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We discuss compactifications on generalized geometries and their role as mirror configurations of compact-
ifications with background fluxes.
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1 Introduction

Perturbative string theory is a theory where the fundamental building blocks are not point-like objects
but one-dimensional extended strings. Unfortunately our current understanding of string theory is rather
incomplete and necessitates, for example, the specification of a space-time background the strings are
moving in. In order to make contact with Particle Physics one chooses a space-time background of the form

My x Ys (D

where M, is a four-dimensional (d = 4) infinitely extended Minkowski space while Yy is a compact
Riemannian manifold. It turns out that the geometrical and topological properties of Y; are directly related
to physical quantities in an effective description in the physical space-time M, [1,2]. For example, the
amount of supersymmetry is related to the number of globally defined spinors on Yg. This notion in turn
leads to a number of further geometrical properties of Yg all of which turn out to be related to properties of
supersymmetric field theories. This close relationship between geometry and supersymmetry has led to a
fruitful interplay for many years.

Currently some of the most promising scenarios for new physics in the TeV region are N = 1 su-
persymmetric extension of the Standard Model. Compatibility with the experimental data requires the
supersymmetry to appear in its spontaneously broken phase. In string theory this is traditionally arranged
by choosing Ys to be a Calabi-Yau threefold and then employ non-perturbative effects to spontaneously
break the supersymmetry.

In recent years an alternative setup has been proposed where the Standard Model or its generalization
lives on a stack of space-time filling D-branes in a type II bulk [2-5]. Such ‘Brane World Scenarios’ in
turn require to replace the product space-time (1) by a warped product and Yg by an appropriate orientifold
thereof [S]. The N = 1 supersymmetry can then be spontaneously broken either by additionally turning on
background fluxes or choosing a manifold Yg with torsion.

In this talk we do not review the construction and features of Brane World Scenarios and refer the
reader to [5] for a recent review. Here we focus on one particular aspect of these scenarios where Y is not
a Calabi-Yau manifold but instead a ‘manifold with SU(3) structure’. These manifolds admit a globally
defined spinor which however is not necessarily covariantly constant as it is for Calabi-Yau manifolds. A
particular subclass of these manifolds — so called ‘half-flat manifolds’ — have been proposed as the mirror
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of Calabi-Yau compactification with non-trivial background fluxes turned on [6]. The purpose of this talk
is to review the issue of mirror symmetry in such compactification and the computation of the low energy
effective action following [6,7].

In order to set the stage we start by briefly recalling Calabi-Yau compactifications of type II string
theories in Sect. 2. In Sect. 3 we consider turning on non-trivial background fluxes and discuss the issue of
mirror symmetry. In Sect. 4 we discuss compactifications on manifolds with SU (3) structure and revisit the
question of mirror symmetry. In particular we outline the computation of the resulting low energy effective
theory. We conclude in Sect. 5.

2 Calabi-Yau compactification of type II string theory

In order to set the stage let us start by recalling the massless spectrum of type II string theoriesind = 10[1,2].
This string theory comes in two versions called type IIA and type IIB. Both theories share the same Neveu-
Schwarz (NS) sector which contains the metric G, an antisymmetric tensor By with a three-form field
strength H3 = dB; and the dilaton ®. They differ in the Ramond-Ramond (RR) sector where type IIA
has a one-form C; with a two-form field strength F» = dC and a three-form C3 with a four-form field
strength Fy = dC3. Type IIB features instead a second scalar /, a second two-form Cy with a three-form
field strength F5 = dC' and a four-form Cy with a five-form field strength F¥ = dCy which is self-dual.
The fermions arise in the Neveu-Schwarz-Ramond sector (NSR) where one finds two gravitinos \II}L’IQ and
two dilatinos A\12. In type IIA they have opposite chirality while in IIB they have the same chirality. Both
theories have 32 real supercharges corresponding to N = 2ind = 10 or N = 8 in d = 4. We summarize
the d = 10 massless spectrum in Table 1.

Table 1 Massless type II spectrum in d = 10.

ITA 1IB
NS: Gun, H3 =dBs, @
RR: | Fy =dCy, Fy =dCs | I, F3 = dCy, FY =dCy
NSR: U7, A2 Ty, A2

The next step is to consider type II strings moving in a background (1) with Yy being a Calabi-Yau
threefold. Such background break 3/4 of the supercharges and thus lead to N = 2 supersymmetry in d = 4.
Let us review a few facts about this class of compactifications.

2.1 Calabi-Yau threefolds

When one considers strings propagating in the space-time background (1) the ten-dimensional Lorentz
group Spin(1,9) decomposes into

Spin(1,9) — Spin(1,3) x Spin(6) . 2)

There is an associated decomposition of the spinor representation 16 € Spin(1,9) according to 16 —
(2,4) ®(2,4). In order to achieve the minimal amount of supersymmetry one chooses Y to have a reduced
structure group SU(3) C Spin(6). This implies a further decomposition of the 4 € Spin(6) under the
SU(3) as 4 — 3 @ 1. Manifolds with a reduced structure group SU(3) admit an invariant spinor 7 (the
singlet 1) which is nowhere vanishing and globally well defined. Such manifolds are termed ‘manifolds with
SU (3) structure’ in the mathematical literature [8—11]. In Sect. 4 we will learn more about these manifolds
but for now we impose the additional constraint that this spinor 7 is also covariantly constant with respect
to the Levi-Civita connection. Geometrically this says that the holonomy of Yg is SU(3).
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From 7 one can build two globally defined tensors: a two-form .JJ and a complex three-form 2

Ly Ui:i§=] .oy = e gl amnry o

anp 3
5 , 3)

7
2
where 7+ denotes the two chiralities of the spinor. They are normalized as (nlni = %) and y™1 " =
ylmiyma - Ampl are anti-symmetrized products of six-dimensional v-matrices. Using appropriate Fierz
identities one shows that with this normalization for the spinors .J and (2 are not independent but satisfy
37
4
Furthermore, lowering one index of the two-form J with the metric results in a complex structure J since
it satisfies 72 = —1 and the associated Nijenhuis-tensor vanishes. For a fixed metric and fixed complex
structure J is a closed (1,1)-form while 2 is a closed (3,0)-form. Thus Ys is a Kihler manifold with
holonomy SU(3) or in other words it is a Calabi-Yau manifold [1] which we denote as Y.

