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Abstract:

Several two dimensional quantum field theory models have more than one vac-
uum state. An investigation of super selection sectors in two dimensions from an
axiomatic point of view suggests that there should be also states, called soliton or
kink states, which interpolate different vacua.

Familiar quantum field theory models, for which the existence of kink states
have been proven, are the Sine-Gordon and the ¢3-model. In order to establish the
existence of kink states for a larger class of models, we investigate the following
question:

Which are sufficient conditions a pair of vacuum states has to fulfill, such that
an interpolating kink state can be constructed?

We discuss the problem in the framework of algebraic quantum field theory
which includes, for example, the P(¢);-models. We identify a large class of vac-
uum states, including the vacua of the P(¢),-models, the Yukawa,-like models and
special types of Wess-Zumino models, for which there is a natural way to construct
an interpolating kink state.

In two space-time dimensions, massive particle states are kink states. We apply
the Haag-Ruelle collision theory to kink sectors in order to analyze the asymptotic
scattering states. We show that for special configurations of n kinks the scattering
states describe n freely moving non interacting particles.



Zusammenfassung:

Einige Modelle fiir Quantenfeldtheorien in zwei Raumzeitdimensionen besitzen
mehr als ein Vakuum. Untersucht man im Rahmen der algebraischen Quanten-
feldtheorie Superauswahlsektorenin 141 Dimensionen, dann zeigt sich, daf} Kink-
Zustinde, die unterschiedliche Vakua interpolieren, in natiirlicher Weise auftreten.

Bekannte Beispiele fiir zweidimensionale Modelle, in denen die Existenz von
Kink-Zustinden bewiesen wurde, sind das Sinus-Gordon- und das ¢3-Modell. Um
die Existenz von Kink Zustidnden fiir eine moglichst grofle Klasse von Modellen
nachzuweisen, wird die folgende Fragestellung vom Standpunkt der algebraischen
Quantenfeldtheorie aus diskutiert:

Welche Bedingungen sind hinreichend, um aus den Vakua des zu untersuchen-
den Modelles interpolierende Kink-Zustinde konstruieren zu konnen?

Wir entwickeln ein allgemeines Konstruktionsverfahren fiir Kink-Zustinde, welches
auf operatoralgebraischen Methoden beruht. Ferner zeigen wir, dal3 sich unser Ver-
fahren auf eine grofle Klasse von Modellen anwenden 14t, die unter anderem alle
P(¢),-Modelle, Yukawa,- und spezielle Typen von Wess-Zumino-Modellen enthélt.

In zweidimensionalen Quantenfeldtheorien sind massive Einteilchen-Zustinde
auch Kink-Zustidnde. Wir wenden die Haag-Ruelle-Streutheorie auf Kink-Sektoren
an. Dabei zeigt sich, daB spezielle Konfigurationen von n Kinks sich asymptotisch
wie n freie massive Teilchen verhalten.
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Introduction and Overview

1.1 Introduction

In the early sixties, Rudolf Haag and Daniel Kastler proposed an algebraic ap-
proach to quantum field theory [45]. The purpose of this program was to under-
stand the basic principles of quantum field theory in a mathematically rigorous
way. The starting point of this approach, which can be seen in contrast to approaches
based on classical Lagrangians, is an axiomatic formulation of a general quan-
tum field theory by employing only the fundamental concepts of special relativity
and quantum mechanics. This axiomatic approach is a successful tool to investi-
gate general properties shared by different quantum field theories and it is a useful
guideline for investigating and analyzing quantum field theories which have al-
ready been constructed.

On the other hand, the algebraic approach to quantum field theory seems to be
less practicable for constructing concrete models. For the purpose to construct ex-
amples of quantum field theories explicitly, the Lagrangian approach (canonical
quantization, functional integral) is more adequate, but it is always accompanied
by serious mathematical problems. One is faced with many technical difficulties in
order to prove that the investigated model exists and is compatible with the princi-
ples of special relativity and quantum mechanics. Nevertheless, approaches based
on classical Lagrangians play an important role in high energy physics and they
have successfully been applied for phenomenological purposes.

Besides the free field, many examples for interacting quantum field theories,
fitting into the framework of algebraic quantum field theory, are known in two
space-time dimensions, let us mention the P(¢), and Yukawa,-like models. There
are also some non-trivial examples in three space-time dimensions, for instance the

11



12 Introduction and Overview

#3 and the Yukawaz model. Itis still an open problem whether there are interacting
quantum field theory models in four space-time dimensions.

There are different purposes for investigating low dimensional quantum field
theories. Among them are, for instance, the following:

(i) Since there is a large set of different quantum field theories in two space
time dimensions, these models can be viewed as “theoretical laboratories”
in which the concepts of general quantum field theory can be tested.

(ii) In some cases, low dimensional quantum field theory models play a role as
effective theories in solid state physics.

The concept of kinks appears naturally in the investigation of two-dimensional
quantum field theories. We shall see later that the occurrence of kinks can be ver-
ified for a large class of quantum field theory models.

In Section 1.1.1, we make some preliminary remarks on algebraic quantum
field theory. We do not give a complete survey in this field, we only give the defi-
nitions and notions which will be used later to carry through our analysis.

For a detailed treatment of local quantum physics and its mathematical descrip-
tion from an algebraic point of view, we refer to Haag’s book [43] and references,
given there. Introductory articles with the emphasis on the theory of super selec-
tion sectors can also be found in [54].

We briefly motivate and illustrate the concept of kinks in Section 1.1.2 and give
a review of some well-known results in Section 1.1.3 and Section 1.1.4. During
the last twenty years, many different approaches have been developed in order to
analyze kinks in quantum field theory. We shall give a brief description of those
examples which are nearest related to our analysis.

1.1.1 Preliminary Remarks on Local Quantum Physics

Haag-Kastler nets and superselection sectors:  The framework of algebraic quan-
tum field theory has turned out to be a successful formalism to describe physi-
cal concepts like observables, states , superselection sectors (charges) and statis-
tics. These notions can appropriately be described by mathematical concepts like
C*-algebras, positive linear functionals and equivalence classes of representations.
For the convenience of the reader, we shall state the relevant definitions and as-
sumptions here.

Let O C R'*be aregion in space-time. We denote by () the algebra gener-
ated by all observables which can be measured within O. For technical reasons we
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always suppose that 2((Q) is a C*-algebra and O is a double cone, i.e. a bounded
and causally complete region. Motivated by physical principles, we make the fol-
lowing assumptions:

(1) The assignment
2A:0+——2A(0)

is an isotonous net of C*-algebras, i.e. if O, is contained in O, then A(O; )
is a C*-sub-algebra of 2((O,). The isotony encodes the fact that each observ-
able which can be measured within O can also be measured in every larger
region. Furthermore, the C*-inductive limit

Cr(21)

of the net 2 can be constructed since the set of double cones is directed. We
refer to [69] for this notion.

(2) Two local operations which take place in space-like separated regions should
not influence each other. The principle of locality is formulated as follows:
If the regions O, and O, are space-like separated, then the elements of 2(O; )
commute with those of 2A(O5).

(3) Each operator « which is localized in a region O should have an equivalent
counterpart which is localized in the translated region O +x. The principle of
translation symmetry is encoded by the existence of an automorphism group
{a,; x € RY*} which acts on the C*-algebra C'*(2l) such that o, maps 2(O)
onto A(O + ).

A net of C*-algebras which fulfills the conditions (/) to (3) is called a transla-
tionally covariant Haag-Kastler net.

In order to discuss particle-like concepts, we select an appropriate class & of
normalized positive linear functionals, called states, of C'’*(2(). We require that the
states w € G fulfill the conditions:

(1) There exists a strongly continuous unitary representation of the translation
group U : @ — U(x) on the GNS!-Hilbert space H which implements the
translations in the GNS-representation r, i.e.

m(aza) = U(x)n(a)U(—x)

!Given a state w € &, we obtain via GNS-construction a Hilbert space , a *-representation
of C* () on H and a vector £ € H such that (Q, 7(a)$2) = w(a) for each a € C*(2). The triple
(H,w, ) is called the GNS-triple of w.
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for each a € C*(2).

(2) The stability of a physical system is encoded in the spectrum condition (posi-
tivity of the energy), i.e. the spectrum (of the generator) of I/ () is contained
in the closed forward light cone.

These conditions are also known as the Borchers criterion. States which satisfy the
Borchers criterion and which are, in addition, translationally invariant are called
vacuum states.

We denote by R the set of *-representations = such that 7 is the GNS-representation
of some state w € &. Unitary equivalence classes [r] of *-representations = € R,
which we shall call sectors?, are used to investigate quantum numbers or charges.
More precisely, the quantum numbers or charges of the physical system under con-
sideration are labeled by the set of irreducible sectors.

In order to illustrate these notions we shall summarize some aspects of the the-
ory of DHR super selection sectors here. For the analysis of quantum field theories
with short range forces, the following selection criterion for physical representa-
tions, which is known as the DHR criterion, has been proposed by S. Doplicher,
R. Haag and J. Roberts [16, 17, 18, 19]: The representations are unitarily equiva-
lent to a given vacuum representation 7o when being restricted to the C*-algebra
C*(2A,0).?

If Haag duality, a maximality condition for local observables, holds in the vac-
uum representation 7

mo(A(0))" = mo(C7(2L, O"))

then it follows that for each representation #, which fulfills the DHR criterion,
there exists an endomorphism p of C*(21) such that = is unitarily equivalent to
70 p. The endomorphism p can be chosen in such a way that it acts trivially on ob-
servables which are localized in the space-like complement of a given double cone
O, and p is interpreted as a charge [7q o p| which is localized within the region O.

The main feature of these endomorphisms is that they can be used to define the
composition of sectors. Given two representations 71 = my 0 p; and 73 = 7 0 po
the product of the sectors §; = [r] and 6, = [r;] is given by

0102 = [71'0 O P1P2] .

2For our purpose it is more convenient to use the notion sector also for non-primary representa-
tions. Furthermore, if 7 is an irreducible representation, then we shall call [x] an irreducible sector.

3For an unbounded region G we denote by C* (2, ) the C*-sub-algebra of C*(2l) which is
generated by all local algebras 2(Q) with O C G.
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The sector 6,6, is independent on the particular choice of endomorphisms, it only
depends on the sectors #; and #,. The composition of irreducible sectors is inter-
preted as the fusion of quantum numbers. Furthermore, for each pair of DHR endo-
morphisms p1, p, there exists a canonical unitary operator ¢(pq, ps), called statis-
tics operator, such that

pi(-)e(prs p2) = €(p1, p2)pa(-) -

As a consequence, the fusion of DHR sectors is commutative, i.e.:
0102 — 0201 .

Assuming that # has finite statistics (see [18, 19, 57, 58]), it could be shown
that for each irreducible DHR sector # there exists a conjugate #, representing the
anti-charge of 4. It is determined uniquely by the property that the sector

00 = 00

contains the vacuum sector [, precisely once. Moreover, the product of two irre-
ducible sectors ¢, and é, can be decomposed into a finite direct sum of irreducible
sectors:

0102 = @ n21€2 0
4

where the natural numbers nzl s, count the multiplicity of the sector 6 in the product
010,; they are called fusion coefficients.

An investigation which concerns charges, localized in space-like cones, has
been carried out by D. Buchholz and K. Fredenhagen [10]. The sectors which have
been studied by them are called BF sectors and they generalize the concept of DHR
sectors.

The time-slice formulation in two dimensions: Intwo space-time dimensions, there
are, besides the free field, many interacting quantum field theory models. In order
to place their analysis into the framework of algebraic quantum field theory, it is
convenient to work with the time-slice formulation which we briefly describe here.
The time slice formulation has two main aspects:
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Aspect 1:  The Cauchy data with respect to a space-like plane ¥ (the initial con-
ditions at time ¢ = 0) are given by an isotonous net

M: I +— M)

which assigns to each bounded subset 7 C 3 a C*-algebra 9t(Z). It is assumed
that the space-like translations act as an automorphism group {ax : x € R} on
the C*-inductive limit C*(901) in such a way that ax maps 9(Z) onto M(Z + x).
Moreover, locality holds, i.e. if the intersection of two intervals 7, Z, is empty,
then the elements in 9t(Z; ) commute with those in 9%(Z,).

Aspect 2:  The dynamics, which describes the time evolution of a physical sys-
tem, is given by a one-parameter automorphism group

a={a;:t R} of C*(M).
Motivated by physical principles, « should satisfy the following list of axioms:
(i) The automorphisms «; commute with the spatial translations ay.

(ii) The propagation speed, which is induced by the automorphism group «, is
not faster than the speed of light, i.e. if an operator « is localized in the region
7, then the operator ay(a) localized in Zy, := T + (—|t[, |t]).

In Chapter 2, we shall describe how a translationally covariant Haag-Kastler
net 2{,, can be constructed from a given net of Cauchy data and a given dynamics .
Furthermore, we shall give a brief introduction into P(¢),- and Yukawa, models
there.

1.1.2 The Concept of Kinks

Kinks already appear in classical field theories and the typical systems in which
they occur are 1+1-dimensional. Familiar examples are the Sine-Gordon and the
¢3-model. We briefly describe the latter:

The Lagrangian density of the model is given by

£(6,2) = 5 0,0 6(x) ~ U(6(x))
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where the potential U/ is given by

U(z):= A2 (z* —a)* .

