has

/ dH; = —io// (TEAF —TtRAR) =0 . (4.3)
Y3 YB

18



Since fy3 TrR A R # 0 one needs a non-trivial gauge bundle on Y3. The simplest solution
(called the standard embedding) is to impose

TtFAF=TrRAR, H3=0. (4.4)

In terms of the gauge fields is says A = w or in other words the gauge connection is equal
to the spin connection. The latter is an element of SU(3) C SO(6) and thus one has to
break the ten-dimensional heterotic gauge groups as

Eg x Eg — Fg x Eg x SU(3) , SO(32) — SO(26) x U(1) x SU(3) , (4.5)

and identify the SU(3) factor with the spin connection. Let us focus on Fg x Eg where
the adjoint representation of Eg decomposes under Fg x SU(3) as

248 — (27,3) +(27,3) + (78,1) + (1,8) . (4.6)

Correspondingly the gauge field decomposes A3, — (Aj, A7) with each field possibly in
the representation (4.6). However, for A§ only the (78,1) + (1,8) survive as zero mode
on Y3 as there are no one-forms. The (78,1) is identified with the Eg gauge field while
the (1, 8) is identified with the spin connection and therefore does not contribute to the
low energy spectrum.? For A% on the other hand the (78,1) + (1,8) cannot appear,
again because there are no one-forms on Y3. In this case the (27,3) + (27, 3) can appear.
Using again (3 + 3) x 3 ~ 6 +3 + 8 + 1 one finds 2h"?27 + 2h1127 scalar fields. A\°
has a similar decomposition and thus ten-dimensional vector multiplet decomposes into
4d N = 1 multipletsshown in Table 4.1.°

vector:  (Af,\?) € (78,248) of Eg x Eg
chiral matter: Ah'? families (A%, ¥?) € 27
R families (A%, %) € 27

Table 4.1: Massless heterotic spectrum

4.2 The low energy effective action

The low energy effective action of the compactification is a 4d N = 1 supergravity whose
bosonic Lagrangian reads

L=—33R— 39 FiF" + 555 Oq " F F'

2k2 3272 et po

- o - (4.7)
— G4 (®,®) D, D" -V (©,9) |

41f one considers deformation which do not preserve A = w but do respect supersymmetry one finds

that these defomations do give rise to chiral multiplets termed bundle moduli.
5Note that there is a slight clash in the notation. The index a is used to denote the adjoint represen-

tation of the gauge group and also counts the number of (1, 2)-forms.

19



where k? = 87rM1312, R is the Einstein-Hilbert-term and we have collectively denotes all
scalar fields as ®#. The Lagrangian (D.1) is characterized by four functions K (®, ®), f(®),
W(®) and D*. K is the Kéahler potential which determines the sigma-model metric by

Gap = 040K . (4.8)
The (inverse) gauge couplings and the ©-angle combine into the holomorphic gauge kinetic
function
Jab = 9" + 537 Ous - (4.9)
The potential is given by
V= K [(DAW) G148 (D) — 3&2\W\2] + g DDt (4.10)

where W is the holomorphic superpotential and

ow oK
D = —— 2 =— . 4.11
AW 904 + K (8<I>A) w ( )
The D-term is given by
D = —i(04 Kk + €69V | (4.12)

where k%! denotes a Killing vector and ¢ is the Fayet-Illiopoulos (FI) parameter. (For
further details, see Appendix C.) Finally the covariant derivatives are

D,®" = 9,9" — A% kN (D) . (4.13)

Inserting the KK-expansion discussed in section 4.1 into (2.21) and (2.24), performing
appropriate field redefinitions one computes the function K, W, f to be

K=—-In(S+8) + Kis(t,t) + Kes(2,2) + Kn(A, A 8,1, 2,2) (4.14)

where S = e72? +ia is the complexified dilaton with a being the dual of B,. For Ky, Ko
one finds (cf. (B.27), (B.30))

Kis(t,t) = — Inidag, (t — 1) (t — f)ﬂ(t — ),

Keu(2,Z2) =—1n [—2/ 0 /\Q] 7 (4.15)

while K,(A, A, t,%, 2, Z) is only known at leading order in A. The moduli dependence of
the matter metric reads

_ - Lo _
G 7(*’47 Au t7 tu <y §)|A:A:0 = aAD‘aABKm(Av A7 tu t7 <, 2)‘14:14:0 - 63(KCS KkS)GOtB )

mQ,

_ - 1
GmaB(A7 Au i1, z, E) |A:A:O = aA“aABKm(Aa A7 l,1, z, 5) |A:A:O = 6_3(KCS_KkS)GaB s
(4.16)
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where G5 and G denote the metrics derived via (4.8) from Ky, K¢ in (4.15).

The K given in (4.14)—(4.16) is only its tree level contribution. K is corrected at any
order in perturbation theory and also non-perturbatively. Generically, little is known
about these corrections.

The gauge kinetic function turns out be universal at the tree level and given by the
complexified dilaton®
Jab = Sap - (4.17)

f receives perturbative correction at one-loop but not beyond and non-perturbative cor-
rection.

The superpotential reads
W = Yypo(2) A A A° + Ya,gw(t)AaAﬁA7 + O(AY (4.18)

where we suppress the gauge indices. The Yukawa couplings are the third derivative of
the holomorphic prepotential F defined in Appendix B

Y;bc = az“azbazc‘ﬁ‘cs(z) s Yaﬁ'y = a1§aatﬁa?f““¢‘lis(t) . (419)

Note that W does not depend on S at all and the Yukawa couplings do not depend on
both types of moduli. The superpotential does not receive any perturbative correction
and is only corrected non-perturbatively.

The (supersymmetric) minima of the potential V' are the solutions of
DuW =0=D". (4.20)

For the case at hand the minimum is degenerate with (A) = 0 and (S), (t*), (%) undeter-
mined. This is consistent with the notion that they are moduli of Calabi-Yau manifolds.
The Yukawa couplings are field dependent and thus could be dynamically determined.
However, as they depend only on moduli fields they remain free parameters at least in
perturbation theory.

6Strictly speaking different factors of the gauge group can have different normalizations labelled by
an integer k called the Kac-Moody level of the SCFT [7].
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5 Supersymmtry breaking and gaugino condensation

5.1 Supersymmetry breaking in supergravity
In any supersymmetric theory bosons (B) transform into fermions (F)
SB~F, 6F~DB. (5.1)

If the vacuum (the background) is maximally symmetric (ie. preserves the Lorentz-group
SO(1,d — 1)) one needs (F) = 0 while scalar fields can have a non-trivial background
value (Bs—g) # 0. Therefore (6B) = 0 has to holds while (§F)|—o can be non-zero. In
this case it signals spontaneous supersymmetry breaking or in other words (§F')|s— is the
order parameter of supersymmetry breaking.

In d =4, N =1 theories the supersymmetry transformations of the fermions read
chiral fermions : &y ~ F4e ,
gauginos : 0A\* ~ gD% , (5.2)
" . L2p _
gravitino : 0, ~ D e +1ie2" " Woao,€ ,
where FA ~ ¢35 KGAB DT with W being the superpotential. Thus (F4) and (D?) are
the order parameters of supersymmetry breaking.”

Unbroken supersymmetry thus corresponds to (F4) = (D% = 0 which when inserted
into (4.10) yields
(V) = =32 K|W?) <0 . (5.3)

(V) plays the role of a cosmological constant and for (W) = (V') = 0 one has a Minkowski
background. For (W) # 0 follows (V') < 0, i.e. one has an AdS-background. Note that a
dS-background is incompatible with unbroken supersymmetry.

Broken supersymmetry corresponds to (F4) # 0 and/or (D?) # 0. In the following we
concentrate on F-term breaking (ie. (D®) = 0). If in addition the cosmological constant
vanishes, ie. (V') = 0, one needs (cf. (4.10))

(IDW]?) = 3s*(W %) . (5.4)
In this case one defines the gravitino mass
m3, = KM e K W) (5.5)

as the scale of supersymmetry breaking.

For (FA) = (D% = 0 one can always find (§¢),) = 0 which determines a Minkowski or AdS-
background.
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5.2 Supersymmetry breaking in String Theory

At the string tree-level supersymmetry is unbroken by construction and the cosmological
constant vanishes. Indeed, the superpotential given in (4.18) obeys (DW) = (W) = 0.
Thus supersymmetry can only be broken by quantum corrections.

As we recalled in the previous section the Lagrangian is characterized by the couplings
K,W and f which do receive perturbative and non-perturbative quantum corrections.
K is corrected at all orders while the holomorphicity of W(®) and f(®) lead to two
perturbative non-renormalization theorems: W (®) receives no perturbative corrections [?]
while f(®) is only corrected at one-loop order but has no further perturbative corrections
[7]. Altogether one has

K=Y KO 4 K00

n=0

W =w®o + W (@p) :

f= f(O) + f(l) + f(np) 7

where the superscript (np) indicates possible non-perturbative corrections. These cor-

(5.6)

rection are in general non-universal and depend on the background under consideration.
What is universal is the dilaton dependence of the couplings. As we discussed in the
previous section W is independent on the dilaton, f(© = S and K = —In(S +
S) + KO(®,®) where ® collectively denotes all other fields. f() is independet of the
dilaton but can depend on ®. The perturbative expansion in K is in fact an expansion
in (S + S)~!. Finally the non-perturbative corrections generically behave as e=*.% So
altogether we have in the heterotic string

W =wWO@) 4+ Wre)(e=5 )
f=5+f0(®@) + [OP (5, @),

It is not possible to induce supersymmetry breaking perturbatively. This can be seen
as follows

(DAW) = (O4W + (D4 K )W) = (DAWO) 4 (94 K YW Oy =0 | (5.8)

where in the last step we used that the first term vanish as supersymmetry is unbroken at
the tree level while the second vanishes due to (W(®) = 0. Thus supersymmetry can only
be broken by non-perturbative effects which has the additional advantage that it might
generate a hierarchy ms/, << Mpy.

8Exceptions to this rule will be discussed in section ?7.
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5.3 Non-perturbative effects in string theory

So far we only constructed string theories perturbatively as an expansion in topologies
of the worldsheet. Therefore it is difficult to say something about the non-perturbative
properties of the theory.” What has been done is to study the non-perturbative effects of
effective field theory which certainly also are part of string theory and then assume that
they dominate over ‘stringy’ non-perturbative contributions.

The prime example of a field-theoretic non-perturbative effect in supersymmetric the-
ories is gaugino condensation. One considers a “hidden sector” with an asymptotically
free supersymmetric gauge theory which is weakly coupled at Mp;.!° The Eg pure gauge
theory of the Standard Embedding is a perfect example of this situation. The gauge
couplings are scale dependent and in any QFT evolve according to

b M,
97 (1) = g~ (Mm) — g 7131 +A, pu<Mp, (5.9)

where b is the one-loop coefficient of the S-function given by

b=UT(G)— 2> nMT(r) +1Y niT(r)
' ' (5.10)
by=1 = 3T (G) — ZnST(r)

where nVF(n) counts the number of Weyl fermions (real scalars) in the representation r

and we defined the indices of the gauge group according to
T(r) 6* = Tr(T°T") ,  T(G) = T(adjoint of G) . (5.11)

In the second line of (5.10) we gave b for an N = 1 supersymmetric theory with n¢
counting the number of chiral multiplets. A in (5.9) denotes the IR-finite threshold
corrections which arise from integrating out heavy states with masses O(Mpy).

An asymptotically free gauge theory has b > 0 and becomes strong at the scale A where
g *(p=A) = 0. Inserted into (5.9) this determines A to be

A = Mpe= i@ Me)+8) — pp (5.12)

Thus a hierarchy MLPI < 1 is generated if g and/or b are small.

An effective theory below A in terms of gauge singlet has been derived in refs. [?7,7,7].
One finds a superpotential

W(®) ~ AX @) with  Ay(®) = My e 57@) (5.13)

9We will discuss them in later in the context of string dualities.
10A hidden sector is defined by the absence of renormalizable couplings with the observable sector.
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where f(®) is the gauge kinetic function. For the heterotic string one has
f=5+f0(@)+ (@), (5.14)

where f()(®) is independent of the dilaton. Comparing with the notation in (5.9) we
identify
g 2(Mp) =Re f@ =ReS, A=RefM. (5.15)

The potential derived from (5.13) reads

A

~ D 5.16
Ve (5.16)

Its S-dependent part is depicted in Fig. 5.1 and shows the “dilaton problem” [?]. It is a
“run-away” potential with a minimum at (Re S) — oo.

\%

ReS

Figure 5.1: The “run-away” of the dilaton potential

This generic problem of all heterotic string vacua is surprisingly difficult to get around.
One suggestion are the so called race-track scenarios [?,7]. One considers two (or more)
hidden asymptotically free gauge theories with gauge groups Ghidqen = XaGe.!' Each
G, has a different one-loop corrections f so that the condensation scale for each group
factor reads

Ao = Mpj e G+, (5.17)

The resulting potential at leading order is

1 3 312
VzM—lgl’Ale A3l (5.18)
with a minimum at |A;| = |A|. Inserting (5.17) one obtains
by AV A
ReS) ~ - 5.19
< € > bl _ bQ ( bl b2 ? ( )

"This cannot occur in the Standard Embedding but in generalizations one can break the hidden Fg.
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where we need by > by, % > % for consistency.

An additional constraint arises from the fact that the tree level gauge coupling of the
heterotic string is universal (cf. (4.17)) in that (Re S) determines its value for the hidden
and observable sector simultaneously. In the observable sector a reasonable estimate for
the the size of (Re S) is given by the GUT value

agur 23
(ReS) . o = (ReS) ~ O(2) (5.20)
We can also estimate the size of A = Re f(). It arises from integrating out heavy

modes with masses mpy of order O(Mguyr) or O(Mp;) and thus can be estimated as

A~ O(LIn )~ O(L). Thus % ~ O(g2) ~ 755- Therefore, for generic b we have

b
82’

and thus need b ~ O(100) to achieve (5.20). (Note bg, = 90.)

(ReS) ~ (5.21)

Let us now estimate the scale of the possible supersymmetry breaking. Inserting (5.13)
into (5.5) we have
A3
Mz
so that for A ~ 10'* — 10 GeV one obtains mg/s ~ 10' — 103GeV which is the ‘desired’
mass scale for low energy supersymmetry. For a A in that range we need b =~ 22, ie.

(5.22)

m3/2 ~

a small b. We see that there is a tension between low energy supersymmetry and a
phenomenological preferable gauge couplings.