It turns out that the massless modes of the compactified d = 4 theory are in one-to-one correspondence
with the harmonic forms on Y which in turn are in one-to-one correspondence with elements of the Dolbeault
cohomology groups H #9) (Y) [1]. Here (p, q) denotes the number of holomorphic and anti-holomorphic
differentials of the harmonic forms. The dimensions of H (7»%)(Y") are called Hodge numbers and are denoted
as h??1 = dimHP4(Y"). They are conventionally arranged in a Hodge diamond which on a Calabi-Yau
threefold simplifies as follows

JANIANT==QAQ, JAQ=0. 4

h(0.0) 1
h(1,0) h(0,1) 0 0
h(2,0) h(L,1) h(0,2) 0 R(1,1) 0
h(3,0) h(21) h(1,2) R(O03) = 1 h(1,2) h(1,2) 1. (5)
K31 h(2,2) h(1,3) 0 (L1 0
h(3:2) h(23) 0 0
h(3:3) 1

Or in other words the h(P9) satisfy

K10 — p(01) — £(2,0) — p(0,2) — ,,3:1) — p(1,3) — j,3:2) — (2:3) — , (6)

h(0,0) — h(3,()) h(O,S) — h(3,3) -1 , h(2,1) — h(1,2) , h(l,l) h(2,2) .

We see that (™) and h(*?) are the only non-trivial, i.e. arbitrary Hodge numbers on a Calabi- Yau threefold.

2.2 The moduli space of Calabi-Yau threefolds

Deformations of the Calabi-Yau metric which preserve the Calabi-Yau condition mathematically define
moduli parameters of the metric. After a Kaluza-Klein reduction they correspond to gauge neutral scalar
fields in the low energy effective action which are flat direction of the effective potential. It turns out that for
Calabi-Yau threefolds these moduli are in one-to-one correspondence with the harmonic (1, 1)- and (1, 2)-
forms [1]. The (1, 1)-forms correspond to deformations of the complexified Kéhler-form J, = B+4.J where
B is the NS two-form of type II string theories. Choosing a basis of harmonic (1, 1)-forms w, € HD(Y)
J. can be expanded as

JC:J+iB:tawaa ail,...,h(l’l), (7)

where ¢t are the complex moduli parameters.

The harmonic (1, 2)-forms correspond to deformations of the complex structure or equivalently defor-
mations of the three-form (2. It is convenient to choose a real symplectic basis of harmonic three-forms
(ax, B*) € H3(Y') which is independent of the complex structure and obeys

/aK/\ﬁLzélL(, /aKAaL:O:/ﬁKAﬁL, K,L=0,...,hA0% 8)
Y Y Y
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In terms of this basis {2 can be expanded as
Q2) = 2% (2) ax — FL(2) B, ©)
where ZX () and F(z) are holomorphic functions of the 412 complex moduli 2*. Furthermore

0 OF

fL_a?a (10)

where the holomorphic prepotential F*? is a homogeneous function of Z% of degree two. Therefore one
can choose ‘special’ coordinates where

FE=(Z°? 2%,  F= z (11)
b ZO bl

with f(z*) being an arbitrary holomorphic function of the complex structure deformations z*. {2 is only
defined up to complex rescalings which can be used to choose Z° = 1.

The ¢* and z* can be viewed as the coordinates of what is called the geometrical moduli space M of the
Calabi- Yau manifolds [12, 13]. It is locally is a direct product

M =M x MY (12)

where Mg‘l‘” is the h(1?)-dimensional component spanned by the complex structure deformations z*

while M}}(l’l) is the ("1 -dimensional component spanned by the Kihler deformations ¢. The metric on
M}g;lvz) is a special Kihler metric with a Kéhler potential given by [13]

gur = 0101 Ko | KQ:fln[fi/Q/\Q} :flni{ZKfIS}fZKf[% . (13)
Y

Manifolds with a Kéhler metric whose Kiahler potential is in this way entirely determined by a holomorphic
prepotential F are termed special Kihler manifolds [14-17].

./\/l?(l’l) spanned by the coordinates t* also is a special Kidhler manifold with a Kéhler potential and
prepotential f7(t) given by [12]

K;=— m/ JNINT,  fI(t) = Kapet"thte (14)
Y

where Kupe = f wq A\ wp A w, are topological intersection numbers.

The fact that f7(¢) is a cubic polynomial only holds in the large volume limit. In general world-sheet
instanton effects correct the prepotential by terms of the form O(e™*). These terms can be computed using
mirror symmetry, a property of Calabi-Yau manifolds we turn to now.

2.3 Mirror symmetry

The status of mirror symmetry is somewhat murky [18]. Originally it was conjectured that for every Calabi-
Yau Y there exists a mirror manifold Y with reversed Hodge numbers, i.e.