The energy of a classical field configuration ¢ is

0) = [ dx (50060030 + 5(016(0,%))* + U(5(0,x) )

With the choice of U, given above, the absolute minimum value of U/ is zero and
thus the energy functional F : ¢ — FE(¢) is positive.
There are two configurations ¢, with zero energy F(¢4) = 0:

dr: (L, X)— £+ a .

These configurations are invariant under space-time translations and represent the
vacua of the classical system.

There are two further configurations ¢,, ¢; which are stationary points of the
energy functional /. They are given by

st (1,X) — a tanh( VAax ) and ¢, : (£,x) — — a tanh( Vax ) .

These configurations represent the kinks of the classical system which interpolate
the vacua ¢... Indeed, we have for the kink ¢,

Xginm os(t,x) = ¢1(t,x) = +a . (1.1)

The configuration ¢3, which interpolates the vacua ¢, in the opposite direction,
represents the anti-kink of ¢,. Both of them have the same energy, namely

B(,) = E(¢5) = 3V

From the classical example above, we see that the crucial properties of a kink
are to interpolate vacuum configurations as well as to be a configuration of finite
energy. Motivated by these properties, in quantum field theory a kink state w is
defined as follows:

The interpolation property: For each observable «, the limits

lim w(ogx(a)) = we(a) (1.2)

x—+o00

exist and w4 are vacuum states. Note that equation (1.2) is the quantum version of
the interpolation property (1.1).
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Positivity of the energy: w fulfills the Borchers criterion.

In the literature the concept of kink as described above is often called soliton
(see [31, 32]) or more seldom [ump (see [13]). In the subsequent, we shall use the
word kink.

aq a9 a3

Figure 1.1: The figure shows an interaction potential /' whose minima a4, - - - , a3
are not related by a symmetry of the Lagrangian.

We close this section by mentioning the following: The above Lagrangian £
is invariant under the Z,-symmetry ¢ — —¢ and the vacuum configurations are
related by this spontaneously broken symmetry. We can also imagine a situation
where more than one vacuum is present but where there are no symmetries which
connect different vacua. To illustrate this, we replace U(z) = \/2(z? — a)* by a
polynomial with local minima at {ay,- - , a, } all of the hight zero, i.e.

Ula)=---=Ula,) =0 .
Hence we obtain n-distinct vacuum configurations
¢j (X)) ¢;(t,x) =a; ; y=1,--,n .
The minima can be placed in such a way, see Figure 1.1, such that there is no sym-
metry of the Lagrangian £ which maps {«y,--- ,a,} onto {a1,--- ,a,} and we

conclude that the vacuum configurations ¢; are not related by a symmetry of the
Lagrangian.
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1.1.3 Kinks in Quantum Field Theory Models: Models with ¢3-
like Interactions

During the 70s, examples for interacting quantum field theory models were con-
structed. It was proven by J. Glimm, A. Jaffe and T. Spencer that two-dimensional
models with P(¢),- interaction exist, and their vacuum states satisfy the Wight-
man axioms [37, 41]. Interactions between fermions and bosons have also been
studied, in particular the Yukawa, interactions [37, 38, 74, 75]. Furthermore, an
investigation of the Sine-Gordon model has been carried out by J. Frohlich an E.
Seiler [35].

A few years later, a great deal of attention has been paid to the construction of
new superselection sectors which are different from vacuum sectors. In 1976, the
existence of kink sectors for the (® - ®)3- and the Sine-Gordon model was estab-
lished by J. Frohlich [31]. To illustrate the ideas and techniques which have been
used in [31], we give a short review of the construction of the kink sectors of the
(® - ®)3-model.

The Cauchy data on a space-like plane Y. are represented by the W*-algebras

"
M:T+—— M) := {e@(fl)"'m(fz’) I e S(Z,Rz),supp(fj) C I}

where = (¥4, ®,) is a massive free two-component Bose field and II its canoni-
cally conjugate, acting as operator valued distributions on the Fock space H,. The
infrared regularized Hamiltonian of the model is

H(g) = Hy —|—/de g(x) ()\ (P D) (x)?: oy B (2)P: +og Dy(x)? :)

—FE(g)1

where H, is the free Hamiltonian and ¢ is an appropriate test function with compact
support. The constant £/(¢) is chosen in such a way that H (¢) is a positive operator.
The O(2) invariance of H (g) is explicitly broken unless oy = 0. It remains a Z,
symmetry which is given by ¢ — —&.

The basic ingredients for the construction of kink sectors of the (® - ®)3-model
have been taken from the work of J. Glimm, A. Jaffe and T. Spencer [37] which
contains the following results:

(i) The uniform limit

ai(a) :=lim ¢tH(9) g e—itH(9)

g—1

a e
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exists for each local operator a and defines a dynamics « with propagation
speed less or equal than one.

(ii) Since H(g) is invariant under the Z, action ¢ — —®, the automorphism
\ exp(i@(f1) + i1 f2)) — exp(—i®(fy) — TI( 1)
commutes with the dynamics «, i.e.:
QO = XO0Qy .

For appropriate values 01,0, < 0, 0y # 04 and sufficiently small coupling
constant A, there are precisely two inequivalent vacuum states w, which are
related by the symmetry y:

Wy oY =w_ .

The existence of the vacuum sectors and the properties of the dynamics of the
(® - ®)3-model can be used to construct interpolating kink sectors. It has been
proven by J. Frohlich [31] that besides the two vacuum sectors there are two kink
sectors, a kink and its corresponding anti-kink. We summarize the main steps of
his construction here.

Step 1: Let s be a smooth test function with the property: There exists a bounded
interval Z C ¥ such that

(X)_ 7 ifx € Ipp
SN0 ifx e

where Zrp is the right and 77, is the left complement of Z. The graph of s is shown
by Figure 1.2. The O(2)-valued function

cos(s(x))  sin(s(x)) ) € 0(2)

s X > g5(x) = ( —sin(s(x)) cos(s(x))
induces a Bogoliubov automorphism p, which is defined on the Weyl operators by
ps  exp(1®(f1) + ddI(f2)) —— exp(1®(g: /1) + tll(g.f2)) -

Since

(X) - —1, ifx € Zpp
9s - 15 ifx <y, ’
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Y

Irr : A : Irr

Figure 1.2: The figure shows the graph of the kink function s.

the automorphism p; acts trivially on operators which are localized in Z;;, and as
the symmetry y on those which are localized in Zyp.

Obviously, the states w, := w_ o p, and w, := w, o p; ' fulfill the interpolation
condition for kink states.

Step 2: The explicit knowledge of the dynamics « can be used to prove the ex-
istence of a strongly continuous function

v (it x) —— y(t,%)

where +(,x) is a unitary operator, localized in a sufficiently large interval 7 ).
It implements the automorphism

A(i,x) O Ps O O(—4,—x) O Ps_l = Ad(’)/(tv X))

and satisfies the cocycle condition:

"}/(tl —|— t,Xl —|— X) = Oé(t7x)("}/(t1,X1))"}/(t,X) . (13)

The operators ~(¢, x) describe the translation by (¢, x) of the kink charge [w_ o p;].
It follows from the properties of ~ that w; is translationally covariant and satisfies
the spectrum condition. The same holds for the state w, := w, o p;'. This implies
that w, and w, are kink states.

It is well known that the Bogoliubov automorphism p, is implemented by a
unitary operator u, which is localized in supp(r) if the function r is smooth with
compact support. This fact can be used to show that the set of sectors, consisting of
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the vacua ey := [w4] and the kink sectors 6 := [w,], 0 := [w,] is closed under fu-
sion. In the same manner as DHR endomorphisms [18, 19, 43], the automorphisms
ps can be used to describe the fusion of kink sectors. We consider functions sy, s,
such that the state w;, belongs to the sector § and the state w;,, belongs to the sector
0. The fusion of the sectors § and § is

9@ = [w_ 0 /’51/’5_21] = [w_ 0 p51_52] = €e_ .

Here the fact that » = s; — s, has compact support is used. Analogously, we obtain

00:€+

which justifies the interpretation that @ is the anti-kink sector with respect to 6. Fur-
thermore, we have the remaining combinations:

00 := [w_ o ps, ps,] = e— and 00 := [wy o ps_llp;;] =€y . (1.4)

As we shall see later, the combinations (1.4) do not correspond to the proper fusion
of kink sectors.

In 1977 J. Frohlich proved the existence of the kink states of the one- compo-
nent ¢3-model [32] by using, in comparison to [31], an alternative method. The
technical difficulties which arise here are due to the fact that one has to deal with a
one-component Bose field. Therefore, there is no a priori choice for a Bogoliubov
transformation p,. We shall give a brief summary of the results of [32] to illustrate
the main differences to the construction of the (® - ®)2-kinks.

The construction of the vacuum sectors of the ¢3-model, which is presented
in [32], uses the methods of Euclidean field theory. The vacuum states of the ¢3-
model can be obtained from two measures ;4 on S’(R?) which satisfy the Osterwalder-
Schrader axioms. We briefly explain how the measures 4 are constructed as lim-
its of perturbations of the Gaussian measure .

Step I:  Let u, be the Gaussian measure on the space of tempered distributions
S’(R?) with mean zero and covariance C' where the integral kernel of ' is

Cle—y) = /dzp (p* —m?)~t ety

The regularized interaction part of the Euclidean action is

Si(g,0) = [ gle) (A 6(a) 1y — 0 0(a) 50
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Figure 1.3: The finite volume region.

where : - :,,; is the normal ordering with respect to the Gaussian measure s, and
¢ is a smooth test function. The action S} (g, ¢) is invariant under the substitution
¢ — —¢. To approximate one of the measures p4 the Z, symmetry has to be
broken explicitly by introducing appropriate boundary terms.
The test function ¢ can be chosen in such a way that it is one in the region

I7 x I, and zero outside a slightly larger region. Here the interval [ is defined by
I;:=(—s/2,5/2). For L; < L the region I\ /1, has two connected components
1+ and there are two possibilities (corresponding to p4 or p_) to choose bound-
ary conditions with respect to each of the regions /7 x I. (See Figure 1.3 for an
illustration). This gives four different boundary terms

10554(¢) = o(gjx) +cjx;7 = £}
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where ¢; 1 are suitable test functions which have support in a neighborhood of
I x Iy and ¢; 4 are appropriate constants. The regularized interaction part of the
Euclidean action with boundary terms is

Sij(g,0) = 51(9,9) + 65i1(0) + 85;-(¢) -

Step 11:  To approximate the measure p., we perturb p by a positive L-function

dprrp+(9) == Z(T,L,£) duo(d) exp( —S1+(g,9))

where the constant Z(7', L, 4) is for normalization. According to J. Glimm, A.
Jaffe and T. Spencer [41], the limits

/d,ui ) exp(o(f)) = hm lim /d,UTLj: o) exp(a(f)) ,

L—ooT—o00

which determine the measures i, exist for each test function f. Since the different
choices for the boundary terms are related by the the map ¢ — —¢, i.e.

g x) = —0(9-+)

the measures p and p_ satisfy the relation
dpiy(—6) = du-(9) .

Step III: There are four Hamilton operators { H;;(L);z,j = +} acting on the
Fock space H, of the massive free scalar field. They are related to the unnormal-
ized measures

dpr ri5(¢) = dpo(d) exp( —5i;(g,9))

by Nelson’s Feynman-Kac formula:
/dﬂT,L,zj(qﬁ) = (Qo, exp( —=THi;(L) )) -

Here (), is the bare vacuum vector in Hy. Let 9 : T — 9(T) be the net of
Cauchy data for the massive free scalar field. The dynamics of the ¢3-model can
be obtained by the prescription

Oét(a) = lim eitHiJ(L) a e_”HiJ(L)

L—oo



1.1 Introduction 25

where the limit is independent of the choice of the boundary conditions. Finally,
by using the Osterwalder-Schrader reconstruction theorem, two vacuum states w.
with respect to the dynamics « can be constructed from the measures ..

As for the (¢ - ®)3-model, the construction of the kink states for the ¢3-model
is placed into the framework of algebraic quantum field theory. In comparison to
[31], the main difference is that the cocycle, v : (#,x) — ~(¢,x) (equation (1.3))
is constructed first. According to the results of J. Roberts [64], the total informa-
tion of a kink sector is contained in its corresponding charge transporters. In other
words, the kink sector can be reconstructed if the cocycle v is given.

The crucial property which allows us to carry through the analysis of [32] is the
following: Let 7 be a bounded interval, then the observables which are localized
in the left complement 7 ;, of Z are statistically independent of those which are
localized in the right complement 7. This means, formulated in the language of
operator algebras, that the W*-tensor product

M(Zrr) @ M(Zrr)
is unitarily isomorphic to the W*-algebra
M(Zpr) VM ZrR) -
Here the W*-algebras 91(.7 ), which belong to half lines 7, are defined by
MT)=C (M, T)" .

The statistical independence for half-line algebras can be proven by using the anal-
ysis which has been carried out in [8]. For the convenience of the reader, we give
a complete proof in Appendix A. We now describe the main steps of the construc-
tion of the kink sectors of the ¢3-model.

