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Problem 1.1

a) Show that for infinitesimal rotations with angle θi and infinitesimal Lorentz boosts with

velocity vi one has

δxi = − i
2
θkǫ

kmnLmnxi , δxµ = −ivkL
0kxµ , with Lµν = −i

(

xµ∂ν − xν∂µ
)

.

b) Show

[Lµν , Lρσ] = −i
(

ηνρLµσ − ηνσLµρ − ηµρLνσ + ηµσLνρ
)

c) Define

Li := 1

2
ǫijkLjk , Ki := L0i ,

and show

[Ki, Kj] = −iǫijkLk , [Ki, Lj ] = iǫijkKk , [Li, Lj] = iǫijkLk .

d) Define Li
± := 1

2

(

Li ± iKi
)

and show

[Li
±, L

j
±] = iǫijkLk

± , [Li
+, L

j
−] = 0 .

What does this show?

Problem 1.2

a) Show that the Poincare Algebra in the frame Pµ = E(−1, 0, 0, 1) implies

[Pµ, N1] = [Pµ, N2] = [Pµ, L12] = 0 where N1 := L01 + L31 , N2 := L02 + L32 .

b) Compute [N1, L12], [N2, L12] and [N1, N2]. What does the result show?

c) Compute the Pauli-Lubanski vector Wµ = 1

2
ǫµνρσL

νρP σ and WµW
µ in the frame

Pµ = E(−1, 0, 0, 1).



Problem 1.3

a) Show the following properties of σµ

σ2(σ̄µ)∗σ2 = σµ , σ̄2(σµ)∗σ̄2 = σ̄µ , σ̄2(σµν)∗σ2 = −σ̄µν ,

where

σµ = (−1, σi) , σ̄µ = (−1,−σi) , σµν = 1

4
(σµσ̄ν − σν σ̄µ) , σ̄µν = 1

4
(σ̄µσν − σ̄νσµ) .

b) Using a) compute the Lorentz transformation of −σ̄2χ∗ where χα is a Weyl spinor trans-

forming as δχ = 1

2
ωµνσ

µνχ. What does the result show?

c) The Lagrangian for a massive Dirac field ΨD reads

L = Ψ̄D(iγµ∂µ +m)ΨD ,

where Ψ̄D = Ψ†
Dγ

0. Decompose L in terms of Weyl spinors with ΨD =





χα

ψ̄α̇



.

Problem 1.4

In the lectures we defined

δξ := ξαQα + ξ̄α̇Q̄
α̇ ,

where ξ is an anticommuting Grassmann variable.

a) Show

[δη, δξ] = −2i(ησµξ̄ − ξσµη̄)∂µ . (1)

b) Show that (1) is fulfilled for [δη, δξ]A(x) and

δξA =
√

2ξχ , δξχ =
√

2ξF + i
√

2σµξ̄∂µA , δξF = i
√

2ξ̄σ̄µ∂µχ .