One way out is to fine-tune the denominator in (5.19) such that the prefactor is large.
This however, cannot be done at will as the rank of the hidden gauge group is bounded.
For the Standard Embedding we have rk(Fg) = 8 while for non-standard heterotic com-
pactification one has the bound!?

For a hidden gauge group Gniq = SU(8) x SU(9) one finds that both constraints are
satisfied, ie. A ~ 10GeV and (ReS) ~ 2. It is possible to further improve on this by
having matter in the hidden sector. In this case the prefactor in (5.19) can be fine-tuned
more easily.

Nevertheless, the racetrack scenarios have two remaining problems:

1. a negative cosmological constant, and

2. (F%) =0, ie. supersymmetry is unbroken.

12The right moving central charge is cg = 26 and the rank of the Standard Model gauge group subtracts
CR(SM) =4.
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This can be further improved by noting that in string theory f(V is in general moduli-
dependent and thus one has

W (S, ®) = ME, e~ 25 S+ @), (5.24)

In addition this opens up the possibility of stabilizing the moduli at the same time. The
computation of f(!)(®) can be done via an appropriate string loop diagram where heavy
states with moduli dependent masses m = m(®) contribute to f)(®)). Alternatively one
can use the holomorphic anomaly (cf. Appendix C) to infer fM)(®)). However the results
depend on the background under consideration and no generic analysis or statement is
possible. For specific background (orbifolds) the dependence on the untwistd moduli ¢ is
known. Minimization of the potential leads to

(Fg) =0, (S)fixed, (F)#0, (t)fixed, (V)<O0. (5.25)
Let us briefly summarize the lessons of this section:

e Gaugino condensation does induce a non-perturbative potential V' (S, ®) for the
dilaton S and the moduli .

e The perturbatively flat directions can be lifted and vacuum expectation values (S) >
1 and (@) can be generated.

e Supersymmetry can be broken by an F-term in the moduli direction (Fg) # 0.

e The cosmological constant is generically negative (V) <0
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6 D-branes in type II Calabi-Yau compactifications

6.1 D-branes

If one includes open strings into string theory one needs to specify their boundary condi-
tions (BC). One can have:

e Neumann BC

O X*(0,7)|6=01 =0, w=0,....p. (6.1)
e Dirichlet BC
X0, 7)|o=0s = X; i=p+1,...,q. (6.2)
e mixed DN-BC
X0, T)|om0, = X5, 05X (0,7)]o=1 =0 (6.3)

This implies that that Dirichlet BC define a hyperplane where the string ends (see fig. 6.1).

DO-brane
/—/ D1-brane

ﬁ{\

D2-brane or membrane

Figure 6.1: D-branes

The quantization proceeds as for the closed string with the BC taken into account. The
D-Branes can be viewed as dynamical objects of string theory with excitations related
to the attached open strings. In D = 10 the massless open string excitations are N =1
vector multiplets in the adjoint of SO(32). On a D,-brane one has a U(1) vector multiplet
while on a stack of N D,-branes one has a vector multiplet in the adjoint of U(N). Note
that the gauge theory is localized on the D-brane.

The D-brane action contains two pieces
S = Spar + Scs - (6.4)

Spgt is a generalization of the Nambu-Goto action termed Dirac-Born-Infeld (DBI) action
and is given by

Som = — 11y / da? e /= det(P[G + B] — 27’ F) (6.5)
w,

p+1
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with a tension p, = (2r)"P(a/)"2®+1_ (Note that the physical tension includes the back-
ground value of the dilaton and thus is given by fipnys = g5 'tp.) Wpi1 is the worldsheet

of the brane and P denotes the pullback

P[G]wj = G/W -+ Gm&,xi -+ 8MxiGiV -+ 0Mxiayijij .

Finally F is the field strength of the U(1) gauge boson.

The second term in (6.4) Scs is the Chern-Simons action given by

Scs = Mp/
W

p q

where C, are the RR gauge potential and the A-roof polynomial reads

1 2

Expanding S¢g for By = 0 one obtains

SCS = :up/ Cerl -+ 27TO// Cp,1 ANTrF
Wpt1 Wpt1

1

+l/ C/\TrFQ—i/ C, s ANTrR?> + ... .
2 [, TP 24(872) Jw,,, " ’

p+1

Remarks:

e D-branes carry RR-charge

Qe:/ ¥ = ... = p,
Ss—p

Qm:/ Fpro=...=ts—p ,
Sp+2
which satisfy a Dirac quantization condition

Q. =2mn, nezl.

e D-branes are BPS states and preserve half of the supercharges.

e D-branes are non-perturbative states in the sense that ppnys ~

(pScnemrmnim)
+1 o1

(6.6)

(6.8)

(6.9)

(6.10)

(6.11)

e type ITA has p = even Dbranes, type IIA has p = odd Dbranes, type  hasp =1,5

and the heterotic string has no D-branes.
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D-branes also arise as (static) solitonic (ie. non-perturbative) solutions of the low energy
effective supergravity. The solutions reads

ds* = (Z(r)) Y2y daida” + (Z(r)Y2dz™da™ |

)
= (2(r))2¢P

pr m - :
Zr) =1+ r=3 "7, PP ~aN, (6.12)
N
Fg_p = 8—7pd(V01)SS*P = *Fp+2 s Fg_p =N.
T Ss—p
Here N is the number of D-branes and 2, ..., 2P are the coordinates along the brane
while 27!, ..., 2 are the coordinates transverse to the brane.

The solution has the following properties:

e It is Lorentz-invariant on the brane.

It is rotationally invariant in the transverse space.
e For r — oo one obtains flat R g.

For small  one has a throat of size g;\N.

It can be shown that these p-brane solutions are the supergravity approximation of

string-theoretic D-branes.

6.2 Orientfolds

Since D-branes have RR-charge it seems at first problematic to have them on a compact
manifold. One way out are orientifolds. The string background is modded out by an
isometry €2G which includes worldsheet parity €2 which acts as 2 : ¢ — [—o. An example
is that IIB/Q2 = type I. We see that the projection removes half of the supercharges.

It is also possible to project within the same theory by including a space-time isometry
G which includes an involution ¢*. For example, on S! o* : X? — —X o* has two
fix-points at X° = 0, 7R. They define eight-dimensional Og-planes.

Calabi-Yau manifolds can only have discrete isometries which then act on the coordi-

nates. Consistency requires

ITA - U*(Qg)zﬂg y U*(J):—J
(6.13)
IIB : U*(Qg):igg y O'*(J) =J.
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By using a local representation

Oy ~d2' NP NdZP T~ ) de AdE (6.14)
we can infer that for IIA and 2* = 2% + iy’
W)= ot = o (6.15)

This fixes three coordinates and defines Og orientifold planes. For type IIB the plus-
sign in (6.13) fixes no or two coordinates corresponding to Oy and Oj; orientifold planes,
respectively, while the minus-sign in (6.13) fixes one or three coordinates corresponding
to O; and Oj3 orientifold planes, respectively. If we assume that the orientifold planes fill
space-time R; 3 we have

O3 — point in Y3 ,

Os — wraps 2-cycle in Y3 |
Os — wraps 3-cycle in Y3 |
Os — wraps 4-cycle in Y3 .

If a Calabi-Yau manifold admits an involution the cohomology groups split according
to

H(p,q) — ngpﬂ) @ ngﬂ) , h(p,q) — hqu) _|__ h(j’vq) , (616)

where H J(rp’q) contains even forms under o* and H®?

of (6.13) one has

contains odd forms. As a consequence

IB: AP =p¥ =1, Y =p"Y =0,
WO =n3P =1, p%9 =BV =0,
(6.17)
A Y = w0 g0 =339 =0 p00 =BV =1,
3 3 2,1
he =h3 =nY 41,
From worldsheet description of the uncompactified 10d theory one also finds
1B : ot = ¢, o*'l = T,
O'*g = qg ., U*CQ = :i:OQ s
0*By = —B, s 0'*04 :FC4 .
(6.18)
ITA - * =
O—*j z ’ U*Cl _Cl )
g =
' *C Cs .
O'*BQ = _B2 s s 3
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Performing a KK-reduction keeping only the even (invariant) modes one obtains in type
IIB the expansions

IIB : 03/07 05/09
(1,1) (1,1)
= V- wy V- wy
0gij = z X(—l ? = X(+1 K (6.19)
Cy = c- w(_ b b- wif’l)
Cy= D,- wﬁr ) + v X(Jrl 2) Dy - w(,l’l) + v - X(,I’Q)

This results in the spectrum given in Tables 6.1 and 6.2. For type ITA a similar analysis
can be found in the literature [6].

gravity multiplet 1 G

vector multiplets h(f’l) v
pY z

chiral multiplets 1 (0,1)
WY1 (b, c)

chiral/linear multiplets hﬁ’“ (v, p)

Table 6.1: N =1 spectrum of O3/OT-orientifold compactification.

gravity multiplet 1 I

vector multiplets ACRy v

+ z

h$’” (v,¢)

chiral multiplets

ROV (b
chiral/linear (b )

multiplets 1 (¢, Cy)

Table 6.2: N = 1 spectrum of O5/09-orientifold compactification.
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6.3 D-branes on Calabi-Yau manifolds

The worldsheet analysis of modding out by orientation reversal {2 on the worldsheet shows
that O-planes carry no physical degree of freedom but do carry tension and RR-charge.
In that sense they can be viewed as a topological defect. A consistency condition (tadpole
cancellation) implies

Qo, = —2"'Qp, , (6.20)

where () denotes the RR-charge. Therefore consistent theories can be constructed by
adding D-branes and O-planes simultaneously. One commonly requires that the D-branes
and O-planes preserve a common N = 1 supersymmetry. This BPS-condition translates
into geometric conditions on the Calabi-Yau manifold.

In type ITA space-time filling Dg-branes wrap a three-cycle ¥3. If N = 1 supersymmetry
is preserved this three-cycle has to be special Lagrangian. This demands

sy, =0=ImQs)y, , (6.21)

with the volume of the cycle given by
vol(S) = / ReQ . (6.22)
3

This volume is minimal expressing the supersymmetry condition. Submanifolds where
the volume is computed by the integral of a closed, non-degenerate p-form are called
calibrated submanifolds.

In type IIB space-time filling D5/ D7 branes wrap holomorphic two- and four-cycles ¥ 4.
Their volume is

vol(%,) = /E Js (6.23)

6.4 D-brane model building

Including D-branes it is possible to construct backgrounds which include (generalizations)
of the MSSM within type II string theory. This “model building” is vast field which cannot
possible be reviewed here. Let us just assemble a few facts/remarks and point the reader
to the literature for further detaiils [6].

o [IA

Many explicit model building is done for toroidal orientifold constructions. Gener-
ically one finds a gauge group G = [], U(N,) with (chiral) matter in the bifunda-
mental (N,, N},) whenever the cycles intersect.
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e [IB

To construct realistic (chiral) models a background gauge flux has to be turned on
on the D-branes. Therefore we discuss it in some later lecture. As an intermediate
step one often discusses/constructs local model where the D-branes configuration is
such that the MSSM or some generalization thereof is realized. In a second step this
is embedded into a globally consistent Calabi-Yau compactification. This can be
achieved by placing the D-branes at collapsed cycles (singularities) and then blow
up the singularity.

e In both cases the gauge coupling is given by
g, 2 ~vol(X,) #ReS . (6.24)

Therefore the problem met in heterotic compactifications of generating the hierarchy
mgjp < Mpy and at the same time having a consistent g(_;%T is absent in D-brane
models. However, these models have no gauge unification build in and are much
less predictive.
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7 Flux compactifications

7.1 General discussion

As we already discussed, string theories do have gauge potential C),_; with a field strength
F, = dC,_,. It turns out that under certain condition the F, can have non-trivial back-
ground values — called background fluxes. One demands that they obey the Bianchi

identity and satisfy the equations of motion, i.e.
dF, =0, dF,=0. (7.1)

Here we only consider fluxes that do not break the four-dimensional Lorentz symmetry.
Therefore, on R; 3 only Fy can have a background flux which has been considered as
a source for the cosmological constant [13,14].'3 On the Calabi-Yau manifold Y3 (7.1)

implies that F}, can be expanded in terms of harmonic forms w}’;

F, = ejw,,  wy€H'(Y), (7.2)

where the coefficients e; (often called flux parameters) have to be constant. Integrating
(7.2) over a dual p-cycle 7 yields

/ F, = 6[/ wh=¢el | (7.3)
v €Y V€Y b

where in the second step we used the duality of the p-cycle.

Before we proceed let us make a few remarks:

e By itself ¢/ # 0 is inconsistent on a compact manifold. However, as we will see,
if localized sources such as D-branes/O-planes are present it is possible to turn on
background fluxes on the Calabi-Yau manifold.

e The e; have to obey a Dirac-type quantization condition and thus are discrete
parameters in string theory. However in the low energy/large volume approximation
they appear as continuous parameters which deform the low energy supergravity.

e If one keeps the e; as small perturbations the light spectrum does not change and
they turn the low energy supergravity into a gauged or massive supergravity where
the fluxes e; appear as additional gauge couplings, mass parameters or Fl-terms.
Furthermore, a potential is generated which potentially lifts the vacuum degeneracy
of string theory and can stabilize moduli and spontaneously break supersymmetry.

e The background fluxes e; introduce many new discrete parameters into string theory.
This enlarges the number of consistent vacua or background tremendously and is
called the landscape of string vacua.

1I3We return to this mechanism in section ?7?.
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7.2 The no-go theorem

Starting from an Ansatz for a warped space-time
ds® = 62’4(@’%{5%@1’3 () + dsy, (y) | (7.4)
where A(y) is called the warp-factor, the Einstein equations imply
R+ 1MW) (—T8 + 4T + Tioe) = 2e 240 V2 240) (7.5)

where we also included the possibilty of localized sources (D-branes and O-planes) which
contribute to the energy momentum tensor 7i... For flux background one can show 7" ~ F?
and =T + T > 0 while Tj,. can be negative. Therefore integrating (7.5) yields

/Y AW (R 4 %QQA@)(—T[L‘ + T 4 Tioe)) = Q/Y Vzem(y) =0, (7.6)
A 3

where the first term is proportional to the cosmological constant. In the absence of
localized sources the second is always positive and thus one can have at best an AdS-
background but no Minkowski or de Sitter background is consistent. This is the no-go
theorem formulated in refs. [11,12]. However, once localized sources and in particular
O-planes are present Minkowski or de Sitter background can appear [15].