ALY Y)Y =hb2(Y),  RMA(Y) =hAbLY(Y). (15)
In terms of the Hodge diamond (5) this corresponds to a reflection along the diagonal or in other words the

third cohomology H®) = H®:0) ¢ D ¢ H(1,2) ¢ H(03) s interchanged with the even cohomologies
H(even) _ H(0,0) D H(l,l) ey H(1,2) D H(S,S)_
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Furthermore, the respective (complexified) moduli spaces given in (12) are conjectured to be identical
for a mirror pair of Calabi-Yau manifolds

R(1:2) B2 5

My W) =M @) METT ) = MET ), (16)
or equivalently
) =), ) =roy). (17)

Mirror symmetry has been rigorously established on a subspace of Calabi-Yau manifolds [19] but has
not been proven in general. In fact so called rigid Calabi- Yau manifolds which have h(1:2) = (0 cannot have
a Calabi-Yau mirror since the Kihler-form J always exists on Y and thus A(""") > 0 always holds. The
believe is that one has to enlarge the space of manifolds mirror symmetry acts on in order to fully establish
the symmetry [20].

Even though mirror symmetry is not yet proven it has been an extremely useful concept in order to
compute the holomorphic prepotential of the effective action. For example the instanton corrections to the
cubic prepotential f7 of the Kihler moduli (14) have been determined using mirror symmetry [21].

In type II string theory mirror symmetry manifests itself by the equivalence of the two different type II
string theories in mirror symmetric background or in other words the following equivalence holds

ITA in background My x Y = 1IB in background M, x Y. (18)

Therefore one can focus the attention on one of the two string theories and infer couplings of the other
one by mirror symmetry. However, depending on the precise question it might be easier to perform the
computation either in type IIA or in type IIB.

2.4 The low energy effective action

For both type ITA and type IIB the low energy effective action is a N = 2 supergravity coupling the
gravitational multiplet to vector-, tensor- and hypermultiplets. For massless tensor fields (which is the case
in Calabi-Yau compactifications) one can dualize the tensor to a scalar and express the action in terms of
vector- and hypermultiplets only. An N = 2 vector multiplet contains a one-form V' and a complex scalar
¢ as bosonic components. A hypermultiplet instead features four real scalars ¢**. The most general action
for these multiplets coupled to N = 2 supergravity reads [14,22,23]

1 1 - 1 _
S = /_5}3 #1+ ReMicr (6, 6) FEAFY 4+ 1ImMicr(6,9) FX A xFE

—gui(6, @) dp* A #dd — hap(q) dg? A xdq® (19)

where FX = dVE K = 0,...,ny is the field strength of the vectors V¥, k = 1, ..., ny in the vector mul-
tiplets together with the graviphoton denoted by V0. M(, ¢) are ¢-dependent gauge couplings functions
which can be expressed in terms of the holomorphic prepotential F(¢) (see [23] for an explicit formula).

N = 2 supersymmetry constrains the metric g,; for the scalars ¢* to be a special Kéhler metric [14].
The metric h op of the 4n g scalars in the hypermultiplets is constrained to be quaternionic [22]. Thus the
N = 2 moduli space has the form

M= MYy x M5, , (20)

where MgH is the quaternionic component spanned by the scalars in the hypermultiplet while Mg}, is the
special Kédhler component spanned by the scalars in the vector multiplet.

For Calabi-Yau compactifications of type II theories the geometrical moduli space discussed in Sect. 2.2
is a subspace of the N = 2 moduli space. Explicitly one finds for the two cases

X o R Rh(1:2)
MA: M =M M > MY
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. ny __ (12 ny KD

We see that the geometrical moduli space of Calabi-Yau threefolds has to be the product of two special
Kéhler manifolds in order to be consistent with N = 2 supergravity combined with mirror symmetry. The
quaternionic component on the other hand is not the most general manifold allowed by N = 2 in that for
Calabi- Yau compactification they have a special Kéhler submanifold. This class of quaternionic manifolds
have been termed ‘dual quaternionic manifold’ [24]. Exactly as special Kidhler manifolds they are entirely
characterized by a holomorphic prepotential f. The additional scalars in M arise from a Kaluza-Klein
reduction of the gauge potentials in the RR-sector and the explicit form of h 4 can be found in [25].

3 Background fluxes

3.1 General discussion

If localized sources such as D-branes are present it is possible to turn on background fluxes on the Calabi-
Yau manifold [5,26,27]. Generically background fluxes ey arise from integrating a p-form field strength F,
over a set of p-cycles ;) inY

/ F, =e #0. 21)
1 EY

In order to keep the Bianchi identity and the equation of motion intact one insists that dF), = 0 = d'F,
holds. This implies that the background fluxes e have to be constants. Equivalently one can expand F}, in
terms of harmonic forms wf, with constant coefficients e

F, = eqw), wy€ H(Y), (22)

such that the wé are dual to the cycle ’yé .

Due to a Dirac quantization condition the ey are quantized in string theory [26]. However in the low
energy/large volume approximation we are considering here they appear as continuous parameters which
deform the low energy supergravity. If one keeps the e; as small perturbations the light spectrum does not
change. Instead the low energy supergravity turns into a gauged or massive supergravity where the fluxes
ey appear as additional gauge couplings or as mass parameters. As a consequence a potential is generated
which at least partially lifts the vacuum degeneracy of string theory. Furthermore at the minimum of this
potential supersymmetry is generically spontaneously broken.

