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Problem Set 5 Quantum Field Theory I WS 10/11

This problem set is a former written exam. If you hand it in by 12.00h on 22.11.10,

it counts towards the bonus. (Note that handing it in jointly does not count.)

Problem 5.1 (20 points)

Consider a complex scalar field φ with a Lagrangian

L = (Dµφ)(Dµφ)∗ −m2φφ∗ − 1
4
FµνF

µν

where

Dµφ := ∂µφ+ iqAµφ , Fµν := ∂µAν − ∂νAµ , q ∈ R .

a) Compute the Euler-Lagrange equations for φ, φ∗ and Aµ.

b) Show that

φ→ φ′ = eiqαφ , α ∈ R ,

is a symmetry of L, compute the associated Noether current and check its conservation.

Problem 5.2 (20 points)

a) Show in the chiral representation

γ2(γµ)∗γ2 = aγµ , γ0(γµ)∗γ0 = b (γµ)T ,

and compute a and b.

Hint: You might find γ0γµγ0 = (γµ)† useful.

b) Determine the transformation law of ψc := γ2ψ∗ to be

δψc = − i
2
d ωµνS

µνψc ,

and compute d.

Hint: Use the result of a) and δψ = − i
2
ωµνS

µνψ.

c) Which covariant first-order differential equation does ψc satisfy?



Problem 5.3 (20 points)

For a four-component Dirac spinor ψ one defines

ψ = ψL + ψR , ψL := 1
2
(1 − γ5)ψ , ψR := 1

2
(1 + γ5)ψ .

a) Show

ψ̄L = 1
2
ψ̄ (1 + γ5) , ψ̄R = 1

2
ψ̄ (1 − γ5) ,

and

ψ̄RψR = 0 = ψ̄LψL , ψ̄Rγ
µψL = 0 = ψ̄Lγ

µψR .

Hint: (γ5)2 = 1, {γ5, γµ} = 0, (γ5)† = γ5.

b) Show

γ5ψL = −ψL , γ5ψR = ψR ,

and express ψ̄ψ and ψ̄γ5ψ in terms of ψL, ψR, ψ̄L, ψ̄R.

Hint: Use the results of a).

c) Give the Dirac Lagrangian expressed in terms of ψL, ψR, ψ̄L, ψ̄R.

Hint: Use the results of a).

Problem 5.4 (20 points)

Consider the operator

~P := −i

∫

d3xψ†~∇ψ .

Use

ψ(x, t = 0) =

∫

d3p

(2π)3

1
√

2E~p

∑

s

(

as
~p u

s(p) ei~p·~x + b
†s
~p vs(p) e−i~p·~x

)

,

to show

~P =

∫

d3p

(2π)3
~f

∑

s

(

a
†s
~p a

s
~p + g b

†s
~p b

s
~p

)

+ c ,

and compute ~f, g and c.

Hint: You might find the following identities useful:

us†(p) us′(p) = 2E~p δ
ss′ = vs†(p) vs′(p) , us†(~p) vs′(−~p) = 0 = vs†(~p) us′(−~p) .

Furthermore
∫

d3xei(~p−~p′)·~x = (2π)3δ3(~p− ~p′).