7.3 Supersymmetry in flux background

As we already noted the amount of unbroken supersymmetry can be obtained from in-
specting the fermionic transformation laws. For type II they read [10]

1
oWy = Dye + i'}/NPHMNP + 1_6 Z %’}/Pl"'P"Fplmpn")/Mpnﬁ + ...,

1
oA = (VMoo + 37V Hyrwp)e + §e¢ Z(—l)”(5 — )Y P Ep p Pret ...,

(7.7)
where P, P, are projection operators which can be found in [10].

Before we discuss flux backgrounds let us review the situation for vanishing fluxes, i.e.
for (F,) = (H) = (0¢) = 0. In this case the dilatino variation in (7.7) automatically
obeys (dA) = 0 while the gravitino variation collapses to (dW,/) = (Dps€). Unbroken
supersymmetry thus implies in this case (Djyre) = 0 and as a consequence

[Dar, Dxle = Rynpoy @e =0, (7.8)

where we omit the (-) henceforth. Approprite contraction and using properties of the
v-matrices one arrives at [2]

R,7e=0, Rny"e=0. (7.9)
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The first equation implies that among the maximally symmetric backgrounds (AdS, dS,
Minkowski) with R,, ~ Ag,, only a Minkowski background with A = 0 can preserve
supersymmetry. In this case € is a constant supersymmetry parameter. The second
equation in (7.9) implies that Y has to be Ricci-flat consistent with our discussion in
section 3.

In case some of the fluxes are non-vanishing one has two basic options:

1. One imposes (dW,;) = (6A) = 0 for some supercharges. In this case generically the
geometry has to backreact and has to be deformed away from Calabi-Yau manifolds.

2. One allows (6W,;) = (dA) # 0 but insists that a spinor € (or equivalent a super-
charges) is globally well defined on Yg. In this case one obtains backgrounds with
spontaneously broken supersymmetry. We will return to this case in the next sec-
tion.

There is ine exception to option 1 in type IIB. Defining
Gy:=Fy—7H; = F3 —ie *H; | (7.10)
with 7 = [ + ie~¢, F3 = Fy + [H; and imposing
Gy =iGjs , Goa =0, Fspvpom = €upoOnA | (7.11)

one finds (0¥ ,,) = (dA) = 0. Consistency of the Einstein equation requires D-branes and
O-planes to be present and to obey the tadpole cancellation condition

NDg—iNogﬂLm/Y HyNF3=0. (7.12)
3

7.4 The low energy effective action for type II Calabi-Yau com-

pactification with background fluxes

The KK-reduction in the NS sector uses again (B.16) and (B.22). The NS three-form flux
is implemented by
Hs = m™4a, — RS 68 (7.13)

where (a4, 3%) is a real, symplectic basis of H3(Y) satisfying (B.29). In the RR-sector
we need to distinguish between type IIA and type I1B.

7.4.1 Type ITA
For the RR gauge potential C7, C3 one uses
Cy = A (z)da" C3 = A} ()da"w™ + M(x) aq — Ep(z) AP, (7.14)
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where a = 1,...,hD, A = 0,...,h@Y. Here &4, £p are four-dimensional scalars while
A® A% are vector fields. Without orientifold projection the fields assemble into N = 2
multiplets as summarized in table 7.1. The scalar geometry is unchanged and of the form
discussed in (D.11).

gravity multiplet | 1 (g AY)

vector multiplets | A1V (A, 1)

hypermultiplets | A2V | (29,€2,¢,)

tensor multiplet 1 (Ba, $,£°,&o)

Table 7.1: Bosonic components of N = 2 multiplets for type ITA compactified on a
Calabi-Yau threefold

The RR-fluxes are implemented by

Fy, = —mfoy, . By = e8Ror (7.15)

where O are harmonic (2, 2)-forms which form a basis of H??(Y') dual to the (1, 1)-forms

w, In that
/ wa NP =68 . (7.16)
Y3

The effect of the fluxes in the effective action can be seen by inspecting

|Fol? ~ (0,A, — 0,A,)? + miRemiiig g (7.17)
and .
F4:d03—%32/\F2—%H3/\A1
= (0,A, — B,m"*) wdatdz” — B,,0,A,dx"dz” dv” dx” (7.18)
+ (D &%an — D,EpBP) dat + Ret*m®8d, 507
where

Dué‘A = aqu - mNSAAg ) DugB = augB - elj\BISA?L : (719)

We see that terms contributing to the scalar potential are generated, gA,é'B become
charged with charges given by the fluxes and B, becomes massive via Stueckelberg
mechanism. The full effective Lagrangian is discussed in [16]

7.4.2 Type 11B

In type IIB the RR gauge potentials Cs, Cy are KK expanded as
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Cy = ng(a:)dac“dx” + Y (r) w,
. _ (7.20)
Cy = Cp, (z)da"dx” N wa + % (x) ©o + Aﬁ(a:)dx“ Aag+ Aya(z)dst A B2

The self-duality condition of Fj eliminates half of the degrees of freedom in Cy and one
conventionally chooses to eliminate C7, and the magnetic vector flu A in favor of éa and
A/’f. Altogether these fields assemble into N = 2 multiplets which are summarized in
Table 7.2. The scalar geometry is again unchanged and of the form discussed in (D.11).

gravity multiplet 1 (g AY)

vector multiplets hZb) (A%, 2%)

hypermultiplets ROD | (v, b2 €2 &)
double-tensor multiplet 1 (Bs,C8,¢,1)

Table 7.2: Bosonic componets of N = 2 multiplets for Type IIB compactified on a Calabi-

Yau manifold
The RR fluxes are implemented by
Fy = m™A(r)ay — BB (1) g4, (7.21)
which can be combined with (7.13) to give
Gs = m'(t)a; —ei(r) 8", (7.22)

where

er(7) = et — el ml(7) = miRL — 7S (7.23)

and G3 = F3 — 7Hs, 7 = | + ie~®. Inserted into the effective action one finds again a
potential, charged scalars and massive two-forms [16].
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8 Moduli stabilization and supersymmetry breaking

by fluxes

In lecture 6 we discussed type II compactifications on Calabi-Yau manifolds with D-branes
and O-planes which lead to N = 1 unbroken supersymmetry in d = 4 with undetermined
moduli. In the previous section (Section 7) we discussed that turning on background fluxes
in N = 2 Calabi-Yau compactifications does generate a scalar potential. In this lecture
we consider fluxes in Calabi-Yau orientifold compactification and discuss the properties
of the resulting backgrounds.

8.1 L. for Calabi-Yau orientifold compactification with D-branes

Concretely let us focus on type IIB Calabi-Yau compactification with Dsz-branes and Os-
planes. (Other cases are discussed in [6,10].) The light spectrum contains charged chiral
multiplets arising as excitation from the Ds-branes and chiral multiplets arsing from the
bulk. The latter are given in Table 6.1. Let us set R = 0 for simplicity or in other
words freeze the scalars arising from the KK-expansion of By and C5. In this case the
Kahler potential is found to be

K = - 11’1(7' - 77—) + Kks(t>a + KCS(Z7 2) + Km(A> Aa t? LT? z, 2) ’ (81)

where 7 is the complexified type II dilaton and K, (A, A,t,t,z, %) the Kihler potential
for the chiral multiplets A arising from the Dj-branes. For Ky, K one finds (cf. (B.27),
(B.30))

Kcs(z,z)z—ln[—i/ﬁ/\ﬁ] : Ki(t,t) =—InY | (8.2)
1%
where Y and the chiral coordinates are given by'*
oY
Y = dygotvor 0= oo Hir" (8.3)
The superpotential reads
W = Wm(A, t, Z) + ngw(z, 7') (84)
where
Wi = Y AAAT AR Wavw = /03 AQY, (8.5)

and G3 = F3 - THg (Cf (722))

4They differ in ordinary Calabi-Yau compactification and Calabi-Yau orientifold compactification.
Note that in general one cannot express Y in terms of the t* or in other words Ky is not explicitly

known in terms of the proper chiral coordinates.
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For the matter fields D 4W = 0 is solved by (A") = 0 implying (W,,) = 0. Computing
the remaining F-terms for (W,,) = 0 yields

DWW~ /Gg/\Q, (8.6)
DtaW ~ ’UaW, (87)
DWW~ /Gg/\wgvl, (8.8)

where in the last equation we used 9,.2 = 0, K} + wg;. A supersymmetric minimum
requires that all F-terms vanish. For (8.6) this requires G50y = 0, for (8.7) this requires
W = G303 = 0, for (8.8) this requires G312y = 0. Altogether we have a supersymmetric
minimum only if G3 = Gs,1) # 0. However, since W does not depend on the Kahler
moduli t* they remain flat directions of such minima. 2® and 7 on the other hand are
generically fixed.

If flux components in any of the other directions are turned on supersymmetry is spon-
taneously broken. For G5 = G303y # 0 one has W # 0 and D;a W # 0. However (V) =0
still holds due to the no-scale property of K. Let us pause for a moment and review
no-scale supergravity at this point.

8.2 No-scale supergravity

The definition of no-scale supergravity is not unique in the literature and can denote one
of the two situations:

(i) V =0 (which one might call “strict/strong no-scale”).

(ii) V' > 0 (which one might call “weak no-scale”).

Examples of (i) are supergravities with
W = const. , Kig"K; =3 . (8.9)
(The second condition is often called the “no-scale” condition.) In this case one has
DWW = K;W | D,W g D,W = 3|W* (8.10)

and thus V = 0 for V given by (4.10) is satisfied. For one chiral field the simplest K&hler
potential satisfying the no-scale condition is

K=-3mn(t+1) , (8.11)
which indeed follows from (8.2) for h(j’” =1
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Examples of (ii) also occur in type IIB flux compactifications. Since K in (8.1) is a sum
of independent terms and K satisfies the no-scale condition (8.9) the potential in (4.10)

reads
V ="K (IDWP+ DWW+ DWW+ DW= 362 W)
(8.12)
="K (ID.W P+ [D, W[+ [DAW ) > 0.

In this case the minimum is at (V') =0 for D,W = D, W = D,W = 0 but the t* remain
unfixed. This is a generic property of all tree level potential in type IIB.

8.3 Adding quantum corrections

Let us return to type II compactifications. In type IIA the flux superpotential reads [17]

W:/Hg/\QC+/F2AJf+/F4/\JC, (8.13)

where J. is the complexified Kéhler form and €. = Re{) + ¢C3. Minimization of the
potential leads to supersymmetric AdS, with ¢*, Re 2 fixed but axions from C5 undeter-
mined.

In both type ITA and type IIB the situation can be improved by

1. deforming the Calabi-Yau manifold,

2. adding quantum corrections.

Let us concentrate on the second point and postpone the discussion of the first point
to App. E. In type IIB the superpotential can receive non-perturbative corrections for
example from gaugino condensation on (hidden) D7-branes (and other branes instanton
effects). Generically one has

Wop ~ e~ 2met™ (8.14)

The Kéhler potential (8.1) is already corrected at one loop with the correction appearing
in Ky and given by [18]

—i(r—T 3/2
Kiu(t.0) = —2In (Y T CBN() (%) ) , (8.15)

where x(Y3) is the Euler number of Y3 and ((3) the Riemann ¢(-function.

In the KKLT analysis only one Kahler modulus is non-trivial, K\ is taken at the tree
level while the considered superpotential reads [19]

W =W, +e ™, (8.16)
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where Wy = Wgyw is evaluated at (2%), (7). In this case one finds the minimum to be
supersymmetric AdS, with (t) # 0. However, one needs Wy Mp,* to be exponentially small
in order to have (t) large which is required for a consistent (supergravity) analysis. A
small W, can be arranged by a fine-tuning of fluxes and once achieved also leads to a
small ms /5.

In a second step one has to “uplift” this minimum to Ry 3 or dS4. In [19] this is achieved
by adding an explicit supersymmetry breaking anti-D3 brane. This has been critized in
that the stability of this non-supersymmetric configuration has been questioned.

Alternative possibilties discussed are D-term uplifts where some non-supersymmetric
gauge flux is turned on on some hidden (D7) brane. This generates a D-term which in turn
provides a positive contribution to the potential (4.10) [6]. Ké&hler uplifts use quantum
corections to the Kahler potential to provide an extra positive contribution. One of the
prominent examples are the large volume scenarios (LVS) which we briefly discuss now.

In LVS one considers hﬁ’“ = 2 and couplings

K =—2In (2= ((Rety)*? — (Ret,)*?) + L¢g 2
(wi ? ) (8.17)

W =Wy + Age 2t

where ty, t are the two Kéhler moduli. We abbreviated ( ~ ((3)y which in LVS has to be
positive ¢ > 0. In this case minimization leads to non-supersymmetric AdS, backgrounds
with no fine-tuning for Wy, necessary. The competition of exponential terms in ¢, with
power-law terms of t, in the potential leads to Vol(Y3) ~ (,)*? > (t,)** so that one can
trust the supergravity analysis.

In generalizations with hsrl’l) > 2 one can arrange a similar structure such that the
overall volume is large but all other cycles are small. Such Calabi-Yau manifolds have
been termed “swiss-cheese” Calabi-Yaus.

The next step is to compute the soft supersymmetry breaking terms for the various
scenarios. Here we refer to the literature [6,10].
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9  Dualities in string theory

Let us recall the parameters that we encountered so far. First of all there are the string-
scale/string-length /tension M, [, T which are related by (1.6). They are related to the
measured value of Mp;. Then there are the dimensionless string coupling g, ~ e{® and
the background values of the moduli (¢*), (2*) which in Calabi-Yau compactifications are
free, countinuous parameters spanning the moduli space M of a given string background.
Finally, there is a (discrete) choice of the background consisting of the choice of the
compact manifold Yy and the background fluxes.

The basic idea of a duality is that there exists map which relates different regions of
M. This map might differ in that it relates different regions in M

(i) of the same (string) theory,

(ii) of the different (string) theories.
Furthermore, the map might hold

(A) perturbatively (i.e. at weak string coupling g, < 1),

(B) non-perturbatively (i.e. the map involves g and includes g; = O(1)).
Let us discuss examples of these cases in turn [26,27].

(Ai) Here the standard example is T-duality of the bosonic string in Ry ¢ 4 x T¢. For
d = 1 the mass spectrum includes states with masses

m?*(R,r,s) =r’R* + s>M}R* + const. , r,sEZL, (9.1)

where R is the radius of the circle. The first term corresponds to the familiar masses
of KK-states while the second term are masses of the string-specific winding states.
This mass spectrum has a symmetry

m%ﬁ, s,7) =m*(R,r,s) . (9.2)

T-duality states that the mass spectrum and all interactions of this theory are

invariant under .

