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1 Outline of the lectures

1. Supersymmetry

e Representations and multiplets
e o-models
e (Gauged) supergravities

e Supergravity in arbitrary dimensions
2. Kaluza-Klein compactifications

e Torus/sphere compactifications
e (Calabi-Yau compactifications

e Generalized geometries and flux compactifications
3. String Theory

e Introduction to string theory
e Dualities in string theory
e F/M-theory

2 Supersymmetry in D=4

Supersymmetry in D = 4 can be regarded as an extension of the Poincaré
algebra. Let us remember some facts about this algebra.



The Poincaré algebra has a set of 10 generators in total, 6 L, (also
known as Lorentz generators) and 4 P, which are the components of the
three momentum plus the energy operator !, satisfying the relations:

[L,uu, Lpa] = nupL/w' - nupLua - 770'uLp1/ + 7701/Lpu
[Pus Loo] = MupPo — upBp (1)
[Py, P, =0

where 7, = (=, +,+,+).

The representation of this algebra is labelled by the mass m of the par-
ticle, and by its spin s = 0, %, 1,...

Coleman and Mandula, in 1968, proved that there exist no trivial ex-
tension of the Poincaré algebra. A possible extension is the supersymmetric
algebra, which was presented by Haag, Sohnius and Lopuszanski in 1973.
The importance of it roots in the fact that it is the only graded Lie alge-
bra of symmetries of the S-matrix consistent with relativistic quantum field

theory. The SuSy algebra is given by the following relations:
{ng Qg} = 2‘75513#5”
{an Qé} - eaﬂZIJ
{Q6. Q%) = capZ"’ (2)
[Pu Q2] =0
1
L0 Q) = 20001

(plus the fact that Z// commutes with everything) where a,& = 1,2;
I,J =1,..N (this N symbolizes the extension of the SuSy algebra), 0., =

2(0,0, —0,0,), @ is a 2 component complex Weyl spinor (Q is its complex

conjugated) and
0 1
Ct=\-1 0

Now let us comment the representation of the supersymmetric algebra
for N =1:

1. Massive representation: in this case, let us take the rest frame, where
P = 0. Choose the eigenvalue of P, by P, = (-m,0,0,0), where
m is a positive quantity. The little group of this representation is
SO(3). In this representation, the SuSy algebra simplifies a lot, and (
susyalgebra) becomes:

{Qa, Qs = 2mé 4 (3)
{Qa: Qs} ={Q4. Q) =0 (4)

1/171/ =0,...,3



Defining two operators,

Qg = \/;7onz (5)
at— L 5,
(aa) N (6)
(3) and (4) take the shape:
{a0, (ag)T} = 6,4 (7)
{aa, a5} = 0= {a],al} (8)

We can easily recognize that this is the algebra of two fermionic har-
monic oscillators.

The representations of this algebra are well-known. They are con-
structed from a Clifford vacuum |s). The Clifford vacuum is defined
through the condition

aals) =0 (9)

For the present case N = 1, the fundamental representation consists
of the states |s), (aq)f|s) and (a1)T(a2)f|s). For every of these states,
they present a spin and a degeneracy showed in the following table:

state ‘ spin ‘ degeneracy
|s) s 2s+1
(aa)t]s) s3] 2(2s+1)
(aa)(ap)|s) s 2s+1
Or also,
Spin/State 0) | [3) | [1) | |3) | Degeneracy

0 (scalar field) | 1+1 | 1 1
2 (Weyl fermion) | 1 |141| 1 2
1 (gauge bosons) 1 [1+1 ) 1 3
3 (gravitino) 1 | 141 4
2 (graviton) 1 5

The first column is also known as the chiral multiplet, the second
as the massive vector multiplet, the third as the massive gravitino
multiplet and the fourth the massive graviton multiplet. Taking into
account the degeneracy, the total number of states in each of them
of 4, 8, 12 and 20, respectively. Concerning this number of states,
we can enunciate some small theorem, which says that the number of
fermionic and bosonic states must be the same,

nFp =npg (10)

The proof of it is based on the computation of tr((—1)) (see [1]).



2. Massless representation: we can make a similar analysis in this case,

but this time taking P, = (—F,0,0,E) for instance. This change

affects the little group, which this time is only SO(2), and also,

).

(Qos Qg =280+ ') =26 (¢

Defining again the operators,

1
a = 7ﬁQz’
1 -
NeToh

CLT =

which satisfy the relations

{a,a'} =1
{a,a} = {aT,aT} =0

(11)

(14)
(15)

we notice that this time, we don’t have two fermionic oscillators but
only one. The representations are now labelled by the helicity A, the
eigenvalue of (P, ). The Clifford vacuum is then |\) with the similar
to (9) defining relation:

alA) =0

(16)

The total number of states for the fundamental representation in this
case are |A) and af|\) (this last one, with A + ).

Helicity /State | [=2) | [=3) [ =D [ [=3) [ 10) [ 15 [ 1) [ 13)
2 1
3
2 1 1
1 1|1
1
bl 1
0 1
1
—3 1 1
-1 1 1
3
-5 1 1
~2 1

At this point, we shall invoke some result from QFT: massless particles
have helicities with values £\ (due to CPT invariance).Thus, we need
to combine massless representations. In this case, the multiplets are:

chiral multiplet | 1[£1] + 2[0]
vector multiplet | [£1] + [+1]
gravitino multiplet | [£3] + [£1]
graviton multiplet | [£2] + [+3]



2.1 N-extended sypersymmetries

Let us come back to the massive representation, with P, = (—m,0,0,0), for
a more general case. Now the algebra is:

{QL.Q}} = 2ms, ot (17)
{QL.Q}} = 2eq32" (18)

Notice here the presence of central charges in (18). For simplicity, let us
take N = 2. Then (17) remains the same and (18) becomes:

{Q, Q%) = 2cape’’ Z (19)

Then, the Weyl operators may be expressed as linear combinations of:

o — ji@a + eas(@Q3)1) (20)
b = = (QY — cas(@3)1) (21)

V2

These operators satisfy the following relations:

{aa, aE} =20a3(m+ Z) (22)
{ba, by} = 20a5(m — Z) (23)

All the other possible commutators between them cancel. From these rela-
tions, we see that M > Z; this is called the BPS bound. In fact, we can
classify some of these cases:

e m > Z: this corresponds to the massive representation

e m = Z: this is the BPS representation, used among others in String
Theory

e m = Z = 0: this is the massless representation

3 o-models for N =1

In order to formulate a supersymmetric field theory, we first need to rep-
resent the supersymmetry algebra (2) in terms of (classical) fields. We will
start with the simplest case, N = 1. The chiral multiplet can be expressed
in terms of fields as: (z(x), xa(z)), where z(x) is a complex scalar field
(corresponding to spin s = 0) and X (z) is a Weyl fermion (s = —3) 2.

