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Problem 4.1

The solution of the Dirac equation can be given as

ψ+ = u(p) e−ip·x where u(p) =
1

N





(p · σ +m) ξs

(p · σ̄ +m) ξs



 ,

and

ψ− = v(p) eip·x where v(p) =
1

N





(p · σ +m) ξs

−(p · σ̄ +m) ξs



 ,

with

p0 = E~p , N =
√

2(E~p +m) , ξ1 =





1

0



 , ξ2 =





0

1



 .

a) Check the following relations

ūr
a(p) u

s
a(p) = 2mδrs , v̄r

a(p) v
s
a(p) = −2mδrs , ūr

a(p) v
s
a(p) = 0 ,

ur†
a (p) us

a(p) = 2p0δrs , vr†
a (p) vs

a(p) = 2p0δrs ,

b) Show

2
∑

s=1

us
a(p) ū

s
b(p) = γ

µ
abpµ +mδab ,

2
∑

s=1

vs
a(p) v̄

s
b(p) = γ

µ
abpµ −mδab .

c) Show

ū(p′) γµ u(p) =
1

2m
ū(p′)

(

p′µ + pµ + 2iSµν(p′ − p)ν

)

u(p) ,

where Sµν = i
4
[γµ, γν ].

Hint: Use (γµpµ −m)u(p) = 0 = ū(p′)(γµp′µ −m).

Problem 4.2

a) Show that Sµν = i
4
[γµ, γν ] satisfies

[Sµν , Sρσ] = i
(

ηνρSµσ − ηνσSµρ − ηµρSνσ + ηµσSνρ
)

.

b) Determine the Lorentz transformation of

jµ := ψ̄ γµ ψ , and Aµν := 1

2
ψ̄ [γµ, γν ]ψ .



Problem 4.3

A quantized Dirac field ψ(x) is given in terms of raising and lowering operators by

ψ(x) =

∫

d3p

(2π)3

1
√

2E~p

2
∑

s=1

(

as
~pu

s(p)e−ip·x + b
s†
~p v

s(p)eip·x
)

p0=E~p
,

ψ̄(x) =

∫

d3p

(2π)3

1
√

2E~p

2
∑

s=1

(

bs~pv̄
s(p)e−ip·x + a

s†
~p ū

s(p)eip·x
)

p0=E~p
,

with

{as
~p, a

r†
~q } = {bs~p, b

r†
~q } = (2π)3δ(~p− ~q)δrs ,

a) Show

{ψa(~x, t), ψ
†(~y, t)} = δ(~x− ~y)δab .

Hint: Use the result from problem 4.2.b).

b) The Hamiltonian for a Dirac field is given by

H(ψ) = i

∫

d3x ψ̄γ0∂0ψ .

Express H in terms of raising and lowering operators and show

H =

∫

d3p

(2π)3
E~p

∑

s

(

a
s†
~p a

s
~p + b

s†
~p b

s
~p

)

+ c(ψ) ,

Compute c(ψ).

c) Repeat the computation for the Noether charge Q and show

Q =

∫

d3xψ†ψ =

∫

d3p

(2π)3

∑

s

(

a
s†
~p a

s
~p − b

s†
~p b

s
~p

)

+ c′ .

d) Add to H(ψ) an appropriate H(φi) (φi being a set of N scalar fields) such that

c(ψ) + c(φi) = 0 .

Why is this not a solution to the problem of the cosmological constant?