— =5 7
M?R
We see that g, is not involved in the transformation and therefore it is of type
A) and since (9.3) acts within the same theory it is also of type i). R = M ! is

R TS . (9.3)

the fixed point of the transformation and has been discussed as a possible minimal
length scale in string theory. For d > 1 the T-duality transformation are elements
of the group SO(d, d,Z).
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(Aii) In this case the examples are:

— ITA in RLS X SI(R) = IIB in RLS X SI(MS_2R_1),
— Heterotic Eg x Eg in Ry g x S'(R) = Heterotic SO(32) in Ry g x ST (M;2R™1),
— A in Ry 3 xY;=1IBin Ry 3 X Yy (mirror symmetry).

(Bi) This situation is often called S-duality and occurs in IIB in R;g. This theory at
the tree level has a continuous SL(2,R) symmetry acting on the complex scalar
7 and the two forms By, Cy as we discussed in (2.17). It is expected that this
symmetry is broken by non-perturbative (space-time instanton) effects and terms
of the form e~ appear. It is however conjectured that a discrete SL(2,Z) C
SL(2,R) with a,b,c,d € Z survives. From (2.17) we learn that this includes the
two transformations

1. 7—=7+4+1fora=0=d=1,c= 0 which is a shift symmetry for the RR-scalar
[ and which redefines the RR 2-form as F3 — F5 + Hs.

2.7 — =1/t fora=d=0,b=—c=1. For [l =0 it includes a strong-weak
duality symmetry g;' < g, and exchanges F3 < —Hjz. Therefore it implies
a relation between the perturbative and the non-perturbative spectrum and
interactions. However, this cannot be checked with the present understanding
of string theory and thus there is no proof of this conjecture to date.

The evidence for the S-duality conjecture comes from BPS-states. These are states
which are anihilated by some of the supercharges Q| BPS) = 0. As a consequence the
supermultiplets for BPS states are “shorter” then ordinary massive multiplets. For
BPS particles one has M = Z where Z is the central charge of the supersymmetry
algebra and M the mass of the multiplet. For branes one has T' = Z where T is the
tension and Z now is the central charge of the extended object. One expects that
the BPS condition is respected by non-perturbative physics as it only depends on
the existence of () and its superalgebra. Therefore the duality map should also be
realized on BPS-states. In IIB one has the fundamental string £} which couples to
the NSS two-form B, and the odd branes D; 35 coupling to Cy 46. C4 is anti self-dual
while C5 is Poincare dual to Cg. Furthermore, the D-branes are non-perturbative
BPS states as their tension goes like T' ~ g;!. The conjectured SL(2,Z) relates

By~ (Cy & F <D,
Cy— C; < Djsself-dual , (9.4)
Bg— Csy < Iy Dy,

where F5 denotes an NS five-brane which indeed can be constructed as a supergravity

solution. (It is however, still not well understood.)
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Other conjectured examples which display an S-duality are:

— Heterotic in Ry 3 x T,

— type I in Ryg 4 x T which is conjectured to even have a U-duality that
combines the SL(2,Z) S-duality and the SO(d,d,Z) T-duality into a bigger
group E,4(Z) called the U-duality group

SL(2,7Z) x SO(d,d,Z) C Eg4(Z) C Ezq(R) . (9.5)

Here E;4(R) is the continues non-compact symmetry group of supergravities with
q = 32 supercharges.

(Bii) Examples of this situation are

— Heterotic SO(32) in Ry g = type I in Ry 9, where

et ~ 97 "
Fl «— Dl (96)
F5 — D5

Thus the Heterotic SO(32) theory and the type I theory are only different de-
scription of different regimes in the moduli space of one and the same quantum
theory.

— ITA in R, 5x K3 = Heterotic in Ry 5 x T, where also the couplings are related
by gret ~ g;llfl. Both backgrounds have the same moduli space

SO(4, 20)

M= SO(4) x SO(20)

x RT (9.7)

where R* is parameterized by the two couplings. The heterotic gauge group
Ghet can be non-Abelian and one has Gy C SO(32)/Eg x Eg. On the type
II side the gauge group naively is Gy = [U(1)]'®. However, K3 has A-D-E-
type singular loci in M where two-cycles shrink. A D2-branes wrapping these
two-cycles gives rise to massless gauge bosons in gauge groups of A-D-E-type.

— ITA in Ry 3 x CY3 = Heterotic in Ry 5 x K3 x T*. In this case the type IIA
coupling gjs4 is related to a geometric modulus of K3 while gy is related to a
geometric modulus of the Calabi-Yau. This duality is discussed in more detail
in appendix F.
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10 M-theory

10.1 d = 11 Supergravity and its S! compactification

In d = 11 there is only one supergravity with 32 supercharges and in that sense it is unique.
The massless multiplet contains the metric g, 5, M,N=0,...,10, an antisymmetric 3-
index tensor Cy;5p and a gravitino ¥, which together have 44 + 84 bosonic and 128
fermionic degrees of freedom. The bosonic action is [7]

&z— d"z/=g(R amﬂ—é/@A&Am (10.1)
where Fy, = dCj is the field strength of the three-form. Apart from diffeomorphism
invariance and local supersymmetry there is gauge invariance related to the three-form

0C5 = dA,, 0Fy =0, (10.2)
where Ay is a 2-form and dF,; = 0.

ITA supergravity can be obtained as an S' compactification of d = 11 supergravity. In
terms of the spectrum one has

9ux  — 9un s Guio~Cum s G0~ @,
Cuxyp — Cunp, Cunio~ Bun, (10.3)
Uy — Yy, VYp~A.

The Lagrangian of d = 11 supergravity in the background R;g¢ x S! agrees with the
Lagrangian given in (2.5) with the identification

R11 = gs\/a 5 K’%l = 27TR11K)%0 = %(27’()89?(0/)9/2 = ﬁ(Q’/Tlll)g . (104)

This in turn implies
lll = 9;/3@ y RH == gg/gln s (105)

which means
g, — 00 = Ry — oo, forl fixed . (10.6)

Therefore the strong coupling limit of type IIA is a quantum theory of d = 11 supergravity
which has been termed M-theory [28].

10.2 The strong coupling limit of type ITA

Type IIA has even D,-branes with tension T}, = 2rg; ! (4n2¢/) 2@+ Thus the lightest D-

brane (with the lowest 7)) is a Dy-brane/D-particle with a tension/mass Ty = g; (/) 2.
Thus a bound state of n D-particles has masses

2 2
9 n n

m: = — = —.
n 2.1 2
gs& Ry,

(10.7)
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This is precisely the KK-tower of the circle compactified d = 11 supergravity. Further-
more, one can show from the supersymmetry algebra

{Q.Q} =YMpy; = v par +7"p1o (10.8)

that the term proportional to py acts like a central charge and thus that the KK-spectrum
given in (10.7) is a BPS spectrum. Or in other words, the type IIA D-particles correspond
to d = 11 KK BPS states. Thus it is legitimate to extrapolate to strong coupling and
observe that for g, — 0o an infinite tower of BPS states becomes massless and assemble
in the massless multiplet of d = 11 supergravity. Since there is no string theory with this
low energy supergravity the quantum theory behind it must be something other than a
string theory [28].

Before we proceed let us note that for the type IIA D-branes one has the following
correspondence:

Dy -brane — d = 11 membranes M
Dy -brane — M; wrapped on S*

Dg -brane — KK-monopole (magnetic dual of D-particle)

M, 5 as well as the KK-monopole are known as supergravity solutions.

10.3 Strong coupling limit of the heterotic Es x Eg string
If one compactifies d = 11 supergravity on an interval I = S'/Z, with a Z, action

Zo: X0 — X1 Cy — —Cls (10.9)
the Zy-invariant states in R g are

gmMnN 5 g10,10 ~~ ¢, Cunio~ Bun, (10-10)

while gpr10 and Cynvp are projected out. The fields listed in (10.10) correspond to the
N =1 gravitational multiplet in R; .

However, in this situation one also needs to include a so called twisted sector in the
Hilbert space where X (o + 27, 7) = (X (0, 7)) with 6 € Zy. Since the quantum theory
is unknown one cannot compute this twisted sector. Instead [29] infer from anomaly
cancellation that at each endpoint of the interval I there are ten-dimensional fixed planes
which each have to support an Eg gauge theory. Since (10.5) and (10.6) again hold in
this compactification one can conclude that in the strong coupling limit of the heterotic
FEs x Eg string an extra dimensions opens up.
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Other strong coupling limits related to d = 11 supergravity are:

e Heterotic in RLﬁ x T3 b M in RLG X K3,
e IIBin Ry 5 x K3 =5 MinRy5x T°/Z,

gs— 00

e Heterotic in Ry 4 x K3 x S “— Min Ry x Y3,

A summary of the various strong coupling limits is depicted in Fig. 10.1.

D Q 32 16 8 4

w1

11

10

Figure 10.1: String theories and dualities

10.4 What is M-theory

The conjectures of the last two lectures suggest that all string theories are different per-
turbative limits of one and the same quantum theory called M-theory. Or in other words,
M-theory has a moduli space (sketched in Fig. 10.2) where the cusp regions correspond
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to some parameter becoming small. In that region a string theoretic and/or supergravity
description exists. Since there exists a limit where d = 11 supergravity appears it is
clear that M-theory cannot be a string theory. It is also clear that M-theory does include
higher-dimensional objects (D-branes) which become light in certain regions of the moduli
space. In [30] it was proposed that M-theory is the quantum theory of D-particles. One
of the exciting features of this proposal is that space-time becomes non-commutative.

110 supergravity

A

SE;AL} heterotic

Type ILA

Type lIB
50(32) haterotic

Type |

Figure 10.2: Moduli space of M-theory

10.5 Compactification of M-theory on G, manifolds

So far we did not find any strong coupling dual of backgrounds in R;3 with N =1
supersymmetry. Therefore it is interesting to study M-theory in the background R; 5 x Y7
and demand

0y =Dye+...=0, (10.11)

for one spinor € exactly as we did in Section 7.3. In d = 11 supergravity e transform in
the 32 of SO(1,10) which has a decomposition under SO(1,3) analogous to (4.2)

SO(1,10)) — SO(1,3) x SO(7)
(10.12)
32— (2,8)+(2,8),

where 8 is a spinor of SO(7). Therefore we need a seven-dimensional manifold Y7 with a
holonomy H such that
8 —-T7+1, (10.13)

with 7,1 € H. Indeed such a decomposition exists for H = (G where (G4 is an exceptional
group with rk(Gy)=2 and dim(G2)=14. Seven-dimensional manifolds with Go-holonomy
have been constructed by D. Joyce as orbifolds T7/Z3 (Joyce-manifold) and are termed
Go-manifolds [31]. These backgrounds break 7/8 of the supercharges and thus leave N = 1
(four supercharges) unbroken in R 3.
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Similar to Calabi-Yau manifolds (5 manifolds are Ricci-flat and have a covariantly
constant real three-form ¢3 which is closed and co-closed

dps=d"¢p=0. (10.14)
Asin (E.1) ¢35 is constructed as a spinor bi-linear

¢mnp = €Vmnp€ - (1015)

Let us close with some remarks:

e (G manifolds are difficult to construct explicitly and so far only orbifolds (general-
izations of the Joyce manifold) are known.

e Smooth Gy compactifications have an Abelian gauge group G = [U(1)]®> where
by = dim(H3) and a non-chiral spectrum.

e (5, manifolds can have ADE-singularties leading to non-Abelian gauge groups and
a chiral spectrum. These compactifications are related to intersecting Dg-brane
models of type ITA [6].
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11  F-theory

F-theory was introduced in [32] in order to offer a geometrical understanding of the
(conjectured) non-perturbative SL(2,Z) symmetry of type IIB. In addition it serves as a
compactification scheme which provides the “missing” strong coupling limits.

Any torus can be characterized as a two-dimensional lattice in a complex plane with
coordinate z and the identification

R z+n+mr, nmeZ, Imt>0. (11.1)

In this parametrization one of the two periods of the torus has been normalized to 1
and n is the corresponding winding number while the second period is characterized by
7 and the corresponding winding number is m. However, two 7’s related by an SL(2,7)
transformation
T—>T’=a7—+b, ad—bc=1, abc,del, (11.2)
ct+d

parametrize the same torus. Therefore all inequivalent tori correspond to 7 being in the

fundamental domain

F={-3<Rer<j3,|r|>1}. (11.3)

Geometrically 7 corresponds to the complex structure of the torus and its SL(2,7Z) sym-
metry is also called the modular group.

In F-theory the SL(2,Z) of type IIB is interpreted as the modular group of an (auxiliary)
torus. This 77 is auxiliary in that type IIB cannot be interpreted as a KK-reduction of
a theory in Ry g x T?. The reason is that there is no representation of supersymmetry in
Ry 11 with 32 supercharges and the volume of the 7% is not in the type IIB spectrum in
Ry .

One way to make the definition of F-theory more precise is to use the (conjectured)
duality

gs—0

M in RLg x T? 2= ITA in Rl,g X Sl(R) = IIB in Rl,g X Sl(Ril)

Sending R — 0 we have

gs—0

M in RLg X TQ(VOI(TQ) = 0) — IIB in Rl,g .

At this point the introduction of F-theory might seem a bit convoluted. However it
becomes more interesting in further compactifications and new non-trivial backgrounds
can be constructed. Let us consider

M in Ryg x K3,
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where the K3 is elliptically fibred. This means the K3 has a base B = IP; with T?-fibres.
The T? varies over the base in that 7 = 7(z, 2) with z being the complex coordinate of

the P;. Taking the limit vol(7?) — 0 we thus have a construction of
IIB in RL'y X B .

