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1 Streutheorie

1. Spahrisches Kastenpotential

Vo r<a
0 r>a

V(r,0,0) =V (r)= {

Mit der zeitabhéngigen Schrodingergleichung: ih%—%’(f, t) = HV(Z,t)
und dem Hamiltonoperator

13’2 h2
H=2 N
2m V() 2m + V),

erhdlt man als Losungen der zeitabhingigen Schrodingergleichung:
Ur,t= @/Jxe*i%t

Wo bei fiir ¢ gilt: Hy = FEy
Als Nichstes 16sen wir die zeitunabhingige Schrodingergleichung in Kugel-

koordinaten:
h? 2
H=—— <83+—8r) +
2m T

+ V(r)

2mr?

Seperationsansatz:

7/}<T7 @7 ¢> = R(r)}/ZWL(@? (b)
LY, = RA(L+1)Y,y,

einsetzen liefert:

(~a (22 20.- 120) 4 v ) RioYYin = ERO)Vi

m r2

I(1+1)

r2

2m(E —V)
72

2
= (Q?Jr;&n— +k2) R(r)=0 mitk=
Substitution:p = kr, 0, = k0,

o, 2, UW(+1) ol
:>(ap+p8p 2 +1)R(p) 0{(%)

Dies ist die Bessel DGL; Losen als Hausaufgabe.

Aufgabe 1: a) Ziegen sie, dass fiir { =0 Sizp , —<>£ Losungen sind. b) Zeigen

sie, dass p'x; (x) erfiillt falls

2 I(l+1
<8§+;8p— (p2 )+1)XIZO (**)




c) Zeigen sie, dass y;41 = % Lx; die DGL (xx) fiir (I + 1) erfiillt, falls x; sie
fiir 1 erfiillt.

1d\'si
g1 = (—p) (——) e (sphérische Besselfunktionen)
pdp) p
(1 d lcosp v .
n=—(—p) | -=— : (sphérische Neumannfunktionen)
pdp) p

Sowie die sphérischen Hantelfunktionen:

h @ =g +iny

ng =g —im = (ng)"

Asymptotisches Verhalten:

I
p 1-3-5- .. (2A+1)
m(p) — — Pt

, 1 . ( lﬂ') 1 ( lﬂ')
p—0o: J——sin|{p——|, m— ——cos|p——
P 2 P

2

hl2 — —le_i(p_%r)

Gebundene Zustande: —V < E <0

Definition:
2m(E +V
=1 77)1( 7 0) firr <a

—2mE)
72

k= firr > a

Dann lautet die Bessel DGL:

9 2 l(l—i—l) q2 - r<a
(aﬁ;ap— o (fe))m=0 120




Randbedingungen:

R(r = 0) ordentlich = R;(r
lim R(r) = 0 ordentlich = R, (r
= Aj(qa) = Bh; (ika)
Aqj|(qa) = ikaBh} (ika)
Aqji(qa)  ikBh(ika)
Aji(ga) — Bhj(ika)

)=Aj(gr) fir0<r<a
) = Aji(qr) fira <r

d . o d
g qd_pln(ﬂ)‘/maq = de_pln(hll)|p=ika

Berechnung fiir [ = 0:
d sin p d Sinp — 1cosp
q—In <—) —ga = th—In <—) —ika
dp P ‘P q dp |P

p
1 k
&q <Cot(qa) - —) S

Streuzustinde: £ > 0

R - Ajl(qr) r<a
L 1(kr) + Cny(kr) r>0

R -

A]l(qa) = le(ka) + CTH(]CO,)
Agji(qa) = k (Bjji(ka) + Cny(ka))

B l l
rllrilo R, = . <sm(l€r — g)) - %cos (kr — g)
B

1 T
cosélﬁsm (kr ——+ 5l) =R,

Randbedingungen:

Mit der Phase: & = — tan (6;(k))

B



2 Zwei spezielle Funktionen: Delta-Funktion und
Greens-Funktionen

2.1 & — Funktion

Definition: §,(z) := 2 x

;;)324»”—12
Eigenschaften:
=0
i) lim 6, (2) {OO ’
n—oo 0 sonst
B
i1) lim dxd,(x) f(z)
' | 1
S, Prar )

subcx=2 ng 1 Yy
= " lim dz f(—) a<0,8>0
n

R
: e 1
=) Pl
= /(0

Dies gilt fiir alle f(x), welche fiir lim,_.,, schneller als % gegen Null gehen.
Definition: Die Dirac’sche Delta-Distribution

B B
/ dzd(z) f(x) = lim dxd,(x) f(z)

n—0o0
e}

Eigenschaften:



Definition: Die n-dimensionéle Delta-Funktion
. N - - N —
Mit &= 750 2i€i, @ = 3050, i€

(& — a@) := 6(x1 — a1)0(xy — ag)...0(Tn — an)

+oo
/ dz™ W) (vece — @) f(Z) = f(a)
Aufgabe 2:

a) Zeigen Sie ii)-iv)

b) Zeigen Sie, dass in Kugelkoordinaten gilt:

1
oO(E—7) = 7*_25<T —1")0(cos 0 — cos0')d(p — ¢')
Die Integraldarstellung der Delta-Funktion:
Fourier-Transformation von F(x):

+o0

F(w) = /_ dre™* F(z)

o0

o0 N
F(x): ! / dwe ™" F(w)

T or

Setzt man dies ineinander ein, folgt:

1 +o0 ) 400 )
F(x) = —/ dwe"”/ dye™F(y)

—00

2 J_ oo
= [ Tavrw) [ e
AT
e [ B

2.2 Greens-Funktionen

Gegeben sie die lineare Differentialgleichung: D¢ (z) = f(x)
Definition: Greens-Funktion G(z — 2')

D,G(x —2')=0(x—2)

Behauptung:
V&) = tham + [ Gl =), Dt =0

7



Beweis:

D, (them + [ 6o~ )11)) = [ s DuGla — ) ) = F 0

o(xz—z')
Anwendung:
i) Poisson-Gleichung

1

|7 =&

Ap=p(x), E=-Vo=Gn~
IT) Umschreiben der Schrédingergleichung in eine Integralgleichung

h2
(——A + V) W = Eip
2m

2mV 2mE

o (AR =20y g
——

=f(x)

= | V(Z) = Vhom + / BEG(T -7 (27;;‘/) Y

Mit DzG(Z —2') = (5(N)(f— )
Finden der Greens-Funktion G:

= d’q i3
—7) = [ Gl
(A+ k) GEF—7) =07 -7

d’q iq@—7)
AG = mﬂ@ Aze
d3

- [ e =)

8y

G(




Integration: Kugelkoordinaten ¢ = (g, 0, ¢)
und mit ¢(Z — 2") = |q]|¥ — | cos b

1 00 d3 A2 1 2m o,
G7—-7) = 3/ 2(] q2/ dcos@/ dge' =) . cosf
@2m)? Jo kK =q* ) 0
1 /oo d3q . q2 ) eiq|fff/|cos¢9 |+1
= s
@) Jo k2— " gl -] )
1 /
I ( g7 _ ,—iql7- x\)
47T22|:E—m’|/ qk;—q
1 1 o0 = o 0 q -
G(7— ) — d zq|a:—a:| _/ d iq|d—a"|
(F-2)= 47r22\:c—:1:\ (/ qk q> oo qk—q26

. ) R
Gr-17)= 47r22\x _‘/‘/ Zq\x |

Komplexifizieren wir q und Integrieren im Komplexen kénnen wir den Resi-
duensatz benutzen. Es gibt vier mogliche Wege wie wir um die Pole(k, —k)
integrieren k'"Onnen:

1) Integration bei Auslassung beider Pole

2) Integration bei Mitnahme des Pols bei k.

3) Integration bei Mitnahme des Pols bei -k.

4) Integration bei Mitnahme beider Pole.

Wir erhalten 4 verschiedene Greens-Funktionen:

1)G =0
1 1 ik| - . .
2)G4 = Zﬁe , retardierte Greens-Funktion
TiT — T
]_ ]_ 7ik|fff/| . .
3)G_ = 1 We , avancierte Greens-Funktion
Ti|T —
HG =G, +G_

Die Residuen erhilt man aus der Gleichung:

1
271

dzf(z) = c

Mit dem Entwicklungskoeffizient der Laurent-Reihe c_; des Z—iq—Terms der
Funktion f(z).



3 Partial Wave Amplitude and Examples

BY SEBASTIAN JAKOBS

In scattering there are three different areas, in which we need to solve the
Schrodinger-equation (SE): In the beginning we have the free initial state
1o (t,x), then there is the interaction region, and finally the final state, which
is also a free state. The initial state can be written as

Uo(t,x) = /d?’k:eik'xa(k) (3.1)

Last time we transformed the SE into an integral-equation

U) = o+ [ EGlx =) T () (32

where Ypom solves the free SE (A + k*)¢nom = 0. G(x-x’) is the Green’s
function

(A +E)G(x —x') = 6¥(x — X) (3.3)
We showed, that the Green’s function can be written as
G o= (2 d® ! 3.4
(x—x) = (W) qe’ 7(]2 (3.4)
— ilq|x—x'| 3.5
47T2Z|X x/| / k2+ 2 © (3:5)
poleatq +k

Using the residue-theorem we obtained four different solutions for G. Two of
them corresponding to wave-packets propagating forward in time (G, ) and
backward (G_)

1 1 , /
G, = ——_- +ik|x—x'| 3.6
* 4rx — x’6 (36)

We now assume a short-range potential V' = 0 for |x| > R, and expand in
X <1
X

x —x'| = —2x - X/ + x'2 (3.7)

= |x|\/ IR (3.8)

~ |x| (1— X;‘) (3.9)




inserting into (3.2) gives:

om 1 5 eik-(xfx/)
e = @Z)hom_ﬁﬂ/d l‘,m‘/(x/)@bk(x,) (3.10)
k. eik|x|
m i
Jil0,9) = =5 Ba'e” V(X ) (X)) (3.12)

Yy is a solution for one particular k. The solution for a momentum-distribution
(localized around ko) is:

fko( )
Cx

Yy = (27?)_3/d3ka(k)ei|kx (3.14)
In the last semester we introduced the differential cross section:

do 1 dN(Q)
dQ N, dQ

Y=o + |1/10(k0, x|) (3.13)

(3.15)

Ni,: Number of incoming particles
dN: Number of particles scattered in df) around (2
The total cross section o is:

a_/_m (3.16)

and the number of incoming particles can be obtained by
N = [ | (317)