Define the supersymmetric variation of the fields with respect to a pa-
rameter € as:

5 = € Qq + €5,Q% (24)

2\ represents 4 degrees of freedom off-shell and 2 on-shell, and Z two in both cases.




where o, & = 1,2 and Q% = edﬁQﬁ. The € are the parameters of the SuSy

transformation. They are Grassmannian variables satisfying: e,eg = —€geq.
Now, apply this variation to every field of the multiplet. One finds [1]:

0z = V2" Xa (25)

O0cXa = i\/iagdgdaﬂz + V2, F (26)

6 F = iv/2ed (27)

where F' is a complex auxiliary field.
For this kind of multiplet, the minimal lagrangian we can write is:

L =08,20"z —ixgx — FF (28)

The Euler-Lagrange equations for this lagrangian are:

8,0"z = 0 (29)
Ix=0 (30)
F=0 (31)

We see that F has an algebraic field equation (i.e. no derivative is involved).
The variation of this lagrangian gives:

5L = 05" (32)

which tells us that the action
S = / Ld'z (33)

is invariant. Any lagrangian satisfying (32) is said to be a supersymmetric
lagrangian.
If we want to generalize for the case of n. multiplets, (28) becomes:

L= 050,208 — 057 gx' — 65F'FI, i=1,...,n. (34)

Till now we have only considered free fields. For introducing interactions,
we must add to (34) some extra terms:
OW o*cew .
Lipy = F'— ——"x’ .C. 35
int 4 +8ZZaZjXX +c.c ( )
where W = W (z) is an arbitrary holomorphic function, called superpotential.
A physically relevant expression for W is:

1 | o
W(z) = §mijzzz] + g}/;jkzlzjzk +... (36)

where m;; is the mass matrix and Yj; is the Yukawa coupling; m,Y €
C. In renormalizable quantum field theories, W can be at most cubic. In



string theory, we can choose W to be arbitrary as renormalizability does not
have to be imposed. Also notice that if we derive again the Euler-Lagrange
equations:

Fig;,; = (37)

0z
we notice that F' is no longer zero, but a function of z. Plugging this back
in (34+35), we get a potential term,

- OW oW
‘/ =0 —
B 05 (38)

Let us make a couple of remarks:
e The terms in the potential are related to fermionic couplings.

e (62) is not the most general potential we can have, but it is determined
in terms of a superpotential.

e V>0

If we allow non-renormalizable interactions we get:

Ly = —g;5(2)02" 0" 2 —z’gﬁ(z)?px’—%(DiBjW)xZX]—i—%Rijk[XZXk)’(]Xl—V

(39)
which is called the o-model. g;; has to be positive, for the positivity of the
kinetic energy, and it can be interpreted as a metric on some target space
M, with coordinates z*. In order for this lagrangian to be supersymmetric,

9ij has to be Kéhler, i.e.
g5 = 00K (40)

where K is a Kéahler potential. The proof for this statement was given
between Zumino in 1979 and by Alvarez-Gaumé and Freedmann in 1981
([3], [4]). The other couplings in (39) are:

V = gio,WoW (41
DiO;W = 8;,0;W — T'};0,W (42
Duxi = (9uxi + Fékauzjzk (43

Chiral multiplets carry charge under some gauge (finite dimensional Lie
group GG. This means that:

oaz = A% (2), a=1,...,n, (44)

where n, is the dimension of the Lie algebra asocciated to the Lie group G,
A is the parameter of the gauge transformation and k£ is a holomorphic
Killing vector. Demanding dxg;; = 0, implies

Vikd + Viki = Vik? + Viki =0 (45)

7



which are the Killing equations, where for every Killing vector kf = gj,;kfm.
The solution of (45) is k{ = i0; P*. P“ is a real parameter, called the Killing
prepotential, D-term (for N=1) or also the moment map. Defining:

k% (z) == kaia‘zi (46)
k(%) == kafaazj (47)
One has:
[ka,kb} — _ fabege (48)
(B R = — petene (49)
[k“, %b} =0 (50)

where f%¢ are the structure constants of the Lie group G.
Thus, we can proceed and give the coupling to vector multiplets (Vlf, /\g)
(A is called the ”gaugino”):

L = —g;5(Du2' D"z +ix' DY)
1 i ”
= Re(fan(2) i, F1 — S Im(fap)e™ ™ Fy, F,
— Re(fap) A" PX"

+ V20K + he. (51)
1 o
- 5(D¢D]‘W)X1XJ + h.c
]. i a7
+  Bpx XXX =V
where oW ow 1
_ ”Lj Ehddd - —IPan 2
V= IS 4 S (Relf) 62)
with
D,z = 02" — VIk™ (53)
i i i ik aakia j
D, x" = 0uz +ijDMz X" — V# 927 X (54)
Dy = 9\ — foVIN (55)
a a a abey by e
F, =0,V =0,V — [V, V; (56)
The gauge transformations for z* and V¢ are finally given by:
52t = \(x) K¥(2) (57)
0V = OuA* + [NV (58)



4 N =1 gauged supergravity

Our aim now will be to couple N = 1 supersymmetric field theory to gravity.
For that,

e we need to add the massless gravity multiplet (g, ¥,a), where g, is
the metric (graviton, with helicity A = +2) and V¥, is the gravitino
field (A = £3).

e we need to make supersymmetric transformation local through promo-
tion of the Grassmann variables (this is analogous to local Yang-Mills
gauge transformations (57), (58) where however the gauge parameter
A is a Lorentz scalar): €5, — €4()

The gravitino field ¥, is the gauge field of local supersymmetry, obeying
the transformation law:
OV, o = Dyeq + ... (59)

Considering only the bosonic terms, the lagrangian is in this case 3:

L=— '2;291% + v/ —g\i’ual,Dp\Ilge‘“’pU + Linat (V) A%, 2, G, ¥y) (60)

where k2 = 87— R is the Hilbert-Einstein action, and
Pl

=37
, . 1

Linat = =G5 (2,2) 9" Dyz' D20 =V (2,2) — ZRe (fab (2)) FﬁyF‘“’b
: (61)
— i[m (fap) e“”pUngFz)’J + fermionic terms

with ¢ = 1,...,n¢, a = 1,...,n,. Gj; = 0;0;K where K is the Kéhler

potential, and the covariant derivatives are given by (53).

The potential is given by:

V(K,W,P) = K [(DiW) (Gﬁ)_1 (D;W) — 3/@2|W|2] +%Re ( f;P“Pb)

(62)
where W(z) is the holomorphic superpotential and f,; (z) the holomorphic
gauge kinetic matrix, with the Kahler covariant derivative:

oW |, (9K
DiW =275 +# <azz’> W (63)

As we can see, the matter lagrangian is determined by the 4 coupling func-
tions (K, W, f, P).

3This lagrangian was developed simulanously by Deser, Zumino, Freedman, Ferrara
and van Nieuwenhuizen, see [5], [6], [7]



Let us check the limit x2 — 0, i.e. the limit of decoupling gravity: in this
case, the space-time metric will tend to the Minkowski one, i.e. g4 — Map,
and the potential becomes

ow
0%¢

1
vV —| \2+§P2 (64)
consistently with global supersymmetry.
The Kahler geometry is projetive (Kadhler-Hodge). This can be seen
from two points of view, either from superconformal constraints [8], or from
fermionic interacting terms, which are

e (D;0;W) x'x? + h.c. in the global case

N‘N

(D;D;W) x*x? + h.c. in the local case

® c

The Kahler invariance is given by:

K—K+F(z)+ F(2) (65)
W — we ¥ (66)
D;W — e ¥ (D;W) (67)

So imposing this invariance, we notice that

K
2

(D;D;W) — e2F-Fles (D;D;W) (68)
Xﬂe_i(F_F)X (69)

e

Then, the kinetic term of the fermion is Yo Dy, with D, x = 8#)("‘%14;0(‘1‘---7
where

oK . , 0K _

= w@uzz — ﬁﬁuzz (70)
Let us finally focus on spontaneous SuSy breaking. This means that

the SuSy lagrangian is invariant under local SuSy transformations, but the

background (e.g. the minimum of the potential) is not invariant. Under

SuSy transformations one has generically

Ay

defermion = boson (71)

deboson = fermion (72)
Analyzed in a Lorentz-invariant background, (71) and (72) become:

(dcfermion) = (spin-0) (73)
(0¢boson) =0 (74)

10



In N =1, the spin-0 part of the SuSy transformations of the fermions are:

Sex' ~ (F')e+. (75)
0eA" ~ (P)e . (76)
Sty ~ D 6+Z<€gW>O'M6+ (77)

If (F%) # 0 or (P%) # 0, SuSy is broken spontaneously. (F?) and (P?) are
called the order parameters. The potential (62) then can be rewritten as:

- 1
VZFUNQ;—%ﬂwﬁ+§uku»;Pwﬁ (78)

(F%) # 0 is surprisingly difficult to arrange (see [9]). Some short remark:
if (F*) = (P%) = 0, then the potential evaluated at the minimum is zero,
or negative: (V) = —3(eX|W|?) < 0. (V) plays the role of a cosmological
constant, so that

1. (V) > 0: de Sitter background
2. (V) = 0: Minkowski background
3. (V) < 0: Anti de Sitter background

Recent cosmological observations suggest that our universe is a de Sitter
universe.