It seems that this is a compoactification of type IIB which does not feature a Calabi-Yau
manifold. The reason is that the type IIB dilaton 7 is not constant but varies over B as
T = 7(2, Z). However, as it stands this compactifications is inconsistent. The equation of
motion for 7 derived from £ ~ (Im7)729,,70™ 7 reads in the z-direction

0,0:7 — (Im7)10,70;7 =0 , (11.4)

with a solution ;7 = 0. This says that the fibration is holomorphic, i.e. 7 = 7(2).
However, there is a complication as 7 transforms under (11.2) while z does not! Therefore
consider a solution of the form

j(r) = (%)N , (11.5)

where j(7) is the modular invariant j-function which has a series expansion in ¢ = e*™'"

G(T) = 7' + 744 + 196884q + O(¢?) . (11.6)
Near z ~ 0 one thus has N
r=" >, (11.7)
27 20

Thus z — 0 corresponds to Im 7 — oo which is the type IIB weak coupling limit. From
(11.5) or (11.7) one sees that 7 is multivalued which is physically non-sensible. The way
out is to add space-time filling D;-branes which are points on the Pi-base. They induce
a deficit angle into the solution and precisely for 24 D;-branes a single valued solution
can be constructed [2]. Im7 = constant and large does not exist on the entire P; and
therefore the solution is inherently non-perturbative.

The nature and the location of the singularity can be seen from the Weierstrass-
representation of the torus. One introduces two complex variables x,y with one complex
condition

v ="+ fr+g, f,geC. (11.8)

f and ¢ are related to 7 via

j(r) = : where A =4f%427¢* . (11.9)

For an elliptic fibration one has

v’ =2+ fs(2) x4+ g1(2) | (11.10)
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where fs(z) and g12(z) are polynomials of degree 8 and 12 respectively. We thus see that
the discriminant A has 24 roots where A = 0 which corresponds to the location of the
D7-branes.’ If the 24 branes are at differents points on the base the K3 is smooth. If
singularties coincide the K3 is singular and one has a non-Abelian gauge enhancement.

To summarize, F-theory can be viewed as non-perturbative IIB compactifications with
D7-branes.

Further remarks:

e There is a limit called the Sen-limit where 7 =const. almost everywhere on the
base B [34]. In this limit the K3 has a description as an orientifold with singular
couplings at the point where O;-planes sit.

e Considering an orientifold of IIB in Ry; x T? there is a T-duality to type I in
Ry 7 x T?. Since type I is S-dual to the heterotic SO(32) string which in turn is T-
dual to the heterotic Fg X Eg one has the following chain of dualities in Ry 7 x T? [2]:

IIB orientifold +—  typel <2 het. SO(32) «— het. Fy x Ey

1B 1 giB HSO _ TUB HE 1B
Js s ~ s s "~ gIB gy ~T

1B I 1 HSO 1 HE 1B
T T ~ TIB T ~ B T~ gy

where T is the Kahler modulus of the torus. This implies in particular for the
FEs x Eg heterotic string

giE—o0
—

Heterotic in Ry 7 x T? Fin Ry 7 x K3F,

where g corresponds to the Pj-base of the elliptic K3.

e Similarly one has
Heterotic in Ry 5 x K3 =% Fin Ry 5 x Y&,
and

.. gs—00 .
Heterotic in Ry 3 x Y3 >—  Fin Ry 3 x Y},

where Y7 Y/ are elliptic Calabi-Yau threefolds and fourfolds respectively.

The various F-theory dualities are also summarized in Fig. 10.1.

15This is another way to see the necessity of 24 Dy-branes.
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For phenomenological applications the last duality is of particular interest. There has
been a lot of activity recently in F-theory model building in connection with the construc-
tion of Grand Unified Theories (GUTSs) [6]. There are mainly two interesting aspects:

1. At the intersection of two D7-branes the 16-dimensional spinor representation of
SO(10) can appear which is not possible within the perturbative heterotic string.
Since the matter representation of the Standard Model with an extra right-handed
neutrino precisely reside in this representation SO(10) GUTs can be constructed.

2. The up-type Yukawa coupling 10-5-5 of SU(5) GUTSs can appear. Again this is not
possible within the perturbative heterotic string and thus also SU(5) GUT model
building has been pursued recently.
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Appendix

A Supersymmetry in arbitrary dimensions

A.1 Spinor representations of SO(1,D — 1)

The spinor representations of SO(1, D — 1) are constructed from Dirac matrices v sat-
isfying the Clifford/Dirac algebra

(M ANy =2MY M N=0,...,D—1. (A1)

Then the operators
EMN

=10 (A.2)
satisfy the SO(1, D — 1) algebra and thus are generator of (the spinor representations of)
SO(1,D —1).

Concretely let us consider SO(1, D — 1) for D even.'® We choose D = 2k + 2, k =
0,1,2,... and define

T=5 (),
=g (RN =1k, (A.3)
P)/A (Oa’yai>> A:O,,k

Inserting these definitions into (A.1), one obtains the relations

{,)/AJr’,ny} — 5AB ’ {’}/Ai,"}/Bi} —0. (A4)

This corresponds to the algebra of k 4 1 fermionic creation and annihilation operators
(oscillators). One can construct the Dirac representation from the a Clifford vacuum [2)
defined by

A7) =0,  VA. (A.5)

The states are constructed by acting with v+ in all possible ways on |Q2) using (7‘”)2 = 0.
The (complex) dimension of the Dirac representation thus is

kLo
n = dim¢ (Dirac rep.) = Z ( , ) = 2FtL, (A.6)

i
i=0
For D = 4 we have k = 1 and thus n = 2> = 4. For D = 2 we have k = 0 and thus

n = 2. Let us exemplary construct the matrix representation for D = 2 explicitly. The
only non-zero matrices are v°* and v°~ with

PR =11), 271 =19). (A7)

6Here we follow Appendix B of Vol II of [7].
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Therefore we can read off the matrix representation

PGy -0

and thus according to (A.3)

(0l

The construction for arbitrary k can be obtained similarly [7].

It is possible to define a ‘generalized 5" by

o1 =0T (A.10)

satisfying
{vp11.7M} =0, [vp11, XYY =0, (Yp41) =1. (A.11)

Then one can define two projection operators, 1 + vp.1, that split the Dirac represen-
tation into two Weyl representations with eigenvalues 1. The dimension of the Weyl
representation thus is

dim¢ (Weyl rep.) = 2. (A.12)

One can check that (y*)" and (—y*)" both satisfy the Dirac algebra (A.1). Since the
previous construction was unique both have to be similar to ¥ itself. Indeed one defines

By :=~3... 4P Bs :=vp41Bi, (A.13)
and shows
BAMBr = (=1)F (M), BAMByt= (=1 (4M)". (A.14)

i.e., for any k a similarity transformation exists. Furthermore

Bipyp+1 B3 = (=" (vp41)" (A.15)

so that for k even, i.e., D = 2,6,10,..., the Weyl representation is its own conjugate
(s.c.), while for k odd, i.e., D =4,8,..., the Weyl representations are conjugate to each
other (c.c.). From

B o5V By = — (SMN) (A.16)

it follows that both ¥ and B~'¢* obey the same Lorentz transformation law, i.e.,
8 = iwyn XMy SB )" = iwynEMN B (A.17)

Thus one can impose a Majorana condition and define the Majorana Spinor v being a
Dirac spinor but with the additional requirement (reality condition)

V" = Bip . (A.18)
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Thus the dimension of the Majorana representation is

dim¢ (Majorana rep.) = 2%, or  dimg (Majorana rep.) = 2" (A.19)

From (A.18) we find
=B = BBy, (A.20)
and thus
BB*=1. (A.21)
From the definition (A.13) one computes

k
BBy = (-1)2

k
2

D) o £ =0,3,7,... (D=2,8,...), (A.22)

ByBi = (—1)2% Y = p=1,48,... (D=4,10,...). (A.23)

A Majorana-Weyl (MW) representation is only possible if the Weyl representation is
self-conjugated, i.e., k is even, and hence, for k = 0,4,8,... (D = 2,10,...). Its dimension
is

dimg (MW) = 2F. (A.24)

For D odd and D = 2k + 1 there are no Weyl representation and a Majorana represen-
tation is possible only in D =1,3,9,11,... . Its dimension is

dimg (Majorana rep.) = 2. (A.25)

In this case the dimension of the Dirac representation is

dimg (Dirac rep.) = 2. (A.26)

All the possible representations are summarized in Table A.1.

A.2 Supersymmetry algebra

The supersymmetry algebra is an extension of the Poincare algebra. In arbitrary space-
time dimensions D it depends on the spinor representations of SO (1, D — 1). Schemati-
cally it reads

Q1. QY ~ M Pys",  {Q.Q"} ~ 2,
[LMNaQI] NZMNQI> [PM7QI] =0,

where M = 0,...,D — 1. Q! is a spinor in the smallest spinor representation listed in
Table A.1. The Jacobi-identity requires that Z!/ commutes with all generators and this

(A.27)

is a central element of the algebra. Positivity requires the BPS-bound
M>|Z|. (A.28)
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D | k | Majorana | Weyl | M-W | dimp
210 v S.C. v 1
311 v - - 2
4 |1 v c.c. - 4
5 |2 - - - 8
6 |2 - S.C. - 8
703 - - - 16
8 |3 v c.c. - 16
9 |4 v - - 16
10 | 4 v s.C. v 16
1115 v - - 32
12 | 5 v c.c. - 64

Table A.1: Spinor representations for 2 < D < 12.

For arbitrary D it is more convenient to counts real supercharges (which we denote by
q) instead of the number of spinor representations. For example, N = 1 in D = 4 has
q = 4 real supercharges, or in general ¢ = 4N for arbitrary N in D = 4. For this notation
the various supersymmetric theories for 4 < D < 12 and 4 < ¢ < 32 are displayed in
Table A.2.17

Most of the entries in Table A.2 are self-explanatory. However note that in D = 6 the
supercharge () is self-conjugate and two independent Weyl representations of opposite
chirality, denoted 8 and &', of SO(1,5) exist. For the theory denoted by (1,1) the two
supercharges transform as @; € 8, () € 8 and thus the theory is non-chiral while the
(2,0) theory has @1 € 8, Q3 € 8 and therefore is chiral.

In D = 10 also two Majorana-Weyl representations of opposite chirality 16,16 exist.
Type IIA is non-chiral with Q; € 16, Q3 € 16’ while type IIB is chiral with @ € 16,
Q- € 16.

In D = 2 the Lorentz group is SO(1, 1) and the supercharges @) are real one-dimensional
Majorana-Weyl spinors. The type (p, ¢) superalgebra in two dimensions reads

{QQLaQI{L}:(;ILJLP_, Ip,Jp=1,...,p,
{QF,Qiry =6 Pt InJn=1,...,4q, (A.29)

{QQL’ Q;R} — ZILIR ]

"For ¢ = 64 one goes beyond N = 8 and thus has higher spin fields in the massless multiplet. For these

theories one does not have a consistent interacting quantum field theory in a Minkowski background.
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T4 8 16 24 32 64
D
4 X o o o o o o o
(N=1) (N=2) (N=4) (N=8)
X ) e} )
6 X o o oo o
(1,0) (1,1) (2,0) (2,2)
X )
X )
9 % o
10 X o o
I ITA IIB
11 X
12 X

Table A.2: Table of supersymmetric theories. “x” denotes the theories with the minimal

number of supersymmtries.

B Calabi-Yau manifolds and mirror symmetry

B.1 Some basic differential geometry

An n-dimensional complex manifold Y locally looks like C™. It has an complex structure

I which is a map
I:TY)-=T(), V" eT(Y)—IM", mmn=1,...,2n, (B.1)

with
mik =—o". (B.2)

If such an [ exists the tanget space T'(Y') splits into two eigenspaces with eigenvalues +i
and locally one can define complex coordinates 2%, 77,i,7=1,...,n.

A one-form w; = w,,dy™ then splits as
w1 = w,0) + Wo,1) = widzt + wdz (B.3)
Similarly the exterior derivative d splits
d=0+0=dz'0;,+ dz'0, . (B.4)
One defines (p, ¢)-forms by

W(p,g) = Wiy-ipfr-7q dz" A ANdz? NdE A NdE (B.5)
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The properties we discussed so far also hold for almost complex manifold. On a complex

manifold [ satisfies in addition that its Nijenhuis-tensor N vanishes

NE (1) = IFoI, — IL oI — (m < n)=0. (B.6)

On hermitian manifolds the line element takes the form

ds® = gi;dz'dz’ (B.7)

which in real coordinates is equivalent to the property ¢m, = IZ11g,,. On hermitian
manifolds one defines a fundamental (1, 1)-form J by

J =igiyd2' NdF . (B.8)
Kahler manifolds are hermitian manifolds where Kahler form J is closed, i.e.
dJ=0. (B.9)
In terms of the metric this is equivalent to the properties
0i9;5 = 039k » 09k = Opja » (B.10)

which are locally solved by
Giz = 0;0;K(z,%) . (B.11)

K is real and called the Kahler potential. It is not unique as the Kéhler transformation
K — K + f(2) + f(2) leave the metric invariant. On Kihler manifolds the Riemann
tensor considerably simplifies and only the component with index structure R;;; is non-

vanishing. The Ricci-tensor in turn obeys

RZ‘]- = —8i8]— In det g . (B12)

Calabi-Yau manifolds are Ricci-flat Kahler manifolds defined in Section 2.

B.2 The moduli space of Calabi-Yau threefolds

It is of interest to study the deformation of a Calabi-Yau metric which preserves the
Ricci-flatness and which are not coordinate transformations. Or in other words one looks
for the solutions of

Run(g® +69) =0 (B.13)

subject to the gauge fixing condition V"0¢,., — %Vn(Sgn”Z = 0. Expanding R,,, to first
order in dg one obtains the Lichnerowicz equation

V'V 6Gmn + 2Rpmini 69 = 0 (B.14)
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One can check that on Kéhler manifolds dg;; and dg;; independently satisty (B.14). For
dg;; one finds that (B.14) coincides

where A = dd*+d*d is the Laplace operator acting on differential forms.!® The solution of
(B.15) are harmonic (1, 1)-forms which are in turn elements of the Dolbeault cohomology
group HEY(Y) defined in (3.12). Therefore dg;; can be expanded in a basis (denoted by
w) of HED(Y) according to

(L1
5gij:i2vaw%, a=1,..., B0 (B.16)

a=1

where the v denote h(»") Calabi-Yau moduli. Exactly as in Kaluza-Klein compactifica-
tion these moduli appear as scalar fields in the effective action in that we can assign an
arbitrary dependence on the space-time coordinates « by replacing v* — v*(z).

The deformations dg;; change the complex structure of the original metric and (B.14)

leads to
Adg' =0, (B.17)

where d¢° = g"’gég,;jdzj is a (0,1) form with values in the holomorphic tangent bundle
THO(Y). By using the (3,0)-form Q = Q;;,dz" A dz7 A dz* one can show that

Qurdgidz' Adz? A dZ e HEV(Y) (B.18)

Therefore one has an expansion

i h(1,2)
S0 = Ty 0 Z@&E T, a =1 0 (B.19)
a=1

where wf is a basis of H1:? and 2 are h"? complex moduli. (We abbreviate |[Q|]* =

1:9:1Q9%.) So altogether there are h(Y) + 21h(12) real moduli of the Calabi-Yau metric.