B = e (6 V4 — G4 (3.18)

hk
N — — [l (3.19)

where j; is the incoming current. In the last step we approximated j,, by
using that 1y is peaked arround kj. The radial component of the outgoing
current is:

h
jr?m = Q—(woutarwout woutarw:ut) (3'20)

hkg
= T Plool (3:21)

11



— dN(Q) = / dtj,r*dQ (3.22)

hk:
= 20l [ dtfnf (3.23)
(3.24)

do k| £ 12dQ [ dt|i]?
- 27 _ m‘ kol f [0 _ |fk0|2 (3.25)

— Tk
ds2 Wofdt|¢o|2d9
Now we want to expand the exponentialfactor e’* into orthogonal functions

9] l

e*X =" N b (K, 7)Y (6, ) (3.26)

=0 m=—1

choose a coordinates such that k = & -e,. Without loss of generality (w.l.0.g)
we obtain

gikrcost — Z ci(k,r)P(cos ) (3.27)
1=0
In Problem 4 is shown that:
ehrees? =N 420 + 1)jy(kr) Pi(cos 0) (3.28)

=0

Important to note here is that, because most potentials don’t depend on ¢
we do not need to concern ourselves with any (-dependence in out expansion.

ol = D21+ 1) fi(k) Pi(cos 6) (3.29)
1=0
Yi(r,0) =Y i'(20 + 1) Ry(r) Pi(cos 0) (3.30)
1=0
f1 is the partial wave amplitude
oo , P(cos®) / i(pr_ix —i(hr—1x
= o] 4 1)) (i(kr—15) _ —i(kr—1F) 31
Ve XZ:M Uk (¢ ‘ ) (3:31)
R, = Bljl(k"f‘) + C’ml(kr) (332)
The Hankel-functions were introduced as
hi = giting (3.33)
ho= ()" (3.34)

12



with these we can rewrite R;
Ry = (hi(kr) + Sih; (kr)) (3.35)
In the last semester we showed, that for elastic scattering
3+ =0 (3.36)
this imposes a condition on .5,
1S)I?=1— 5 = (3.37)

all this gives us for ¢

Y = > 'L+ 1B (b (kr) + € b} (kr)) Py(cos6) (3.38)

1=0
L ikr cos @ _'_eikr f (3 39)
= e . 12 .
Yot 2H1)5 P PNCIENN ¥
and ]
G = 3 (b + B7) (3.40)
the comparison gives
1
Left over is the condition
1 26, 1 . leikr
5 (e — 1) by = (—i) " fi (3.42)

which lets us compute the coefficients f; of the expansion of the radial-wave
part. Finally we study these coefficients in the asymptotic region

Uikt L e it
r— 00 hllﬁ—ﬂe@ 2):%6196( '; (3.43)
2 ikr r ’
Thus in the asymptotic region we find:
r—oo fi— = (¥ —1) (3.45)

21k
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Summary In partial-wave analysis we can write the wave-function for one
particular momentum as

eikr
e = €M+ —fi(0) (3.46)
= Zil(2l+1)Rl(l€r)PZ(cos«9) (3.47)
=0
B m 1o Vb (x
fr = =5 d’x'e”" TV (x)1h(x) (3.48)
= Y i+ 1) fiP(cos ) (3.49)
=0
Rikr) = L (00) + e o) (350

There was also used the cylindrical symmetry of the problem, we assumed
no p-dependence. And finally

. 1 .
r—oo: fi %o — 1) = Eez‘sl sin d (3.51)

Another interesting question is the cross-section because it can be obseved
by the experiment, thus the chief end of this analysis was the computation
of the cross-section for one particular potential. Starting from the relation
between differential cross-section and the partial-wave amplitude we find (for
r— 00):

d 1 (& : - :
% =fil? = = (Z(Ql + 1) sin 6;¢" Py(cos 0)) . (Z(Ql' + 1) sin dpe " Py(cos (9))

=0 I'=0

1 . A
= Z Z(Ql +1)(20' 4 1) sin &; sin 6¢" =) By(cos 0) Py (cos 0)

0o
=0 I'=0

And finally for the total cross-section:

e ¢}

do 4Am )
o= /de—Q =13 ;(2[ + 1) sin 0, (3.52)

where we used the orthogonality of the Legendre-Polynominals

4
/de’l(cos 0)Py(cost) = %—Léll/ (3.53)

14



So far we are not able to compute f; since we still lack a first approximation
of ¢(x). This is done in the Born-approximation where we set 1)(x) = e**:

fio = g [ @R VEN) (3.54)
T
= —2:;2 R e ED) (3.55)

Thus f; is the Fourier-transform of the Potential.

3.1 Hard sphere

As a first example we will study a hard sphere of radius a.
We expanded v in Legendre-Polynominals (3.47) where the r-dependence is
contained in R;(kr):

1 .
Ri(kr) = (hy(kr) + €*h} (kr)) (3.56)
= €% (j;cos 0y — nysindy) (3.57)

Since the spehere is hard, the amplitude v» must vanish for » < a:

R(ka) = 0 (3.58)
— jjcosd; = mysind; (3.59)
ny(ka)
cotd; = - 3.60
I (k) (3.60)
—(141)
k::)o (alzzlk)l _ (a/k>7(2l+1) (361)
tand, — (ak)*™ (3.62)

From this we can conclude that in the expansion of f—g

the leading term for £ — 0 will be [ = 0. This is also called s-wave-scattering

do p—o 1 |
0 k=0 5 sin® &g (3.64)
tandy ~ ak (3.65)

15



In first order approximation sin dy ~ tan dy. This finally gives us

[e o]

4 04
o = = 20 + 1) sin? 9, R0 27 in? do 3.66
k2 k2
1=0
47 9 9

which is precisely the result of the analysis in classical mechanics.

3.2 Square well

The other example is the square well potential

0, r>a
Vir)= { V. r<a (3.68)
QOutside the well we have waves which must vanish for » — oo and inside we
have waves wich must be regular for r — 0:

r>a, R7(kr) = e (ji(kr)cosd, —ny(kr)sind) (3.69)
r<a, R(qgr) = Aj(qr) (3.70)

note that these to wave parts depend on different momenta

ko= ”?E (3.71)

¢ — me+%> (3.72)

since the energy in the well is negative. The boundary conditions now read
as:

Aji(qa) = R (ka) (3.73)
djy d -
b/l = — 74
A = LRG| (3.74)
Dividing these two conditions by eachother we get

1 dR> 1 dj
g = e 3.75
“ Ry (kr) dr (r ’T:a gi(gr) dr (ar) —a (3.75)

(k) cos & — T k)|, 3.76
et (g;(kr) cos & — ny(kr)sindy)|,._, 370

16



dj d
— oy (jicosd —mysing)|,_, = (%(kr) cos 0; — %(kr) sin (51) 43.77)

r=a

dj d
oS 0; (aqjl(k:'r’) — ﬁ(l{;'r’)) = sing; (qunl(kr) — %(kr)) (3.78)
kr) — 9 (k
cot o = qun.l( r) CZ.”< r) (3.79)
agji(kr) — GH(kr) | _,

For small momenta we have the followiong behviour:

jilka) "= (ka)! (3.80)
@(ka) =0 kgt (3.81)
r

my(ka) =0 (ka)~ 0D (3.82)
d —

%(ka) 0 (1 kg4 (3.83)

This gives us finally

koo gk~ a0 4 (14 1)~ (D g~ (+2)
v } 3.84
coto, — aqklal —lklgi—1 ( )

1
gt e 2 (D) (3.85)
Qg — 4
k—0 41 L — Qg0
t k —_ )
and; — (ak) 1+ o (3.86)
7 (ka)?
- _ 3.87
B B, (3.87)
With this result we can compute the total cross-section
4
o=>o0 o= k—Z(Ql +1)sin?§, (3.88)
!
tan2§ L) 2+1)2 1
sin2 (51 o = (’Y( a) )2 (v(ka)2l+1)2 (389)
l+tand,  (E — ER) 1+’>&E/1_7ER)2
La)2i41)2

(E = Eg)? + (y(ka)?*1)?

This is also known as the Breit-Wigner-Formula. The qualitative form of that
formula can be seen in Fig. 1

17



Abbildung 1: The qualitative behaviour of the Breit-Wigner-Formula

Further we can compute the partial-wave amplitudes:

Lo 1 tand;
— b g ="t 91
o= petsind =g, (3:91)
B _,y(k;a)2l+1 1 (3.92)
B k E— Ep+iy(ka)?+! '
i 20+1 1
= —=(k .
k’< CL) E — ER + Z',y(ka)ZH—l (3 93)

18



4 Non-relativistic many-particle system

By: Jasper Hasenkamp

4.1 N identical particles in quantum mechanics

The situation should be remembered for one particle with the Hamiltonian:
=) h2

p - =
H=— ) =—=A 4.1
2m+V(m,s, ) 5 +V (4.1)
The Schrodinger equation is:
0
h—|y) = H 4.2
i) = H|Y) (42)
if 2L =0 N
= () =D e # i), Hi) = Bli) (4.3)
The are
{li)} e H
and the elements of the dual space H* to the Hilbert space H then are
{(il} e H”

with the known map
(Y H"oH—C
while the |i) are orthonormal, so that
(i]7) = &
in position space:
[ ¢ vi@@ =,
With N particles the hamiltonian is:

N
H =

a=1

v
2my,

+V(fl,§1,fg,...)EH(L...,N) (44)

For identical particles(i.e. particles with the same mass, charge, spin, etc.)
follows, that the Hamiltonian is symmetric under the exchange of two par-
ticles, i.e.

=H{,...,a,....,0,...,N)=H(1,...,8,...,a,...,N) (4.5)
but the state is not: |¢) =|1,..., N)

19



4.2 Introduction of the Permutation operator F,3
The Permutation operator P,3 interchanges a < .
Pgsll,...;a,...,8,...,N)=|1,...,0,...,a,...,N) (4.6)
Properties:
(i) P? =1 = Eigenvalues of P are +1

(ii) (under the assumption of identical particles)
PH = HP = P|¢) has same Eigenvalues as |¢)
Proof: H(P[y)) = PH|¢) = PE|)) = E(P[y))

(iil) (ply) = (Pe|Py)

= fdsl‘l...dBI‘N(p*(fl,...,fa,...,fg,...,fN)w(fl,...,fa,...,fﬁ,...,_’N)
= fdg.l’l...dg.TN(p*(fl,...,fﬁ,...,fa,...,fN)Q/}(.’fl,...,.fg,...,fa,...,_»N)
= {el¥)

, because the names of the indices do not change anything.