3.2 Fluxes in type IIB

Let us be slightly more specific and consider background fluxes in IIB compactifications. In this case one
can turn on three-form flux for G3 = F3 — 7H3 where 7 = [ + ie~?. Expanded into the symplectic basis
one has

Gy = m"(r) ax + ex(r) 8%, (23)
where
er(r) = ER — 7l mE(r) = mBRRE _ 7 NSE (24)

Altogether these are 2(h(":?) + 1) RR-flux parameters and 2(h(":?) + 1) NS-flux parameters.
The electric fluxes gauge a translational isometry of the quaternionic manifold M in that the ordinary
derivatives are replaced by covariant derivatives [28-30]

('9#q1’2 N D#qm _ 3#q1’2 + CII\I(&RRA;IL{ . 25)
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Here ¢%2 denote the dual scalars of the two space-time two-forms By and C5 which are scalar fields in the
hypermultiplets. For the magnetic fluxes the situation is slightly more involved in that By and Cs become
massive with m being related to the mass parameters [30,31]. In both cases the induced scalar potential
reads [32,33]

V(z,7) = —(—M-m)g(ImM) (e — M -m) , (26)

where M (z, Z) is the matrix of gauge couplings appearing in (19). In terms of Calabi-Yau data the potential
V(z,7) depends on the quantity [32,34]

wz/mag. @7)
Y

3.3 Fluxes in IIA and mirror symmetry

In type IIA compactified on the mirror Calabi-Yau Y one can turn on the RR-fluxes [30,35]

Fy, = -y, Fy = eRRge (28)
and the NS-fluxes

Hs = mNKap — 8 gk | (29)

Two additional RR-flux arises from the dual of the four-dimensional space-time three-form C's and from the
mass parameter of the ten-dimensional massive IIA supergravity [36]. Thus altogether we have 2(h(11) + 1)
RR-fluxes and 2(h(:?) + 1) NS-fluxes in type IIA.

An interesting question is the fate of mirror symmetry in the presence of fluxes. Just by counting the
flux-parameters we immediately see that in the RR-sector the numbers nicely match. In this case one also
finds perfect agreement of the corresponding effective actions S' if one identifies the fluxes. Or in other
words one finds [30]

SHB (Y, eRR7 mRR) = SHA(?7 'éRR7 ,’;hRR) , (30)

if one identifies R = gRR mRR — j7RR

However, for NS-fluxes the situation is considerably more complicated. In this case there is no obvious
mirror symmetry since in both theories the three-form Hs is expanded in terms of the third cohomology
H®) and thus 2(h™"Y 4 1) flux parameters are missing on both sides. Since we are in the NS-sector
these missing fluxes can only come from the internal metric or in other words must arise from geometrical
quantities. Technically one needs a NS two-form and a NS four-form which complexify the RR-fluxes (28)
and which then could map to the fluxes of the complex type IIB three-form G5 (23) under mirror symmetry.
It has been suggested in [37] to compactify on a ‘non-Calabi-Yau’ manifold Y5 where an NS-four-form
arises from the non-integrability of the complex structure. This proposal was made more concrete in ref. [6]
where Yg was identified as a ‘half-flat manifold’ considered before in the mathematical literature [11,38].

Therefore we discuss such manifold in the next section.

4 Compactifications on manifolds with SU (3)-structure

4.1 Mathematical properties

In the study of space-time backgrounds of the form (1) one needs to distinguish two conditions. First of
all for phenomenological reasons one is interested to choose Ys in such a way that the effective four-
dimensional theory has the minimal amount of supersymmetry. Therefore, as reviewed in Sect. 2.1, one
needs to demand that Y admits a globally defined spinor 7 or equivalently one needs to choose Y to be
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a manifold with SU(3) structure. If one further insists that this supersymmetry is unbroken an additional
condition has to be imposed. Since all spinorial quantities vanish in a ground state which preserves four-
dimensional Poincaré invariance, one has to examine the supersymmetry transformation of the spinors
(which are bosonic quantities) and in particular the supersymmetry transformation of the gravitino Wy;.
Schematically it reads

§Un =V + > (v Fun+...., M=0,...9, 31)

p

where 7 is the parameter of the supersymmetry transformations. In (31) we have written the contribution of all
p-form field strength appropriately contracted with (anti-symmetrized) products of y-matrices symbolically
as (y - F,) pr. For the argument here the precise form of these terms is irrelevant but they can be found for
example in [7,39]. What we see immediately from (31) is that if all background fluxes vanish unbroken
supersymmetry requires the existence of a covariantly constant spinor 7 or in other words demands that Yg
is a Calabi-Yau manifold. If on the other hand the background fluxes are non-zero one has two choices.
Either one still insists on keeping some fraction of the supercharges unbroken. This requires V;n # 0 or
in other words the geometry back-reacts to the presence of the fluxes. If one does not require the existence
of unbroken supercharges the fluxes and/or V ;7 can be non-zero without an exact cancellation and as a
consequence supersymmetry is broken spontaneously. In this section we do not specify which case occurs
but consider the generic situation that 7 exists but is not covariantly constant V ;7 # 0. This situation has
first been studied in refs. [40,41] while the more recent developments are reviewed in [5] where also a more
complete list of references can be found.

In general manifolds which admit a G-invariant tensor or spinor are called ‘manifolds with G-structure’
in the mathematical literature [8—11]." Even though generically V7 # 0 for the Levi-Civita connection one
can show that there always is a different connection with torsion which satisfies V(77 = 0.

Once an invariant spinor 7 exists one can use it to define a two-form .J and a three-form €2 in exact analogy
with the construction reviewed in Sect. 2.1 and explicitly given in egs. (3) and (4). This construction never
used the fact that 7 is covariantly constant and therefore it goes through as long as 7 is well defined.
However, in general the associated tensor J is merely an almost complex structure in that it continues to
satisfy 72 = —1 but the associated Nijenhuis-tensor no longer vanishes. Similarly both .J and € are no
longer closed precisely due to the presence of torsion.