Step 1:  Accordingto[15, 20], the statistical independence of M(Z;,) and MM (ZrR)
implies the existence of a unitary operator w7 which has the following properties:
Let ¢ and b be operators which are localized in Zr;, and Zpp respectively. Then
the relations

ur auy =a and wuz buj = y(b) hold.

Here y is the Bogoliubov automorphism which is induced by the map ¢ — —¢.



26 Introduction and Overview

Step 2:  According to the results of [31], it can be shown that for each ¢ the limit

7°(t) == lim exp(itH (L) Jug exp( —itH_y(L) Juz
exists and that the operator 7°(¢) is localized in a sufficiently large interval Z,.
Note that the Hamiltonian H_, (L) belongs to the following interpolating bound-
ary conditions: The left boundary term is chosen with respect to the boundary con-
ditions for the vacuum w_ and the right boundary term is chosen with respect to
the boundary conditions for the vacuum w, . Finally, the charge transporters are
given by

(t,x) = ax(5(t)uz)us

and the corresponding interpolating automorphism p can be obtained from ~ by
the uniform limit

pla) = lim 4(t,x)a1(t.x)" .
It follows from its construction that p acts trivially on the observables which are

localized in Z;,;, and acts as the symmetry y on those which are localized in Zyp.
The kink sector and its anti-kink sector are

0 =[wyop] and 0= [wyop™'] respectively.

This result is in complete analogy to the result for the (® - ®)3-model, i.e. in both
models the same four irreducible sectors appear.

We finally mention some further treatments of kink sectors:

(i) In [31, Chapter 5], the existence of kink states in general P(¢);-models is
discussed. However, this construction leads only to kink states which inter-
polate vacua which are connected by the internal symmetry transformation
¢ — —¢. We shall see later that we achieve a generalization of this result.

(ii) In the late 80s, J. Frohlich and P.A Marchetti developed a quantization of
kinks in terms of Euclidean functional integrals which has been applied to
several lattice field theories [33, 61, 34].

(iii) Recently, a construction of kink sectors for a lattice version of the X'Y-model
has been carried out by H. Araki [1]. We also refer to [52].
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1.1.4 On the Axiomatic Characterization of Kink Sectors

An axiomatic characterization of kink sectors, which is placed into the framework
of algebraic quantum field theory, has firstly been given in [31, Chapter 6]. Kink
sectors are described there by equivalence classes of interpolating automorphisms.
It is required for them to be translationally covariant and to satisfy appropriate in-
terpolation conditions, more precisely, they act trivially on observables which are
localized in a left space-like complement of a double cone O and as an internal
symmetry on those which are localized in the right space-like complement of O.
We postpone a detailed description of interpolating automorphisms until Chapter
4, we only make a few remarks on this issue here.

(i) To determine a kink sector one has to choose a vacuum sector in addition to
a given equivalence class of interpolating automorphisms.

(ii) The kink sectors which can be obtained from interpolating automorphisms
have a special property. They interpolate vacua which are related by an in-
ternal symmetry transformation. However, there are candidates for models,
possessing more than one vacuum sector, in which different vacuum sectors
can not be related by an internal symmetry (see Section 1.1.2).

The investigation of massive one-particle states motivates to look for a more
general analysis of kink sectors. Massive one-particle states in general d > 1 + 1-
dimensional quantum field theories have been studied by D. Buchholz and K. Fre-
denhagen [10]. One of their main results states that each massive one-particle state
is an excitation of a unique vacuum within a space-like cone. In other words, the
GNS-representation of a massive one particle state is unitarily equivalent to a vac-
uum representation when being restricted to an algebra which belongs to the causal
complement of a space-like cone. In 1 + 1-dimensional quantum field theories,
massive one-particle states have kink properties, i.e. two vacuum states correspond
to each massive one-particle state. This is due to the fact that the space-like com-
plement of a bounded region in two-dimensional Minkowski space has two con-
nected components [22, 23, 71].

In 1994, an adequate representation of kink sectors was developed by K. Fre-
denhagen [23]. It is given in terms of algebra homomorphisms, called kink homo-
morphisms, which are generalizations of DHR and BF endomorphisms. To point
out the relations between kink homomorphisms, interpolating automorphisms and
DHR (BF) endomorphisms, we summarize some of the main properties of kink
homomorphisms here.
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(i) Kink homomorphisms are C*-algebra homomorphisms p which map a C*-
algebra *B.,, depending on the right (left) vacuum e,, into a C*-algebra ‘B, ,
depending on the left (right) vacuum and e¢;. The composition of two kink
homomorphisms corresponds to the composition of kink sectors. In the par-
ticular case e = e; = e, the algebra B, is mapped into itself and p is nothing
else but a BF endomorphism [10].

(ii) Conversely, DHR and BF endomorphisms are particular kink homomorphisms.
They correspond to trivial kink sectors which interpolate a vacuum sector e
with itself.

(iii) To each kink sector, a kink homomorphism can be related, no matter whether
the vacua under consideration are related by a symmetry or not. In partic-
ular, for each pair which consists of an interpolating automorphism p and
a vacuum sector e, there exists a unique kink homomorphism p., which is,
however, an extension of p.

A general analysis of kink sectors has been carried out in [71]. Here kink ho-
momorphisms are used as a tool to discuss direct sums subobjects and conjugation
of kink sectors. A review of these results is given in Chapter 3.

1.2 Overview

The purpose of this section is to give an overview of new results. The reader can
find here a summary of Chapter 4 and Chapter 5 in which we establish sufficient
conditions for the existence of kink sectors. Moreover, we briefly summarize Chap-
ter 6 where we apply the Haag-Ruelle collision theory to kinks.

1.2.1 A Review of Recent Results

Studying 1+ 1-dimensional quantum field theories from an axiomatic point of view
shows that kink sectors naturally appear in the theory of superselection sectors.
This motivates the following question:

Question: If we consider any quantum field theory model in 1 + 1 dimensions
which possesses more than one vacuum state, which conditions for a pair of vac-
uum states will be sufficient such that an interpolating kink state can be constructed?
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In Chapter 4, we give an answer to this question by developing a construction
scheme for kink states which is based on general principles. In order to make the
comprehension of the subsequent chapters easier we shall state the main ideas here.

The construction of an interpolating kink state is based on a simple physical
idea: Let 2 be a Haag-Kastler net of W*-algebras. Each double cone O splits our
system into two infinitely extended laboratories, namely the laboratory which be-
longs to the left space-like complement O; ;, and the laboratory Orr which be-
longs the right space-like complement Orp. In order to prepare an interpolating
kink state, we wish to prepare one vacuum state wy in the left laboratory Oy ;,, and
another vacuum state w, in the right laboratory Ogg. This can only be done if
the preparation of w; does not disturb the preparation procedure of w,. In other
words, the physical operations which take place in the laboratory on the left side
Oy.1, should be statistically independent of those which take place in Orr. Note
that in [32] the corresponding condition is needed for the Cauchy data.

Therefore, we require that there exists a vacuum representation 7 such that the
W#-tensor product

2 (Or1) @ Ary (OrR)

is unitarily isomorphic to the von Neumann algebra
W (Orr) VU (OrRr)

where 21, is the net in the vacuum representation mo. * This condition is equivalent
to the existence of a type I factor AV which sits between 2., (Orr) and ., (Og):

Q’lﬂo(ORR) C N C QLWO(OR) .
Here Op, is the space-like complement of O;;. In other words, the inclusion
Az, (Orr) C Asy(OR) (1.5)

is split.

A detailed investigation of standard split inclusions of W*-algebras has been
carried out by S. Doplicher and R. Longo [20]. We also refer to the results of D.
Buchholz [8], C. D’ Antoni and R. Longo [15] and C. D’ Antoni and K. Freden-
hagen [14].

“for an unbounded region U, A, (U ) denotes the von Neumann algebra which is generated by
all local algebras 2L, (O) with O C U.
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Let w; and w, be two inequivalent vacuum states whose restrictions to each
local algebra 2((Q©) are normal. Using the isomorphy

2 (Orr) @ Uny (Orr) = Ay (Orr) V Uy (OrR)
we conclude that the map
ab —— wy(a)wq(b) , aislocalized in Oy, and b is localized in Ogp,

defines a state of the algebra C*(2(, O1,;,UOgpr) which, by the Hahn-Banach theo-
rem, can be extended to a state w of the C*-algebra of all observables. The state w
interpolates the vacua w; and w; correctly, but for an explicit construction of an in-
terpolating state which satisfies the Borchers criterion, some technical difficulties
have to be overcome.

The condition that the inclusion (1.5) is split is sufficient to develop a general
construction scheme for interpolating kink states. We shall give a brief description
of it here.

Step 1:  We consider the W*-tensor product of the net 2 with itself:
ADA: O H——A(0) @ A(0)
The map «r which is given by interchanging the tensor factors,
ap i ap @ ag —— ay @ ay

is called the flip automorphism. Since the inclusion (1.5) is split, the flip automor-
phism is unitarily implemented on ,, @ ., (Orr) by a unitary operator § which
is contained in 2, @ A, (Or) [15]. The adjoint action of § induces an automor-
phism

B = (mo @ mo) ' o Ad(#) o 7o @ 7o

which maps local algebras into local algebras. For each observable a which is lo-
calized in the left space-like complement of O we have (a) = «, and for each
observable b which is localized in the right space-like complement of O we have
B(b) = ap(b). Note that 5 may depend on the choice of the vacuum representation
To.
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Step 2: It is obvious that the state

w:i=w; ®wyo 3 C*(AW@1

interpolates w; and w,. Let 7; and 75 be the GNS-representations of w; and w;
respectively. Then the GNS-representation

T =71 @ 70 Blor s

of w is translationally covariant because the automorphism

aofoa_,o0f

is implemented by a cocycle () of local operators in C*(2(). The positivity of the
energy can be proven by showing the additivity of the energy-momentum spectrum
for automorphisms like 3. This together implies that w is an interpolating kink
state.

In comparison to [31, 32], our construction scheme has the following advan-
tages:

¢ Itis independent of specific details of the considered model because the split
property (1.5), which is the crucial condition for applying the construction
scheme, can be motivated by general principles.

¢ It can be applied to pairs of vacuum sectors which are not related by a sym-
metry transformation.

Unfortunately, there is one disadvantage which is the price we have to pay for
using a model independent analysis.

& The split property for wedge algebras (1.5) has to be proven for the vacuum
states of the model under consideration if we want to apply our construction
scheme to it. Itis believed that the vacuum states of the P(¢),- and Yukawa,
models fulfill this condition, but a rigorous proof is only known for the mas-
sive free Bose and Fermi field [14, 8, 78].

In Chapter 5, we investigate an alternative construction of kink states which
can directly be applied to models. It is convenient to formulate our setup in the
time slice formulation of a quantum field theory. We fix a space-like plane > C R?
and consider a net of Cauchy data 93T which is faithfully represented on a Hilbert
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space Hy. The Cauchy data of the P(¢),- and the Yukawa, model are given by the
nets of the corresponding free fields at time ¢ = 0. For these Cauchy data it can be
proven that the inclusion

Dﬁ(IRR) C Dﬁ(IR)

is split [8, 78, 72].
Let us briefly explain how kink states can be constructed if the following con-
ditions are assumed:

(i) The dynamics of the model satisfies an appropriate extendibility condition
which we shall explain later.

(ii) The vacuum states are local Fock states which is automatically satisfied for
P(¢), and Yukawa, models [37, 75].

Step 1’: We consider the twofold net
MOM: T +—— ML) M) .

Like in Step I of our previous construction scheme, the split property implies that
on M(Zrr) @ M(ZrR), the flip automorphism is implemented by a unitary opera-
tor 07 [15]. The adjoint action of 7 is an automorphism 3% which has the follow-
ing properties:

(i) The automorphism 37 acts trivially on observables which are localized in
the left complement of 7 and it acts like the flip on observables which are
localized in the right complement of 7.

(ii) The automorphism 5% maps local algebras into local algebras.

Note that the automorphism 3% does not depend on the dynamics «.

Step 2°:  Let wy, wy be two vacuum states with respect to a given dynamics «.
The state

W i=w ®wzoﬂz

C*(M)eC

interpolates the vacua w; and w,. Moreover, it is covariant under spatial transla-
tions since for each x the operator

7(0,%x) = (ax @ ax)(01)01
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is localized in a sufficiently large bounded interval. Indeed, the unitary operators
U(0,x) := (U1(0,x) @ U>(0,x)) (71 @ m2)(7(0, —x))

implement the spatial translations in the GNS-representation of w where {/; and
U/; implement the translations in the GNS-representations 7, 7o of w; and wy re-
spectively.

Step 3’: It remains to be proven that w is translationally covariant with respect
to the dynamics «. For this purpose, we wish to construct a cocycle (0, ¢) such
that the operators

U(t,0) := (Uy(£,0) @ Ux(t,0)) (71 @ m2)(y(—1,0))
implement the dynamics « in the GNS-representation of w. The operator
Y(£,0) := (o @ o) (07)07

is a formal solution. Unfortunately, the flip implementer 67 is not contained in any
local algebra and the term (o @ oy )(67) has no mathematical meaning unless « is
the free dynamics. However, it can be given a meaning in some cases. We shall
see that for an interacting dynamics there exists a suitable cocycle of the opera-
tors (¢, 0) such that v(¢, 0) is localized in a bounded interval whose size depends
linearly on |¢].