(iv) P = P! & PIP~! =1 & P is unitary
Proof:
(ol Py} = (PToly)

via definition of PT. With (iii) it is equal to
(Plp|PTIPy) = (Plp|Ly) = (P ely)

(v) With a symmetric operator S: S(1,...,«,...,05,...,N)=S(1,...,06,...,a,...,N)
(for example H) the commutator vanishes = [P, S] = 0 and

(Pi|S|Py) = (i PTSPRp;) = (0| PTPSTp;) = (04l S|4y)
There are two different types of particles:

Bosons: Pug|ths) = |1hs) Vo, 8
Fermions: P,g|1,) = —|¢a) Vo, 5

20



For example: two particles

[¥s) = 25(11,2) +12,1))
Ya) = 75(11,2) = [2,1))

I
S

Sl

and three particles
W) = Z5(11,2,3) +(2,3,1) +[3,1,2) + [2,1,3) +1,3,2) + [3,2,1))
|e) = %(|1,2,3) +12,3,1) +3,1,2) — [2,1,3) — |1,3,2) — |3,2,1))
This leads for N particles to:

W)= smrpPlL2,...,N) (4.7)
[ta) = ﬁ S p(=1)FP[1,2,...,N)

Where P in the sum means to write down all (non-equal) permutations. See
that

1 even Permutations
— P f—
(=1) { —1  odd Permutations (4.9)
Now the restriction to non-interacting particles has following effect:
- Pa
H = H,, H,= "= +V(Z, 4.10
; =+ V() (4.10)
= KEigenstates
N
H>[1L,2,...,N)= |i1>1®---®|iN>N=®Ha
a=1

Where the index in the Ket denotes the state of the particle (1-particle
Hamiltonian) and the index at the Ket itself denotes the particle. The H,
are all equal.

S Hyli)o =€ |i)a (4.11)

4.3 Occupation-number representation
One particle states appear with following multiplicities

state |1) ny
2)  no
3) s

21



A logical constraint is, that
d ni=N (4.12)
i=1

It is, that the sum over the occupation numbers is the number of particles.
You get by thinking:

s — { 0,1 Fermions (4.13)

0,1,2,... Bosons

How many terms are in

[Ya) N

V) i

Normalization: .
_ —_ N —
1-<%Wa>— N' Nl=1
It is used, that the states are normalized to 1 allready.

N!

1
Example:
1
|17273> = %<‘172,3> + ‘2,3’ 1) + |3’ 1’2> —|— ‘27173> _|_ |1’3’ 2) + ‘372’ 1>)

Now state 1 is equal to state 2. This gives:

(2/1,1,3) +2|1,3,1) +2[3,1,1))
11,1,3) +1,3,1) +3,1,1))

1
V6
— L(
V6

2! ni!

This leads to a new normalization term for |¢;)

W) = ! 12!”.ZP(1,2,...,N> (4.14)

B V NI \/TLl!TL
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5 Creation and annihilation Operators for Fer-
mions

Definition By: Sebastian Jakobs
The fermionic many-particle state-vecor is

|’I’L17’LQ...> = \/% ZP(—l)PP |i1>1 ®...Q |iN>N

i), i)y
1 . .
o VN1

lin)y - lin)y
In the last equality the antisymetric sum was written as a Slater-Determinant.
The Pauli-Exclusion-Principle states that a state can only be occupied by at-
most one particle, therefore: n;, = 0,1. E.g.:

11,0,0,1,..) — —
7777"'_\/5

The Ground-state |0) is the state with no particles. The vectors |nins...) are
Elements of Fock-Space, they are orthonormal to each other

(|1>1 |4>2 - |4>1 |1>2) (5-1)

(ninh...[ning...) = Oprny + Opgng - - (5.2)
A one-particle-state can be created by the action of a creation-operator
al10y =10,...,0,n; = 1,0, ...) (5.3)

Definition 1. The Ground-state is defined by the action of the annihilation-
operator
a;|0) =0 V; (5.4)

An arbitrary many-particle-state can be created by

(ai)m (a£>n2 . 10) = Inyna...) (5.5)

The action of the annihilation-Operator a; is given by

a; |0) = 0 (5.6)
ai\O,...,O,nizl,O,...> = ‘O> (57)
(a)’]..) = 0 (5.8)

The state-vector in the last equality is an arbitrary vector.
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The action of the creation- and annihilation-Operators can be summarized
by:

al ngng..) = (1 —ny) (=)< |ng, . on;+1,...) (5.9)
a; |n1n2...> = ni(—l)ziﬂ'"?’ |TL1, ey — 1 > (510)

From this we can conclude

D = el 1) = @ = n)+ ) (C0Eem)T )

:1_n2:{1 i = (5.12)

Algebra of a and a'
2
. (ai) = (a;)° =0
o{aj,a;}—aa +a =0

e {a;,a;} =0

. {a“ j}|n1n2 )= {|0n1n2 ) z;i

N-particle-Operators can be written in terms of creation- and annihilation-
Operators now. A One-particle-Operator is:

= ta }:Z}M (la (5.13)

where

§:| Valjla = ala; (5.14)

A Two-particle-Operator takes the form (« # [3):

= %za:%:f@)(xa,xg) = % Z (ij|f@|km)alal JAk G, (5.15)

i,9,k,m
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5.1 Completenessrelation

Given tha @;(x) is a basis of H,, the one-particle Hilbert-space of particle a.
Then an arbitrary state can be written as:

vx) = ) ewilx) (5.16)
o = [ Exeilxom (5.17)
From this follows
v = d3x’w<x’>6<3><x—x’>=zcz- [ )30 6 - x(.19
= 3 [t [ixaeiex) 619
- % [ o v (5.20)

and hence the Completenessrelation

Z(pl Npi(x) = 63 (x" — x) (5.21)
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6 Field operators

By: Sebastian Jakobs

Definition 2. Field Operator:
= gi(x)a; (6.1)

where @;(x) is a one-particle-wavefunction

The adjoint of this operator is given by
= wi(x)al (6.2)

Both operator-definitions are valid for Bosons and Fermions. The commutation-
and anticommutation-relations can be derived using those of a and a'.

060, 0] = D)) o (6.3)
= 0 (6.4)
0 )| = 0 (6.5)
D000 = D)) fasal] (6.6)
= Y wilei) (6.7)

= 5(13) (x —x') (6.8)

The physical interpretation of the field-operators: They create (lﬁT) or anni-
hilate (¢) a particle at point x. R )
What is the Hamiltonian expressed in terms of ¢)" and v?

H= Z( +an) Z ala (6.9)
The Matrixelements H;; can be computed using partial integration:
— . h?
Hy = Gl = [P0 (<5840 VE) ) e (610

= /dgx {% (Vi) - (Vej) + Vs@é‘%} (6.11)
(6.12)
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inserted into (6.9)

H = Z/d?’ { ) (Vp,a;) + Vip;al aj} (6.13)
=[x {j—m (Vile) - (Vie) + Vi i} (619

The same computation can be done for a 2-particle-Operator:

F = = Z (ij] @ (xy1, %2)|[km)alal jQk (6.15)
i em
= = Z /dgxld?’xwz (x1)¢; (x2) f @ (%1, X2) i (X1) i (%2 )0l ! G L)
g ksm
= 5 [ [ i)t o) 12 e )b ) (617)
The particle-density n(x) where N = [ d®xn(x) is:
N
x) = Z 6B (x — x4) (6.18)
a=1
n(x) is a one-particle-operator, and hence follows:
o) = Doy ol = Sl [ Pyt )0~ 1)6s3)(619
i,J
= ala;}(x)p;(x) (6.20)
i,J
= I (x)¢(x) (6.21)

Operators in Heisenberg- and Schrédinger-picture The Operators
Og in the Schrodinger-picture have no time-dependence. They are related to
the Heisenberg-operators by

it

Og(x,t) =€ htOS( Je 'R (6.22)

For the field-operators follows then:
Vn(x,t) = e (x)e " (6.23)

The time-evolution of the Heisenberg-field-operators are given by the known
relation:
WH A
= 6.24
8t [wH’ }i (6.24)
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and

[ﬁH,H}i==é%tH%H}ie”%t (6.25)

In the following we will compute this commutator

2

0t = [y |50, 5 (V919) - (V0@) + V) )]

2m

+
(6.26)
2 3 [ It ) . . .
- [y {f—m )3 [w<x>, PB4 vy) [, ) }
. ) (6.27)
Loy aby)] [ iy adiy) _ adi(y) I(y)
[¢(X)7 8y, 6yl ]i: _¢(X)v 8y, I, ayl + ayz [?/}(X), 6yi ]i
(6.28)
e ey ] dvly) i) O o
=900 757 e oy [P0 90)]
(6.29)
e 0ty | 9vly)
= lw(x), By LE oy (6.30)
_31&(y) 9 3
_ﬁ@TﬁgﬁKx_” (6.31)
b6, T | = (900,87 D) F ) [960, 0]
- 6.32)
= |96, )], ¥(v) (6.33)
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And hence follows

- (6.34)
_ _QH_M(X) + V() (6.35)
- (——2A + V(x)) h(x) (6.36)

Transforming back to the Heisenberg-picture gives:

. a@Z)H _ it ? 7 —iflt
zhw(x, t)y=¢'n [(—%A + V(X)) @Z)(X)] e (6.37)

_ <—%A + V(x)) () (6.38)

Thus we have found, that the field-operators satisfy the one-particle Schrodinger-
equation. Therfore the presented method of introducing field-operators is
referred to as “second-quantization”.
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7 Nachtrag zu fermionischen Erzeugungs- und
Vernichtungsoperatoren

Start: |0)
all0y = 0,0, ...,n; =1,...) = |i)

aja}|0) =10,0,...,n=1,...,n;=1,...) =

alal = —ala]
1 , o
(aD)" (@)™ 10) = [n1,ma, ) = —= > (~DPPli) @ .. @ |By) N=> n
VN % i

a;[0,...,n; = 1,...) =|0)

a;a;[0,...,n; =1,...,n; =1...) = |0)

a;a; = —a;a;

allng, ng, ...ong, ) = (1 —n)(=1)%i<i™|ny, ng, ...ong +1,...)
adjungieren der Gleichung liefert:

(ny,...,ng, a; = (1 —ng)(=1) X< (ny, ng, .omi + 1, ...