One decomposes dJ and df) according to their SU(3) representation and in this way defines five irre-
ducible torsion classes W, ,a = 1,...,5 [11]. More precisely one has

3, o
dJ = S (Wi = WiQ) + Wa A J + W,
AQ=W1 JANJ+WoeAJ+W5AQ, (32)

where W7 is a zero-form (1 @ 1), Wy, W are one-forms (3 ® 3), W is a two-form (8 @ 8) and finally W5
is a three-form (6 @ 6) where in brackets we give their SU(3) representation. As a consequence of (4) the
W, further satisfy

WasANJ = WaAQ = WaoAJANJ = 0. (33)

We summarize the torsion classes in Table 2.

Generically manifolds with SU (3) structure are neither complex, nor Kéhler, nor Ricci-flat. Only for a
particular choice of the torsion where some of the W, vanish one has manifolds with additional properties.
For example Calabi-Yau manifolds are manifolds of SU(3) structure where all five torsion classes vanish
W, =0.

! This notion was first introduced in a physics context in [42].
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Table 2 SU(3) torsion classes.

component interpretation SU (3)-representation
Wh JANAQ or QAdT 191
W (d)5” 88
Wi (dI)gt + (dJ)y? 606
Wy JANdJ 333
Wy ot 303

4.2 Half-flat manifolds as mirrors of electric NS 3-form flux

Let us now return to the question of mirror symmetry for Calabi-Yau compactifications with NS three-form
flux. In Sect. 3.3 we argued that the mirror symmetric compactification has to feature a different geometrical
manifold and in the previous section we identified manifolds with SU (3) structure as promising candidates.

In [6] we proposed that the mirror of the electric fluxes defined in (23) are found among the manifolds
termed ‘half-flat manifolds’ [11,38]. These are manifolds within the class of SU(3) structure manifolds
discussed in the previous section which in addition satisfy

W4 = W5 = IHlWl = IIHWQ =0 s (34)
or equivalently
d(ImQ) = 0 = d(JAJ). (35)

In this case the ‘missing’ NS 4-form is F)¥° ~ dRe(2 which when expanded in a basis of (2,2) forms
provides for the mirror of the electric fluxes

Fy ~ d(ReQ) = elygwh . (36)

This proposal is supported by the following facts. First of all one can take a limit in moduli space — called
the SYZ limit — where a Calabi-Yau can be viewed as a T fibration over some base manifold B [43]. In
this limit mirror symmetry corresponds to 7'-duality of the 73 which can be performed explicitly using the
Buscher rules [44]. Starting from type IIB with electric fluxes one indeed derives a geometry satisfying (35)
with no H-flux turned on [6].

A second check can be performed by matching the type IIB N = 1 BPS-domain-wall solution of [45]
with the type IIA solution of the half-flat geometry [38,46]. Finally one can compute the low energy effective
action for type IIA compactified on Y [6,7] and compare it to its type [IB mirror action. This computation
is the topic of the next section.

Before we continue let us note that the mirror geometry of magnetic fluxes is not yet clear. In ref. [7]
we conjectured that is arises from an even more generalized class of manifolds called ‘manifolds with
SU(3) x SU(3) structure’. However it is also possible that one needs to further enlarge the concept of
compactifications and also allow for the possibility of non-commutative or other non-geometrical structures
[47-50].

Finally, we have identified half-flat manifolds a possible mirror compactifications of Calabi- Yau compact-
ifications with background fluxes and the torsion as the geometrical equivalent of the fluxes. Two questions
immediately come to mind: What is the role played by compactifications on manifolds with SU (3) structure
which are not half-flat and what is the low-energy/supergravity meaning of the torsion. Both questions we
address (and answer) in the next section.
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4.3 Low energy effective action for compactifications on manifolds with SU(3) structure

In order to compute the low energy effective action for compactifications on manifolds with SU(3) structure
one needs to perform a Kaluza-Klein reduction in a space-time background (1) where Y; is not a Calabi- Yau
manifold but instead a manifold with SU(3) structure. The subtlety is that in order to make sense of this
reduction one has to keep the light modes and integrates out the heavy ones. This is straightforward for a
Calabi-Yau compactification where only the massless modes corresponding to harmonic forms on Y are
kept. However, backgrounds with a generic Y do not necessarily have a flat Minkowskian ground state
and the distinction between heavy and light is not straightforward. Guided by mirror symmetry the Kaluza-
Klein expansion was performed in [6] in terms of the same basis of forms as in the mirror Calabi-Yau.
This ensured the same light spectrum but, as a consequence of (32), this basis also contains non-harmonic
forms corresponding to the modes which become massive. The deviation from being harmonic is precisely
measured by the torsion which thus plays the ‘mirror role’ of the fluxes.

In [7] aslightly different approach inspired by [51] was pursued. Without any Kaluza-Klein reduction one
first rewrites the ten-dimensional theory in a space-time background of the form (1) with Y being a manifold
with SU(3) structure. This breaks the Lorentz group to Spin(1,3) x SU(3) and one can decompose all
ten-dimensional fields given in Table 1 group theoretically. For simplicity we insisted that only the two
gravitinos in the gravitational multiplet survive this decomposition. One way to ensure this is to truncate
away all 3 + 3 representations of SU(3) or equivalently all one-forms of Y. This in turn constrains the
class of manifolds under consideration since it implies

Wi=Ws=0 < d(JAJ) =0, do®Y = 0. (37

Note that this class of manifolds is more general than half-flat manifolds discussed in the previous section
since there is no condition on W 5 or equivalently d(Im€2) # 0.