In order to formulate a sufficient condition for the existence of v(¢, 0), we con-
struct an extension of the net 90t @ M. We define M(Z) to be the von Neumann
algebra which is generated by 21(Z) © 9%(Z) and the operator #7. The net

M : T — M(T)

is an extension of M1 @ M which does not fulfill locality. This is due to the non-
trivial implementation properties of 7. We shall call a dynamics « extendible if
there exists a dynamics & of 931 which is an extension of a @ «. Indeed,

t—— "}/(t, 0) = OAft(GI)(gI

is a cocycle which has the desired properties. Finally, we conclude like in Step 3
of our previous construction scheme that the state

. T
W= w; @ wy 0 B |oxemect
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is a kink state where wy, w, are vacuum states with respect to the dynamics a.

Since the extendibility condition is very technical one might bother that it is
only fulfilled for few exceptional cases. Fortunately, this is not true. There is a
large class of quantum field theory models whose dynamics are extendible. In
Chapter 5, we shall prove that the extendibility holds for the following models:

(i) P(¢)2-models.
(ii) Yukawa, models.
(iii) Special types of Wess-Zumino models.

Note that a Dirac spinor field contributes to the field content of the Yukawa, and
Wess-Zumino models, and the nets of Cauchy data fulfill twisted duality instead
of Haag duality [78]. According to recent results which have been established by
M. Miiger [62], our results remain true for these cases also.

Wess-Zumino models have been studied in several papers. We refer to the work
of A. Jaffe, A. Lesniewski, J. Weitsman and S. Janowsky [47, 50, 51, 48, 49]. It
has been proven in [48] that some Wess-Zumino models possess more than one
vacuum sector. An application of our construction scheme proves the existence of
kink states for these models.

1.2.2 Some Consequences and Miscellaneous Results

As one can see from the previous section, our construction scheme leads to kink
states of the form:

w=w Quwyof

ox (@A o1 (1.6)

where (3 is a suitable interpolating automorphism and w,w; are vacuum states.
The homomorphism

A:=p

craer 2 CF(RA) —— CH(ATA)

may be interpreted as a co-product which induces a product on the set of locally
normal linear functionals of C*(21). We shall call it interpolating product. It can
be used to compute the composition of kink sectors in a very convenient way which
we illustrate by the following example: Let wy,w, and w3 be vacuum states. The
composition of the kink sectors §; = [w; @ wy 0 A] and 0 = [wy @ w3 0 A] can
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be defined since the right vacuum of #; coincides with the left vacuum of 6,. We
shall prove in Section 4.2.2 that the sector

[(w1 @ wr @ws)o(id® A)oA]

is nothing else but the product sector #;6,. We refer to Chapter 3 and [22, 23, 70]
where a precise definition of the composition of kink sectors is given.

It is not hard to show that the kink state, which is given by equation (1.6), is
not a pure state. Its GNS-representation is

T=m 7 0A

where 7; and 7, are the GNS-representations of w; and w, respectively. We are
interested in irreducible sub-representations of x. It is not obvious whether 7 pos-
sesses any irreducible subrepresentation which will not be the case if the von Neu-
mann algebra = (C*(2))" is, for example, type III.

To show reducibility we are faced with the problem to prove that the von Neu-
mann algebra 7(C*(2))” is type I. Unfortunately, the investigation of the type of
the von Neumann algebra 7 (C*(2))” turns out to be difficult.

On the other hand, there are kink sectors induced by interpolating automor-
phisms for which the algebra =(C*(2))” is, in fact, type I. Such examples arise
naturally in the investigation of the question how /arge the class of kink sectors is
which can be obtained by applying our construction scheme.

We shall prove in Section 4.4.1 that this class contains simple kink sectors which
are characterized by fulfilling wedge duality. Let 7 be a kink representation which
belongs to a simple kink sector and let us assume that the split property holds for
wedge algebras in the representation 7. Then there exists an appropriate interpo-
lating automorphism /# such that the representation

T =T @ 70 Blor et

is unitarily equivalent to the countably infinite multiple of x; as a consequence, the
algebra 7 (C*(2))" is type L.

In Section 4.4.2, we shall establish a lower bound for the mass of those kinks
which can be obtained via our construction scheme.

1.2.3 Kink Fields and Collision Theory

In Chapter 6, the Haag-Ruelle collision theory [44, 68] is applied to kink sectors.
In comparison to [70], our analysis leads to an improved treatment of kink scat-
tering. We refer to the work of S. Doplicher, R. Haag and J. Roberts [18, 19] and
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D. Buchholz and K. Fredenhagen [10] where the Haag-Ruelle collision theory has
been applied to DHR and BF superselection sectors in four space-time dimensions.
Scattering of plektons (particles with braid group statistics in three space-time di-
mensions) has been investigated by K. Fredenhagen, M.R. Garberdiel und S.M.
Riiger [28].

For the construction of kink collision states, it is useful to develop an adequate
field bundle formalism [18, 19, 10] which can be applied to kink sectors. We shall
see that such a formalism needs rather technical methods since, in contrast to DHR
and BF sectors, kink sectors can not be composed arbitrarily.

To illustrate the concept of kink fields, we consider the following situation: The
Hilbert space of all physical states splits into a direct sum of Hilbert spaces such
that each of them carries an irreducible representation of the observable algebra:

H= (@H) o (@m) .

The first sum runs over all vacuum sectors ¢ whereas the second sum is taken over
all irreducible kink sectors . Given two irreducible kink sectors #; and 8, such that
the left vacuum of #, coincides with the right vacuum of ¢, then their composition
016, is well defined. We assume that the product sector #,6; can be decomposed
into a finite direct sum of irreducible sectors:

0102 = @ n21€2 0 .
4

Moreover, to be not too complicated, we let the fusion coefficients nj} , be either
one or zero. The Hilbert space which belongs to the sector 4, is

H9192 = @ n2192 He C H .
4

Within this situation, there are two different types of charge carrying field op-
erators. This kind of doubling appears here since a kink can be interpreted either
as an excitation of its left or as an excitation of its right vacuum. We now describe
the two different types of kink fields, carrying a kink charge ¢, more precisely.

(1) Kink fields with orientation + are linear operators (a*(8), D*(6)) with do-
mains

D"’(@) = @ He,
¢,:66, well defined

where a* (0) maps Hy, into Hgs, .
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(2) Kink fields with orientation — are linear operators (a~(¢), D~ (6)) with do-
mains

D_((g) = @ H92

0,:0,0 well defined
where a~ () maps H,, into H,g.

As we shall see later, the orientation is related to the localization properties of a
kink field: The localization region of a kink field with positive orientation is a right
wedge region and vice versa. Such a structure, which is the main reason for tech-
nical difficulties, does not arise in the DHR and BF case where any two sectors can
be composed in any order.

In order to give an idea how kink fields can be multiplied, we discuss a simple
example. Let us consider five kink sectors é,,--- ., - - - , 8_5 such that the prod-
uct sector § = #,0,6,0_10_, is well defined. There are six ways in which the field
operators a* (f1,), a*(01,) can be composed on Hg,:

a(emmy = 2t (O2)a" (Br)a (0 )a™(0-))
a(emsm) = @ (O2)a (0_p)at (01)a(0-))
Aoy = 2t (O2)a (0_p)a~ (0 )a* (0))
A rimy = & (02)at (B)at (1)a”(0-))
A emp) = & (0-2)at (B2)a= (0 )a* (0))

Aty = a (_z)a”(0_1)a’ (02)a™ (01)

Each of the composed operators a..., is a well defined linear map from Hy, into
Hy. We see from this example that factors of a product of kink fields, supposed
to be defined, can be exchanged if their orientations are different. If in addition
the localizing regions of two exchangeable field operators are space-like separated,
then the exchange of them is induced by a unitary operator, called quasi-statistics
operator. For example, assuming that a*(6,) and a=(0_,) are localized in space-
like separated regions, then there exists a unitary operator ¢(_4_|_—_4y such that

Ay— )V = €(gmtm—tp) Ay
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for each ¢» € Hy,. These operators are the analogues of the statistics operators
within the DHR and BF situation. The crucial difference is that the DHR and BF
statistics operators are related to arbitrary permutations of factors in a product of
field operators, whereas the quasi-statistics operators are related to pairs of finite
Zy = {+, — }-valued sequences, in our example it is the pair (—+—+|——++). To
point out these differences, we use the word quasi. A detailed analysis of quasi-
statistics relations between kink field operators is carried out in Section 6.2. We
also refer to [70].

The Hilbert space H carries a unitary and strongly continuous representation of
the translation group U/ which implements the translation of observables and which
fulfills the spectrum condition. We assume that the kink superselection sectors un-
der consideration are massive one-particle states which means that the spectrum of
the translation group being restricted to an irreducible kink sector

Us(x) = U(x)|n,
consists of an isolated mass shell H,, = {p|p* = m?*; py > 0} and a subset of the
set Cvm = {plp* > (m + w)*;po > 0}. The one-particle subspace, the space
of all vectors in H, whose spectral support is contained in H,,, will be denoted by
L.

Following the DHR and BF analysis, it is possible to construct one-kink op-
erators, i.e. kink field operators which map a particular vacuum vector ). € H,
into a one-particle space Hj. If the kink field operator has orientation +, then the
vacuum e is the left vacuum of 0, otherwise, if the orientation is —, then it is the
right vacuum of 6.

The one-kink creation operators a( f, ¢) depend on a energy-momentum distri-
bution f in which the velocity of the created kink is encoded, and it depends in
addition on a time parameter ¢ which compares, in a certain sense, the free motion
of a kink with its motion when interaction is present. Let us suppose there is one
kink alone in the world, then there is nothing else which can interact with it. There-
fore, for a one-kink state there is no difference between the free and the interacting
case. This means that applying a( f, ¢) to the corresponding vacuum vector €2, the
vector

() = alf, )0

is independent of 7.
A multi-kink state can be obtained by an application of multiple one-kink cre-
ation operators to a vacuum {),

() =alfi,t)---a(fn, 1)
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as long as we respect the composition rules for kink fields. Note that the expres-
sion ¢>(¢) above may contain kink fields with different orientation. The vector ¢(¢)
describes a configuration of n kinks at time ¢ after scattering.

For large t we expect that the kinks decouple and behave like n non-interacting
freely moving particles. This is indeed the case for a special class of kink config-
urations. It seems to be necessary to assume that

(i) theinterpolated vacua are related by an internal symmetry which gives us the
possibility to assign to each one-kink creation operator a( f;,?) a bounded
interpolation region O, (), which is, roughly speaking, the region in which
the interpolation of the vacua takes place.

(ii) Another crucial property is the velocity ordering in order to ensure that the
space-like distances between the interpolation regions increase to infinity
when ¢ tends also to infinity.

In Chapter 6, we shall present a detailed discussion on the assumptions which have
to be made such that the strong limit

77Z)out = 3§ — thm a(fh t) s a(fn, t)Qe
exists and depends only on the one-particle vectors 1»; = a( f;,1)(2.,. Here (). are

suitable vacuum vectors. Furthermore, we shall prove that the norm of the scatter-
ing state ¢)°"* is

1)) = 11 sl -
7=1
This implies that the assignment
®H§J ——H R, — ™
=1 7=1

is an isometry where Héﬂ are suitable one-particle spaces. As expected, the vec-
tor 1»°"* represents a configuration of n non-interacting freely moving kinks. The
asymptotic in-states can be obtained analogously.
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Axiomatic Quantum Field
Theory and Models in
1 + 1-Dimensions

2.1 The Time-Slice Formulation of a Quantum Field
Theory

As already mentioned in the introduction, for the analysis of quantum field theory
models it is convenient to work with the time-slice formulation. In order to keep
the present chapter self-contained, we repeat the main aspects of it. In addition to
that, we describe how a Haag-Kastler net can be constructed from the Cauchy data
and a given dynamics.

2.1.1 Cauchy Data and Dynamics of a Quantum Field Theory

Let us consider Cauchy data of a quantum field theory which are faithfully rep-
resented on a Hilbert space H,, i.e. the Cauchy data are given by a net of von
Neumann algebras

M := {IM(T) C B(Ho); T is abounded interval in ¥}
This net satisfy the conditions:
(1) Isotony: If 7, C T, then M(Z;) C M(Z3).
(2) Locality: If Z; N Z, = {, then 9M(Z;) C M(ZL,)".

(3) The group of spatial translationsin > = R is represented unitarily and strongly
continuous on Hj

U:R—U(Hp) ; x+——U(x)

41
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such that the automorphism ay := Ad(U(x)) maps M(Z) onto M(Z + x).

The time evolution is described by the notion of dynamics. For convenience,
we repeat its definition here.

Definiton 2.1.1 : A one-parameter group of automorphisms
a = {a; € Aut(IM);t € R} is called a dynamics of the net M if the following
conditions are fulfilled:

(1) The automorphism group « has propagation speed ps(«) < 1, where ps(«)
is defined by:

ps(a) = inf{#' | IM(T) C M(ZLprpy); VE, T} .
Here Z, := 7 + (—s, s) denotes the interval, enlarged by s > 0.