Let us consider the stability of background with spontaneous supersym-
metric breaking (see [10], [11]). Consider the Hessian matrix of the potential:

<@&V @aw> 79)

0,0,V 0,0,V

which for Minkowski and de Sitter universes is bigger than zero, and obeys
BF-bound for Anti de Sitter universes. A necessary condition required for
stability is that

2 1
R(F)> ———— 0 80
(P23 7> (50)
or
R(F) > — QL_g ~1<y<0 (81)
- 31479’ =7
where PR
_ F'FVERF
R(F,F)=— ijk[W (82)
is the holomorphic sectional curvature, with v = 3 (I/I%E:K)'

11



5 N =2 supersymmetry

For the case of N = 2, the supersymmetry algebra we obtain is analogous
to (2), but with I,J =1,..., N = 2. Let us mention one of the equations,
which becomes:
{chw Qé} = ea,GGIJZ

where Z is the central charge (it commutes with everything). The algebra
has an automorphism group, called the R-symmetry (symmetry of rotation
of the supercharges) U (N): QI — Q' = ULQ7, where Ul is a unitary
matrix. This group can be decomposed as: U (N) = U (1) x SU (N).

The construction of the representation proceeds as in section 2, and one
distinguishes the massive representation (M > Z), the BPS representation
M = Z and the massless representations (M = 0). For the massive repre-
sentation, there exists 4 fermionic creation operators (in general, 2N); for
the BPS or the massless representations, there exists 2 fermionic creation
operators (in general, N).

Let us focus on the massless multiplets of N = 2. If they are CPT
complete, they consists of one state |\), 2 states afy |A) and one a?ila;‘{]\)\)
If not CPT complete, there are 8 states in total. Let us display various
multiplets in NV = 2 in the following table:

Helicity /State |—3) |—-1) ]0) |—2) |1)
0 2 1 1
+1 11 2 2
+1 1 1 1 1
+3 2 2
+2 1 1
Half-hypermultiplet | Vector multiplet | Gravity multiplet

The half-hypermultiplet is CPT complete, but the others are not, so we
have to combine appropiately representations. Both the half-hyper and the
vector multiplet can also be BPS massive multiplets.

5.1 Geometry of N =2 vector multiplets

The vector multiplet consists in one vector V,,, two fermions A}, (I = 1,2)
and two spin-zero objects (complex scalars) z. For n, vector multiplets
we use the notation (Vlf,)\gl,z“) with a = 1,...,n,. In terms of N =1
multiplets, we have the decomposition: (Vlf, )\ﬁl) &) ()\32, za), where the first
one is the vector multiplet at N = 1 and the second the chiral multiplet
N = 1. The bosonic lagrangian is:

L=-G;D,2"D'z" —V (2,%)
(83)

—Im (N () Ei P = SRe (N (2)),, Fyt e

12



where

GaE = aaaBK
K =i(F,Z — F,Z%) = 2ImFy,
F, = 0,F (2)

Nab = Fab = 5655F (2)

where F'(z) is the holomorphic prepotential. An special requirement in
order to prevent ghost propagators and other physical inconsistencies, is
Im (N) > 0. The rigid special Kéhler geometry is determined by a single
holomorphic function, F (z) . It is determined by Seiberg-Witter theory
[13]. Also,

D, Z% = 0,2 — Vpk™ (2)
ke = Gy k™ (2) = i0,P"
V = GkekbZe 2

where ky, = kP9, satisfying [kb ) k:c} = — fcll’ck:d, and P® is the Killing prepo-
tential or the moment map.

Now we will couple this multiplet to gravity. The gravity multiplet is
given by (gm,,w{m, V;?)' Thus, we have n, + 1 vector bosons. VS is called
the graviphoton. The lagrangian is given by:

1
== R- G 3Dz D'z* —V (2,%)

— Im (N) y s i P — SRe (W) 4 Ej F o

AB * uv+ po
wherea =1,...,n,, A=0,...,n, and
GaE = 8aal_)K
K =—Ini[X*(2) Fa (X (2)) — X*Fa (X (2))] (85)

We have Fy = &—FA and X4F, = 2F, so that F is homogeneous of degree
2. As X4 = X4 (Z%),we can define the special coordinates as Z¢ = &

that F' = (X0)2.7-"(z). Then, (85) can be also expressed as:
K=-In2i(F-F) = (Fat+ Fa) (z*=2%) ~In X"~ In X" (86)
N is given by:

(ImF)AC Xx¢ (ImF)BD
X¢ (Im)p XP

Nap = Fap — (87)

*A mathematical discussion of special geometry can be found in [12]

13



where the second term is due to the graviphoton. Finally, the potential is
given by: _

V =eRGKGKL XA (2) XP (2)
There exists a Kéhler invariant, given by K — K + f(z) + f(z). This
implies the transformation: X4 — X4e=/, and Fy — Faef for Fy.

5.2 Geometry of N =2 hyper multiplets
A hypermultiplet is buildt from two half-hypermultiplets. For ny hyper-

multiplets we use the notation: (Xfl, q“), where X, i =1,...,2ny, are the
fermions, the ¢, are real scalars, and n = 1,...,4ng. The following ansatz
for the SuSy gauge transformations is assumed:
0q" = f ()i €'X' (88)
The lagrangian is in this case:
L = huy (q) 8" 0"q" + hij (q) X' 9 (89)

(hyy is the metric on Mk, on a hyper Kéhler manifold). As shown in [4],
three complex structures exist given by

JE v =—ifiol 1 (90)

i

where the f’s satisfy filf5 = 6% and fi o= 6;51‘]; x can take the values
1,2, 3, and the complex structures satisfy:

JJE = —1 (91)
JEJY =iJ? (92)
Dy J2 (93)

where D,, is the Levi-Civita connection. Using the metric, we can lower
indices: K}, = hyw iV . K* = K dq"dq" form a triplet of hyper Kéahler
forms such that they satisfy dK® = 0. Thus the scalar field space is a
hyper-Kéahler manifold with hg, as its metric.

The coupling to gravity proceeds as before. In this case, one finds

Dy J™ =0 (94)

where the derivative includes both Levi-Civita connection and a SU (2) con-
nection w. This tells us that we do not have a hyper-Kéhler manifold but
quaternionic Kahler manifold. Furthermore, in terms of K* we have

DK® = dK* + é"¥*uwY A K* =0 (95)

points out that at the same time we are also lying in a quaternionic Kéhler
manifold.
The scalar geometries are summarized in the following table:

14



N | cases manifold
1 | global My : Kéahler
local M. Kahler-Hodge
2 | global Mgy X Myg: special Kahler x hyper Kahler
local | Mskm x Mgr: special Kéhler-Hodge x quaternionic Kahler
oca SO(% xSO(ny)
(7)
8 | local S(}(;)

Finally, let us comment the massless multiplets for N = 4 and N = 8.
For the case N = 4, we have the maximal N possible compatible with
|A| < 1. In the massless representations, we have N = 4 fermionic creation
operators. The multiplets for this case are displayed in the following table:

Helicity /States | —1) |—2) 0)
0 6 1 1
+1 4 4 4
+1 1 6 6
+3 4 4
+2 1 1
vector multiplet | graviton multiplet

As we can see, in the vector multiplet we have 6 scalars, 4 Weyl fermions
and one vector, and it is CPT complete. In the gravity multiplet we have the
metric, 4 gravitinos, 6 graviphotons, 4 Weyl fermions and 2 scalars. It is not
CPT complete. The target space of the o-model, in rigid supersymmetry, is
flat, and in local,

S0 (6,n) SU (1,1)

M=o =xs0@ * T

where n is the number of vector multiplets. The first component of the
product is spanned by the scalars of the vector multiplet and the second by
the scalars of the gravity multiplet.