1
= aing, .. nyy ) = Z M1y ey My o) (s My ooy Jag|ngy oy mls L)
n; =0
NS

1
- Z ‘nl’ o Ty >(1 - ni)”é(_l)zjﬁnj(sm-i-l,n;
= \nl, ...,né, > (1 — (n; — 1))”;(—1)Zj<inj

=1 fiir n/=1, 0 sonst

= agng, ..ng, ) = ng(=1)Zi<i|ng, ong —1,0)

8 1II.5 Feldoperatoren im Impulsraum

U(7) =) ¢i(@)al
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Wir betrachten ein System in einem Kasten mit dem Volumen V = L, L, L..
Die Eigenfunktionen des Impulsoperators sind gegeben durch:

~
—

Py = —ihVp = pp
1 ik

Periodischen Randbedingngen liefern:

6(,0];: = Z'EQOE, ﬁ: h/;;

e+ Ly, y, 2) = (2,9, 2)
cp(x,y + Lyv Z) = @(Iv Y, Z)
90(5571%2 + LZ) = QO(I,Z/, Z)

. . . mr
= ethe® — othvy — otk — ] o || = 27TL— mye”Z
I

Nun driicken wir den Hamiltonoperator durch ¢

m
a=1 ,J
[ RA
Mit (i| H|j) = /d?’w,;i (—% + U) er,
2k 1 s
— /d?’x(p};»i(pg ( 1,rn] + U) , Y5, = ﬁeﬂ@m

2 \-
v U,k
Py i
= H = Z o 5,%,%(1@% + VU’“ _7.a;0a;

Z’j

Rk 1
= H = Z o azaj + v ZZUk 0z 0
k kR

Fiir die Erzegungs- und Vernichtungsoperatoren zu einem bestimmten k gilt
ebenfalls:

0 e k,]iu
la, af, )+ = g



Zwei-Teilchen-Wechselwirkung: f® (7 — ')
— = —

Fouriertransformierte des WW-Terms mit ¢y = 7 — 2"

féz’ - / dPye i £ (5

= Oy Zf (2) (¢—7)
Probe:
1= [T e
q
1 2
=7 217 Voa
q
Also ist:
1

@ KO @ - TN E =

:%qu?)/d?)xd?: (p'—p— qxe—z(E E-{—(T)a‘c"
q

/d3 c 3 zﬁfe—iﬁ/f/f@)(f_fr)ei/%ffeiﬁf

& (2)
=3 2_Jq 9r-5-a0% iq0
7
1 —
= F= Z (7. R\ @~ )P yayalaga
2V Z KT - TP k)a wa;a;;aﬁf( 7 --3.00% Ry q0
PR
1 2)
= F = o0 32 I - 215 Rajal o)
AR
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Der Dichteoperator:

Bei dem Wechsel in den Impulsraum haben wir den Spinfreiheitsgrad verlo-
ren. Dieser muss nun wieder in den Formalismus aufgenommen werden:

~

V() — Vo (T) = 0e(f), —s<s.<s
Dann schreibt sich der Hamiltonoperator wie folgt:
H=Y [ (9@ v v
. Z > [ T D)@ )i () @

Die Kommutatorrelationen ergeben sich zu:

k
[aE,U7 alg’ U/:Ii =0= [a’]'%_oﬂ a]'i/70/]i
(g - 0, )+ = 00



Aufgabe 9: Zeigen Sie folgene Relation:

d
: H H H 2 G GH
th—as as  + g Ur za7 + — E E
K, k.o =K% o Uptgo W0 Vitg
dt ko 2m ~ 4,0

Hinweis:
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9 II.8 Quantisation of the electromagnatic field
(version 1)

The Hamiltonian of classical electromagnetism is given by
1 | .
How = /d?’a; <|E|2+ |B|2> (9.1)
m

where E and B are the electric and magnetic fields respectively. These fields
obey a set of differential equations known as Mazwell’s equations:

5 = _ . OB

V-B=0 VxE+88—t:O 9.2)
— — = — 105 —

\% p V x o =Y (9.3)

Equations (9.2) are the homogeneous and (9.3) the inhomogeneous Maxwell’s
equations which contain source terms, namely a charge desity p and a current
density j The homogeneous equations are solved by introducing a vector
potential A and a scalar potential ¢ satisfying

B=VxA (9.4)
L 104
E=--22 V. .
T Vo (9.5)

When it comes to quantising electromagnetism it is not the E und B fields
that we will try to quantise, but the potentials (¢, ff) Classically, ¢ and A
only serve as auxillary fields which simplify many equations that would be
much harder to solve purely in terms of E and B , but in quantum mechanics
these two potentials play a much more fundamental role. If we couple elc-
tromagnetism to matter, for instance, the Hamiltonian will pick up an extra
piece

Huar = 3 | g (7= A - eiti) 4 V()| 09)

involving ¢ and A rather than the observable electric or magnetic fields.
But before we move on, we note that ¢ and A are not uniquely determined
by equations (9.4) and (9.5), because if we move the fields by

A— A=A+ VA (9.7)
, . 10A
¢H¢—¢—Ea (9.8)

35



where A = A(Z,t) is an arbitrary smooth function of space and time, this
will leave the physical fields E and B invariant. This fact is known as gauge
invariance and means that (gb,/f) contains unphysical degrees of freedom
which we have to devide out before we quantise the theory. When quantised,
excitations of each degree of freedom will appear as particles, so we need to
be very careful to only consider those degrees of freedom that are actually
physical in order to get the right particle excitations out of our quantisation
procedure.

In this particular case we can fix the gauge (and thus eliminate unphysical
information) by imposing the Coulomb gauge condition

—

V-A=0. (9.9)

Also we will only quantise the free fields (p and j are being set to zero) and
hence the first inhomogeneous Maxwell equation now reads

0:6-5:6-(—1%—%):—@ (9.10)

where we have used the Coulomb gauge condition to come to the last ex-
pression. This means ¢ is a harmonic function solving the Laplace equation
A¢ = 0. Solutions to this equation are well known and can be expressed in
terms of the Bessel functions P,

= Z (arr + bg'r’_(“”) Py(cos ) (9.11)
=0

where r and 6 are the radial and azimuthal coordinate in spherical polar
coordinates. We demand that ¢ be regular at » = 0 and at » — oo which
gives by = 0 and ay; = 0 respectively. Thus, we must have

$=0 . (9.12)

The only remaining Maxwell equation is now VxB-— %B—E = 0. Plugging in
(9.5) and (9.12) yields

- = - 10 104 1 0%\ -

using the identity V x V x A = —AA + V(V -
ge V- A = 0. The differential operator 0 = (A

>

the Coulomb gau-
) is known as the
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d’Alembert operator or wave operator. The equation we are left with can
simply be rewritten as
OA=0 . (9.14)

Solutions to (9.14) are given by
A= Z Re (/TE ei(ﬁ’wﬁt)> (9.15)
k

with wp = c|k| and some constant amplitudes ffl;. The reason why there is

a discrete sum over values of k (which we have left unspecified) is that we
once again imagine putting the whole system in a box of a finite volume V'
such that only a discrete set of momenta is allowed. To show that (9.15) is a
solution we simply evaluate

04 = > Re (A D)

= 0

since the inner bracket vanishes.
The result (9.15) was derived in the Coulomb gauge, so we have to demand

0=V-A = Y ik Azt (9.16)
R
— k-Az=0 Vk . (9.17)

Thus, we found that for all values of k the amplitudes ff,; must be orthogonal
to ﬁ which points in the direction of propagation of the plane wave solution
e'k7—wil) Tt also says that there are only two independent degrees of freedom
left in ff,;, although we started out with four independent fields (¢, ff) The
gauge condition removed two degrees of freedom which is exactly what one
would expect as the photon (which will be the particle that comes out of the
quantisation of Maxwell’s theory) has precisely these two degrees of freedom,
i.e. the two possible spin polarisations. To make this more clear we will rewrite
ff,; in a slightly more suggestive way

2
L= NZ 5};’,)\%&)\ (9.18)
A=1
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where a , are just numbers, A is an additional normalisation to be specified
later, and {€;,, €,} is an orthonormal basis of the subspace orthogonal to

/YE for each E, ie.
E : Z::}g,)\ =0 and _};)\ : _}g,)\, = 5>\)\/ . (9.19)

We can also choose &7, to satisfy

kx&, = &,k 9.20
kx &, = —&, |kl (9.21)

Having that in hand we can now compute the explicit form of the E and B
fields which solve the free Maxwell equations

B=VxA=Y " "ikx&, NAKN (9.22)
PoA
and .
- 10A Wi, -
E=—-—" 222927 N AR, N) (9.23)
i
where A(k, \) stands for
Ak, ) = (al;’/\ el kE—wpt) _ alg/\ e’i(kf’“’%t)> : (9.24)
i

(For later convenience we have already written a. for the complex conjuga-
tion of az ,.) The main goal of this chapter is to write the Hamiltonian

_ 1 3 212 512
H= /daz (17 +1BP) (9.25)

in terms of a;, and ag K This expression will involve factors of the form
I:= [ dxA(k,\) A(K', X') which we will compute first. What we get is

[ = / dPx Ak, N) AKX
_ /d?’x <a,;Aa,;, N I FHR)E —ilwptwp)t o ot ot i(R+RDT Gilwptep)t

Lot i(k—kE | —i(wp—wp )t T —i(k—k)E i(wp—w )t
_ak7)\a];,’)\,e e E YR —a];)\ak,’)\,e e"\ETYE .
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We use the identity
/ e I o (9.26)

on this integral and get

RS
6 (a- . al I
Ogg (%,A A T a5 ak,xﬂ :

The Hamiltonian can now be written as

I =1V [512,7;;/ (am a_pye i al ol ezz%t)

_ _/d3 ZNQ wﬁwk/ _}; . —»E/ )\/A(E, )\) A(k,, )\/)

EA kN

EX KN

1 WrWz, -
_ 2 (YEYE o - - ' o
= 8_7T§:§:N ( 2 i Ep (kX k,A) (K ng/,,\/)>[

EX KN
2
VA2 [ (w2 B, |

o k= 2. 2 - . — 24wzt t T

2.2 87 2 CEXE-EN [0 (am a_py€ " g a g

VY

w2
k = - 72
+ (C_Q ixEpy Tk 5M’> (aE,A ap v T amak )\’)]
V‘k‘QNQ twi W
ZZ 87 [((M' Oxx) (ama e t+am T,,M,@Q ‘“t)

Now we can choose a nice normalisation and set N2 = %f"%‘f With this con-
vention the Hamiltonian takes the form

ho-
H= Z 7’“ (am + aﬂ a,;/\) (9.27)
F

which we immediately recognise as the Hamiltonian of a system of infinitely
many uncoupled harmonic oscillators.
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From equation (9.27) the quantisation of Maxwell’s theory is straightforward.
We simply promote a; , and aj; , to operators acting on a Fock space H such

that they satisfy the canonical commutation relations

lagx, ag ] =k, af, J=0 (9.28)
[aE,A ’ a’}g’/,)\/] = 5EE/ 5)\)\’ . (929)

We define the vacuum state |0) € H as the state that is annihilated by all
annihilation operators

a;, 10) =0 kA (9.30)

and then one- and two-particle states are given by
|k, \) = aTE,A 0) (9.31)
k1, Ay ko, Ag) = a227A2a£17A1 |0) (9.32)

respectively. The one-particle state \/;, A) is usually called a photon with mo-
mentum £ and polarisation .