For the other p-form gauge fields which occur in string theory and which we discussed
in Section 2 the equations of motion in the gauge d*C), = 0 also read

AC, =0, (B.20)

and thus the solutions are C, € H (?) In particular for the NS two-form B one has
B € H?> = H®Y and thus one can expand

0Bi; =Y b™(x)ws . (B.21)

184* is the adjoint of d and maps p-forms to (p — 1)-forms.
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It turns out to be convenient to complexify the Kahler-form J — J. = B + iJ so that in

components
0Je = 0By +idgi; = Y 1%(x)wfy, 1% =" +iv* (B.22)

The moduli itself span a space — the moduli space — with a metric which is the met-
ric on the space of metrics (and B-fields). The fact the deformations dg;; and dg;; are
independent says that the moduli space is the procuct

M =M () x MEV (1) (B.23)

MBS s the complex h(M2)-dimensional component spanned by the complex structure
deformations z* while Mﬁ(l’l) is the complex A"D-dimensional component spanned by
the complexified Kahler deformations ¢t*. Both components turn out to be special Kahler
manifolds.

A special Kahler manifold is Kéhler manifold where the Kahler potential is of the specific
form [?,7,7,7,7].

K=—-Wi[ZFs(2) - Z*Fa(2)], A=0,...,h (B.24)
with oF
— A —
Fai=oog and  Z0F, =2F, (B.25)

i.e. F'is homogeneous of degree 2. One defines special coordinates as z* = %, so that
F = (Z°)2F(2*) and K then can be also expressed as:

K=-In[2i(F+F)— (Fa+F)(z* = 2] , (B.26)

where F(2%) is an arbitrary holomorphic function with no homogeneity property.

The metric on M?S(I’Q) turns out to be a special Kahler metric with a Kahler potential
given by [7]

9oy = 0u00 Kug, K= —In [— 7,/ QA Q] - —lni[ZAFA - ZBFB] . (B27)
Y
The second form of K is obtained from the expansion of €}
Q(2) = Z42) aa — Fp(2) 67, (B.28)

where (a4, 37) is a real, symplectic basis of H*(Y') satisfying
/aA/\ﬂB:(SE, /aA/\aB:():/ﬂA/\ﬂB. (B.29)
Y Y Y

The moduli space Mﬁél’l) spanned by the coordinates t* also is a special Kahler manifold
with a Kéhler potential and prepotential F(t) given by

Ky = —Indap v | FOt) = dop tt°17 (B.30)

63



where dng, = fy wa A wg A w,, are topological intersection numbers. F represents the
leading contribution in a large volume limit. There are, however, perturbative and non-
perturbative o' corrections. The perturbative corrections can be understood as arising
from loop corrections of the 2d SCFT which also give rise to higher derivative interactions
in £13. The non-perturbative corrections correspond to topological non-trivial embed-
dings of the worldsheet into space-time and they are termed worldsheet instanton corrections.

For the case at hand the worldsheet can wrap a two-cycle in Y3 which give amplitudes
suppressed by e """ where v® parametrizes the volume of the two-cycle in question.
Including both types of corrections results in

F(t) = dagnt™t8) + s x(¥a) + F (B.31)

where x(Y3) = 2(h(%? — A1) is the Euler number of Y3 and F™ denotes the non-
perturbative effects. They are more easily expressed by the third derivative

oo
H5 qn5 .5
aaa,@a'y]:np - Z Nn1~~~nh(1,1) N 3Ty W ) qs ‘= 62mt y (B32)
ni-n, (1,1 =1 J 1
n(1,

N is the instanton number which counts how often a worldsheet wraps around a 2-cycle,
nangn. is a combinatorical factor and the last factor aroses from the instanton action [?].

B.3 Mirror Symmetry

Mirror symmetry is not yet a symmetry but rather the conjecture about a not yet rigor-
ously defined space of Calabi-Yau threefolds [?]. It has been established on a subspace of
Calabi-Yau manifolds [?] and is a very useful concept in order to compute certain cou-
plings in the effective action. It states that for ‘every’ Calabi-Yau Y there exists (at least)
one mirror manifold Y with reversed Hodge numbers, i.e.

AAAY)=h2(Y),  RMAY) =RbYY) . (B.33)

In terms of the Hodge diamond (3.13) this corresponds to a reflection along the diagonal or
in other words the third cohomology H® = HG9 g HZD ¢ H12) ¢ H03) is interchanged
with the even cohomologies H (v = 00 g gD g 1.2 gy HG3),

Furthermore, the respective (complexified) moduli spaces of (B.23) are identified under
mirror symmetry

My = MY M () = M (Y (B.34)

This in turn means that the underlying prepotentials are identical

FY)=F( ), FY)=FY). (B.35)
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This fact has been used to compute instanton corrections to the prepotential F of the
Kéhler moduli (B.30) which only in the large volume approximation is a cubic polynomial.

In type II string theory mirror symmetry manifests itself by the equivalence of the
two different type II string theories, called type ITA and type IIB, in mirror symmetric
background or in other words the following equivalence holds

ITA in background M, x Y = IIB in background M, x Y . (B.36)

Therefore one can focus the attention on one of the two string theories and infer couplings
of the other one by mirror symmetry. However, depending on the precise question it might
be easier to ask it either in ITA or IIB.
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C The holomorphic anomaly and soft supersymme-

try breaking

C.1 The holomorphic anomaly

As we saw in section 5 it is of interest to compute f()(®) in string theory. This is possible
essentially in two ways:

1. directly via the computation of a string loop diagram,

2. indirectly via the holomorphic anomaly.

The problem with method 1 is that the entire massive string spectrum contributes in
the loop and therefore f(®) is difficult to compute. Similarly, the result depends on
the chosen background and thus relatively few generic properties can be identified.

The direct computation has been done for orbifold compactification of the heterotic
string with the result [?]
A~ [In(@0)]*(t + 1) (BY

where ¢ are the moduli in the untwisted sector of the orbifold and 7 is the Dedekind
n-function. This result has two distinct features:

e A is invariant under an SL(2,Z) transformations of the form

at — b

S C.2
TGt +d’ (€.2)
where a,b,c,d € Z and ad — bc = 1.
e A is non-harmonic in that
0,0:\ ~ 0,05 log(t+1t) #0, (C.3)
and therefore
A # Re fO(2) (C.4)

as one would naively expect for a consistent supersymmetric effective theory. The
failure of eq. (C.4) is known as the holomorphic anomaly but as we will see shortly
this anomaly has nothing to do with string theory but rather occurs in any super-
symmetric field theory with massless fermions in the spectrum.

It can be shown that supersymmetric theories the threshold correction have two contri-
butions
A=A, + A, (C.5)
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where massive particles contribute
A, =Re fO (C.6)

On the other hand massless particles with non-trivial non-renormalizable couplings con-

tribute
c
tt
o KD - Z

where r runs over the representations of the gauge group, ¢ = T'(ad) — > T(r) and we
expand the Kahler potential as

Do =—

log det Zp) , (C.7)

K(t, 1 A, A) = K(t,1) + Zg(t, DAAS . (C.8)

and Z( is the block of the matrix Z,p referring to the “flavor” indices of the matter
multiplets A in the representation r. For orbifolds (C.1) splits as

fY ~Innyit)? Ao ~In(t+1) . (C.9)
Altogether we thus have
g 2(p) = Re (fO + 1) — b In — Mp, K(t,t) — Z log det Ziry . (C.10)
82 i 167T2 :

The second, indirect method to determine f™) uses (C.10) and an exact quantum sym-
metries such as the SL(2,Z) of orbifolds. One computes A, from (C.7) and solely tree-
level couplings and then determines the harmonic piece A,, by requiring that the physical
gauge couplings ¢—2?(u) is invariant. For the Standard Embedding this method is used in
refs. [?,25].

Before we come to soft supersymmetry breaking let us briefly update gaugino conden-
sation discussed in section 5. For a single pure gauge group in orbifold compactifications

one finds 7(G)
1) .
O = = logn(iT) , (C.11)
which leads via eq. (5.13) to
W(S,T) ~ M3 e~ 1S (it) (C.12)

For large t one has W — e+ and thus a minimum at finite t. The explicit mini-
mization of V reveals that (¢) = O(1) and supersymmetry is broken since (D;W) # 0.
Unfortunately, this minimum has a large negative cosmological constant. The analysis of
refs. [?,?7,7,7] showed that the moduli dependence of f(!) can lead to a stabilization of
the moduli vacuum expectation values and the breaking of supersymmetry. However, the
dilaton problem and the problem of the cosmological constant remain unsolved in this
class of models.
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The next step is to include a moduli dependent f() into the racetrack scenarios. Indeed
one finds [?] that one can simultaneously achieve the stabilization of the dilaton and
moduli and break supersymmetry in the moduli directions. However, within this approach
there always is a cosmological constant induced.

C.2 Soft Supersymmetry Breaking
Let us consider a generic N = 1 effective theory with an observable and a hidden sector
specified by a superpotential

W = Wops(t, A) + Whia(t) . (C.13)

Here ¢ generically denotes the moduli fields while A denotes the observable (charged)
matter fields.'® Wy,(t, A) should be thought of as generated at the string tree level while
Whia(t) arises non-perturbatively. For Wys(t, A) we make the general Ansatz

Wobs(t, A) = 2pap(t) A AP + LYupc(t) AP APAC + O(AY) . (C.14)

For simplicity we are interested in the situation where (A) = 0 and the gauge group is
unbroken. Therefore we expand the tree level Kéhler potential as in (C.8) around (A) = 0
to obtain

K(t, 1, A A) = K(t,1) + Zup(t, ) A AP + Hup(t, D) A AP + he.+ O(A%) | (C.15)

We further assume:

1. (F4) = 0, ie. no supersymmetry breaking in the observable sector.

N

(Fy,) # 0, ie. supersymmetry breaking in the hidden sector.

bl

(V) =0, ie. a vanishing cosmological constant.

=~

. mg/y K Mpy, ie. hierarchical supersymmetry breaking.

In the N = 1 potential (4.10) we now take the limit Mp; — oo with my/, fixed or in
other words we keep the leading order contributions of the supersymmetry breaking. One
finds that the (canonically normalized) gaugino masses turn out to be

bg?
n= F“O,Ing >
m ng o+ 1672

whereas the (un-normalized) masses of the observable matter fermions and their (un-

maa | (C.16)

normalized) Yukawa couplings are given by

fiap = " Puap +mapHip — FOsHap ,
) A (C.17)
Yage = X Yape .

90f course there is the possibility of hidden matter which we ignore for this discussion.
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It is convenient to combine both terms into an effective superpotential
W(A) = LaapAtAP + LYapcATABAC, (C.18)

but one should remember that this is a superpotential of the observable sector and not
of the full theory. In the latter context, (C.18) would not make sense as a superpotential
because [i4p and ffABc are non-holomorphic functions of the moduli. The potential V'
splits into a potential of global N = 1 supersymmetry (denoted as Vgﬁg;l) and the soft
supersymmetry breaking terms Vg

V = Viooar + Veott (C.19)

g

where

Vot = 3D + 0aW T Z4P 55 W<

- (C.20)
Voott = migAAAB + (%AABCAAABAC + %BABAAAB + h.c.) )

The first line here gives the scalar potential of an effective theory with unbroken rigid
supersymmetry while the second line is comprised of the soft supersymmetry-breaking
terms. The coefficients of these soft terms are as follows

mip = miZap — FOF'Ropp
Aape = F*DoYagce , (C.21)
Bap = F*Dajiap — m32fiaB ,
where
_ _C‘ —
Rogap = 0a03Zap — Th4Zpclsp LD, = ZPP0,2Zp4

DoYapc = 0uYape + 3KaYape — I Ysop |
(C.22)

Dofiap = Oafiap + 3Ka jiap — T finp -

(When evaluating O,fiap or 3a3~/ABc, one should apply 0« to all quantities on the right-
hand side of egs. (C.17), including mg,, and F B.) Notice that all quantities appear-
ing in egs. (C.16), (C.17) and (C.21) are covariant with respect to the supersymmetric
reparametrization of matter and moduli fields as well as covariant under Kéhler transfor-
mations.

According to eq. (C.21), m?; ~ mg/z, Aapc ~ mzpYape, and Bap ~ mg/QPAB;
nevertheless, the soft terms are generally not universal, ie. Aypc # const - m3/,Yapc
and m% 5 # const - m3,Z,p, even at the tree level. In the context of the minimal
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supersymmetric standard model, this non-universality means that the absence of flavor-
changing neutral currents is not an automatic feature of supergravity but a non-trivial
constraint that has to be satisfied by a fully realistic theory.

To summarize, the displayed formulae express all the couplings of the observable sector
in terms of a few perturbative parameters of the effective supergravity, namely K (t,1),
Zap(t,t), Hap(t,t), Yapc(t) and f(t), and even fewer non-perturbative parameters in-
duced by the hidden sector, namely ms/, and F*.

Nothing so far relied in any way on the stringy nature of the fundamental theory behind
the effective supergravity and are equally valid for any other unified theory that gives rise
to an effective supergravity below the Planck scale. However, in the context of string
theory, one can make again use of the special properties of the dilaton S. Let us recall
from egs. (5.7) that at the tree level K© = —In(S + S) + KO(t, 1), f© = S while
Zap(t,t), Hap(t,t), and Yapc(t) are independent of S. (Their ¢ dependence cannot be

further constrained unless one chooses to focus on a particular class of string vacua).?

Generically, the dynamics of the hidden sector can give rise to both (F*) and (F"),
but one type of F-term often dominates over the other. Therefore, it is instructive to
concentrate on the two limiting cases (F%) > (F') and (F®) < (F*) and discuss the
phenomenological implications of the two scenarios. The main feature of the (F%) >
(F") scenario is the great simplicity of the resulting soft terms before string loops and
renormalization are taken into account. Specifically, one finds

m = \/§m3/2, m,%u; - m§/2ZABa Aupe = —\/§m3/23~/ABC, (C~23)

whereas jisp and Bap are independent parameters. Thus, in the context of the minimal
supersymmetric standard model the masses of all super-particles as well as the Higgs
VEVs are determined in terms of the three independent parameters ms/,, i and B, and if
we further assume that g = 0, then only ms/, and ji are independent while B = 2mg /s /i.
Numerical study of the electroweak phenomenology produced by these soft terms shows
that for u = 0 the Higgs particle is too light for all allowed values of the other parameters;
the general case (1 # 0) is slightly more involved and nor ruled out by current data.