(2) The automorphisms {c; € Aut(M);¢ € R} commute with the automor-
phism group of spatial translations {ax € Aut(9M);x € R}, ie.

Qpoax =ax o ; YX,t .

The set of all dynamics of 91 is denoted by dyn(91).

Note that in many cases it is possible to choose the same net of Cauchy data
for different models. For instance, the Cauchy data of the P(®);-models can be
chosen by the time-zero algebras of the massive free Bose field [37].

2.1.2 Haag-Kastler Nets for Cauchy Data

To distinguish different theories, we have to compare different dynamics. For this
purpose, we shall construct a universal Haag-Kastler net with respect to a given
net M of Cauchy data.

Let UU(901) be the group of unitary operators in C*(91) and we define &(R, 91)
to be the group which is generated by the set

{(t,u)|t € Randu € U(M) }
modulo the following relations:
(1) We require for each uy, u, € U(9N) and for each ¢ € R:

(t,u1)(t,uz) = (t,uquz) and (¢,1)=1 .
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(2) Ifuy € M(Ty) and uy € M(T3) such that T, C (I>)f;), then we require for
eacht; € R:

(tr +tun)(tr, ug) = (tr,ua)(t + 1, ur)

We conclude from relation (1) that (¢, «) is the inverse of (¢, u*).

We see from the construction above that a localization region in R x ¥ can be
assigned to each element in &(R,91): A generator (¢,u), u € 9MM(Z) is localized
inO C RxYif{t} xZ C O. We denote by &(O) the subgroup of (R, M)
which is generated by the elements which are localized in the double cone O. We
easily observe that relation (2) implies that group elements commute if they are
localized in space-like separated regions.

The translation group in R? is naturally represented by group automorphisms
of B(R,9M). They are defined by

(tv X) S 6(t,x)(t17 u) = (t + 4, axu)

and the subgroup & () is mapped onto &(O + (¢,x)) by B x).-

In order to construct the universal Haag-Kastler net, we build the group C*-
algebra ®B( ) with respect to &((O) (compare also [56]). For convenience, we
shall describe the construction of B(O) briefly.

In the first step we build the *-algebra 28,(O) which is generated by all com-
plex valued functions ¢ on &(O), such that

a(u) =0 foralmost each u € &(O) .

We write such a function symbolically as a formal sum

a=Y alu)u .
The product and the *-relation are given as follows:

ab="> a(u)u- %: blu'yu' = Z(Z a(u)b(u_lu')) u'

u u! u

a* = Zd(u_l)u

U

It is well known, that the algebra B () has a C*-norm which is given by

llall := sup ||x(a)]]»
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where the supremum is taken over all *-representations = of *8,(QO). Finally, we
define B(O) as the closure of B, () with respect to this norm.

By construction, the group isomorphisms /3, vy induce a representation of the
translation group by automorphisms of the C*-inductive limit C*(B) of the net

B0+ B(O)

and we conclude that %8B is a translationally covariant Haag-Kastler net.
Proposition 2.1.2 : Each dynamics o € dyn(IM) induces a C*-homomorphism

o 1 C7(B) — C*(M)
such that for each (t,x) € R?,

ta © Bex) = e O o -
In particular,

Ay O —2A,(0) := 1, (B(0O))"

is a translationally covariant Haag-Kastler net.

Proof. Let « be a dynamics of 90, then we conclude from ps(a) < 1 that the
prescription

(t,u) — au
defines a C*-homomorphism
Lo : C7(B) — C*(M) .

In particular, ¢,, is a representation of B on the Hilbert space H,. These statements
can be verified by using the following relations:

(a)

to (T, ur)(t, u2)) = aqurapuy = ag(ugtg) = to(t, uguz)

(b) If (t1,uy) and (¢, +1, u,) are localized in space-like separated regions, then
we conclude from ps(«a) < 1:

[Loé(tlv U1)7 La(tl +1, UQ)] =y [ulv atu?] =0
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(c)
La(ﬂ(nx)(tl, u)) = ot + 1, axu) = Qg x) Ut U

In general, we expect that for a given dynamics « the representation ¢, is not
faithful. Hence each dynamics defines a two-sided ideal

J(a) :==7"(0) € C*(*B)
in C*(°B) which we call the dynamical ideal with respect to « and the algebras
B(O)/J(a) = Aa(0)

may depend on the dynamics «. Indeed, if O is a double cone whose base is not
containedin ¥, then, in general, for different dynamics a4, a5 the algebras 2, (O)
and 2, (O) are different. On the other hand, if the base of O is contained in X,
then we conclude from the fact that the dynamics « has finite propagation speed
and from Proposition 2.1.2:

Corollary 2.1.3 : [fZ C X is the base of the double cone O, then the algebra
2A,(0) is independent of o. In particular,

(M) = C7(Aa)

2.2 Quantum Field Theory Models in 1+1-Dimensions

A few remarks on non-trivial quantum field theory models are given in this section.
We give a short description of the Cauchy data and the dynamics of P(¢),- and
Yukawa, models.

221 P(¢),-Models

We denote by H, the symmetrized Fock space over the Hilbert space L,(R) of
complex-valued and square integrable functions, i.e.

HS = @ LQ(R)@)SH
n=0
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where s stands for the symmetrization of the tensor product. The massive free
Bose field ¢ and its canonically conjugate = act as operator valued and tempered
distributions on H, fulfilling canonical commutation relations (CCR). The net of
Cauchy data of the P(¢), models is given by the CCR-algebras

"
M, T M(T) := {ei((’b(ﬁ)”(m) ‘ fi € Se(R) 5 supp(f;) C I} :

According to J.Glimm and A.Jaffe [37], the Wick monomials : ¢" : of the time
zero field exist. They are well defined operator valued distributions. The interact-
ing part of a P(¢), Hamiltonian, regularized by an IR-cutoff ¢ > 0, is given by

Hy(c) = /dx L P(6(x) ¢ xe(X)

where P is a polynomial of even degree deg(P) = 2n and y. is a smooth test
function with the property:

)1 ifx e (¢
XC(X)_{O ifxe(—c—e¢c+e)\R

It is well known that H;(c) is a self-adjoint operator which has a joint core with
the free Hamiltonian H.

The family of operators { H1(c¢); ¢ > 0} induces a dynamics «; € dyn(91;)
with zero propagation speed [37]. If ¢; > cand Z C (—¢, ¢), then we have for
each a € 9M,(Z) and for each ¢t € R:

eitHl(C) a e—’itHl(C) — e’itHl(Cl) a e—’itHl(Cl)
Thus we may define o4 by the uniform limit
ab— ag4(a) := lim ¢HH(O) o gitHi(e) 2.1

C— 00

Since H (¢) has a joint core with the free Hamiltonian H,,, we are able to define
the Trotter product of the automorphism groups «g and «; which is given for each
local operator a € 9Mt;(Z) by the strong limit

ala) == (ag X ag)(a) = s — nli_}rgo(ozw/n 0y /)" (a)

Furthermore, the propagation speed is sub-additive with respect to the Trotter prod-
uct [37], 1.e.

ps(ao X ar) < ps(ao) + ps(ar)
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and we conclude that o € dyn(901;) is a dynamics of 01,.

It has been shown by Glimm and Jaffe [37] that there exist vacuum states w
with respect to the interacting dynamics «. Due to Haag’s Theorem (compare also
[12]) there is no vector ¢ in the Fock space H, such that the linear functional

wy  a = (3, ar))

is a vacuum state with respect to an interacting dynamics. But the vacuum states
w can be approximated by states which are induced by vectors in H,. The closure
of the operator Hy 4+ H;(c) is self-adjoint and bounded from below. Let £(c) be
the infimum of the spectrum of (Hy + Hy(c))™, then

H(e) :==(Ho+ Hi(c))™ — E(c)1
is a positive operator. According to [37], there exists a sequence
{Q(cn) € ker(H(c,));n € N} 5 lime, = oo
such that the weak™ limit

wi=w" — lim (Q(ec,), (1)Q(cn)) (2.2)

n—oo

is a vacuum state with respect to the interacting dynamics «.

2.2.2 Yukawa, Models

Let us consider the Fock space

H, := @ LQ(R7(Cz)®an

n=0

where a stands for anti-symmetrization of the tensor product and Ly(R, C*) is the
Hilbert space of C?-valued and square integrable functions. The free Dirac spinor
field ¢» and its canonically conjugate ¢ act as operator valued tempered distribu-
tions on H,, fulfilling canonical anti-commutation relations (CAR).

The field content of the Yukawa; model consists of one Bose field ¢ and one
Dirac spinor field ¢». The net of Cauchy data of this model is given by the W*-
tensor product

M: T M(T) = M, (T) D M, (T)
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where the net 91, is given by the CAR-algebras

M, : T — M (T) = {@/}(fl), D(f2) [ supp(f;) C I}”

The unrenormalized Hamiltonian with IR-cutoff ¢ > 0 is
Hon(c) = Ho + /dx W(x)W(x) : D(x) vo(x)
where H is the free Hamiltonian and the fields ® and ¥ are given by
Bi= ¢ @1y, and Ui= Ly, @ .

The Hamiltonian H,,, (c) is defined in the sense of bilinear forms on D x D, where
D is a dense subspace in Hy := H, @ H,.

According to [37], the renormalized Hamiltonian can be constructed by intro-
ducing an UV-cutoff and adding appropriate counterterms. Then the UV-cutoff can
be removed and we obtain an positive operator H (c), depending on the IR-cutoff
c> 0.

The dynamics o of the Yukawa, model can be constructed from the family of
Hamiltonians { H(¢); ¢ > 0}. Itis given by

a— a) (a):= lim e tH(e) ¢ g=itH(e)

C— 00

a e

However, the construction of the Yukawa, dynamics is more complicated than
the construction of P(¢),-dynamics and we postpone a detailed description of oY
until Chapter 5 where more technical details are needed. The additional difficulties
which arise here are due to the fact that o*" can not be written as the Trotter product
of the free dynamics o, and an interacting part ; with propagation speed ps(ay ) =
0.

Vacuum states with respect to the Yukawa, dynamics, whose existence have
firstly been established by R. Schrader [75], can be obtained in the same manner
as described for the P(¢), models (equation (2.2)).



Axiomatic Characterization of
Kink States

3.1 Mathematical Description of Kinks

In this section, we give a precise definition of kink sectors in the framework of
algebraic quantum field theory. Furthermore, we describe the construction of kink
homomorphisms which are generalizations of the DHR and BF endomorphisms.

3.1.1 Kink Sectors

Let 2 be a translationally covariant Haag-Kastler net and 7 be a representation of
2L, belonging to a sector § € sec(2A). We define the restriction 6|y of 6 to a C*-
sub-algebra B C C*(2l) as the unitary equivalence class of the restricted repre-
sentation 7 |, i.€.

(9|% = [7T|%] .

Definiton 3.1.1 : A sector # of 2l is called a kink sector, which interpolates the
vacuum sectors eq, e, if it satisfies the conditions:

(a) 6 fulfills the Borchers criterion (positivity of the energy). We refer to Section
1.1.1 for this notion.

(b) There is a left wedge region W; € W_ and a right wedge region W, € W,
such that:

0

CHAWL) = €1]0F(2A,wy) (3.1)

0

CHALW:) = €2]0% (2A,W) (3.2)

49
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A state (representation) is called a kink state (representation) if it belongs to a kink
sector.

Of course, since a kink sector # is translationally invariant, we conclude that
the relation (3.1) holds for every left wedge region. Analogously, (3.2) holds for
every right wedge region.

Notation: We denote the set of kink states, kink representations and kink sectors
by &(eq, e2), Aleq, e2) and sec(eq, €3 ) respectively. Furthermore, we shall call the
right vacuum the source and the left vacuum the range.

We shall show that the existence of a kink sector § € sec(ey, e3) implies that
the vacuum representations 7y and 75, which belong to the sectors ¢; and ¢, re-
spectively, are locally unitarily equivalent.

Proposition 3.1.2 : Let § € sec(eq, e3) be a kink sector. Then for each bounded
double cone O,

O]y = e1lao) = ezl -

Proof. Each double cone O can be written as an intersection O = Og N O, of a
left wedge region Oy, and a right wedge region Op. Let 6 € sec(eq, e5) be a kink
sector, then we obtain from equation (3.1) and (3.2):

0

C*(A,0L) = €1]C*(A,01) and 0 C*(A,0R) = €2]C*(AN,0R) - (3.3)

Since 2A(O0) C C*(A, Op) N C*(A, Or), we have:

9|2{(O) = €1|,‘2l(0) = €2|,‘2l(0)
The double cone O can be chosen arbitrarily which implies the result. [
Remark: Proposition 3.1.2 states that local unitary equivalence of two vacuum
representations 71 and 7, is a necessary condition for the existence of an interpo-

lating kink state. Without loss of generality, we may assume the following condi-
tions:

(i) The local algebras 2((QO) are W*-algebras.
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(ii) The states w € &(2U) under consideration are locally normal, i.e. their re-
strictions

wlao)

are normal states of 24(O) for each double cone O.