In the next section we will look at the emission of such a photon by an atom
in an excited state. To that end we need one additional formula which we
will now quickly derive. In equation (9.6) we had the interaction Hamiltonian
with matter as

o = 32 | g (7o = £AG)) o) + V(22|

2m c

This Hamiltonian can be split into two pieces H = Hy + H; where

Hy = za: <ﬁﬁ§ + V(:Ea)) (9.33)

and
e

i = Y (g i+ A7) +

2me 2mc?

«

It is easy to check that if you set
p(f) = Zé(f - fa) and j<f) = % Z [ﬁaé(f - xa) + 5(5_ xa)ﬁa]

H; becomes
2

H, = / &P (—Zj(f)~ff(f)+ ‘ (f)+ep(§:‘)q§(f)) . (9.35)

2mc? p

That is the equation we were after and which will be of some use in the next
section.
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10 Emission of photons - time-dependant per-

tubation theory

H = Hy+V()
Hpln) = Eo|n)

Interaction-picture:

)1 = i) } .

ihge |y == Vil

iHgt iHgt
Vi=ew Ve™a

W) = ol + 5 [ V@)

= el o [ @Vt +

|m)—Eigenstate of Hy to

transition amplitude for |m) — |n):

iHgt

(n@Y(t)) = (nle ™ (1))
)1

= (n[)r

t

1
=<mef1/&%mwwwm
“— — 1h
6nm tO
t

1 i(EBS-ED,
— 5nm—i—,—/dt'e<EhE t(n\V(t/)|m>

ih
to
From quantum mechanics I:
V() = )V
Pron = [n(®(o)P
2
1 [ sin (“mnt
=... = ﬁ< Lﬁ)>|mwmm2
2
. | R— 0
with w,,, = 7 (En - Em)

N\
——

unimportant for “small” V



2
ho(EQ —Ef,)|[(n]V|m)[?

: 1
| hmt—>oo ;Pmﬂn =

Fermi’s golden rule

now(in quantum mechanics II): periodic pertubation

=
I
@

(t) (Fe ™" + Fle™")

St =

/ Q! [eemn =¥ (] Flm) + o (o] )|
0

Ty = 2 [§(ES — B — hw)|(n|F|m)[2 + 6(EC — B, + hw)|(n|Ftm)|?]

initial state of H: Electon in |m) no photon |0)

Application: final state of H: |n) photon a ,10)
2
v=m "= /d3 (—fjA ‘ pA? )
2me ~~
cannot _contribute
(A20<an.2 )
kX
27 €2 - » ?
T = 8B~ By = he) |(al(Olag, [ & FA[0)m)

10.1 Spontaneous Emission of photons
Initial state |m)  |0)

T T
e Y < Photon } compute with Fermi’ s golden rule
| |

Final state  |n) al |0)
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(nljolm)

selection rules:

electric
dipol
transition

27 2

5 0B — By — helk)) |... |2

olt0agy | [ @ 73 e (se™ + ) | )
——— S——

final state klv)‘l initial state

/d3Xj(£L‘)< 1 — k@ — —(k:v)2+...>
T, 1 2
electric magnetic
dipol dipol electric
transition transition quadrupol
transition

|(njoéoxm)|”

d?’x_"f =
fouin

last

o | xS (Pod(E — 72) + 07 -
lecture
1'(0) Z Py

a)ﬁa)

Q

3
(L, ;] = ihzgljkxk = [L.,2]=0

k=1

[L,,z +iy] = £h(zx £ iy)
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In) = |n,l',m') 0

|m) = |m,l,m) 0

selection rules for 1:

(I'm|[L?, [L%, &][tm)

= (I'm/|[L., z]|lm) = h(m' — m){I'm/|z|lm) =| m'=m

= (I'm/|[L.,x £ iy]|lm) = A(m' — m){I'm’|x £ iy|lm) + A{I'

= h(m'—mF1){I'm'|x £iyllm)=| m' =m=£1

little known fact:  [L2,[L2, 7] = 2h{Z, L2}

= —h(I(+1)— 1+ 1){I'n|[L?, 7]|lm)
= RN+ 1) =T+ 1)2{I'm|Z)Im)

= 2B2(I'm'|{Z, L*}|lm)

= 204I(1 4 1)) + () {I'm/|Z]Im)

= (I'm|Z)Im)[(10+1) = U(I"+1))* = 2(1(1 + 1) + I'(I' + 1))]
= (I'm/|Z|lm)(I+ 1)1+ 1 +2)[(1 = 1)* =1]
N I=0'=0 m =m

I!'=1+1 m=m+1
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11 Relativistic wave-equation

11.1 Special Relativity

By: Sebastian Jakobs
Newton’s Laws revisited:

dp

F o= - =mk (11.1)
o F =mi, (11.2)
These laws are invariant under Galilei-Transformations
x—x =x+vt+a (11.3)
t—t' =t+to (11.4)

where v and a are constant vectors and ¢y is a constant time. The Newton-
equations are also covariant (i.e. equivariant) under rotations:

g = ZD}ka (11.5)
K

Rotations change only the direction of a vector, the length is constant under
rotations. Therfore

Zx'ix’i = ZD,@kali:cl (11.6)

i,k,l
= Z:pj:pj (11.7)
J
— > DD} =6y (11.8)
— D'D=1 (11.9)

(11.8) are 6 independent equations, hence D depends on 9-6=3 independent
parameters. The Matrices D are elements of the Group O(3). But since the
Rotation-matrices must continuously connected with the identity det D = +1
and therfore D € SO(3), where SO(3) is a Lie-Group.

In the rotated coordinate system the Newton-equations read as:

F' = ma (11.10)
S DiF* = m Dt (11.11)
k k
— > Dj(FF—mi*) =0 (11.12)
k

Hence the Newton-equations are also variant under rotations.
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The Galilei-principle The Physics in coordinate systems (CS) related by
Galilei-transformation (incl. Rotations) is identical.

The problem which arises here is: The Maxwell-equations are not invari-
ant/covariant under Galilei-transformations. c=const (c: Speed of light) which
was shown in the experiments by Michelson and Moreley.

Einstein therefore looked for symetries of the Maxwell-equations.

Einstein-principle Physics is identical in all CS which are related by
transformations that leave c=const.
For the curve of a light ray this means

9 dx dx

_ 2 _ dx dx 11.1
const = ¢ i (11.13)
dx'  dx’
= — - — 11.14
dt dt ( )
o (ct)?—x2 = (ct')? —x" (11.15)
ds®> = c*dt* — (dx)* = const in all CS (11.16)

ds is the line-element.

Definition 3. A 4-vector is a space-time point

o = (20, 2t 22, 2?) (11.17)
where 2° = ct
The line-element then is
3 3
ds* = (dz°)? — (dx)?* = Z an,d:c“dx” (11.18)
©n=0 v=0
and
1 0 0 0
o -1 0 o0
=10 0 -1 0
0 O 0 -1

The 2* are coordinates of Minkowskispace M, and 7, is the metric of M,
(pseudo-euclidian-metric).
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Definition 4. A contravariant J-vector is
a" = (a°, a) (11.19)
A contravariant j-vector is
4 = > nwa (11.20)
= (d°,—a) (11.21)
Definition 5. The scalar product of 4-vectors is

(a"b")y = Za“bu = ana“b” (11.22)

Iz oV

= a"’ —a-b (11.23)

Which transformations leave the scalar product invariant, which are the ro-
tations in M,?

Definition 6. The Lorentztransformations are the coordinate transfor-
mations in M,

ot — " = Z A* " (11.24)

such that

me‘”/u = Zx“xu (11.25)
" "
From this we can conclude

S nwae = 303 nu ALY e (11.26)
[I8%

mu,V p,o
— anal‘pxa (11.27)
P,
— Z M NN = 1 (11.28)
w,v
ATpA =17 (11.29)

One kind of solutions to this equation are the rotations

1 0
(4 n)
Count the parameters of A: 6 = 3 + 3

rotation angles  boost directions

The corresponding group is the orthogonal group O(1,3), where the numbers
indicates the signature of the underlying metric (1 plus, 3 minuses).
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Lorentz boost Consider the simplified Lorentz boost v = ve,. The Lor-
entztransformation now reads as:

A% A° 0 0
| Ay A 000
A= 0 0 10
0 0 01
(ct') = A%ct+ A%z (11.30)
= Aljet+ Az (11.31)
/= (11.32)
2 = z (11.33)
If we consider (11.25) we get the following equations:
(A00)2 - (Alo)2 = 1 (11.34)
(A")? = (A1) = —1 (11.35)
A%A% — AT AN = 0 (11.36)
The solutions to these equations are
A% = coshf = A', (11.37)
Ay = —sinhf =AY (11.38)
(11.39)
coshf —sinhf 0 0
Aol — sinhd coshd 0 0
N 0 0 10
0 0 0 1

0 is the rapidity. Computation of : The origin moves with vt (x’ = 0 corre-
sponds to x = vt)

=0 = Ayt + Aot (11.40)
AL = _Allg (11.41)
— sinhf = %COShQ (11.42)
— tanhf = % (11.43)
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coshf = ——=1% (11.44)
v 2
1-(2)
1
sithf = S = By (11.45)
C v\ 2
1-(2)
¥y —06v 00
| =By v 00
A= 0 0 1o
0 0 01

11.2 Relativistic wave-equations

The derivative is a 4-vector

0 10
10
[ — -
» - (12) e

A lorentz-invariant differential-operator could be a scalar product > i "0, =
c%% — A = [I. A possible relativistic wave-equation might be

Og =0 (11.48)
which is the massless Klein-Gordan-equation.