When the dominant non-perturbative effect in the hidden sector is the formation of
gaugino (and possibly) other condensates, the resulting effective W®) (S ¢) is more likely
to give rise to (F') than to (F'°) as we saw in section 5. However, the analysis of this
scenario is much more model-dependent since the t-dependence of various couplings is
quite different for different string vacua; nevertheless, even without choosing a particular
vacuum it is possible to make some generic statements about the soft terms. First of all,
the usual assumption of the universality of the soft terms in the minimal supersymmetric

20At the string loop level, K, Z 45 and Hap receive an S-dependent but generically small threshold
correction, which we neglect in the following discussion. f is corrected by the one-loop t-dependent (but

S-independent) term f()(¢) which we discussed above.
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2
AB
even generation-blind; instead, we have a non-universality parameterized by the field-

standard model does not automatically hold in this case: m? 5 is not flavor-blind or
space curvature R,545 (see egs. (C.21)), which generically does not vanish. The absence
of flavor-changing neutral currents imposes strong phenomenological constraints on this
curvature term and thus on string model building. Equations (C.21) also reveals that the
trilinear couplings A4pc are not strictly proportional to the Yukawa couplings Yapc, nor
is Bap proportional to fisp.

Despite the lack of universality in the (F*)-driven scenario, we can still make an order-
of-magnitude estimate of the supersymmetry-breaking masses and couplings. The scalar
masses are typically O(msg/). Similarly, the trilinear couplings Aspc = O(mg/gffABc).
On the other hand, because the gauge couplings depend on the dilaton S more strongly
than on the other moduli ¢’, the gaugino masses come out rather light, O(Zms3) (see
eq. (C.16)). Furthermore, eq. (C.7) allows us to estimate the magnitude of the gaugino
masses after the renormalization, ie. just above ms/,. The result is

a(mu)

47

m(p) = C Maje < My)a (C.24)
where the coefficients C'is model-dependent but generally O(1). Therefore, in this scenario
we expect the gaugino masses to be close to their experimental lower bounds, while the
squarks and the sleptons heavy.

The two scenarios we just analyzed lead to distinct signals at the weak scale. It is
important to stress that such signals do not depend on the detailed mechanism for super-
symmetry breaking nor do they depend on the chosen string vacuum. Rather, they are a
mere consequence of which F-term is the dominant seed of the breaking.
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D Supergravity actions for 4 <d <9

In this section we discuss the couplings of (bosonic) supergravity actions in dimensions
4 < d < 9. The effective actions derived from string theory have to satisfy the constraints
and properties of these actions.

A generic bosonic Lagrangian reads

L=—355R~- 19 2F. " — 1G1;(9)D, ' D" — V(®) + ... | (D.1)

T o2k2

where R is the Einstein-Hilbert-term and Gp;(®) is the metric on the scalar manifold
M. The ... stand for additional topological terms and/or kinetic terms and couplings of
higher p-form gauge potentials. These terms differ in various dimensions.

L is gauge invariant under the gauge transformations
5a®' = () KN @), a=1,...,n,, (D.2)

where n,, is the number of vector multiplets or equivalently the dimension of the Lie algebra
assocciated to the Lie group G, a(z) is the (local) parameter of the gauge transformation
and k! are Killing vector fields. Correspondingly, the covariant derivatives are given by

D,®" = 9,0" — ALEL(D) . (D.3)

Gauge invariance requires that the metric is invariant 0,G;; = 0 which implies the Killing
equations
VikG+Vki=0. (D.4)

D.1 N =1 supergravity in d =4

The N = 1 multiplets are summarized in Table D.1 where [s] denotes a field of spin
(helicity) s.2!

N=1 d=4

Gravitational multiplet ([2], [%])
Vector multiplet <[1], [%])
Chiral/Linear multiplet ([%], 2[0])

Table D.1: N =1,d = 4 multiplets

21The linear multiplet contains an antisymmetric tensor B, and a real scalar ¢. B,,,, can be dualized

to a second scalar a so that the entire multiplet becomes dual to a chiral multiplet.
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In N = 1 the scalars in the chiral multiplets are complex ®°, ®7.3,7=1,...,n. and M
is a Kahler manifold, i.e. the metric obeys

G = 00K . (D.5)

J

In a addition, a topological term 392% e FLE })’U is present and the (inverse) gauge cou-

plings and the #-angle combine into the holomorphic gauge kinetic function
fab - g&? + 82? Qab . (D6)
The potential is given by
V = K [(D,W) G=Y (D) — 3/<£|W|2} +1giDeDt (D.7)
where W is the holomorphic superpotential and

K
D;W :za—w,m?(a ,)W. (D.8)

The D-terms D® are the Killing prepotentials. On a Kéhler manifold the solution of (D.4)
is

ok =0, k¢ =i0;D" . (D.9)

(2

The first equation states that £% is holomorphic while the second determines k¢ in terms
of the Killing prepotentials (or moment maps) D®. Using k% = G;k* one finds

D* = —i(0; K)k™ 4 ¢5°VM) (D.10)

¢ is a Fayet-Illiopoulos parameter which arises for any U(1)-factor in the gauge group G
as an (undetermined) integration constant of the Killing prepotentials. The Lagrangian
(D.1) is thus characterized by four functions K(®, ®), f(®), W (®) and D

D.2 N =2 supergravity in d =4,5,6

The N = 2 multiplets in dimensions d = 4, 5,6 are summarized in Table D.2. The scalar
field space is locally the product

My d

4 v
M = MGk % sk 4
O(l,nt) d

O(nt)

4
5 (D.11)
6

where Mi"c’j x 1s a 4n,-dimensional quaternionic-Kahler manifold, Mg”gK is a 2n,,-dimensional
special Kéhler manifold, M4 is n,-dimensional real special Kahler manifold and n,
counts the number of tensor multiplets. Let us discuss these geometries in turn [4].
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N = 2(eight supercharges) d=14 d=5 d=6
Gravitational multiplet ( 12, 2[2], [1]) ( 2], [2], [1]) ([2], 2], [4], B;,,)
Vector multiplet 1, 2(4],200]) | (011, [3), 0)) (11, 13])
Hypermultiplet (2[%], 4[0]) ([5], 4[0]) ([g], 4[0])
Tensor multiplet dual to hyper | dual to vector (B:[V, ([3], [O])

Table D.2: N =2,d = 4,5,6 multiplets

D.2.1 Quaternionic-Kahler geometry

M nox 18 not a Kéhler manifold bur rather quaternionic-Kahler manifold. This means
that it admits three almost complex structures (J*)!, © = 1,2,3, u,v = 1,...,4ny, which
satisfy

JUJY = =61 40"V 7 | (D.12)
and the metric Gy, is Hermitian with respect to all three of them. They are also covari-
antly closed with respect to an SU(2) connection w

DJ"=0. (D.13)
The associated Kahler two-forms K = G, (J%)Y obey

DK* = dK" + ¢ uw? NK* =0 . (D.14)

On this geometry the Killing vectors can be expressed in terms of Killing prepotential
P by

kYK, = —D,Pj = —0,P; — e wlP; | (D.15)

where the index A takes the values A = (0, a) and the 0-direction denotes the graviphoton.

Explicit quaternionic-Kéahler manifolds are sparsely known. A prominent example ap-
pearing at the tree-level of type II compactifications are the quaternionic-Kahler manifolds
in the image of the c-map. The metric depends on the coordinates (2%, &4, fA, ¢, a) with
index ranges a = 1,...,n, — 1, A = (0,a). It reads

ds* = Gop(2, 2) @Nzaaugﬁ + (au¢)2 + i(aua - (éAﬁqu - anugA»Q

- . (D.16)
3 2¢(Im/\/’(z, 5))_1AB(au5A - NACauﬁc)(auﬁB - NBDaufD) )

where G ;(z, Z) is the metric on a special Kahler manifold Mgk while N is the gauge
kinetic function on Mgk. (Both are discussed in the next section.) Thus the c-map
associates to every special Kahler manifold a quaternionic Kahler manifold

L SU(L1)

. (np—1)
C: 'MS U(l)

MGk (D.17)
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where (¢, a) are the coordinates on the SU(1,1)/U(1) component. In string theory one
finds Mgg = Mq(M) for ITA (IIB) and (¢, a are dilaton and axion while (£4,£,) are
the RR-scalars.

D.2.2 Special Kahler geometry

In Appendix B.2 we already discussed special Kahler geometry in the context of the
Calabi-Yau moduli spaces as they are examples of special Kahler manifolds.

For special Kahler manifolds the Kahler potential is given by

K =—Ii[Z'Fs(2) - Z'FA(Z)], A=0,...,n, (D.18)
with oF
- A _
Fy = 974 and Z9Fy =2F (D.19)
i.e. F'is homogeneous of degree 2. One defines special coordinates as z% = %, so that

F = (Z°)?F(z*) and K then can be also expressed as
K=-mm[2i(F+F)— (Fa+F)(z* = 2], (D.20)
where F(z%) is an arbitrary holomorphic function with no homogeneity property.
The gauge kinetic matrix f is given by:

(ImF)fxC z¢ (Imlf)BDZD
2¢ (Im)gp, 2P ’

fap = Fap — (D.21)

where the second term is not holomorphic and arises due to the mixing with the gravipho-
ton.

The Killing vectors can again be expressed in terms of Killing prepotential P by
kP =i0,PP . (D.22)

Together with the Killing vectors k%(¢) and Killing prepotentials P§ on My, g discussed
in the previous section the covariant derivatives are

D,q¢" = 0,q" — Aﬁkf}l(q) , D, 2" =0,2" — Af kPe(z) (D.23)
while the potential is given by
V=K (Gagkjl_s%ZAZB + Ahy kU kS ZAZE + G (9,22)(8,25) PP — 3ZAZBPjP§)
(D.24)

Before we continue let us mention one caveat. The situation discussed here only features
multiplets which are charged with respect to electric gauge bosons but not their magnetic
duals. In string theory it is sometimes convenient to go to a different symplectic basis
and includes magnetic charges. This can be done via the embedding tensor formalism [7].
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D.2.3 Real special Kahler geometry

In d = 5 My, gk is unchanged while M, becomes a real special Kahler manifold. The
vector multiplets contain a real instead of a complex scalar and the geometry is constrained
by

dapc®PPdC =1 | (D.25)

The physical scalars ¢ are the solutions of this constraint with a metric

o0d4  0PB
(=)
O > O

Gap = —3( dapc®© . (D.26)

In d = 6 My is again is unchanged, the vector multiplets have no scalar but the tensor
multiplets have a real scalar spanning the geometry
0(1, nt)

M, = Olny) - (D.27)

D.3 Supergravities with 16 supercharges

In theories with 16 supercharges there is the gravitational multiplet and the vector mul-
tiplet. Their bosonic components are

gravitational multiplet : ([2], (10 — D)[1], [0], BMN) ,
(D.28)
vector multiplet : ([1], (10 — D)[O]) :

plus an appropriate number of gravitinos and s = 1/2-fermions. (For more details see [?].)

The scalar field space is

(D.29)

T SO(10-D)x SO (n,) ~ | 54 for D=4

SO (10 — D, n,) X{R* for D=5,...,10,

where n, is the number of vector multiplets. The first component of the product is
spanned by the scalars of the vector multiplet and the second by the scalar(s) of the
gravity multiplet.

A special case is the (2,0) theory in d = 6 where the scalar manifold is given by

SO (5,21)

M= 5606)x s0@1)

(D.30)
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D.4 Supergravities with 32 supercharges

For 32 supercharges there only is the gravitational multiplet which in D = 4 has the field

content
([2], 8[3/2], 28[1], 56[1/2], 70[0]) . (D.31)

In D > 4 the field content can be found, for example, in [?].

We summarize all geometries in the following Table D.3 [?,7]. We abbreviate

SO(m,n) RY for D=5,...,10,
SOpmn = X SU(1,1) _
SO(m) x SO(n) oo for D=4
D/q| 4 8 16 32
4 | Mg | Msk x Mgk SO¢n 5;((78))
5 Mpsk X Mok SOs5.p Liig)
O(1,m1) E
6 O(nt; X MQK SO4,n/SOS,21 US;D(‘%?SZ)SP(‘Q
4,4
7 SOz, U]%{,(4)
8 SOQm Cﬁ)
’ R
10 R* R¥, o)
11 - -
“MSK” XMQK SOIO—D,n Elhlr—;D

Table D.3: Scalar geometries in supergravity
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E Compactifications on generalized geometries

E.1 Manifolds with G-structure

Recall the discussion of supersymmetry in compactification with backgrounds Ry 3 x Y5 in
section 3.2. The decomposition of the Lorentz group is given in eq. (3.2) while the decom-
position of the spinor representation is given in (4.2). The existence of a supercharge in
R; 3 requires the existence of a nowhere vanishing and globally defined spinor € on Y. This
requires that € is a singlet of SO(6) but it does not require it to be covariantly constant,
i.e. Dye # 0 is possible. Manifolds which admit a globally defined tensor or spinor have
been studied in the mathematical literature and are called manifolds with G-structure.

Here G denotes the subgroup of the structure group SO(6) which leaves the tensor or
spinor invariant. Generically G does not coincide with the holonomy group precisely be-
cause the spinor does not have to be covariantly constant with respect to the Levi-Civita
connection. However, one can show that a different connection — a connection with torsion

D) — always exists which satisfies D¢ —0.

In this section we focus on the example of one globally defined spinor. Using SO(6) ~
SU (4) we see that a globally defined spinor is left invariant by an SU(3) C SU(4) and thus
we have G = SU(3) or in other words we need to study manifolds with SU(3)-structure.