After decomposing the ten-dimensional fields given in Table 1 under the Lorentz group Spin(1,3) X
SU (3) they can be arranged in N = 2 multiplets of Spin(1, 3). For concreteness we give the results of this
decomposition for type ITA in Table 3. The indices p, v = 0, . . ., 3 indicate the representation of Spin(1, 3)
while m,n,p = 1,...,6 label the vector representation of SO(6) D SU(3). Let us stress that all fields
still do depend on all ten space-time coordinates and no Kaluza-Klein reduction has been performed yet.

Table 3 SU(3) decomposition of type IIA.

multiplet SU(3) rep. field content
gravity multiplet 1 (s Cruy p)
tensor multiplet 1 (Buw, @, Crinp, A)

vector multiplets 8+1 (Cunps 9mn> Bmn, ¥m)

hypermultiplets 6 (gmna Orrmp7 ¢’m)

Inserting this decomposition into ten-dimensional action of the NS sector results in

1
Sng = /dlox g€—2<1> [R+4(8‘I>)2 _ 12]{2]
1 —_46@® N
= /dlox 9(4) |:R(4) o 28M¢(4)8H¢(4) - Ee ! HMVPHI ’
1
B zgmpgnq(augmngﬂgpq + 0y Bn0" Bpg) + .- } ’
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where we defined
1
gffy) = 672q>4gw ) W = — 1 Indet gy, - (38)

The terms omitted in (38) correspond to terms without any derivative 9, or in other words in (38) we only
kept terms corresponding to kinetic terms from a four-dimensional point of view. The last term in (38) can
be interpreted as the metric on the space M of metric/ B-field deformations. It is shown in [7,52] that M
is product of two special geometries

M= /\/lJ X MQ (39)
with Kihler potentials
e K= JANTNT, e Ke=QnAQ. (40)

Let us stress one more time that this is derived without any truncation but instead contains an infinite number
of modes — the entire Kaluza-Klein tower. Nevertheless this ten-dimensional theory strongly resembles a
four-dimensional N = 2 theory in that it has a product of special geometries governing the kinetic terms.
Furthermore the form of the Kihler potential coincides with the form of the Kéhler potential for Calabi-Yau
threefolds given in (13) and (14). The reason being that the computation of the metric on M exactly parallels
the Calabi-Yau computation [12,13] since the derivatives 0,,, along Yy can never enter. Therefore the torsion
components d.J and df2 do not appear.

Similarly one can compute the scalar potential in this approach. It turns out that it is easiest to first
compute the Killing prepotential from the supersymmetry transformations of the gravitinos and then use
the N = 2 formula which expresses the scalar potential in terms of the Killing prepotential [23]. The
supersymmetry transformation of the ten-dimensional gravitinos can also be written in a form resembling
the d = 4, N = 2 form. It reads [23]

6Ya, = Duea+iv,Sape® +..., A B=1,2, (41)
where

Sap = %e%vangﬁ, (42)

The vector P is called the Killing prepotential. Starting from the ten-dimensional gravitino transformation
and inserting the decomposition of Table 3 one finds for IIA

P'+iP? = e3Ret®® ot ngq) PP = 2V [ele ARy, 43)
where Fy = ) & 21 1s the sum of the RR-forms. For type IIB one obtains
P' +iP? = 35t g nde] . PP =V [QAFp], (44)

with Fg = > i For41. As expected the fluxes and torsion enter in that P depends on F', dJ and df). For

Calabi-Yau threefolds without fluxes one thus has P = 0.
We see that (43) and (44) are mirror symmetric under the exchange

e Q, Fae Fg, (45)

as long as d(J. A J.) = 0. This latter condition expresses the fact that one obtains only an ‘electric mirror
symmetry’. In order to see a ‘magnetic mirror symmetry’ it is necessary to consider a yet more general class
of compactifications.
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The next step is to perform the Kaluza-Klein reduction or in other words truncate the infinite-dimensional
space of modes to a finite subspace. The idea is to truncate in such a way that all the N = 2 structures are
preserved. Or in other words we insist on a special Kéhler geometry on this subspace and demand that K
and P descend to the subspace. This in turn requires that the space of even/odd forms is non-degenerate.
(The precise condition is given in [7].) On this subspace one then has

o= [aning, eRe— [ ana (46)
Y6 Yt’)‘
and
P! 4+ipP* = e%K”Jrq)M)/ [ef']” AdQ), PP = 62¢(4)/ [e77e A F4], (47)
Ys Ye
for type IIA and
P! 4iP? = ez Kote / [QAnde ], P?=¢®" / [QAFg], (48)
Ys Ys
for type IIB.

5 Conclusions

Let us conclude by briefly summarizing our results and by stating some of the open questions. We argued
that manifolds with SU(3) structure enlarge the space of supersymmetric compactifications. A particular
subclass of such manifolds called half-flat manifolds are mirror symmetric to compactification of Calabi-
Yau compactifications with electric NS three-form flux. However mirror symmetry acts more generally on
the entire space of manifolds with SU(3) structure with mirror symmetry for Calabi-Yau manifolds being
only a subset.

The computation of the effective action for these generalized compactifications is not entirely straight-
forward. We argued that one way to proceed is a reorganization of the ten-dimensional supergravity which
makes the N = 2 couplings manifest. In particular on the infinite-dimensional space of metric deforma-
tions a special Kéhler geometry does appear. Truncating to a (non-degenerate) finite subspace results in
a four-dimensional N = 2 effective action with a Kahler potential which takes exactly the same form as
in Calabi-Yau compactifications. The reason is that it only depends on the existence of a globally defined
spinor but not on its derivatives. Instead the derivatives — which are related to the intrinsic torsion — appear
in the Killing prepotential or equivalently in the scalar potential.