For the case of N = 8 (the maximum N possible with |A\| < 2), we
observe the following multiplet:

Helicity /State | |2)
0 70 70 scalars
i% 56 | 56 Weyl fermions
+1 28 28 vectors
i% 8 8 gravitinos
+2 1 1 graviton
which is CPT complete. The target space in this case is M = 55((2)

15



6 Supersymmetry in arbitrary dimensions

Take the space-time to be Ry p_1 with Lorentz metric: nyn = diag (—1,+1,...,+1)
with D — 1 7+1"s. The first step in order to generalize the supersymmetric
models is to discuss the spinor representation of SO (1, D — 1) ®. The Dirac
algebra is given by:

(M AN} = 2w (96)
with M, N =0,...,D—1. MN .— % ['yM,’yN] is the generator of SO (1, D — 1)

in the spinor representation, and satisfies (1).
Let us analyze the different cases depending on the value of D:

1. D=21+2,1=0,1,2,...: for this case, define

1
TP YO "
,ya:I: — % (72‘1:|:Z'72a+1) a=1,...,1 (98)
YAE = (0 %) A=0,...,1 (99)

Inserting these definitions into (96), we obtain the relations:

{y*F4P7) =64 (100)
v+ =0 (101)

Thus, we obtain [ + 1 fermionic creation and annihilation operators
(oscillators). From them, we can define a Clifford vacuum [Q2) by
demanding y4~|¥) = 0, VA. The states are given by |Q), v4|Q),...
The real dimension of the Dirac representation is given by:

e
dimp(Dirac rep) =2 _ < , ) = (102)
i=1 !
It is also possible to define vpy1 := i'7%91 ... vP~1 which satisfies
{yp11,7M} =0 (103)
[vp+1, ZYN] =0 (104)
Vb =1 (105)

It is possible to define two projection operators, 1+ yp41, that split
the Dirac representation into 2 Weyl representations with eigenval-
ues *1.Furthermore, the dimension of the Weyl representation is:
dimp(Weyl rep) = 21 Then, (WM)* = ByYMB~! and Vi1 =
(=D!ypy1. If lis even (D = 2,6,10,...), the Weyl representation

This discussion can be found in detail in [14]
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is its own conjugate (self-conjugate). If [ is odd (D = 4,8,...), the
Weyl representations are conjugated to each other. At this point,
for D = 2,4,8,10, we can define the Majorana spinor as: ¥* = B¢
(which is called the reality condition). The dimension of the Majo-
rana representation is: dimp(Majorana rep) = 2!*!. A Majorana-
Weyl representation is only possible if the Weyl one is self-conjugated,
ie. D=210,..., and its dimension is: dimg(M-W rep) = 2!

2. D = 2]+ 1: in this case, there is no Weyl representation, and the Ma-

jorana one is only possible in D = 1,3,9, 11, . ... Also, dimg(Majorana rep) =
2!, All the possibilites of representations are displayed in the following
table:

D1 M| W | M-W | dim

4 | 1] ok]|c.c. - 4

5121 - - - 8

6 | 2| - | s.c - 8

713 - - - 16

8 | 3]0k | c.c - 16

9 | 4|0k | - - 16

10 | 4 | ok | s.c. ok 16

11 |5 | ok | - - 32

12 | 5| ok | c.c. - 32

The supersymmetry algebra in arbitrary D depends on the spinor rep-
resentation of SO (1, D — 1). Schematically, (2) becomes:

(Q1, Q7Y ~ M PysT?
{Q,Q7y ~ 2"
[Lun. Q'] ~ Sun@' (106)
[Py, Q'] =0

If we display all the possible theories compatible with both the dimension
D and number of real supercharges g, we obtain the table below:

D/q | 4 8 12 16 20 | 24 | 28 32 64
4 o o o o o | o | o o o
5 o o o o o
6 O(1,0) o(1,1)  ©(2,0) o 0(2,2) o
7 o o o
8 o o o
9 o o o
10 o1 OIl, CIlp o
11 OM o
12 OF
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The corresponding scalar geometries are:

D/q| 4 8 16 32
4 | Mg | Msk x Mgk S06,n 55((78))
E
5 Mpgsk x Mgk SOs,5, Usi((GS))
Es5
6 R* x Mgk S504,,/505 21 W(S(}SM
7 SO0s3n Uﬁjé)
8 SOz, U;(s,;)
GL(2)
9 SO1, SOE2)
10 R* RY, 7
11 - -
”MSK” XMQK SOlO—D,n E}}i;%D
where
< __ SO(m.n) SU(1,1)
" S0(m) x SO(n) U(l)
if D=4, and
SO(m,n)
SOpmn = ’ R*
"= 50(m) x S0(n)
otherwise.

7 Kaluza-Klein Compactification

The basic idea of Kaluza-Klein theory is to formulate gauge symmetries as
space-time symmetries of a higher dimensional space-time.

7.1 Circle Compactification

Consider a five dimensional spacetime Ry 3 x S1. S is a circle with coordi-
nates:

M= (2" (107)

@
-

x
M=0,. 4
w=0,.

0»3

y is the periodic coordinate of the circle i.e. y = y+ 27 R and R is the radius
of the circle. Scalar field can be expanded into Fourier modes according to:

n=-o00

Z (;5 (zH) IR 4 e,

n=—oo
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® satisfies the massless Klein Gordon equation:
O5® = "Ny 0n® = (0" 0,0, + 8,%)®
= (046" —mf,16M) =0

where m%n) = n?/R?. BEach Fourier mode ¢ satisfies (4™ — m2®(™ =

0. From an Ry 3 perspective ™ form an infinite tower of massive scalar
fields called the Kaluza-Klein tower. One can estimate the size of S7 by
experimentally testing the validities of the two % potentials:

e1 - €2 . _
r confirmed for r>10"1%m

VCoulomb ~

my - ma

VNewton ~ r confirmed for r>10"%m

r
Therefore we need to choose generically R < 107 '¥m and then the extra
dimensions are not visible. However there is an exception where we choose
R < 107*m. As was suggested by Rubakov, Shaposhnikov: They assumed
that electromagnetism is localized on a 3 dimensional hyper plane inside a
higher dimensional spacetime. In string theory this scenario is realized by
D-brains (See [15]).

Here we do not consider this possibilitiy and therefore study the massless
modes or zero modes of Os; i.e. n = 0 and ¢ (), when there is no y
dependence :

o(at,y) — & ().
Next we consider 5-dimensional geometry with a metric:
gMN = (gf“j gf‘4>
94w Gaa
From a 4 dimensional perspective we identify:

‘ Spin ‘ particle

v 2 graviton
Jua 1 gauge boson
Ja4 0 Scalar field

A convenient parametrization of the metric is:

2 2
_ Guv +r V,LL Vy r V;U'
IMN ( 2V, r2

G = Guv +1°V,V,
gus =12V}, (108)
Gaa=1°
(109)
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which implies:

det(grn) = r’det(g,u) (110)
ds® = gunda™da™ = g, datda? +r*(Vydat + dy)? (111)
(112)

We expand the metric around SO(1,3) invariant background for some
fluctuation dg,,:

gMN = gMN|backg7"ound +dguN

where ) )
n 0 0guw + 1V, V, r°V,
gMN’background = < SV < 7"2 >> and 5gMN = ( m TZVV mov 7‘2— < /;2 >
For zero modes we have in addition:

gar (.y) — g (@, 4).
Therefore there are three metrics:
an(2,9), gnN lbackgrouna and g\ (z)
General coordinate transformation are of the form:
g™ — M = M M (g) (113)
And the zero modes of the transformation are:

ot — 2P =2t — ¢ (x,y) (114)
y—y =y— &,y (115)

which are the 4 dimensional coordinate transformations and as z*-dependent
isometries of S7.The metric transforms:

Segun = =" 0pgun — (Omé™)grn — (OnE")grm (116)
Inserting (111) and (112) one obtains:
3V = —0,6' (@) (117)

which is a local U(1) gauge transformation. Let us now reduce the Einstein-

Hilbert action 1
5 5)72 (5)
S = 202 /d /) —g®R (118)

where R is the Ricci scalar. Inserting ¢(») one finds:

_ 1 a4/ (4)
5_2”%/61 21/ —9W/gaa(RWY + ...) . dy (119)
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Where f 5 dy = 2mR.The Einstein-Hilbert term is noncanonical and there-
fore the Weyl transformation has to be applied to the metric:

Juv = A($)§uu(x) (120)
The corresponding Ricci scalar is:
RW — A7IRW ... (121)

where R = R®(j) and the ellipsis depends on dA. Now choose A~! =
r(z) and then the action will turn into:

, oy 7 OO
/d x4/ gt ( —  EuE o ) (122)

where
o2 2R
4 /%7
Fuv :au~v_al/~u
VN = I£4VH

This shows that the 5 dimensional Einstein-Hilbert action decomposes into
the 4 dimensional Einstein-Hilbert action and U(1) gauge theory plus a
neutral scalar under the Kaluza-Klein reduction.