Definition 7. FEigentime 7: The time in the rest-frame of a particle.

ds® = dr? = Adt? — dx* = (*v?)dt? (11.49)
U 2
dr = 41— (—) v Ldt (11.50)
c
to
—— / vy tdt (11.51)
t1
Definition 8. The 4-momentum is:
dxt xt
pt = moE = mo’VE = mo7y(c, v) (11.52)

mo 1S the rest-mass

49



For small v we get the well-known non-relativistiv relations:

m = mgy (11.53)
IR (11.54)
0T 9702
1
E=mc =~ myc®+ §m0v2 (11.55)

Finally we have the relativistic Energy-momentum-relation

E = c¢y/mic*+ p?
{m002+p—2+... Ip| << mec

2myg

cp| + ... Ip| >> mc

From this Energy-momentum-relation we can conclude a massive relativistic
wave-equation.

p = 7—ZV (11.56)

E = ih% (11.57)

E* - *p® = —hQaa—; + A =mdct (11.58)
o R <—%§—;+A— m;f) =0 (11.59)

And hence

<D + (mgc>2) 6 =0 (11.60)

the massive Klein-Gordan-equation.
These equations have certain problems since they are of second order in time.
Therfore one must look for a relativistic wave-equation that is of first order
in time. Two possibilities arise to do this

1. We could either take the squareroot

O+ (mgc)Q (11.61)

2. Or we could consider linear combinations

> 40, (11.62)
o
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such that )
(Z 7“@) => 0", (11.63)
B I3

the ~* are the so-called Dirac-Matrices.
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11.3 Dirac equation

By: Andreas Bick

Das Ziel ist es eine Lorentz kovariante Schrodinger Gleichung zu finden. Der
erste Kandidat dafiir ist die Klein-Gordon Gleichung. Damit man ¢/ als Wel-
lenfunktion interpretieren kann miisste die Klein-Gordon Gleichung eine Kon-

tinuitatsgleichung erfiillen. Wir erinnern uns, dass im nichtrelativistischen
Fall die Gleichung
= * 2 h * = ok
dp+Vi=0,  p=v20,  J=s (Ve —uVy)

2ma
sichert das

6t/pd3x = 8,5/|'¢)(f, t)|2d3ZL' =0.

Dadurch haben wir eine sinnvolle Wahrscheinlichkeitsinterpretation. Nun ver-
suchen wir fiir die KG Gleichung ein p und j zu finden. Dazu betrachten wir
KG mit ¢* multipliziert und die hermitisch konjugierte Gleichung.

oo ()oms o(or(2)e
= Y'Y —yOv* =0
& 0.0 — pow) — ¥ (T — T
Also konnen wir p und 7 wiihlen.

h’ e i
2Ymic? <w*aﬂ/} - w&&ww 5 J = Jnon rel.

Das Problem ist, dass p nun nicht mehr positiv definit ist und wir damit ¢
nicht als Wellenfunktion interpretieren kénnen.

pP=—

Unser zweiter Versuch ist die Dirac Gleichung. Wir wihlen den Ansatz:
RO — HYp =0,  H = —ihcaV + Bmc?

mit @, # konstant aber unbekannt. Wir fordern noch das v die Klein-Gordon
Gleichung erfiillt. Der Sinn dieser Forderung wird klar wenn wir £ = R0,
und § = —ihV in E? — cp? — m%c* = 0 einsetzen, was uns genau die Klein
Gordon Gleichung gibt. 1 erfiillt damit also die relativistische Energie-Impuls
Beziehung.

Wir wenden nun 20, auf unseren Ansatz an.

(ih)20% — HH = 0 o (D + (%)2) b =0
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Die Konstante wird so gew#hlt das der erste Term iibereinstimmt.

ih)?0? — HH = (ih)?0? — (—ihe@V + Bmc®)(—ihicaV + fmc?
t t
= (ih)*0; — ((ihc)*a'a? 9;0; — ihea'9;fmc® — ihcfmc* e’ 9; + 5 (mc?)?)

Lo (C—lzaf _ o0+ (%)2)

Nun gehen wir Ordnung fiir Ordnung in den Ableitungen durch.

(1)

(he)*a'a?8,0; = Rh*c*d'0;

~ (aiajJrajai)@iaj = 5”8,8]

N | —

1 . . o .
:>§(o/oﬂ+oﬂo/) = 1

—ihemc®al0; + a0, = 0
= a'f+pa = 0

2.2
et <

2 24 _
Bmct = 2

=3 =1

Bei (1) wurden verwendet dass nur der symmetrische Teil der Summe bei-
trigt, da 0;0; symmetrisch ist. Aus (2) folgt sofort, dass o’ und S keine
Zahlen sein konnen. Nun noch einige weitere Eigenschaften von o und 3.

H = —ihca'0; + Bmc?

Q) H'=H =g=4() =«
') =Sp(B) =0

—~
=

~—

[@p]
<

—
e

—
I

Beweis von (ii):

Sp(a’) 2 Sp(Fa’) T 5p(5ai) € —Sp(%) = Sp(a’)
Sp(5) = Sp((a')? §)  Sp(a’fa) — —Sp((@')*5) = —Sp(5)

=1
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Die erste Idee wiren sicher die Pauli Matrizen & mit
0 1 0 —1i 1 0
1 2 3 _
=) #=GT ) =GN

% (aiaj + crjcri) = 04,

und

Die Anzahl der positiven und negativen Eigenwerte muss gleich sein damit
die Spur null ist. Also ist n gerade. n = 2 geniigt nicht, denn (1, ¢*) enthalten
nur drei antikummutierende Matrizen. Die kleinstmogliche Dimension ist also
n = 4 die uns auch eine Losung mit

i_ (0 o _ [ loxe 0
a_<0'i 0 )’ /8_( 0 —12><2 )

gibt. Nun koénnen wir die Beziehungen (1) bis (3) nachrechnen:

(1)

0 o 0 of N 0 of 0 o _ (d'd? + gl 0
ot 0 ol 0 ol 0 ot 0 N 0 ool + giot

07 12><2 0
= 2§
( O 12><2 )

Da wir jetzt die Form von o und 3 kennen wissen wir, dass 1) ein vierdimen-
sionaler Vektor oder auch Viererspinor ist mit

0
'Lhad)a = ; Habwb
H, = —ihcaflb@i + Bapmc?
mce\ 2
(D (%) ) bo =0
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Wir definieren noch den hermitisch adjugierten Spinor ¢
Ot = (9, ¢, 05, ¢5)

Um auf die Kontinuititsgleichung zu kommen multiplizieren wir die Dirac
Gleichung mit 11

4 4

th Pladyp, = Z VI Hahy = —ihey o’ 0pp + 4T Bmcy
a=1 a,b=1

und betrachten die hermitisch Konjugierte Gleichung:

. a_w . it it 2,11 2t
ihc pn = ih(0") (") + mc YT 5T

Subtrahiert man diese Gleichungen voneinandern so erhilt man einen Aus-
druck der Form:

0, (V') = co; (v'a'y)

Vergleicht man dieses nun mit der Kontinuitatsgleichung
Op + ﬁj =0
so erfiillt die Gleichung dies genau fiir
p=v'v  und  j=cplay

mit, der gesuchten positiv definiten Wahrscheinlichkeitsdichte p.

95



11.4 Losung der Dirac Gleichung

By: Andreas Bick
Im folgenden wollen wir die Losungen der Dirac Gleichung suchen.

mc
—1

(—ify“@u + o ) =0
Zuerst betrachten wir ein Teilchen in Ruhe, also

p=0, 2 _g

ox’
Setzen wir dies ein so erhalten wir die einfach l6sbare Gleichung
(—i’yoﬁo n %1) b =0,

Die Losung kénnen wir sofort hinschreiben mit

U

IANEExq Uz
p=U-eMin, U= 2 U =0

3

Uy

(M +1)yp =0

Da +" im unteren rechten Block negativ ist kann man die Losungen in der
Form

1 0

mes 0 1

w—i_ - UT‘e n 07 Ul == 0 ) U2 — O
0 0

0 0

. ime, 0 0
v=vetn vi= |V w=|
0 1

Man kann die Viererspinoren auch durch zwei Bispinoren darstellen, zum
Beispiel mit den bekannten Dirac Spinoren.

(1) ()



! X

1
z.B. U1 = 8
0

Vergleicht man dieses Ergebnis jetzt mit der nicht relativistischen Quanten-
mechanik stoft man auf das Problem das es Losungen mit negativen Energien
auftreten. Wir schreiben £ und ¢ um mit ¢t = 2y und E = mc?

i Et jme .0
R

\I](fa t)n rel — w(j‘)eil
Bei )" handelt es sich also um Loésungen positiver Energie, bei ¢y~ um Lo-

sungen negativer Energie.

Als zweites 16sen wir die Dirac Gleichung fiir p # 0 Dazu wihlen wir den
Ansatz ‘
Yt = U, (k)" und ™ =V, (k)e Hne"

Wir werden werden jetzt priifen ob der Ansatz die Klein Gordon Gleichung
erfiillt. Fiir den Vierervektor £, gilt

B 3P+ micet

ch ch

Setzen wir den Ansatz in die KG Gleichung ein:

(04 (57 = (fmon (5= (o (7)o

Fiir das Produkt der Viererwellenzahlvektoren gilt nun

L

kot = koz® — kZ, ko(p)

ke kit = kok® — k -k =

cpP+miet pep (mC)Q
c2h? 2 \h

Der Term hebt sich also genau mit dem vorhandenen raus, damit ist die Klein
Gorgon Gleichung erfiillt. Der Exponent ist gerade so gewahlt das dies gilt.

Nun setzen wir den Ansatz in die Dirac Gleichung ein
(—W% - @> WE = (—m“ (+ik,) — @> bE
h h
Also erhalten wir einen Satz von algebraischen Gleichungen der Form
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Um die Gleichungen umzuschreiben betrachten wir

2
(v"k‘u - @) (v”ku + @> = ks — oy Ry R — <@>

h h h “h o\ h
= % (V9" + ) bk, — (%)

Dadurch kénnen wir die Losungen jetzt bis auf eine Normalisierung /N,

Xr

UTZNU(WCM+@) 0o |, VT:NV<—7’%M+%) 0
n 0 AN

Nun konnen wir die Gleichungen wieder umschreiben mit

; 1% 0 0 o'k 1ky —o'k;
W _ .0 — A — 0 — . v = . 0 ¢
" ku =7 kfo " k:l ( 0 —1]{30) (—O'Zk'i 0 ) (O'Zk’i —1]{30) '

Daher gilt weiterhin
o Xr o kOXr
()= (i)

Durch diese Umformungen kénnen wir nun einen Ausdruck fiir U, und V,
angeben, aus dem wir dann die Normierungsfaktoren bestimmen koénnen.