Proposition 3.1.3 : Let 7 € A(eq, e3) be a kink representation. Then each sub-
representation © C 7 is a kink representation in A(eq, e3).

Proof.  'We choose a projection £ which is contained in the commutant of 7 (C™*(2l))
and we consider the sub-representation = which is given by

7(a) :=w(a)F

We conclude from equation (3.1) that there is a vacuum representation 7; with
[7T1] = €1 and

Tlox@@,w) = Tilox(A,w) -

Since £ is contained in the commutant of 7 (C*(2() ), we conclude that £ € 21, (W’).
According to [21], the algebra 2(., (W) is a type III factor which implies that each
sub-representation of 7y |c« g, w) is unitarily equivalent to 7 |c+ (o) itself. This
yields:

Tlev@w) = Emilor@w) = milor@w) -

Analogously we show that

Tlox@awny = Emalox@wy = T2l @)

for a suitable vacuum representation 7, with [73] = €.

It remains to be proven that 7 satisfies the Borchers criterion. By a result of
Borchers [3], the operators U () which implement the translations in the represen-
tation 7 can be chosen in such a way that /(z) is contained in 7(C™(21))". Since
the projection £ is contained in 7(C*(2))’, we conclude that
[/ : @ — U(x) := U(z)E is a unitary and strongly continuous representation
which implements the translations in the representation 7. In particular the spec-
trum of {7 is also contained in the closed forward light cone. [J
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3.1.2 Kink (Soliton) Homomorphisms

A generalization of DHR and BF endomorphisms has been invented by K. Freden-
hagen [23] in order to define the composition of kink sectors. We shall see that a
kink sector, which interpolates vacuum sectors ey, ¢5, can be represented by two
different types of C*-algebra homomorphisms

p:CH(AL) — C*(AL) and p': CF(AL) — C(AL)

where C*(24F) are extensions of the C*-algebra C*(2l), depending on a vacuum
sector e € seco(2) and one of the space-like directions +-infinity. We briefly de-
scribe how kink homomorphisms can be constructed from a given kink sector.

Step 1: In the first step, we construct extensions of the C*-algebra C*(2(). Let
w € Gy(A) be a vacuum state and W a wedge region. Then we denote by

A (W) (3.4)

the closure of the C*-algebra C*(2, W) with respect to the topology which is in-
duced by semi norms:

llalli = Ite(T'7(a))] -

Here (H, 7, ) is the GNS triple of w and 7" a trace class operator on  with trace
tr(T) = 1.
Obviously, the algebras 24,;(1W') depend only on the sector ¢ = [w]. The net

AL Wi 5 W — A(W)
is canonically isomorphic to the net
AL Wi 5 W —— A (W) = n(C*(A,W))”

where W, denotes the set of right (left) wedge regions. Since the sets W, are
directed, the C*-inductive limits C*(2(%) and C*(2(%) can be constructed. It has
been proven in [23, 70, 71] that the following statements hold:

(1) Each vacuum representation 7., which belongs to the vacuum sector ¢, has
unique extensions 7 to the algebras C*(21F). Moreover, if we assume that
7. 1s faithful, then

7'(':: : C*(lec) — C*(Qlfe)

are C*-algebra isomorphisms.
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(2) If 6 is a kink sector with source ¢, and range ¢;, then each representation
7, which belongs to the sector #, has extensions 7+ to C*(Ql;;) and 7~ to
C(R2)-

(3) If we assume that Haag duality holds in each vacuum sector ¢, then for each
double cone O the intersection

2A.(0p) NA(OR) = A(0)

is independent of e.

Step 2:  Let us consider a kink representation (H, 7) € A(eq, e2) which interpo-
lates the vacua e; and e5. We choose vacuum representations (Hy, 71 ) and (Hs, 72)
with [m] = e; and [73] = 2. Then for each right wedge region W € W, there
exist unitary operators vV : H — H, and v}V : H — H, such that:

Ad(v!")or v and Ad(@)or
1 (7 ) 2

crRLW) = T CrRALW) = T2|lox(A,W) -

We obtain representations

po= Ad(v]")ort: C*(AL) — B(H,)

o= Ad(w))or: CH(AZ,) — B(Ha)
which are unitarily equivalent to . It has been proven [23] that
pCT(AL)) C CH(AL) and p/(C7(A)) € C(A)
and we finally define the kink homomorphisms:

p o= (m) o CF(AL) — C(A)
plo= () ot C(AL) — C7(A)

Remark: As mentioned above, we can associate two different types of kink ho-
momorphisms to each kink sector § € sec(eq, e2), namely

(a) kink homomorphisms p which are localized in right wedge regions
W e W, ie.

Plox@awry = idC*(?Zl,W’)
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(b) and kink homomorphisms p’ which are localized in left wedge regions
W e W_,ie.

p' cHAW) = idO*(,‘Zl,W)
Notation:

(i) We denote the set of all kink homomorphisms, which interpolate the vacua
€1, €2, by A(q, e1,e2). The value ¢ € Z, is called the orientation of a kink
homomorphism where we set ¢ = 1 for kink homomorphisms which are
localized in right wedge regions and ¢ = —1 for those which are localized
in left wedge regions.

(ii) For each kink homomorphism p we choose one wedge region supp(p) in
which p is localized.

3.2 Fusion, Subobjects, Direct Sums and Conjuga-
tion
The kink homomorphisms, which are discussed in the previous section, can be

used to build the composition, direct sums and the conjugation of kink sectors. We
shall see that the set of kink sectors is closed under these operations.

3.2.1 Composition of Kink Sectors

Let 0 € sec(eq, e5) and § € sec(ey, e5) be kink sectors. Then we can choose either
kink homomorphisms with orientation ¢ = 1 or ¢ = —1 to define their product.

(a) Letp € A(1,e1,¢5) and p € A(1, ey, €3) be kink homomorphisms such that
[z 0 p] = 0 and [7] o p] = 0. Then we define:

0 %) 0 := [x1 0 pp] . (3.5)
(b) On the other hand, let p" € A(—1,¢1,¢2) and p' € A(—1, €3, ¢3) be kink

homomorphisms with [7; o p’| = # and [r5 o p’| = 6. Then we define the
product by:

0 xqy 0 := x5 0p'p] . (3.6)
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Proposition 3.2.1 : Let 0, 0 be kink sectors. If the source 3(0) of 0 and the range
r(0) of 0 coincide, then the following statements hold.

(1) The products, which are given b)} equation (3.5) and (3.6), coincide and de-
pend only on the sectors 8 and 0, i.e.:

A

(9(9::(9><(T)é:(9><(1)é.

(2) The product 00 is a kink sector with source

N N

s(00) = s(0) and range r(00) = r(0)
Proof.  The proof can be found in [23, 71]. [J

Remark:

(i) For the investigation of the fusion rules for kink sectors, it is sufficient, ac-
cording to Proposition 3.2.1, to consider products of kink homomorphisms
with orientation ¢ = 1.

(ii) The product of two kink sectors can only be defined if the source of one of
the sectors coincides with the range of the other. This is different in the DHR
case where any two sectors can be composed.

3.2.2 Subobjects and Direct Sums

In order to discuss subobjects and direct sums, we mention some important prop-
erties of operators which intertwine kink representations.

Remark:

(i) Let m € A(ey, ez) and 7 € A(€], €) be two kink representations. Then we
conclude from Proposition 3.1.3, that, if ¢; # ¢} or e; # ¢}, then 7 and 7
are disjoint.

(ii) Let p,p € A(l,eq,ez) be kink homomorphisms, localized in W, and let
71 be a vacuum representation, belonging to the sector ¢;. Then each inter-
twiner v

_|_
v op

cr@y(-) = 7 0 plewy(-) D



56 Axiomatic Characterization of Kink States

is contained in 21, (W). Hence v := (77)7'(0) € 2., (W) intertwines p
and p, i.e.:

vp()=p()v . 3.7)

Thus it is sufficient to consider operators which intertwine kink homomorphisms
to investigate reduction schemes for kink representations.

Notation: The vector space of operators, which intertwine the kink homomor-
phisms p and p (equation (3.7)), is denoted by (p|p).

Subobjects: A kink homomorphism p; is called a subobject of a kink homomor-
phism p, if there is an isometry v € (p|p1) and we write p; < p.

Direct Sums: Conversely, we are able to define the direct sum p, p, for each pair
of kink homomorphisms py, p; with s(py) = s(p2) and r(py) = r(p2). According
to [6] we can find two isometries vy, vy € (W) with complementary range and
we define p; & p, as follows:

pla) = (p1 @ pz)(a) := vipr(a)v] + vapa(a)vy . (3.3

If W contains the localization regions of p; and ps, then p is a kink homomor-
phism which is also localized in W. Note that the homomorphism p; & p; depends
on the choice of vy, vy, whereas the sector [p; @ p,] does not.

Proposition 3.2.2 : The set of kink homomorphisms with orientation q is closed
under multiplication, taking direct sums and subobjects.

Proof. The statement of the proposition follows immediately from the discussion
above. [J

Remark:

(i) The set of kink homomorphisms possesses a category structure. The ob-
jects are vacuum sectors eq, e; and the arrows are kink homomorphisms p €
A(1, €1, €2). The composition of arrows is given by the product of kink ho-
momorphisms. The trivial arrow in A(1, e, ¢) is the identity id} of C*(2AF).
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(ii) On the other hand, there is a second category structure, namely the objects
are kink homomorphisms p, p; € A(1, €1, e2) and the arrows are intertwiner

v € (plp).

Such a structure is also known as a 2-(C*-category. See [66] for this notion.

Given arrows pq, pa € A(1,e1,€3), p € A1, eq,e3) and p € A(1, eg, e1), then
the following distributive laws are fulfilled:

>~

(pr @ p2)p = p1p @ p2p and plpy @ p2) = ppy © ppa -

Moreover, the sets of arrows A(1, ey, e5) possesses a partial order relation by the
definition of subobjects.

3.2.3 Conjugation of Kink Sectors

A criterion for the existence of anti-kinks has been established in [71]. We briefly
review the main facts which have been worked out there.

Theorem 3.2.3 : Let § € sec(ey, ¢) be a kink sector. If there exists a kink sector
0 € sec(eq, e1) such that

(a) 00 — ey and 00 — e,
then the following statements are true:
(1) 0 is uniquely determined by (a) and the map
j 10 €secer, eq) — j(0) = 0 € sec(eq, €1)
is a cofunctor.
(2) j is an involution which respects direct sums and subobjects:
(i) joj=id
(ii) (01 & 02) = j(01) & (02)
(iii) If 6, < 0, then j(6,) < j(0).

(3) Denote by sp(0) the spectrum of the implementation of the translation group
in a kink representation which belongs to . Then

sp(0) = sp(j(0)) -
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Proof.  The proof of the theorem can be found in [71]. The main tools are taken
from the mathematical theory of sectors, which has been developed by R. Longo
[57,58] O

Remark:

(i) A kink sector § € sec(eq, e2) fulfills condition (a) if and only if the index of
the W*-inclusion

p(Re, (W) C R, (W)

is finite. Here p € A(1, ey, e;) is a kink homomorphism which represents ¢
and which is localized in W. We refer to [57, 58, 71] for these notions.

(ii) Given two irreducible kink sectors ¢; € sec(eq,ez) and §; € sec(ez, e3)
which fulfill condition (a). Then their product is a finite direct sum of irre-
ducible kink sectors, i.e.:

0102 = @ nzh% 0 .
4

Here nf 4, are natural numbers, called fusion coefficients, which are differ-
ent from zero only for a finite number of irreducible kink sectors

6 € sec(eq, e3). We conclude from (/) and (2) that the conjugation respects
the fusion rules.

(iii) The statement (3) may be physically interpreted as the fact that the mass of
a kink and its corresponding anti-kink coincide.

The anti-kink sector can be constructed by using the modular data of the wedge
algebra 2. (W, ) where the wedge regions Wy are given by {z||2°] < +a'}. Let
(He, 7., §).) be the GNS-triple of a vacuum state which belongs to e. Then we
denote by (.J., A.) the modular data with respect to the pair (2, (W), .). For
technical reasons, let us assume that the net 2 possesses a PCT symmetry which
is implemented in each vacuum representation 7. by the modular conjugation .J..

Assumption: There is an anti-automorphism j : C*(2A) — C*(2() which reflects
the translations, i.e. j 0 o, = a_, o j, and which maps 2(QO) onto A(—0). It
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is implemented in each vacuum representation 7. by the modular conjugation ./,
ie.:

me(j(a)) = Jeme(a)J.

We easily observe that for each vacuum sector ¢ there are extensions j* of j:
JE = (7)o Ad(J) o wE : CF(AF) —— CH(AT)

Let p" € A(—1, ey, e;) be a kink homomorphism which belongs to the sector
6 € sec(eq, e2). According to [71], a kink homomorphism p € A(1, ey, €1), which
represents the conjugate sector j(#) (Theorem 3.2.3), is given by

pi=j_opojreAl, eer) . (3.9

Remark:

(i) The map p’ —— p, which is given by equation (3.9), is the PCT transforma-
tion of the kink homomorphism p’. If p’ is localized in a left wedge region
W', then p is localized in the PT-reflected region —W’. In particular, the
PCT transformation changes the orientation of a kink homomorphism.