7.2 Generalization

As a first generalization consider a spacetime of the form:
My x T¢ (123)

where T is a d-dimensional form. The metric is:

_ Guv + gmnvumvyn gnpv;f> 124
IMN < ganxJn Imn ’ ( )

mn=1,..,d

For a 4-dimensional perspective we have

Zero modes ‘ Spin ‘ Multiplicity

v 2 1
VP 1 d
9Imn 0 %d(d + 1)
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The isometries of T

y"r— Y™ =M () (125)
V:l — VJ” — 0u&™ (126)

Corresponds to a [U(1)]¢ gauge theory. Then the action of the KK reduction
will take the following form:

1 - .
S = /d4x\/—§(4) <22R(4) + gmnFl’];F”W — (a“gmn)(amgm"o (127)
Ky
Remarks. The potential is zero and the o-model target space is:

M = GL(d)/SO(d) (128)

7.3 Fermions in Kaluza Klein theory

Consider a spacetime:

RS x x4 (129)
(@, y™)

(130)
where (z#,y™) are coordinates, yp = 0,...,3 and m = 1,...,d. Including
fermions into KK theories we write down the massless Dirac equation:

iYM Dy (2,) =0 (131)

where Y™ are Dirac matricies and we denote iy Dy, by D.
KK ansatz:

V(z,y) =Y o' (=)' (y) (132)
1

The Dirac operator decomposes according to (E(4) + pd)\lf = 0 so that
the massless modes obey:

pint =o. (133)
More generally we can demand Pn’ = m!n’, where there is no sum on I
We call n! “Eigen-Spinors” and require n’ to be normalizable:

']l =1 (134)
Let us discuss the constraint of the theory. The Dirac algebra is:
{77} = 2p
MY =2p" & ('t =0 (135)
(vt =2
where the later implies (7v*)? = 1 and thus 4% = 75 of Ry 3. As a result
the projection operators Py = (1 & 75) break 5-dim Lorentz invariance.

Therefore chiral theories are not Lorentz invariant in higher dimensional
spacetime.
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7.4 Supersymmetry In KK-theories
Consider the R(3) x X4 background with KK-Ansatz:

Q(z,y) = Q" (x)n' (y) (136)

where Q'(x) and n’(y) are the spinor on R"3 and the eigen spinor on X¢,
respectively. The number of eigen spinors 1! is qual to the number of su-
persymmetries. We also require the followings conditions on 7!

e It is normalizable i.e. nowhere vanishing on X¢.

e It should be a singlet of the structure group which implies it is globally
well-defined.

The second requirement implies a reduction of the structure group. There-
fore implies constraints on X% With these two requirements we can con-
struct a well-defined supersymmetry. X¢ is called a manifold with the G-
structure (G C GL(d,R)) which leaves 1! invariant.

7.5 Examples With d =6

e 1)X% = T° or Torus fiberation. Thus has an identity structure and
four 7 exist. This leads to N = 4 supersymmetry.

e 2)X0 with SU(2). In this case two 1 exist. Therefore we have N = 2
supersymmetry.

e 3)X0 with SU(3) structure. One 7 exists. Therefore we have N = 1
supersymmetry.

1B A HE8, H |
10
v \ v
\ v . wfv
\ \ . v
! v 8 Y
. B NS
9 \ NN
' AR NN
\ \ R
\ g S
\ N
N
N

4 “o SR
N=8 N=4 N=2 N=1

Figure 1: The super gravity

Here the solid, dashed and dotted lines show S; compactification, su(2)
and su(3) structure respectively.
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7.6 Supergravity In D=10,11
In D=11. The massless spectrum contains:
gy, Apmneys Y, (137)

where M, N,P = 0,..10, Apnp) is an antisymmetric 3-index tensor or
equivalently related to a three form and Wj; is the gravitino. The bosonic
Lagrangian is:

1 1
Liosonic = vV —9(R — §|F4\2) - EA?’ NFy N\ Fy (138)

where Fy = dAs is the field strength of the three from. The claim is that £
has the following symmetries:

e General covariance
e Local susy (upon adding appropriate fermionic terms.)

e Three form gauge invariance:

Ag — Als = Az + dAs,
Fy — F'y = Fy, (139)

-1
,C—>,C/:,C+Fd(A2/\F4/\F4),
(140)

where As is a 2-form. The last line implies the the action S is invariant,

le. 0S=46[L=0.
Let us consider type IIA supergravity in D = 10.The metric is:

guMN = <9MN 9M10> (141)
91om 91010

with M = 0,...,9. Ay np splits into three parts:

o Ayxp
* Ayrnno = By
* Ay =0

For the massless spectrum we have:

Inrx Bargs @ (142)

Ajrs Ay o (143)
12 (12

w2 (144)
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where ¢ is the scalar field called dilaton and (141) and (142) are called
NS-NS and R-R sectors respectively. The Lagrangian reads 6:

bosonic

1 1 .
Lt =e (R4 40y ™M ¢ — 5|H3|2) — E\FQF + |Fy? (145)

where Hs = dBay, F» = dA; and |Fy| = dAs furthermore we abbreviate:

‘Hg’Q — HMNPHMNP
|F2’2 — FMNFMN
|F4’2 — FMNPQFMNPQ

F4 =F,— A NHs
The symmetries of the theory are:
e general covariance

e N = 2 local supersymmetry (There are two 16-dim supercharges
Q,Q%)
e Three gauge invariances with p-forms )\, as gauge parameters:
(i) 043 = Af — Az = dAs,
(ii) 0By = dAy,
(iii) (5A1 = dAo, (5A3 = AOH3 which implies:

5Fy = (dAo)Hz — dAgHsz = 0
Note that the theory contains no charged fermions.

Next, we consider the case of type IIB supergravity. The massless spec-
trum is given by:

guN, By, ¢ (146)
L, Birns Avinpo (147)
where A}y pg is a 4-form with a self-dual 5-form field strength, B3,y is a

second 2-form, and (146) and (147) are NS-NS and R-R sectors respectively.
This theory has no Lorentz invariant action but only field equations.

7.7 Supersymmetric Background In R!3 x X°

Let us now consider compactifications, i.e. study the theories in backgrounds
of the form R%? x X6, Let us additionally impose the following conditions:

Swe omit the “A” hence forth.
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1. Super charges should exist. This implies X% is a manifold with G-
structure ( globally well defined spinor 7).
2. The background does not break any Susy spontaneously.

Let’s look at the susy transformation of the fermion evaluated at the
background:

6fermion background = O (148)
The variation of the gravitino’s field ¥, is:
0Wpr ~ Vifelg + Y apyy-Fpelpg + ... =0 (149)

p

where €,y and a,, are the parameter of the susy transformation, the Dirac «y
matricies and a number respectively.y.F},, denotes contractions of the form
AMAN Fy v for all p-forms present in the theory.

Now choose 7.Fp|pg = 0. This means:

Vieay =Y Ve (@n'(y) =0, (150)
I
or equivalently:
V,e(z,y) = 0= Vel () (151)
Vme(z,y) =0 = Vun! = 0. (152)
the latter implies:
Vo, Vil = Ry’ = 0. (153)

This says that the Hol(V,,) C su(3), i.e. it is reduced. A further conse-
quence is Rmpn = 0, That is X% is Ricci flat and is called the Calabi- Yau
manifold.