Wir erhalten
U. = Ny ( (ko—’+ %) xr )

_ EO_:XT’
= NV((M%)XT)

Nun wollen wir den Normierungsfaktor, z.B. Ny berechnen. Fiir den adjun-
gierten Spinor gilt B

¢ =9hy.
Also erhalten wir fiir unsere Losungen

D) = (1/1(+))T’yo = Ulethue" 0 = T gikuc"

und analog dazu

W) = Ve thuet
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Betrachtet wir nun U,.

=0y#0 =(xr,0)
—_— mc / \ mc
Ur = Ul = Nj (6, 0) | ()" bt == [ 2 = Vi (3,009 (Wﬂu + ?)

Um die Normierung zu berechnen betrachten wir
T = NP ) (378, + ) (38, + ) (X
h h 0
2mece mc
— 2 m o Xs
Vo (0 0) 22 (b 5 ()
Betrachten wir nun
(XT70> f}/u ( >89 ) = (XT70> /70 < >6S ) = XrXs = 57’3

Von den * gibt nur 7 einen Beitrag, da alle v* offdiagonal sind. Also ergibt
sich fiir die Normierung:

JR— mc mc
UU, = 2|Ny[22 (k: —) 5.
Nl =Rt 57)

= Ny =
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12 Coupling of the Dirac equation to the elec-
tromagnetic field

Starting from the free-particle Dirac equation

0 :
(—irpu+ =) ¥ =0 = z’ha—f — (—icha'p; + fmc?) ¢
with p; = —ih0;, we couple the particle to the electromagnetic field by sub-
stituting for the momentum p'— p — £A, with the vector potential A, and
adding the term e¢v for the energy of the particle in the electric potential

o:

m@_@/} = (co/(pi — SAi) + Bmc® + €¢> (0

ot
= (—ihcai(@ - ;—6Ai) + Bmc* + egb) (7
c

Writing this again in terms of y-matrices with 3 = 1°, o = 7°+%, we get by
multiplying the equation with 4° and dividing by #c,
_’03_’i3._i_€14‘ 0% me

ie m
— (—iy“(@u — %Au) + %) =0
where we introduced the four vector potential A, = (¢, —ff) This we could
have got in the first place if we had replaced 0, — 0, — ;ia_iAu in the covariant
form of the Dirac equation.
In the following we now want to find the non-relativistic approximation of
the Dirac equation coupled to the electromagnetic field.

. 81/} 3 e
zha = (ca 7 + Bmc® + egb) 0, T =pi — EAi

Therefore we start with an ansatz for the solution of this equation,

_imc2 (p)
= e h t
v (7

where ¢ and y are supposed to be two-component spinors. Plugging this

in and using the explicit form of the matrices § = ( é _01 ) and of =
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) 2 imc2 imc2
o [ F ) = in( e ) et ( One ))
X h X dx
g imc2
= (e(Fm ) e (D) s (5)
o mip X —X

Bringing the first term in the upper line to the other side of the equation
and cancelling the exponentials, we end up with (the two equations)

Lo\ _ [ o'mx © of 0
m<8tx)_c(aim<p)+e¢(x T 2y

In the non-relativistic limit, £ ~ mc?, we neglect the terms
et < mc?, ihO,x < mc?
>From the lower one of these equations we then simply get

Zﬂ-@

2me

0= co'mp — 2mc*y = y = v,

which we can insert into the upper equation yielding

1thoyp = caim;

70
Y+ epyp
mc

Recalling the algebra of the o matrices, o'/ = 67 + i€'’*o* this is

i T
ihOyp = L+ —TFopmm +ed )
2m 2m
To evaluate the term Eijkﬂ'l'ﬂ'j we have to remind ourselves that in m; =
pi — ¢ A, pi = —ih0; is an operator, so
ijk ik € . €
6] 7TZ'7T]‘ = 6] (—zh@l — —Ai)(—zhﬁj — —Aj)
c c

ikl R 1he e?
= (=005 + —(Aid; + (0:4;) + A;0,) + 5 Aidy)

The first and the last term in this expression, and also, the first and the

last term in the inner bracket vanish by virtue of the antisymmetry of €”*.
The remaining term, ¢7%9;A;, is the curl of the vector potential, which is,
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however, just the magnetic field B*. What remains now is the the famous
Pauli equation:

i — CA)(pi — €A h
hoye — ((p cA)pi—£A) e akBHe(b)@
2m 2mc

If we now compare this to ordinary non-relativistic quantum mechanics of a
particle in the electromagnetic field, where we have the Hamiltonian

1 2
H= <p—‘A> +6¢=—h—A he x
2m 2m

—i—e(b

in the Coulomb gauge V - A =0, we get, for a constant magnetic field, for
which the vector potential is given by A= —x X BO,

2
Ho= —1"A
2m

12 4 e

since (Zx B)-f=—B-(Zxp)=—-B-L, Whereﬁzfxﬁistheorbital
angular momentum operator and we have introduced the magnetic moment

—

coming from spin, fispin =
S = ;—iﬁ, in which we have to determine the numerical factor ¢ (the so called
Landé factor) from experiment (first conducted by Zeeman), which turns out
to be approxiamtely g ~ 2. Our Hamiltonian becomes
H=Hy— jispin-Bo=Hy—g-—=7-B

0 Msp 0 0o—9g- e 2
For this to match with the non-relativistic approximation of the Dirac equa-
tion, we must have g = 2, which seems to be good, but is not yet quite the
right answer, which we will only get from quantum field theory.
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13 Losung der Dirac-Gleichung fiir das Coulomb-
Potential = relativistische Korrekturen des H-
Atoms

In diesem Abschnitt wird die Dirac-Gleichung fiir ein Elektron im Coulomb-
Potential exakt gelst. Fiir die Energie werden wir zusétzlich zu dem Aus-
druck F o 1/n?, den wir bereits in der nichtrelativistischen Behandlung des
Wasserstoffatoms (ohne Spin) exakt errechnen konnten, die Ruheenergie so-
wie die Feinstruktur-Korrekturen erhalten.

Der Dirac-Hamilton-Operator ergibt sich zu

2 — —
o 9 _(mc”+ed coT
H = car + fmc +e(I>1—< e —m02+e(I>) ,
wobei P
e - A= e
F=p—-AE"y  »=-2"
¢ r

Nach Separation der Zeitabhéngigkeit der Lsung (Potential zeitunabhéngig)
U(Z,t) = e T () verbleibt

(H-—E)¢=0. (13.1)
Definition: J:=L-1+ gi Gesamtdrehimpuls > = (g g)

Eigenschaft: [J, H] = 0

Beweis:  Mit [L;, ¢] = [L;, mc] = 0 sowie [2;, ®] = 0 verbleibt
[Li, H] = cal[Li, pj] = ihcejnalp® =0 sowie
h h j 2 0 : k, j
—[%;, H] = —(c (Xi, 0] PP+ mce” [E,y ]) =ihcejrap’ =0
2 20 —— S——

ZQiEijkOék =0

Wir kénnen also gemeinsame Eigenzustinde von H, J% und J, finden.

Die Eigenzustinde von J2, J, und L? mit Gesamtdrehimpuls j = [+ 1/2 und
j = 1 —1/2 sind Linearkombinationen der Produktzustinde im 'Ketraum’
bzw. in der Ortsdarstellung

= 0 1/2,m5, 1) =l = my — 1/2) 1) + bl m = my + 1/2) 1)
1 0
bzw. sog-ﬂj =aYm;-1/2 (O) +bYim;+1/2 (1)
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und

l7=101-1/2,m;,l) =b|l,m;=m; —1/2) |T) —a|l,m =m; +1/2) |])
_ 1 0
bzw. 90§‘m)j = bYl,mj—l/Q (O) - aYl,mj+1/2 <1) )

wobei —j < m; < j und mit den Clebsch-Gordan-Koeffizienten
l+m]+1/2 . l—mj—|—1/2
20+1 T 2041
(+)

Zu jedem der Werte von j gibt es also zwei Pauli-Spinoren (¢;,, und <p§-;zj),
deren Bahndrehimpulse [ sich gerade um 1 unterscheiden. Wir fiihren die

Notation ein -
. Dim, firl =4 —
Pjim; = ) e ‘

Oim, frl=j+

N[ N

und machen den Ansatz fiir die (viererspinorwertige) Losung der Dirac-
Gleichung

l _( reut) ol (60, 0) )
) )

e N (g g) ol (8,
]mj

[

(13.2)

=

|

I
318

e

(G- 1) ¢ m,; ist auch Eigenfunktion zu J2und J., da

. h .
[JZ,E . f] = O'k[Li,{L‘k] + §[O'i,0'k]l‘k = iheijka]xk -+ 215 Eikjdjl‘k =0.
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Im folgenden erweisen sich folgende Eigenschaften als niitzlich:

—2 =9 FL2_,2 - T oo 2 72 h2—’2
J=L4+ 0 +hl-G = hlL-G=J—-1"-77
S h?
R !
_? —1—-1 (‘OJmJ
R =1+ G+ 4 fiir j =1+ 3 .
2 (J+3) / fir j =1—3

Ti0; :52']' 1+i €ijk0

g\ & 0300 =164 =1 ii
J J

. . oi0;=0;;1+i€; 0" - 1 - 5
(G- 2)(F-p) = odiogy “OTERT b LD (iii)
r
. h D ,

(i) 0 -T ,, -
DL G 51l 8) ) B,
(l&iV) . 0_: j 8 . 1 1 . . ]_

= —ih . |:T§~|>1:F(]+§):| f(r) 5m, furj:l:iza (a)

und

(@ -P)T - &) f(r) @) m,

iiiinv) (o . 1=

) (5.0-17.0) sir6h,

(i&iv) 1h | O o1 ) . 1

= _ =1+ - : f =[+-. b

Mg e (i45)] e, twizig W

Einsetzen von (13.2) in die Dirac-Gleichung (13.1) fithrt hiermit auf das ge-
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koppelte Paar (paulispinorwertiger) Differentialgleichungen
62 i — — N
(me2 =22 — ) Syl oG- )G - DEG,
o i e? o
o(d-p)s ¢§mj — <m02 —Ze — E) L(G-2) gogmj =
82 i i .
g [ (e = 28— B) 8, = B[ 4 1 (4 1)) T ), =0
; o . i o2 N
—8 (G 2) g, P2+ 1F (G 1)) — (m - 22— B) £(7-2) ¢}, =0