(ii) Let p be a kink homomorphism, localized in a right wedge region W. We can
choose a kink homomorphism p’ which belongs to the same sector as p and
whichis localized in the PT-reflected region —W. Then the PCT transforma-
tion p of p’ is a conjugate kink homomorphism for p which is also localized
in W. The correspondence p —— p’ may be interpreted as a PT operation
and thus p —— p is the composition of a PT and a PCT operation which is
nothing else but the charge conjugation.
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When Does a Theory Possess
Kink States?

4.1 Interpolating Automorphisms

Interpolating automorphisms, which are also called soliton automorphisms, have
been introduced by J. Frohlich [31, Chapter 6] with the aim to give an axiomatic
characterization of soliton sectors in the framework of algebraic quantum field the-
ory. We shall give a precise definition of interpolating automorphisms in Section
4.1.1. In Section 4.1.2, we shall prove that a kink state corresponds to each pair
which consists of a vacuum state and an interpolating automorphism.

4.1.1 Definitions and Notations

Let us consider a quantum field theory in two dimensions which is given by a trans-
lationally covariant Haag-Kastler net 2 of W*-algebras.

Definiton 4.1.1 : An automorphism y € Aut(C*(2()) is called a symmetry of the
net 2l if it preserves the net structure and commutes with the translations:

(1) x(A(O)) = 2A(O) for each double cone O.
(2) yoa, = a,oyforeach z € R2

We shall denote the group of symmetries by Sym(21).

Definiton 4.1.2 : Given a symmetry y € Sym(2(), an automorphism p of C*(2)
is called y-interpolating if it fulfills the conditions, listed below.

61
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(1) There exists a bounded double cone O, such that the relations

Plex(A,011) = idc*(m,ou) and p C*(A,0rr) = X|C*(A,0RR) 4.1)

hold.

(2) There exists a strongly continuous map v, : R? — C*(2() which fulfill the
conditions:

(i)
Ad(7,(z)) = azopoa_,op™t . (4.2)
(ii) The operators fulfill the cocycle condition:
Yol +y) = ax(7,(y))70(x) - (4.3)

Two interpolating automorphisms p, p, are called equivalent if pyp;* is C*(20)-
inner.

Notation:

(i) The set of all y-interpolating automorphisms is denoted by Aut(y,2). For
each automorphism p € Aut(y,2l) we choose one double cone suppi(p)
which satisfies equation (4.1). We shall call suppi(p) the interpolation re-
gion of p.

(ii) We denote by sec(y, 2) the set of equivalence classes of y- interpolating au-
tomorphisms and we shall call the elements of sec(y,2l) interpolating sec-
tors.

(iii) A function ~, which fulfills (4.2) and (4.3) is called a cocycle of p.
In [31], an additional property is assumed for the set of interpolating automor-

phisms Aut(y,2l). It is demanded that for a given symmetry Yy, the set sec(y,2)
contains only one equivalence class.
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4.1.2 Kink States, Induced by Interpolating Automorphisms

Proposition 4.1.3 : Let v € Sym(2l) be a symmetry and let wy € So(2) be a
vacuum state. For each automorphism p € Aut(x,2l), the state wq o p is a kink
state in &([wo], [wo © X]).

We postpone the proof of the proposition above since we need some further
results for preparation.

Observation:  We observe that the GNS-representation 70 p of the state wyop has
the correct interpolation property. Indeed, for each interpolating automorphism
p € Aut(y,2) with suppi(p) C O, the representation 7, := g o p fulfills the
relations:

TplOox(A,0L1) = To|C*(A,0p1) and Tp|O*(A,0rR) =y O (A,0rRr) 4.4)

where 7, denotes the GNS-representation of wg o x.

Thus it remains to be proven that wy o p fulfills the Borchers criterion (positivity
of the energy), which follows by applying the statement of [31, Theorem 7]. Since
a detailed proof of [31, Theorem 7] is not given there, we shall present a complete
proof of Proposition 4.1.3. In comparison to [31], we use methods of a completely
model-independent analysis [18, 19].

Preparation of the Proof: In the first step, we shall prove that the representation
7, 1s translationally covariant.

Proposition 4.1.4 : For each translationally covariant representation (H, ), the
representation w o p is translationally covariant.

Proof. Let~, be acocycle of p and U be a strongly continuous unitary represen-
tation which implements the translations in the representation 7. Using equation
(4.3), we obtain by a straight forward computation [18, 19]:

mopoa, =Ad(U(x)r(v,(—x)))omop (4.5)
Thus
b Ulz)m(y,(—2)) (4.6)

is a strongly continuous unitary representation of the translation group, implement-
ing the translations in the representation x o p. [
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Notation: Let (Hy, 7o) be a vacuum representation and let p be an interpolating
automorphism. We define

Up() := Up(x)mo(y,(—2)) 4.7)

and denote the spectrum (of the generator) of U, by S(p) where U, implements the
translations in the representation 7.

In order to establish the statement of Proposition4.1.3, we shall prove that S (p)
is contained in the closed forward light cone. For this purpose, we prove the addi-
tivity of the energy-momentum spectrum.

Lemma 4.1.5 : Let {p;, € Aut(y;,A);5 = 1,2} be a pair of interpolating auto-
morphisms, then the additivity of the energy-momentum spectrum holds:

S(p1) + S(p2) C S(pip2) -

Proof. The proof is standard and we can apply the methods which are used for
the treatment of the DHR-framework [18, 19]. We also refer to [31]. The only
difference which appears here consists of the fact that the representations p; are
localized in wedge regions and not in double cones. But for the proofitis sufficient
that p; acts as a symmetry on those observables which are localized in the right
space-like complement of suppy(p).

Let f;, j = 1,2, be test functions with supp f; C S(p;) and let a € A(O) be a
local operator. Then the operators

aj = /dx file)vi(@)aza

have energy-momentum transfer in supp f]« where v, is a cocycle of p;.
This implies that

\I/l = Fo(al)ﬂo - HO
has energy-momentum support in supp f; and that
\IIQ = WO(XI(QZ))QO - HO

has energy-momentum support in supp f>. Moreover,

U= 7mo(p1(az)ar)Qo
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has energy-momentum support in supp f1 + supp f» which remains also true for

Wy := mo(pr(az))Up, (y)7o(a1) Qo -

Using the cluster theorem and the fact that ¢; and a, are almost local operators
we conclude that

lim Oo||‘1’y||2 = lim  (Qo, mo( a] pi(a_y(azaz)) ar )o)

Yyt =[O0 —— yt=[y0—=—o0

= lim Qo mo( af a—yxi(azas) a1 ) )
P lyP o

= |1ioﬁﬂ (Qo, mo(ajar)mo(a—y x1(asaz)) o)
y! —[y0|——o0

= lim (Q,mo(atar)Uo(—y)mo(x1(a30a2)) )

g = g0 | o0

= (Qo, mo(atar)Qo)(Qo, mo(x1(a3a2)) o)

= [[Ta]]? [0

We conclude that for || W, || # 0 there exists at least one y € R? such that
¥, # 0. The lemma follows since the vector ¥, is a non-zero vector in the repre-
sentation Hilbert space of p; p, with spectral support in S(p;) 4+ S(p2). O

According to Section 3.2.3 (Theorem 3.2.3), there exists a conjugate
p € Aut(x~!,2) for p which is given by

topoy (4.8)

where we have assumed the existence of a PCT-symmetry j for technical reasons.

pi=jox

Lemma 4.1.6 : The interpolating automorphisms p~!

particular, S(p) = S(p~').

and p are equivalent. In

Proof.  Since p is an automorphism, we conclude from Theorem 3.2.3 and
[36, 58, 71] that 7, 0 p~* and 7, o p are unitarily equivalent for each symmetry v,
ie.

[7y 0 /)—1] = [y 0 p]
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This implies

S(p™") = 5(p) = S(p)

and the proof is completed. [

Proposition 4.1.7 : For each automorphism p € Aut(x,2l), the representation
ToOp

is a positive energy representation.

Proof. Using the additivity of energy-momentum spectrum (Lemma 4.1.5), we
conclude that S(p) + S(p~*) C S(mo). Since S(p) = S(p~') (Lemma 4.1.6), we
finally obtain:

S(p) C V. (4.9)
0

Proof of Proposition4.1.3:  For each automorphism p € Aut(y,2l), we conclude
from Proposition 4.1.7 and equation (4.4) that 7 o p is a positive energy represen-
tation which satisfies the required interpolation property. [

We close this section by discussing the relation between interpolating automor-
phisms and kink homomorphisms. For this purpose, we repeat some notions of
Chapter 3.

For each vacuum sector e € secy(21), we consider the nets

AF W € Wy —— A (W)

where 2. (W) is the W*-completion of the C*-algebra C*(2(, W), defined in Sec-
tion 3.1.2. The corresponding C*-inductive limits C*(AF) are extensions of the
C*-algebra C*(2). Furthermore, we denoted by id* the identity of C'=(2¥). Let
7o be a vacuum representation which belongs to e, then we denote by e, the vac-
uum sector [7g 0 /.

Proposition 4.1.8 : Let p € Aut(y, Q) be an interpolating automorphism and
let e € seco(A) be avacuum sector. Then there exists a unique kink homomorphism

Pley) + CT(AT) —— C7(AT)



4.2 A General Construction Scheme 67

such that

Plee)lcxy =p - (4.10)

Moreover, for each unitary operator v € C*(2) one has:
(Ad(v) 0 p)(e,e,) = Ad(v) 0 peeyy - (4.11)

Proof.  Using the interpolation property (equation (4.1)) and the translation co-
variance of the representation 7y o p (Proposition 4.1.4), we conclude that there
exist unique extensions (7o o p)* and (7o 0 p)~ of the representation 7 o p to the
C*-algebras C'* (Qljx ) and C*(2( ) respectively. According to Chapter 3, we obtain
the desired C*-algebra homomorphism:

Plewy) = (7)o (mo0p)" .

Here 77 denotes the extension of 7, to the algebra C*(21F). Equation (4.11) is
obviously fulfilled. O

4.2 A General Construction Scheme

In Section 4.2.1, we establish sufficient conditions for the existence of kink sectors.
We use a general construction scheme which can also be applied if any two vacuum
sectors are not related by a symmetry. Hence the results of the subsequent analysis
go beyond those which have been presented in [31, 32].

We shall describe in Section 4.2.2 in which manner a multiple application of
our construction scheme leads to states which can be interpreted as multi-kinks.

4.2.1 An Existence Criterion
We consider a Haag-Kastler net 2l of W*-algebras which possesses at least two

inequivalent vacuum states.

Notation: We denote by 21 @ 21 the net which is given by the twofold W*-tensor
product of 2, i.e.:

ATA: O —— (ATA)O) = AO) T AO) (4.12)
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Theorem 4.2.1 : Ifthere exists an interpolating automorphism 3 € Aut(ap, A D 2A),
then for each pair of vacuum sectors ey, e; € seco(2l) there exists a kink state
w € B(eq,e).

Proof. Itis obvious that the flip automorphism «, which is given by exchanging
the tensor factors, is a symmetry of 20 @ 2. Let wy, wy € So(2) be vacuum states
andlet 7 € Aut(ap, A ® 2l) be an ap-interpolating automorphism. We denote by
(H,;,x;,9;) the GNS-triple of w; (j = 1,2).

According to Proposition 4.1.7,

Tp =71 @ T2 0 Blor et

is a positive energy representation. Using the Theorem of Reeh and Schlieder, we
conclude that

73(C™ (A, Orr, U Org)) @ Qo = m(CH(A, Or) ) @ m2(C™(A, Orr) )

is dense in H; @ H;. Thus the representation 7 is cyclic and therefore unitarily
equivalent to the GNS-representation of the state

w=w; Q@uwof

creL - (4.13)

We derive from the properties of [ the relations:

Talor@05,) = 1 @ Iy |or@,0,,) Squasi T10*(0,011)

Talox(A,0rr) = 1, @ To|ox(2,0,,) Zquasi F2|0*(A,055)

where the symbol =, ,; means quasi equivalent. Using the fact that for each wedge
region I the von Neumann algebras . (W), j = 1,2, are type III factors [21],
we conclude by using standard arguments:

Talor @0, = Filor@o,,) and Tslovonr) = Tolor@,0k)

This implies that w, given by equation (4.13), is a kink state which interpolates
the vacua ¢; = [wq] and e; = [wy]. O
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4.2.2 Multi-Kink States

Motivated by the result of the previous section, we introduce the notion of the in-
terpolating product which turns out to be of practical advantage for the discussion
of multi-kink states.

Definiton 4.2.2 :

(1) Let 5 € Aut(ap,2A ® 2) be an interpolating automorphism. We shall call
the homomorphism

A:=p

cr@yor t C7(A) — C(A D A) (4.14)
the interpolating co-product with respect to (3.
(2) Letw;,wy; € &(2A) be locally normal states. The state
palws @wy) i =w @wyoA (4.15)

is called the 3-interpolating product of w; and w,. Analogously, we define
the 3-interpolating product of two representations 71, 7.