Classes of examples:

e The 6-dimensional Torus 7% which has four spinors n’.It is flat and
leads to N = 8 supersymmetriy in R!3.

e K3 x T? which has two spinors, Hol= su(2) and leads to N = 4.

e The Calabi-Yau three-fold cys which has one spinor, Hol= su(3) and
leads to N = 2.

7.8 Massless Spectrum

We have p-forms A, corresponding to the field strength Fj,; = dA,. The
field equation of the p-form is:

d'E, = 0. (154)
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We define the action for this case:
S == /Fp+1 /\>k Fp+1 (155)

A, is not well-defined due to the gauge invariance 4, — A, + dA,—1. We
impose a gauge choice to simplify the field equations:

dTA, =0 (156)
Rewrite the field equation:
(did+dd")A, = AjgAy = (Ay+ Ag)A, =0 (157)

where dfd+dd! = A is the Laplacian acting on p-forms. For massless modes
AgA, = 0 solutions are harmonic forms :

dA, =0=d'A, (158)
where A, = dA,_; is a gauge transformation. Therefore:

closed p-forms

A, e HP(X5) = (159)

exact p-forms
On a complex manifold A4, decomposes as follows:
Ap= > Agi (160)
q+k=p
where A, = Aih..,,iq,jh...,jkdzil - dztadzd" - - - dzI%. Correspondingly there

is a Hodge decomposition:

HP = > H@M, (161)
q+k=p

Let us introduce the Hodge number h%* = dimH(®*). They are convention-
ally arranged in the Hodge diamond:

h0,0
hl,() hO,l
h2’0 hl,l h0’2
hS,O h2,1 h1’2 h0’3 (162)
h3,1 h2,2 h1’3
h3,2 h2’3
h3,3
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For the Calabi-Yau this diagram reads:

1
0 0
0 At 0
1 h®! h12 1 (163)
0 h?? 0
0 0
1
Genericaly we have the following rules:
hok = pka
{ hq,k — h%fq,%fk (164)

which are used in sketching the diagram. To compute the spectrum for ITA
we have:
the dilaton expanded in massless modes:

o(z,y) = ¢(x) (165)
the 2-form:
B;W(fﬂ)
Bun(z,y) =4 Buw =0 . (166)
Byn = 2221 ba(f’«")w(f 1(1/)
the 3-form:
Auup(l‘)
Apmn = D, Al (z)w?:
AMNP(x;y) — AN OZ H( ) (1,1)(y) (167)
uvm —

Apnp = & ()ar(y) + &1 (2) 8" ()

where I =0,...,h"2, (o, B7) € H? and ¢! (z), & (x) are real scalar fields.
The metric gy n splits into g, (), guu = 0 and gmn(z,y). We expand gy,
around the Calabi-Yau metric:

Imn(2,9) = G (¥) + 6gmn (@, y) (168)
Inserting it in the Ricci tensor we get:
0 =Rimn(g’ +69) = ... = Adgpmn + R, 5g1; (169)

This equation is known as the Lichnerowicz equation. Going to complex
coordinates, then we have:

_ | 0943
S G = { o (170)

where o, 8 = 1,2,3. The properties are:
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® 09,3, 09ap satisfy Lichnerowicz equation separately.

e Both obey (dd'+d'd)ég = 0. Therefore we can write down the solution:

hl,l
0Gag = > v (x)w’(y) (171)
a=1
h1’2
5gaﬂ = Ztl(x)ﬂa'yéng:yggo,wg%& (172)
i=1

where x* € H'2 is a harmonic (1,2)-form and Q € H3C. v%(z) are
hb! real scalars while ¢ are h%? complex scalars.

Remark. There is a Kahler form J = —iga[;dzadéﬁ and if we expand
it we get:

J=J%+4J°. (173)

We can view 6.J° as the deformation of the Kahler form which leaves
the Calabi-Yau Ricci flat.

e There is a complex structure I with I)'I}' = —6;*. Deformations of 1
should leave the Nijenhuis tensor N invariant, i.e.

I—I+6I (174)
with N (I + 0I) = 0. On a Calabi-Yau one finds:
D130y = X, (175)

That is the deformations of I are related? to the (1,2)-form and thus
also to 0gag.

7.9 Final (bosonic) Spectrum

Let us summarize the final spectrum in R'3:

gravity multiplet: (g, Ag)
hYlvector multiplets: (A, z2%)

hY? hyper multiplets: (t%, &1, &0, ¢, a)

where a is the dual of B, . The Lagrangian reads:

_ 1 ;
L2 = JG(5R — ImNap(2)EFj, FP* — %ReNABF;‘VF,geWPU) (176)

—Gal;(z)(‘)uza(?“ii’ — huv(q)0uq" 0 q"
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where G ; = 0,0;K; and K is the Kahler potential:

KJ:—ln/ JNITNJT (177)
cys3
The holomorphic prepotential is F = rgpc2%22¢ and:
Kabe = / w(ll,l N wll),l N wil' (178)
cys
The last term in the Lagrangian is given by:
huo(9)0ug" 0" = 960¢ + ¢**(0a + £ 9,81 — £10,€")*+ (179)
gi;0t' 0+

O TmM (06" + M5 (OE; + MyLE")

where g;; = 81-83[(9 and Ko = —In fcys Q A Q. Note that no potential arises
(V' =0) and no charged fields are present.

7.10 IIB
The spectrum in R is:

gMN7B]1\742N7A*MNPQ7¢7l (180)

Repeating the analysis of the previous section we find: hb! 4+ 2AL2 real
scalars arising from the deformation of the Calabi-Yau metric, 2(h%! + 1)
real scalars arising from the two B},;%, hY! real scalars arising from A*y/n PQ
and the two additional ¢,l. Furthermore from A, arise h2 4+ 1 vector
fields. So altogether we have h'? vector multiplets and A'! hyper multiplets.

String theory suggests that IIA symmetry in the background RY3 x cys
is equivalent to IIB symmetry in RY3 x ¢y, with:

ht(eys) = hb2(cys)
hl’Q(Cys) = hl’l(fy:’)) (181)
F(cys) = G(cys)

This is called mirror symmetry. cys is called the mirror Calabi-Yau manifold.
The conjencture of the mirror symmetry says that for every Calabi-Yau
threefold cys there is a mirror threefold cy; with reversed Hodge numbers
and identical prepotentials.

7.11 Flux Compactification and Generalized Geometries

So far we have assumed Fjly, = 0. Now we will relax this condition and
have Fp|py # 0. However, we keep the following property:

dF, =0 (182)
d'E, = 0. (183)
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We introduce the flux:
/ F,=er #0 (184)
%

where fyé € X% is a p-cycle. As a result we can write:

Fp=) e (185)
I

and wé € HP)(X5). er induces a potential V(e) in the action. We studied
the gravitino variation:

SO (2,y) = Vare(w,y) + > ap(v-Fp)ar €+ ... (186)

where M = 0,...,9. Now we want to evaluate this in a supersymmetric
background 6W(z,y) = 0 for R x X6 and e(z,y) = > ; e/ (x)n! (y). We
have:

0Upy = Vme+..=> (@)Vmn' +.., m=1,..,6 (187)
T
which means V,,n! # 0.
In addition, if we want to have a supersymmetric theory we should have a
manifold X% with G-structure. If X6 has SU(3) structure only one globally
defined spinor 7 exists, and one can define:

Furthermore, I}, = Jpng"" obeys IS 1} = —6],. Then it follows that in
general the Nijenhuis tensor N(I) is non-vanishing, i.e.:
N(I) #0. (189)

This is a consequence of V,,n # 0. In this case I is an almost complex
structure. One can check that J is of the type (1,1) with respect to I and
dJ # 0 due to V,,n # 0.