T

0
0

dessen winkelabhéngiger Teil ¢! m; Dzw. (G-1) @ m, Sich nun eliminieren lasst:

ch—ZTGQ—E G(r) — he digr)i(j+%)m =0

2 Ze? dG(r) 1 G7(nr) (131/)
mc?+Z2- + E)F(r)—he (32 F(+3)=2) =0
Mit den Substitutionen
ar=m+E, aa=mc* —FE, o0=./aa, m2ct
1 Ze?

p= r% : k==x(j+ 5) , 7= h—ec = Za (a : Feinstrukturkonst.)
schreibt sich (13.1) als

d 4k (a2 _ 2 —

a0 2= G=0

4 _k SR (= e —

R G St )=

Aus der Normierungsbedingung folgt, dass F' und G sich fiir grofe p wie e™”
verhalten muss. Wir wihlen daher

F(p)=f(p)e* = Fp)=(f(p)—
G(p) =glp)e” = G'(p)=I(g

—~
>
SN—
|
2=
SRS
\/v
vv
@ o
s 3

und erhalten
r_ kf (a2 _ 2 _
f'=r+= (U ,,)g—O
I ks _ (a2 _
9—9-7 (;+,,>f—0

Ansatz:

F)=p"Y ap” = flp)=sp"" Y a’+p ) vap!
v=0 v=0 v=0

g(p) =Y bup” = gp)=sp Y bup" 00 Y v
v=0 v=0 v=0
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Wir suchen eine Rekursionsformel fiir ¢, und b, und betrachten dazu zu-

nichst den Koefizienten von p™~1:
(5 + V)ay — Qy—1 + k:ay - %bu—l + ’ybu =0 (*)
(s+v)b, — b,y — kb, — %*a,_1 —va, =0 (%)

Fiir v = 0 erhalten wir

(S+/€>a0+’ybo =0
(s — k)bg —yag =0

Dies sind zwei Gleichungen fiir zwei Unbekannte. Nichttriviale Lésungen
(ap, bp # 0) existieren bei verschwindendem charakteristischen Polynom:

(s+B)s—K)+1 =0 = s=+ /By

Da die Losung bei p = 0 regulér bleiben muss, wihlen wir die positive Wurzel
fiir s.
Nun betrachten wir die Linearkombination o - (x) — as - (%) und erhalten:

(o(s+v+k)+ay)a, — (ae(s+v—k)—ovy)b, =0 (13.3)
Fiir groke v reduziert sich diese Gleichung auf
ova, —oavb, =0 = aq,= %by
o

Hiermit kann in (xx) bzw. (%) das b, bzw. a, eliminiert werden und wir
erhalten im Limes v — oo die Rekursionsformeln

2

ay = —Qy—1
1%

bu = - bu—l
1%

Damit folgt

iavpy X ibvpy x i (2,/pl)2 =¥ " o0,
v=0 v=0 ’

v=0

d.h. die Reihe verhilt sich asymtotisch wie €*” und somit F(p) und G(p) wie
e’.
Damit die Losungen fiir grofe p beschrinkt bleiben, miissen die Reihen bei
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einer Zahl v = N abbrechen und wir erhalten Polynome! vom Grad N. Es
sei also

any1 = by =0.
Fiir v = N + 1 erhalten wir damit aus (x)? die Abbruchbedingung:

&%)
—CLN——bNZO
g

Dies setzen wir mit v = N in (13.3) ein und erhalten:

anlo(s+ N+ k) + asy) + O%(ag(s +N—k)—07)]=0

= 20(8—}—]\7)—1—7(042—041):() = 2‘/m204—E2(S+N):2’yE
N——

=—2F

2\ 2
v
E=mc 1+ ——=
= mce ( + 5+ N)Q)

Man nennt N =0, 1,2, ... die radiale Quantenzahl.
Fiihren wir die Hauptquantenzahl n = N + |k|, |k| = j + 1/2 ein, so erhal-
ten wir als exaktes Ergebnis fiir die Energien des H-Atoms aus der Dirac-
Gleichung schliefslich

N

b
Z
2 1 c . (13.4)

(i3 +(+3) - (Zap

Entwicklung von E aus (13.4) fiir (Za) < 1:

9 (Za)? (Za)* 1 3 6
= = = -2 Z
E =mc . 1 | o2 b \j+L i + O[(Za)”]
uheenergie ' (. 7

H . vV
nichtrel. H—Atom Feinstrukturaufspaltung

!Bei der Losung der Radialgleichung im nichtrelativistischen Fall (aus der Schrodinger-
gleichung) befanden wir uns in einer dhnlichen Situation. Dies fiihrte dort zu den Laguerre-
Polynomen.

2(xx) ergibt dieselbe Gleichung.

68



Der zweite Term in dieser Entwicklung unseres Ergebnisses in (Za) ist der
Ausdruck, den wir bereits in der nichtrelativistischen Behandlung des Was-
serstoffatoms (ohne Spin) errechnet haben.

Der dritte Term entspricht genau den Korrekturen der Feinstruktur, die sich
in der schrodigerschen Quantemechanik durch stoérungstheoretische Berech-
nungen ergeben und sowohl die relativistischen kinetischen Korrekturen als
auch die Spin-Bahn-Kopplung (bzw. den Darwin-Term fiir [ = 0) umfassen.
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14 Introduction to Quantum Field Theory

14.1 Classical Field Theory

In this chapter we will introduce some ideas of the quantum theory of fields
which will be developed and discussed more fully in next term’s course on
quantum field theory.

To start with we will discuss classical field theory and particularly the action
principle or Hamiltonian principle which leads to the Euler-Lagrange equa-
tions for fields.

Let ¢,.(x),r =1,..., N, be a collection of N fields depending on space and ti-
me. (From now on we use a notation in which z stands for x = (z#) = (¢, 7).)
Examples would be a single scalar field ¢(x), a Dirac 4-spinor v, (z) with
a=1,...,40ragaugefield A,(x) with p =0,...,3. Alsolet £ = L(¢,,0,¢,)
be a Lagrangian desity which depends on the fields and their first derivatives,
such that the action S is given by

S:/d‘lxﬁ(qﬁr,augbr) (14.1)
14

where again we have put the system in a box of a finite spacetime volume
V. (This constraint will be relaxed next term where we will consider action
intergrals over all spacetime). Sometimes it is useful to talk about the Lag-
rangian L and not its density. They are related by L = [ d*z £ such that the
action becomes

S = / dt L (14.2)
which is the familiar form we know from classical mechanics.

As one does in mechanics we now postulate that S has stationary points
where the variation of S vanishes:

0S=0 for ¢, — ¢.+0d0,. (14.3)

The variation is set to zero on the boundary of the volume V', §¢,|sy = 0,
where OV denotes the boundary of V. We get

N
0=059 = /V ey @f 56 + % 5@@)) (14.4)
r=1 r w¥T

where (in complete analogy to classical mechanics) we treated the fields ¢,
and their derivatives J,,¢, as independent variables. We also demand

0(0udr) = 0,(0¢;) (14.5)
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and thus rewrite (14.4) using the Leibnitz rule on the second term in the
integral. We get

0= e [0 (g o) - (v ]

(14.6)
The integral of the middle term vanishes by virtue of Stoke’s theorem and
the constraint that d¢, be zero at the boundary:

oL oL
d*z0, [ ———§ = ds 00, = .
/V . “(8@@) ¢) / e =0 (14D

where dS,, is the 3-dimensional normal surface element on V. So from (14.6)
we are left with

/ diz Z {&br “a(af@)} 5, (14.8)

for arbitrary and independent d¢, for » = 1,..., N. This is fullfilled if and
only the bracket itself is already zero:

oL 0 oL =0 forallr=1,...,N. (14.9)

0b, " 0(9uey)

This set of N equations is known as the FEuler-Lagrange equations for fields.

Again similar to classical mechanics we define the conjugate momentum to
¢, (strictly speaking it is a momentum density) to be

T, = % (14.10)

9oy

where we have written ¢, to denote the field’s time derivative dy¢,. The
Hamiltonian of a classical field is then given by

H(¢y,m) = /d%H(@,m) = /d3:c i (mr - z) . (14.11)

‘H is called the Hamiltonian density.
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Example 1: Single Real Scalar Field
We take the Lagrangian density of a real scalar field ¢ to be

(0,00" ¢ —m*¢?) . (14.12)

N | —

£<¢> au(b) =
In this formula we have chosen units in which
h=c=1 (14.13)

and for the rest of the course we will stick to this convenient convention.
From the Lagrangian (14.12) we can compute

oc

% = —m?¢ (14.14)
and or .
50,9 500 +0"0) =" (14.15)

Puuting it all together the Euler-Lagrange equation for ¢ yields
—m*¢—0,0'p=0 <= (O+m*)p=0 (14.16)

which we immediately recognise as the Klein-Gordon equation. Therefore,
(14.12) is sometimes also called the Klein-Gordon Langrangian. The conju-
gate momentum is

oc
T = % =¢ (14.17)

and hence the Hamiltonian density can be written as
g 2 Ly = = 22
H=np—-—L = ¢—§ ¢p*—=Vo-Vo—m~¢
_ 1 12, O = 2,2
= 3 (62 +Vo-Vo+mi?) .

Example 2: Spinor Field

We now conduct the same steps with the so called Dirac Lagrangian whose
Euler-Lagrange equations are the Dirac equations for the spinor field ¢ and
its conjugate 1) = 1’7", The Langrangian (which we pull out of a hat) is
given by

L = (iy"9, — m) (14.18)
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and we compute

g—i = —ma (14.19)
g—g = ("0, —m)y (14.20)
oc -,
o) iy (14.21)
oL
— = 0. 14.22
00,0 1422

The Euler-Lagrange equation for v is just the Dirac equation
(iv*0, —m)Y =0 (14.23)
and the equation for i) turns out to be
—mip — D ipy =0 <= i(9P)V +m =0 (14.24)
which is the conjugate of (14.23). For the conjugate momenta we get

oL

T = % ipy° = inp (14.25)

and or
T=-—=0. (14.26)

oY

The fact that 7 vanishes will be a problem that has to be taken care of when
we come to quantising the theory next term. But for now we limit ourselves
to classical field theory and to finish this section we write down what the
Hamiltonian for the Dirac field is

H = mp+7p—L
= ipl) — P(ir°0 + 7', — m)
=~y 'O+ ma).
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