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Problem 7.1

Consider a gauge theory with Lagrangian

L =
∑

j

(

ψ̄jiγ
µ(Dµψ)j −mψ̄jψj

)

−
1

4c
trFµνF

µν ,

with

(Dµψ)i = ∂µψi − ig
∑

j

(Aµ)ijψj , Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ] .

a) Show
∑

j

[Dµ, Dν ]ij ψj = −ig
∑

j=1

(Fµν)ij ψj .

b) By using (Aµ)ij =
∑

aA
a
µt

a
ij show

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gf bcaAb

µA
c
ν .

c) Show that

DρFµν := ∂ρFµν − ig[Aρ, Fµν ]

is a covariant derivative. Determine DρF
a
µν .

d) Show that Euler-Lagrange equations are given by

iγµ(Dµψ)i −mψi = 0 , DµF a
µν = gja

ν ,

and compute ja
ν .

e) Compute the Noether current Ja
ν including both ψi and Aa

µ by using the global limit of

the gauge transformation and show its conservation by using d).

f) Show

DρFµν +DµFνρ +DνFρµ = 0 .



Problem 7.2

a) Show that the matrices (ta)bc := if bac are a representation of the Lie algebra in that they

satisfy

[ta, tb] = i
∑

c

fabctc , a, b, c = 1, . . . , d(G)

Hint: Use the Jacobi identity.

b) Define

T 2

ij :=
∑

k

∑

a

taikt
a
kj , i, j, k = 1, . . . , d(r)

and show

[T 2, tb] = 0 ∀b .

c) Use T 2

ij = c2(r)δij and tr(tatb) = c(r)δab to show

c(r) d(G) = c2(r) d(r) . (∗)

d) Check (∗) in the fundamental representation of SU(2) (denoted by 2) where

ta := 1

2
σa , [ta, tb] = i

∑

c

ǫabctc ,

and σa are the Pauli-matrices.

Problem 7.3

a) The complex conjugate representation r̄ is generated by tar̄ = −(tar)
T . Derive this relation

and show that tar̄ satisfies the Lie algebra.

b) A representation is called real if

tar̄ = StarS
−1

∀a.

Show that the 2 of SU(2) is real and find S.