Analogously we can define a 3-form:
Qinnp ~ TV m¥nVp)M (190)
such that it obeys:
e A2 #£0
e It is of the type (3,0) with respect to I
e JANJANT~QAQ, JAQ=0
Note that for V,,n = 0 we have:
dJ =0, N(I)=0,d2=0 (191)
therefore X0 is cys with J a Kéhler form and © (3,0) form of cys.
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7.12 Compute Kaluza-Klein Reduction

The conditions [V, Vy]n # 0 implies [y R©) £ 0 generates a potential V'
which implies some modes become massive. To proceed we should distin-
guish two cases:

(i) m = mgk (ignore all massive modes)

(ii))m < mgxi (keep the light modes)

For case (ii) one expands in bases of light fields:

J=J%+ Zv“wa (192)

where w? is the solution of (A% + m?)w = 0. Additionally we assume there
is no extra light gravitino and one only has two massless gravitinos (i.e.
N = 2). Geometrically this means:

{ d((éé)?ﬁ - 8 (193)

Supergravity implies M = Mg, X Méﬁ. The result in TA is M = Mgj x Mso
where Ms; € Mg, and Msq € Mgn. In IB we have:

MZM(;QXM(;J

7.13 Compute The Potential
The Killing verctor is defined by:
Duqu = a,uqu - V#A/{:Z(q) (194)

where k%(q) is a function of the scalars ¢" in the hyper multiplets, v =
1,..,4np and A =0,...,n,. Then:

K4kE, = —0,P% + VWY Py = —D,P% (195)
where x = 1,2,3. We get the following result for IIA:
Pl 4+ipP? = e%Kﬂ+¢/ Jo A d2 (196)
X6

P3 = —¢2¢ / e* N> Fp (197)
P

where ¢ is dilaton. And for IIB:
Pl 4+iP? = 2Kt [ A dQ (198)
X6
P3 = €2¢/Q A (H3 + F3) (199)

Remarks:
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e P? mirror symmetries

e Can also be computed for SU(3) x SU(3)

8 String theory

8.1 Basic concepts’

String theory can be defined as the quantum theory of extended objects.
The basic idea of string theory is to replace point-like objects by closed or

open strings.
- O T

Figure 2: Open and closed string

ls denotes the extension of the string, and thus is the fundamental length
scale.

Let us look at a closed string moving in D-dimensional Minkowskian
background M“P~1. It sweeps out a 2-dimensional world sheet ¥ (o, 7),
where o denotes the coordinate on the string and 7 the time direction.

Q U

Figure 3: World sheet of a closed string
The motion of the string is described by 2 dimensional quantum field theory.
Therefore one looks at the Polyakov action:

1
4o/

S = / dodrVdet h 7 (0,7) 95 XM, X Nnarn + / R®  (200)
by P

Here o/ denotes the string tension with v/a/ = I, h is the metric on the world
sheet 2, narnv the Minkowski metric on M5P~! with n = diag (—1,1,...,1)
and XM . — MLP=1 M =0,...,D — 1 are fields on the world sheet in

[17], [16]
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2 dimensional QFT which can be seen as coordinates of the target space of
Y. The term fz R® is proportional to the Euler number (X) of the world
sheet and therefore does not affect the dynamics of the 2-dimensional QFT.

The symmetries of this action are:
1. Lorentz transformations SO (1, D — 1) acting on X™
as XM - x™M = AMXN AecSO(1,D—1)
2. Translations of X*: xM _, x'M — xM 4 oM

Poincare group

in target space

3. Reparametrization of X

4. Weyl-invariance with respect to h: hag — A (0,7) hag

Due to the last two properties, hqog can be chosen locally flat (i.e. there
are no dynamical degrees of freedom in h,g) and as a consequence of the
Weyl-invariance one can take ho‘ﬁTag = 0 where T,5 ~ %. Therefore the
2 dimensional QFT is conformal and hence it is described by 2 dimensional
CFT.

The equation of motion for XM is the 2-dim Klein-Gordon-equation:

O@xM =g (201)

The solution of this equation can be written in the following way:
XMoo,y =X (r+0)+ XN (1—0) (202)

where X i\J is called left mover and X 1]‘%4 right mover. Moreover, X has to
fulfill a periodicity condition (we are still considering the closed string) in
the string coordinate o:

XM (o) = XM (¢ + 27R) (203)

where R denotes the radius of the closed string. Hence we have a discrete
spectrum of eigenvalues.

Using canonical quantization one imposes the following commutation
relations:

(XM (o), PN (0')] =i6 (0 — o) ™ (204)

(XM, XN =0= [PV, PM] (205)

Here PM = 8874 and XM are operators acting on some Hilbert space H. To

M

get ‘H positive semi-definite, it is necessary to set either D = 26, or, if the 2

dimensional CFT is supersymmetric, D = 10. D = 10 is also necessary to
have fermions in the space-time.

From Poincare-invariance on can take the time translation symmetry to

define the Hamiltonian H in MY (as the generator of time translation) and
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the Lorentz rotation symmetry to get the rotation operator .J also in M 1,9
(as the generators of the rotation group). By computing the eigenvalues of
H and J in each mode, one gets m? and s, where m is the mass and s is the
spin of the according mode. From this computation one gets:

e m? < 0: tachyons, only appear in non-supersymmetric case

3[\')

graviton
gravitino
gauge bosons
quarks, leptons
scalars, Higgs

®» O Cﬁ ® »
Ow\»—w—ﬂw\wl\')g
U A

e m? > 0: there are infinitely many massive excitations: m? = nms,

neN, m?= é = %, where the associated spin is given by s (m) = %g
(Regge-behaviour). my is a characteristic scale of string theory, the

tension of the string, related to its length ;.

The identification of the s = 2 excitation with Einstein’s graviton leads to
the following identification:

ms ~mpr ~ 10"9GeV and I ~ lp; ~ 107°m

Therefore the massive modes are in general not observable. The difference
between pointlike particles and strings becomes relevant only at high ener-
gies, where string theory softens the UV behaviour.

Interactions:
For interactions, one looks at two strings which merge to one, or at one
string which splits into two.
For low energies, these pictures correspond to Feynman-diagrams in QFT,
and they are determined by the coupling constant g; = e~ {?’, where ¢ is the
scalar field.
If one wants to look at real interactions, one takes the quantization as for
Feynman-diagrams by summing over all world sheet topologies of two par-
ticles going into the interaction and two particles leaving it to compute the
scattering amplitude A. The scattering amplitude obeys the following ex-
pansion:

A=) Al grran (206)
n=0

A comparison between QFT and string theory shows, that in QFT one starts
with an action S = [ £ and then gets to Feynman-diagrams, whereas in
string theory one has somesthing corresponding to the Feynman-diagrams,
but one didn’t start from an action functional, where no analogue is known
until now.
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Figure 4: Two merging closed strings

I PE

Figure 5: Interactions

Remarks:
One can show:

e for scattering with £ << Ej, where E, = myc?: A" — AggT

e A is finite for F >> FE, therefore the theory is a candidate for per-
turbative quantum gravity

Including non-perturbative correction, one expects A =Y > AM) gitan 4

O <e*9; 2), which is convergent for g; << 1 (perturbative region).

8.2 Different string theories®

For differen choices of the background M9, one gets the following different
theories:

8for the following see [18]
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1. M1 = RY: In this case, there are 5 different string theories:

oIl A IT A supergravit
left-right symmetric on X Be<pre pere . Y
oIl B IT B supergravity
e [ gauge group G = SO(32) Fe<Pre g supergravity
heterotic | G = SO(32) | left-right E<<Epy )
o . . = I supergravity
string G = FEg x Eg | antisymmetric

2. MY =RLP=1 5 Y10=D: Here, Y is a compact manifold with volume
V >> [10=P 1In this case there is a family of backgrounds and hence
there is some freedom of choice:

e discrete choice of Y (discrete degeneracy)

vacuum degeneracy of
} string theory (landscape

e choice of moduli (continuous degeneracy) .
of string theory)

That suggests that even if string theory is unique, the degeneracy of
the ground states is not.