On manifolds with SU(3)-structure it is possible to build a two-form J and a three-
form €2 from e

Jn = —% EY[mn]€ Qynp = —% €Y [mnp|€ - (E.1)
Due to Fierz identities they obey the relation

JNINT=32QNQ. (E.2)

Raising one index on J,,, with the metric one can show that J]* is an almost complex
structure in that it satisfies J?> = —1. Using the definition (E.1) and D{e = 0 implies

dJ =2 (Wi Q—WiQ) + Wy A J+ W, 3
B E.3
AQ=W1J> + WoAJ+W5AQ ,

and
Wg/\J:W3/\Q:W2/\J2:O, (E4)

where the W’s are five different torsion classes which can be characterized by their SU(3)
representation or equivalent their form-degree. W is a zero-form, W,, W5 are one-forms,
W is a two-form and Wi is a three-form. Generically manifolds with SU(3) structure are
neither complex, nor Kahler, nor Ricci-flat. Only for a particular choice of the torsion
such that some of the W, vanish one has manifolds with additional properties. For
example Calabi-Yau manifolds are manifolds of SU(3) structure where all five torsion
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classes vanish W, 5 = 0. Complex manifolds have W, , = 0 while Kahler manifolds have
Wi....a = 0. Half-flat manifolds play a special role later on and their are characterized by
ImW; =Im Wy =W, =W;5 =0 or in other words

dJ ~ImQ , dQ ~ J* . (E.5)

E.2 L. on manifolds with SU(3)-structure

The KK reduction on manifolds with SU(3)-structure leads to an effective action with
N = 2 supersymmetry which can be spontaneously broken. The scalar geometry is
unchanged compared to the Calabi-Yau case and the Kéhler potentials for the geometric
moduli are given by

Ki(t,t) = —ln/

Ys

JNINT, Kcs(z,z):—ln[—z/ﬁ/\()]. (E.6)
Ye

6
The Killing vectors and the potential on the other hand do depend on dJ and df2.

There is no globally defined one-form which can be build from € so that we continue
to have the vanishing of the first Betti-number b; = b; = 0. The existence of J and (2
implies that by 34 # 0. Let us define a finite basis of light modes by a set of two-forms
w® a=1,...,by, a symplectic set of three-forms (ay, 3%),A,B=1,..., %bg and a set of
four-forms @, dual to the two-forms. To ensure the vanishing of the five-forms they are

required to obey
WYNag=0=w*AB" . (E.7)

Now one can parametrize the torsion by the parameters (e%, m®?) which appear as

A

o « a B
dw® = m*“ay —eppB”

day = egw, ,

(E.8)
dB? =m*Po, |
dw, =0 .
Here the consistency condition
W*ANday = —dw* N\ ay w* A dpP = —dw® A BE (E.9)
has been already implemented. In addition d* = 0 implies
meies —esmPA =0 . (E.10)

By using this basis one can compute the Killing vectors and the potential which turn out
to be consistent with the constraints of N = 2 supergravity. However before we display
the result let us pause and discuss mirror symmetry in compactification with fluxes.
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E.3 Mirror symmetry in flux compactifications

Recall that in Calabi-Yau compactifications of type ITA we turned on RR-fluxes for F,
and Fy in (7.15) and in IIB for F5 in (7.21). In type IIA one can add flux for Fy and
Fs where Fy denotes the flux in the space-time part of Fy and Fy can be identified as
an additional parameter of ten-dimensional type ITA supergravity. Thus altogether there
are 2(h%Y 4- 1) fluxes in ITA and 2(R1? + 1) fluxes in IIB. Mirror symmetry exchanges
RY — R and we can see that that the number of fluxes is such that it could be
extended to Calabi-Yau compactifications with RR-flux. This can indeed be verified in
the effective Lagrangian.

However, the NS-flux Hj is identical in ITA and IIB with no obvious mirror dual. In
manifolds with SU(3)-structure the torsion can play the role of mirror fluxes for Hj in
that one can have

Hs +idJ <« dS2 . (E.11)

A detailed analysis shows that on half-flat manifolds discussed in (E.5) one obtains mirror
symmetric compactifications for electric three-form flux [10]. However, including also
magnetic fluxes we immediately see that the left hand side corresponds to 2b5 fluxes while
the right hand side only has b4 fluxes. These missing fluxes are provided on manifolds
with SU(3) x SU(3)-structure.

E.4 Manifolds with SU(3) x SU(3)-structure

The notion of generalized geometry was introduced by Hitchin [20-23]. He suggested to

combine the sum of the tangent bundle and the cotangent bundle into one generalized
tangent bundle. In addition he demanded an action of SO(d, d) on this 2d-dimensional
generalized tangent bundle. However, this is not the structure group of a manifold as
it includes T-duality type transformations.?? Manifolds of G' x G-structure are defined
to have a pair of globally defined spinors/tensors where each one is left invariant by a
(different) G C SO(6) C SO(6,6). Here the case of interest is a pair of spinors each left
invariant by SU(3) C SO(6) C SO(6,6). If the two SU(3)’s coincide one has a manifold
with SU(3)-structure. For this generalized tangent bundle one can develop notions of
generalized differential geometry and define generalized complex structures or generalized
Kahler structures.

It turns to be convenient to express the couplings of the effective Lagrangian in terms of
spinors ® of SO(6,6). Asin ordinary differential geometry one has a one-to-one correspon-
dence between bi-spinors and differential forms. The correspondence w, ~ eylit ... y%le is
generalized as

OL- T®~ Y wy, (E.12)
p

22Tt also is tailored for the split into left- and right-movers on the string worldsheet.

30



where I' are generalized ['-matrices and the left hand side now is a poly-form. A Majorana
condition on ® implies that the poly-form is real while a Weyl-condition splits the poly-

PE~ D W (E.13)

p even/odd
For manifolds with SU(3)-structure one finds

form into even and odd parts

Pt ~el, DT~ (E.14)

The metric on the deformation space is again special Kahler with Kahler potentials
K* = —Ini(®F, dF) | (E.15)
where (-, -) is the Mukai-pairing defined by

<CI>+,§>+>:wo/\wﬁ—wg/\@4+w4/\@2—w6/\@0, )
_ (E.16
<<I>_,¢)_>:wl/\@5—2w3/\@3—w5/\@1 .

The Killing vectors and the potential can also be expressed in terms of ®* and expres-
sions like (®~,d®*), (dF dP~) appear. The quantities (dPT), (dP~) can be viewed as
the generalized fluxes. Expanding in a symplectic basis (a4, 37) for the odd-forms and
(W%, @) for the even forms. They generalize (E.8) and obey

A

a « a 2B
dw® =m*“ay —eBp”

da)a - _QSOZA +paBﬁB )

5 (E.17)
doy = paaw™ + e,wp ,
dpt = ¢lw™ + m*ag .

d* = 0 again imposes additional relations among the fluxes. However, d is no longer an
exterior derivative but a nilpotent operator (d*> = 0) which maps even-forms < odd-forms.
With this generalization mirror symmetry can be established which simply amounts to

Ot O . (E.18)
Finally orientifolding such manifolds leads to superpotentials of the form
Wirsjos = — / (@A) Winajos = — / (*,dIT) (E.19)
where

H+:Co+02+04+06+7;R€<D+, H_:Cl+03+05+iR€<D_. (EQO)

This leads to additional terms in the potential and helps moduli stabilization and super-
symmetry breaking.
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F Heterotic—type 1IA duality in R; 3

In this appendix we discuss the conjecture
Heterotic in Rys x K3xT? = TA IR 3xY; (= lIBinR;3xY;). (F.1)

The second equality is the already familiar (perturbative) mirror symmetry with Y; being
the mirror Calabi-Yau of Y3. The first equality is non-perturbative and the topic of this
lecture.

Let us first recall the massless bosonic spectrum on both sides. The ITA spectrum
is summarized in Table 7.1, the heterotic spectrum for Calabi-Yau compactification we
discussed in Table 4.1 but we now need to redo the analysis for compactifications in
Ry3 x K3 x T2

The Hodge diamond for K3 reads

1,0,0)
j,(1,0) R(0.1) 1
h(2:0) A1) £, (0.2) 0 0
B2 R(1:2) = 1 20 1, (F.2)
R(22) 0 0
1

(_1)%7’ =
14+by41 = 24 is fixed. The metric on the moduli space of K3 surfaces has been studied in

i.e. all Hodge numbers are fixed and therefore also the Euler number y = >

mathematics extensively and is know to be the metric on the 58-dimensional coset space

_S0(3,17)
~ S0(3) x SO(17)

MK3 X ]RJF . (F3)

The NS two-form is expanded as
By = B, datdz” + 0wy, a=1,...,22, (F.4)

where ws is a basis of H?(K3). The K3 metric and the B-field together have the moduli

space
SO(4,20)

Mus+p = SO(4) x SO(20) '

which is a quaternionic-Kahler manifold.

(F.5)

As for Calabi-Yau compactifications we need to implement the heterotic constraint
(2.22). On K3 it implies

/ dH; = —io// (TTFAF —TrRAR) =0 . (F.6)
K3 K3
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Using
/ TTRAR=x(K3)=24, / TrF' A F = nipgt (F.7)
K3 K3

one infers that on the K3 there has to be gauge bundle with instanton number 24.

In the standard embedding one breaks Eg — FE; x SU(2) and embeds the instanton
background in the SU(2) so that E; appears as the unbroken gauge group in R, 3. More
generally one breaks Fs — GG x H, embeds the instanton background in H and is left with
G as the unbroken gauge group in R, 3. The instanton solutions on K3 have a moduli space
Myk which is hyper-Kahler but otherwise unknown. In the heterotic compactification
discussed here is is fibred over Mgz, p given in (F.5) and this total moduli space is known
to be quaternionic-Kéahler but otherwise is unknown.

Before we proceed let us discuss the bosonic spectrum of the heterotic string in Ry 5 x /3.
It features the gravity multiplet containing (gs, By;), it, 7 = 0,...5, one tensor mul.tiplet
containing (B, ¢), n, = dim(G) vector multiplets containing A% and ny, = 20 + nj™* =

20 4 dim(Mpk) hypermultiplets each containing four scalars.

Further compactification on T2 gives one Kahler modulus 7', one complex structure
modulus U and dilaton ¢ and axion a (dual of B,,) combine again to S = e~ % + ia.
There are also four KK gauge fields arising from G;, By, pu,v = 0,...3,7 = 1,2. The
6d gauge fields A split into (Aj, A7). The scalars A954 in the Cartan subalgebra of G
are flat direction of the potential and thus parametrize part of the moduli space. For

rank(G) - At quch points the spectrum

generic (AYS4) the gauge group is broken G' — [U(1)]
contains the gravity multiplet (g,.,, A%), n, = rank(G) vector multiplets (AS54, AZ54)
plus three vector multiplets out of the four G, By;. (The fourth is the graviphoton AY,.)

Finally the nj; hypermultiplets are exactly as in d = 6.

The scalar field space was discussed in section D.2. The scalar geometry is the product
space given in (D.11). Recall that the MZ’EFK component is a special Kahler manifold
specified by a holomorphic prepotential F as given in (D.20) and (B.31). Since the
dilaton in type ITA is part of a hypermultiplet, F receives no quantum correction and
thus is exact at the string tree-level.

As we just saw on the heterotic side the dilaton is in a vector multiplet and thus F is
corrected at one-loop and non-perturbatively as follows

F = FO(S,t) + Fo(t) + F™(e 5, 1) , (F.8)
where t = (T, U, A994). For F°(S,t) one finds
FO(S,t) = Syyt't! (F.9)

where 7 is the flat metric of SO(2,n, — 1). The Kéhler potential derived from this F°
(with the help of (D.20)) reads

K= —In(S+58) —Inn;(t+0)(t+1t), (F.10)
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which is the Kahler potential on the space

SU(L, 1) SO(2, 1, — 1)
U1) ~SO@)x 80(m, —1)

M= (F.11)

Recall that the second derivative F;; is related to the gauge couplings via (D.21). There-
fore F171°°P(¢) is related to the threshold corrections of the gauge couplings which we
discussed for N =1 in Section C.1.

As in N = 1 it is difficult to compute F*7°°P(¢) in general. As in N = 1 one has
two option: a direct computation via an explicit string loop diagram or indirectly via the
holomorphic anomaly which in N = 2 reads

Ay =— S bK(L,1), (F.12)

1672

where b = 2(T'(ad) — > T'(r)) is the one-loop coefficient of the N = 2 §-function.
For the toroidal moduli 7', U one finds [?]

g 1 toop _ L BaliT) E4(iU) Eg(iU)

g 2 (j(iT) — j(U))n(iU) ’ (F13)
o i toop _ L BaliU)EL(iT) Eg(iT) |

v 21 (j(iT) — j(@U))n(iT) -

Here E, are modular forms which means they are holomorphic and transform under
SL(2,7Z) as

E.(iT) — (icT + d)"E,(iT) . (F.14)
j is the unique holomorphic, SL(2,Z) invariant but singular j-function. The Dedekind
n-function we already intoduced in Section C.1. The singularities in (F.13) correspond to

the gauge enhancement [U(1)]> — SU(2) x U(1) — SU(3) on a torus. Before we proceed
let us note that the expressions given in (F.13) can be integrated to give F'71°°P [?].

Now we are prepared to discuss the duality (F.1). For a dual pair the massless spectrum

has to agree, i.e. one has to have nlet = pllA phet — plA and there has to be a “mirror
map” t* < (S,t") such that
fhet(S, tl) = fIIA(ta) . (F15)

From (F.8) and (F.9) we see that the dilaton plays a special role and there has to be one
Kéhler modulus t* which is dual to the heterotic dilaton. Comparing (F.9) and (B.31) we
see that this requires

isgsgs = 0 = dysysyi - (F.16)

This condition is known in the mathematics literature and states that the Calabi-Yau
Y; is K3-fibred. This means that it has a IP; as a base and K3 manifolds as fibers.
One requirement is that there are only a finite number of points on the P; where the
K3 is allowed to degenerate. For these classes of manifolds the Calabi-Yau intersection

84



numbers d,g, obey (F.16) with ¢* being the volume of the P;. Via mirror symmetry one
can compute Fipa exactly in specific cases, evaluate it in the large t° limit and compare
with Fper computed via (F.13). In all known examples (F.15) holds for an infinite number
of terms. Conversely, if one accepts the duality (F.1) one can use (F.15) to compute Fpet
exactly including all non-perturbative terms.

The scalars in the hypermultiplets live on a quaternionic-Kahler geometry Mﬁ”é i as dis-
cussed in section D.2. This geometry is more constrained but at the same time more diffi-
cult to describe. (For example, there is no (easy) holomorphic function which characetrizes
it.) As a consequence the checks performed so far are much weaker. A similar analysis as
we just described for the vector multiplets has been partially performed for hypermulti-
plets in [?]. One of the resulting conjectures is that the duality (F.15) also requires that
the mirror Calabi-Yau Y3 has to be a K3-fibration [?].
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