One of the main open issues is the extension of mirror symmetry to also include magnetic NS-fluxes.
This requires a further enlargement of the class on backgrounds. Manifolds with SU(3) x SU(3) structure
and/or non-geometric background have already been advocated [7,47-50].

A second interesting open question is the precise mathematical definition of the deformation or moduli
space of manifolds with SU(3) structure. Mirror symmetry suggests that this moduli space is closely related
to Calabi-Yau moduli space. Such a relation has already been suggested in [53].

Acknowledgements I felt very honored to present this work at the celebration of the 70th birthday of Julius Wess.
I first met Julius in 1984 when I joined his institute at the University of Karlsruhe to do my Diploma-thesis. Here I
learned supersymmetry and supergravity which strongly influenced my entire scientific career. From 1993 to 1996 I
worked again in his institute this time at the University of Munich. Here I completed my Habilitation. I would like to
take this opportunity to thank Julius for his continuous support throughout all these years. I would not be where I am
today without him.

I also would like to thank Julius for getting involved in German science politics. In particular he helped rebuilding
the universities in former East Germany. Me and many of my colleagues benefitted from his engagement for many
years.

www.fp-journal.org © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



158

J. Louis: Compactifications on generalized geometries

This talk is based on joint work with Mariana Grafia, Sebastien Gurrieri, Andrei Micu and Daniel Waldram and 1

would like to thank them for a very enjoyable and fruitful collaboration.

(1]

(2]
(3]
(4]

(5]

(6]
(7]
(8]

[9]
[10]

[11]

[12]
[13]
[14]

[15]
[16]
[17]
[18]

[19]

[20]
[21]
(22]
(23]

[24]
[25]
[26]
(27]
(28]

References

M. B. Green, J.H. Schwarz, and E. Witten, Superstring Theory, Vol. 1& 2, (Cambridge University Press, Cam-
bridge, 1987).

J. Polchinski, String Theory, Vol. 1& 2, (Cambridge University Press, Cambridge, 1998).

J. Polchinski, Phys. Rev. Lett. 75, 4724 (1995) [arXiv:hep-th/9510017].

For a review see, for example, E. Kiritsis, Fortschr. Phys. 52, 200 (2004) [arXiv:hep-th/0310001].

A.M. Uranga, Class. Quantum Gravity 20, S373 (2003) [arXiv:hep-th/0301032].

D. Liist, Class. Quantum Gravity 21, S1399 (2004) [arXiv:hep-th/0401156].

L.E. Ibafiez, The fluxed MSSM, arXiv:hep-ph/0408064.

R. Blumenhagen, Recent progress in intersecting D-brane models, arXiv:hep-th/0412025.

R. Blumenhagen, M. Cvetic, P. Langacker, and G. Shiu, Toward realistic intersecting D-brane models, arXiv:hep-
th/0502005, and references therein.

For a recent review see M. Graila, Flux compactifications in string theory: A comprehensive review, arXiv:hep-
th/0509003, and references therein.

S. Gurrieri, J. Louis, A. Micu, and D. Waldram, Nucl. Phys. B 654, 61 (2003) [arXiv:hep-th/0211102].

M. Grana, J. Louis, and D. Waldram, Hitchin functionals in N = 2 supergravity, arXiv:hep-th/0505264.

S. Salamon, Riemannian Geometry and Holonomy Groups, Vol. 201 (Pitman Research Notes in Mathematics,
Longman, Harlow, 1989).

D. Joyce, Compact Manifolds with Special Holonomy, (Oxford University Press, Oxford, 2000).

S. Salamon, Almost Parallel Structures, in: Global Differential Geometry: The Mathematical Legacy of Alfred
Gray (Bilbao, 2000, pp. 162), [arXiv:math.DG/0107146].

S. Chiossi and S. Salamon, The intrinsic torsion of SU(3) and G2 structures, in: Differential Geometry, Valencia
2001, (World Sci. Publishing, 2002, pp 115-133), [arXiv:math.DG/0202282].

A. Strominger, Phys. Rev. Lett. 55, 2547 (1985).

P. Candelas and X. delaOssa, Nucl. Phys. B 355, 455 (1991).

B. de Wit and A. Van Proeyen, Nucl. Phys. B 245, 89 (1984).

B. deWit, P.G. Lauwers, and A. Van Proeyen, Nucl. Phys. B 255, 569 (1985).

A. Strominger, Commun. Math. Phys. 133, 163 (1990).

B. Craps, F. Roose, W. Troost, and A. Van Proeyen, Nucl. Phys. B 503, 565 (1997) [arXiv:hep-th/9703082].

D. S. Freed, Commun. Math. Phys. 203, 31 (1999) [arXiv:hep-th/9712042].

For a review see, for example, S. Hosono, A. Klemm, and S. Theisen, Lectures on mirror symmetry, arXiv:hep-
th/9403096.

K. Hori, S. Katz, A. Klemm, R. Pandharipande, R. Thomas, C. Vafa, R. Vakil, and E. Zaslow, Mirror symmetry
(Clay Mathematics Monographs, Vol. 1).

V.V. Batyrev, J. Alg. Geom. 3, 493 (1994);

V.V. Batyrev and L.A. Borisov, On Calabi-Yau complete intersections in toric varieties, arXiv:alg-
geom/9412017;

K. Hori and C. Vafa, Mirror symmetry, arXiv:hep-th/0002222.

S. Sethi, Nucl. Phys. B 430, 31 (1994) [arXiv:hep-th/9404186].

P. Candelas, X.C. DeLaOssa, P.S. Green, and L. Parkes, Nucl. Phys. B 359, 21 (1991).

J. Bagger and E. Witten, Nucl. Phys. B 222, 1 (1983).

For a review of N = 2 supergravity see, for example, L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’ Auria,
S. Ferrara, P. Fre, and T. Magri, J. Geom. Phys. 23, 111 (1997) [arXiv:hep-th/9605032].