3. MY = RLP-L x “SCFT”: Here the SCFT is an “abstract SCFT”
(with ¢ = ¢ = (10 — D)), i.e. there is no known geometrical inter-
pretation. Developing a geometric notion of this case is part of the

research in the area of quantum geometry. The volume V in this case
is V = [10-P,

8.3 Perturbative dualities

Perturbative dualities are dualities that hold at each order in g5 and hence
are visible for g — 0 (weak coupling region).

1. T-duality:
Background: R'® xS!, coordinates: XM (o, 7) = (X*, X?) where M =
0,...,9, u=0,...,8. As we are still looking at a closed string, we have
the following condition for the string-coordinate: X (o0 = 2w, 1) =
X9 (o =0,7)+27lR Thus we get the spectrum of excitations: m? , =

n, —
1%22 + li—lff, where n, [l € Z and the first term denotes the Kaluza-Klein-
modes, whereas the second term corresponds to the winding-modes,
which are absent for pointlike particles. By this formula one computes
that mi,z > mlzn for R < %. This is the so called T-duality. In type

IT theories one finds I/A(R)=1IB (%)

Remarks:

e The T-duality does not exist for point particles

37



e It’s a symmetry of the full string theory (not only the spectrum)
e It suggests a minimal length: R = o/

e For the background RUP~1 x T10-P the T-duality group is 'y =
SO (10— D,10— D, 7Z)

2. Mirror symmetry:
Mirror symmetry says that ITA in background R x C'Y3 equals I1B
in R'3 x CY3, where CY3 is the according mirror Calabi-Yau mani-

fold, i.e. b1 (CY3) = hb? (Cyg,) and h2 (CY3) = h! (cyg,) This
symmetry should also hold for the entire theory.
For the type I1A and I1B theories, we have the following geometries:

Y { MUY () x MEP (1) € MUY (2) x Mok (t,€,€, ¢, a) for TTA
MUY () x MUP(0) € Mok (3,6,€,é,a) x M () for I1B

Here M}l’l) and Mg(lm) are special Kéhler manifolds, whereas Mg
is quaternionic Kéhler and corresponds to the hypermultiplet. There-
fore, the mirror map should identify M(1 1)(C’Yfg) with M(1 2)(C~Y3)
and Mg’ )(CY3) with M(1 1)(CY3> On the level of prepotentials, this
means Fj(CY3) = FQ(CY;),) and Fo(CY3) = F;(CY3).

We check this in terms of the third derivatives 0,a0,50,c F; = Fyp. and
0,:0,;0,x Fo = Fjj;, (Yukawa couplings). We have:

KJ:—ln/J/\J/\J:—ln(F—l—F—(z“—z)(F F,)) (207)

Ko=—In / QA0 (208)
And moreover:

Fijr = /Q A 0;0;0,2(t) and (209)

Felass — g 1 2%2b2¢ (210)

where Kgpe = wet A wb VA wd! the classical interaction numbers

and Fyu. = F ;ll)‘;ss + Fé”{f where Fégct are the worldsheet instanton
corrections.

To compute these quantities, one can write F,. in the following form:
Fabc = <OaObOc> = / [DX] OaObOcdis (211)

where O, Op, O, are operators that we evaluate, and S = S.us + Sinst,
Sinst = 21 ZZ+11 Ma2®

38



From a physical point of view, we are looking at holomorphic world
. M . . .

sheet instantons (% =0,0 =0+1ir,0 = 0—ir), from a mathemati-

cal point of view, these are rational curves of genus 0, i.e. holomorphic

maps from P; to CY3. One finds ([19]):
Zﬂzzdndzd
mst
abc Z Ni nanbnc 27rz > anaz? (212)
Thus there exists a mirror map ¢(z) relating F%5(z) and Fy;x(t).

If one draws these dualities into the diagram with the different theories, one
gets the following picture:
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Figure 6: String theories and dualities

8.4 Non-perturbative dualities

Non-perturbative dualities involve the string coupling constant gs.
Basic idea:
The strong coupling region of a given string theory should be described by
“another” weakly coupled theory.
There are the following logical possibilites how this could be done:

1. by another string theory (S-duality)
2. by the same string theory (U-duality)
3. by another theory (M-theory)

But this is difficult to prove without a non-perturbative formulation of string
theory. Therefore everything is conjectured and not yet proven, but there
is “overwhelming evidence” instead. This means it has been checked for
“special” couplings/ states, where non-perturbative corrections are known
(exact) and thus can be extrapolated into the strong coupling region. Pos-
sible such states/ couplings are:
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e BPS-states (i.e. M = 2)

e holomorphic couplings (e.g. prepotential F'(z))

D-branes:

As already mentioned, strings can be open or closed. Until now, we only con-
sidered the closed string. When looking at the open string X (o, 7), M =
0,...,9, one can introduce boundary conditions. If these boundary condi-
tions are imposed on 0X* (0y), they are called von Neumann conditions. If
they are imposed on X™ (0y), they are Dirichlet conditions, and hence the
D in the word “D-brane”. The Dirichlet conditions define dynamical objects
of string theory. Due to the attached open strings degrees of freedom, there
are D-branes of different dimensions:

DO-brane

D1-brane

D2-brane or membrane

Figure 7: D-branes

The light modes correspond to the supersymmetric abelian vector multi-
plets. One can also look at a stack of N D-branes, where the open string
can end either on the same or on different branes. This leads to an U(N)
gauge boson. As the mass/ tension are proportional to %, the D-branes are
non-perturbative states of string theory, which is therefore not only a theory
of strings, but also describes higher dimensional objects.

1. S-duality:
Here, the strong coupling of a theory A is mapped to the weak cou-
pling of a theory B, i.e. A and B are S-dual. This means g4 ~ gis'
Examples:

e Het SO(32)(gs) = type I(g%)
For the perturbative states, a string corresponds to a D1-string.
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g <<1

Figure 8: Duality

The non-perturbative states are more difficult and not yet checked.

o . . . . Het _ I 1
The supergravities coincide, i.e. L300, oravity(9s) = Lsupergravity (52)-

o Het(RY x T4) = ITARYS x K3)

A closely related duality between two theories A and B is the case, if
the string coupling is mapped to another geometric quantity: g4 < Rp
and R4 < gp.

Examples:

o ITARY x CY3) = Het(RY® x K3)
o I(RY x K3) = Het(R'"? x K3)

. U-duality:

In this case, the strong coupling limit is determined by the same theory
(self duality).

Examples:

e IIB in RYY
One can complexify the coupling constant 7 = [ +ie~?, where [ is
the RR scalar, ¢ corresponds to the dilaton and e‘d’]backgmund =
gis. SL(2,Z) acts on 7 via T — Z:j_’g, a,be,d € Z, ad — bc =
1. 7 — —% is the strong-weak coupling symmetry and implies
e~? — e?. One only has to look at a fundamental domain of pos-
sible values of 7, as the other ones are mapped into this domain

by SL(2,Z).

e Het/T® also has SL(2,7Z).

. M-theory:

Here, the strong coupling region is mapped to a new, different theory
(not a string theory). Witten called this theory M-theory.

Examples:
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o IJTAin RY:
1T A supergravity in D = 10 can be obtained from D = 11 super-
2
gravity by compactification on S', where Ry; ~ g4- This means
limg, oo [TA — 11D—theory.
For the Kaluza-Klein states holds:

me~ — ~ —
2
Ry 3

1 1 {ooforgA—>O
9a

0 for g4 — o0

Therefore one can view them as non-perturbative states. These
are BPS-states and can be identified with D — O-particles. Since
there is no string theory with D = 11 this theory must be some-
thing new: M-theory
Other strong coupling limits:

— M/I « Het Eg x Eg

— M/K3 « Het/T?

— M/(T®)Z) « IIB/K3

— M/CY3 « Het/(K3 x S')

One therefore gets the following picture:

SO(32) heterotic

Figure 9: M-theory

Altogether, one can also draw these dualities into the diagram of the
different string theories:
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Figure 10: String theories and dualities
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