S. Cecotti, S. Ferrara, and L. Girardello, Int. J. Mod. Phys. A 4, 2475 (1989).

S. Ferrara and S. Sabharwal, Class. Quantum Gravity 6, L77 (1989); Nucl. Phys. B 332, 317 (1990).

J. Polchinski and A. Strominger, Phys. Lett. B 388, 736 (1996) [arXiv:hep-th/9510227].

S.B. Giddings, S. Kachru, and J. Polchinski, Phys. Rev. D 66, 106006 (2002) [arXiv:hep-th/0105097].

J. Michelson, Nucl. Phys. B 495, 127 (1997) [arXiv:hep-th/9610151].

© 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.fp-journal.org



Fortschr. Phys. 54, No. 2-3 (2006) 159

[29]
(30]
(31]

(32]
(33]
[34]

(35]
[36]
(37]
[38]
(39]

[40]
[41]

[42]

[43]
(44]
[45]
[46]
[47]

(48]
(49]
[50]
[51]

[52]
[53]

G. Dall’ Agata, JHEP 0111, 005 (2001) [arXiv:hep-th/0107264].

J. Louis and A. Micu, Nucl. Phys. B 635, 395 (2002) [arXiv:hep-th/0202168].

G. Dall’ Agata, R. D’ Auria, L. Sommovigo, and S. Vaula, Nucl. Phys. B 682, 243 (2004) [arXiv:hep-th/0312210].
L. Sommovigo and S. Vaula, D = 4, N = 2 supergravity with Abelian electric and magnetic charge, arXiv:hep-
th/0407205.

R. D’Auria, L. Sommovigo, and S. Vaula, N = 2 supergravity Lagrangian coupled to tensor multiplets with
electric and magnetic fluxes, arXiv:hep-th/0409097.

T.R. Taylor and C. Vafa, Phys. Lett. B 474, 130 (2000) [arXiv:hep-th/9912152].

P. Mayr, Nucl. Phys. B 593, 99 (2001) [arXiv:hep-th/0003198].

S. Gukov, C. Vafa, and E. Witten, Nucl. Phys. B 584, 69 (2000) [Erratum-ibid. B 608, 477 (2001)] [arXiv:hep-
th/9906070].

S. Gukov, Nucl. Phys. B 574, 169 (2000) [arXiv:hep-th/9911011].

L.J. Romans, Phys. Lett. B 169, 374 (1986).

C. Vafa, J. Math. Phys. 42, 2798 (2001) [arXiv:hep-th/0008142].

N. Hitchin, Stable forms and special metrics, arXiv: math.DG/0107101.

E. Bergshoeff, R. Kallosh, T. Ortin, D. Roest, and A. VanProeyen, Class. Quantum Gravity 18, 3359 (2001)
[arXiv:hep-th/0103233].

A. Strominger, Nucl. Phys. B 274, 253 (1986).

M. Rocek, Modified Calabi—Yau manifolds with torsion, in: Essays on Mirror Manifolds, edited by S.T. Yau
(International Press, Hong Kong, 1992).

S.J. Gates, C. M. Hull, and M. Rocek, Nucl. Phys. B 248, 157 (1984).

J.P. Gauntlett, N. W. Kim, D. Martelli, and D. Waldram, JHEP 0111, 018, (2001) [arXiv:h hep-th/0110034].
J.P. Gauntlett, D. Martelli, S. Pakis, and D. Waldram, G-structures and wrapped NS5-branes, [arXiv:hep-
th/020505].

A. Strominger, S.T. Yau, and E. Zaslow, Nucl. Phys. B 479, 243 (1996) [arXiv:hep-th/9606040].

T. H. Buscher, Phys. Lett. B 201, 466 (1988).

K. Behrndt, G. Lopes Cardoso and D. Liist, Nucl. Phys. B 607, 391 (2001) [arXiv:hep-th/0102128].

C. Mayer and T. Mohaupt, Class. Quantum Gravity 22, 379 (2005) [arXiv:hep-th/0407198].

V. Mathai and J.M. Rosenberg, On mysteriously missing T-duals, H-flux and the T-duality group, arXiv:hep-
th/0409073; Commun. Math. Phys. 253, 705 (2004) [arXiv:hep-th/0401168].

A. Dabholkar and C. Hull, JHEP 0309, 054 (2003) [arXiv:hep-th/0210209].

C.M. Hull, A geometry for non-geometric string backgrounds, arXiv:hep-th/0406102.

R. D’Auria, S. Ferrara, M. Trigiante, and S. Vaula, Gauging the Heisenberg algebra of special quaternionic
manifolds, arXiv:hep-th/0410290, Scalar potential for the gauged Heisenberg algebra and a non-polynomial
antisymmetric tensor theory, arXiv:hep-th/0412063.

J. Shelton, W. Taylor, and B. Wecht, Nongeometric flux compactifications, arXiv:hep-th/0508133.

B. de Wit and H. Nicolai, Nucl. Phys. B 274, 363 (1986).

N. Hitchin, Generalized Calabi—Yau manifolds, arXiv: math.DG/0209099.

P. Berglund and P. Mayr, Non-Perturbative Superpotentials in F-theory and String Duality, arXiv:hep-th/0504058.

www.fp-journal.org © 2006 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