Observation: We easily observe, that the sector [p5(wy @ ws)] depends only on
the sectors [w; ], [w,] and the interpolating sector 5] € sec(ap, 2A ® 2). Hence we
obtain a well defined map

o sec(ap, A D A) x sec(A) X sec(A) —— sec(2A) (4.16)
which is given by
(L, 01, 02) p— m(@l ) 02) = [/Lﬁ(wl & CUQ)] (417)

with (9]‘ = [wj] and ; = [ﬂ]
Furthermore, we conclude from Proposition 4.1.4 that p5(7m; @ 79) is transla-
tionally covariant if both, 7y and 7, are translationally covariant.

According to the proofs of Proposition 4.1.3 and Theorem 4.2.1, we easily de-
rive the following generalization:
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Corollary 4.2.3 : Let w € S(eq,¢3) and & € S(éq, é3) be kink states and let 3
be an ap-interpolating automorphism. Then the (3-interpolating product

pp(w @ ©) (4.18)

is a kink state in &(eq, é;). In particular, let ey, - - -, e3 be vacuum sectors and let
t1, t2 be ap-interpolating sectors. Then

:uu(el ® :ub2(62 ® 63)) (419)

is a kink sector in sec(eq, e3).

Since the right vacuum (source) of y,, (e; @ e3) and the left vacuum (range) of
(., (€2 @ es) coincide, i.e.

$(p (e1 @ €2)) = 1(p, (€2 @ es)) = ea (4.20)
we can build the fusion (see Section 3.2.1):
fh, (61 @ eg)pi,, (€2 @ e3) € sec(eq, e3) . 4.21)

We shall prove that the kink sector, which is given by equation (4.19), is noth-
ing else but the product sector (equation (4.21)).

Theorem 4.2.4 : Leteq, - - - , e3bevacuum sectors and let v, 15 be ap-interpolating
sectors. Then

Hoy (61 @ fhe (62 @ 63)) = iy (61 ® 62)/@2 (62 @ 63) : (4.22)

Let us establish another useful result, before we turn to the proof of
Theorem 4.2 .4.

Lemma 4.2.5 : Let 1, €3, e3 € seco(2l) be vacuum sectors, let p € A(1, ez, e3)
be a kink homomorphism and let § € Aut(ap,A @ ) be an interpolating au-
tomorphism. If the interpolation region suppi([3) is contained in the space-like
complement of supp(p), then

(ld; @ P) o 6 = 6(61@)62762@61) o (P @ ld;) :

Here B(c,ge, cr0e,) IS the extension of 3 which is given due to Proposition 4.1.8.
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Proof.  Since suppi(/3) and supp(p) are space-like separated, we can choose a
right wedge region W € W, such that

p

CHA T AW) = Qfp CHA T AW) and Ploxawrny = idc*(guw/)

Let O be a double cone. Using the translation covariance of p and /3, there are
unitary intertwiners v, € C*(2} ) and 73 € C*(A @ ) such that the homomor-
phisms

N

p:=Ad(y;)op and [ :=Ad(y;)op
have the localizing properties:
5

This implies for each ¢ € (A @ 2A)(O):

CHAT XOrm) = OF|lor@ T w0mn)  ANd  plor,0,,) = idor(@,0,,)

(idf, @ p)oBla) = Ad(1@7,) o0 (id], @ p) o B(a)
— Ad(1 @) Ba)
= Ad((1@,)7s) o Bla)

= Ad((1 @ 7,)v8)(ar(a))

Keeping in mind that v intertwines also the extensions 3¢, ge, e, @e, ) and B(el Bes,ea®er)
(Proposition 4.1.8), we obtain on the other hand:

N

6(61@)62762@61) o (P & ld;)(a) = Ad(’}/ﬁ) o 6(51@)52,52@51) o (P & ld;)(a)
= Ad(ys) 0 (idd, @ p)(ap(a))

= Ad(v5(1 @ 7,))(ap(a)) .

If the double cone O is large enough, i.e. Orr C W and O D suppi(/), then ~,
is contained in 2., (W) and ~;4 is contained in C*(2 @ 2(, W’). Thus 1 ® v, and
~s commute. Since O can be chosen arbitrarily large, the result follows. [
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Proof of Theorem 4.2.4:  Let 3 be an interpolating automorphism and let
{7;;7 = 1,2,3} be vacuum representations, such that [3] = ¢ and [r;] = e;.
We choose a kink homomorphism p € A(1, es, e3) with [p] = p,,(e2 @ e3) and
supp(p) C suppi(/)’. We conclude from Lemma 4.2.5:
(ﬂ—l @ (ﬂ—; o P)) o 6 = (7‘—1 @ 7T2)+ o 6(61@)62762@61) o (P & ld;)

Let p3(m1 @ m2)T be the extension of the kink representation ji3(7; @ 75) to the
algebra C*(2? ), then we obtain:

(m1 @ (75 0p))of3
Finally, we get:

cr@e1 = He(m @ m)top cx () -

fo,(e1 @y (ea @es)) = [pp(m @ ma)T 0 plowa)]

= :uu(el @ 62)/“2(62 ® 63) :

According to Theorem 4.2.4, multiple products of kink sectors can be com-
puted in a very convenient manner. To illustrate this, we choose a family of inter-
polating automorphisms

ﬂlv"' 7ﬂn € AUt(OéF7QL®Ql)
and vacuum states
Wi, ,Wntt € 60(9{)

such that suppi(5;) C suppi(f3;+1)Lr, i.e. the double cone suppi(5;) is placed in
the left space-like complement of suppi(3;+1). We conclude from Theorem 4.2.4
that the product sector

0= [, (w1 @ w)] [ (w2 @ wa)] -+ - (115, (Wn © way)]
can be represented by the state
W= pip, (w1 @ pgy (W @ - i, (Wn @ Wpga) <+ )

which describes a configuration of n space-like separated kinks. To justify this
interpretation, we shall prove the corollary below.

Corollary 4.2.6 : Let w be the product state, defined above. Then
VYa € Ql(suppl(ﬂj)RR N suppl(ﬂj+1)LL) : cb(a) = wj(a) . (4.23)
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Proof. We express w in terms of the interpolating co-products
{A; =5 or@e1i) = 1, N
O=(w @ Qwnyr)o([d" T RA) 00 (id @ Ay) oAy (4.24)

Let a be an observable which is localized in suppi(/3;)rr N suppi(/3+1)rL. then
we obtain:

(id®”_1®An)o---o(id®A2)oA1(a)
= (id®”_1 @A) o0 (id @A) (1@ a)
= (d®" '@ A, o -0 id® 1 @ AN (126-1) @ ¢
j
= ({1d*" P @A) o0 (id¥ @ A1V 9 a@1
j

= 190-1) @ ¢ @ 1©0—i-1)
Hence we have:
w(a) =wj(a) . (4.25)
O

4.3 Construction of Kink States via Universal Local-
izing Maps

In the previous section, the existence of an interpolating automorphisms is the cru-
cial condition in order to construct kink states (Theorem 4.2.1). But how can we
conclude whether the set of interpolating automorphisms is empty or not? It seems
to be very difficult to decide this question by only assuming the Haag-Kastler ax-
ioms for the net 2I.

In order to formulate additional conditions for the net 2 we give a brief discus-
sion of standard split inclusions in Section 4.3.1. Assuming the conditions, formu-
lated in Section 4.3.1, we prove in Section 4.3.2 the existence of interpolating auto-
morphisms which implies the main result of this section: For each pair of vacuum
states there exists an interpolating kink state (Corollary 4.3.7).
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4.3.1 Standard Split Inclusions and Universal Localizing Map

We now describe a concept, invented by S. Doplicher and R. Longo [20], which
will play a crucial role for our subsequent analysis.

We consider a pair of W*-algebras A, B which are faithfully represented on a
separable Hilbert space H.

Definiton 4.3.1 :
(a) If A is a sub-algebra of B, ie. A C B, we call the pair (A, B) of W*-
algebras a W*-inclusion. A vector ¢» € H is called a standard vector for
the inclusion (A, B) if +/ is cyclic and separating for A, B and A’ A B.
(b) A W*-inclusion (A, B) is called split if there exists a type I factor NV such

that A C N C B. If¢» € H is a standard vector for (A, B), the triple
(A, B, ) is called a standard split inclusion.

Remark: We note that the group 2/ (H) of unitary operators on H acts on the set
of all standard split inclusions A = (A, B, ). Indeed, let u € U(H) be a unitary
operator, then uA := (vAu*, uBu*, ui) is also a standard split inclusion.

Proposition 4.3.2 : Let A = (A, B,) be a standard split inclusion. Then the
following statements hold:

(1) There exists a unitary operator wy : HQH — H such that the W*-isomorphism
U, = Ad(wy) satisfies the relation:

V(b @a)=ba foreachl € B’ and for eacha € A

(2) There exists a canonical type I factor Ny between A and B, which is given
by

AC q}A(lH@%(H)) =Ny CBHB

(3) Let u be a unitary operator in U(H). Then

Uua = Ad(u) o Wy o Ad(u™ @ u™) .
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Proof. The proof is standard and can be obtained from [20, 9]. For reasons of
convenience, we cite the main steps of it here.

(1) Since A is a split inclusion, there is a (canonical) product vector ¢, € H,
such that

(Pa,bladn) = (P, 6'Y) - (i, arp) foreach i € B’ and for each a € A
and ¢, is cyclic for B’V A. Hence
wa(b'agn) == b @ ay
defines a unitary operator with the desired property.
(2) We conclude from the construction of wy:

A = \I/A(IH @A) = wA(lH X A)wz

and therefore
ACUAN(14©B(H)) CB
(3) By a straight forward computation, we obtain
uwp (U @ u") = wyp
which implies the result.

O

Notation: We shall call the W*-isomorphism W, , which is given above, the uni-
versal localizing map of the standard split inclusion A.

Let 2 be a translationally covariant Haag-Kastler net. Each pair (w, ©) which
consists of a state w and a double cone @, can be identified with a W*-inclusion:

(w, O) — (A(Orr). A(Or))

where 7 is the GNS-representation of w. !

! Alternatively, we can also choose the inclusion (2 (Or ), 2% (Or)). For our purpose, it is
sufficient to consider one of both possibilities.
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Definiton 4.3.3 : Let w € &(2) be a state and O be a double cone. We denote
by (H,n, ) the GNS-triple of w. We shall call the pair (w, O) a standard split
inclusion if

A= (QLW(ORR)v er(OR)v Q)

is a standard split inclusion. Furthermore, we write W, ¢y for the universal local-
izing map of the inclusion A.

An application of Proposition 4.3.2 gives:

Corollary 4.3.4 : Let w € S(2) be a translationally covariant state and let O

be a double cone. If A = (w, Q) is a standard split inclusion, then the statements
below hold.

(1) Vo € R*: A(z) := (w o ay, O + x) is a standard split inclusion.

(2) Let U be the implementation of the translation group in the GNS-representation
7 of w. Then the universal localizing map ¥, o) is translationally covari-
ant:

Up@) = Ad(U(x)) o Uy o Ad(U(—2) @ U(—=x)) .

Proposition 4.3.5 : Let w,wy,ws € So(A) be vacuum states. Then the state-
ments, listed below, are true.

(1) Let O C O be an inclusion of double cones. If A = (w, Q) is a standard
split inclusion, then A = (w, O) is a standard split inclusion.

(2) If Ay = (w1, 01) and Ay = (w2, O3) are standard split inclusions, then the
tensor product

Al ) A2 = (wl ®w2,(’)1 U 02)

is a standard split inclusion.

Proof. Let (H,x,Q) and (H;, w;, ;) be the GNS-triples of w and w;;j = 1,2
respectively.
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(1) Using the Reeh-Schlieder property of the GNS-vector {2, we conclude that
for each double cone O, () is a standard vector for the inclusion

(A-(Orr),2%:(Or)) .

If the inclusion (A (Orr), A~ (Or)) is split, then the inclusion (A (Orr), A-(OR))
is split for O C O. Thus A is a standard split inclusion which implies (/).

(2) By (1), it is sufficient to prove (2) for the case O; = Os. If A} = (wy,O)
and Ay = (wq, O) are standard split inclusions, then we conclude from
[20, capter 9] that the tensor product A; @ Ay = (w1 @ wq,O) is also a
standard split inclusion which implies (2). Note that the relation
(Ar, @ A (W) =2 (W) @ Ay, (W) holds for each wedge region W.

O

4.3.2 Construction of Interpolating Automorphisms and Kink
States

The results of the previous section can be used to formulate conditions for the ex-
istence of interpolating kink states. First, we shall prove the following result:

Theorem 4.3.6 : Let x € Sym(2l) be a symmetry, let w € Sy(2l) be a vacuum
state and let O be a double cone such that:

(a) The vacuum w is x-invariant: w o Y = w.
(b) The pair A = (w, Q) is a standard split inclusion.

Then there exists a canonical x-interpolating automorphism x* € Aut(x,2l) which
depends on the inclusion A.

Before we prepare the proof, we want to discuss some consequences and ap-
plications of Theorem 4.3.6.

The statement of Theorem 4.2.1 tells us that the existence of an ap-interpolating
automorphism 3 € Aut(ap, A @ ) of the twofold theory 20 @ 2 is a sufficient
condition for the existence of interpolating kink states. We conclude from Theo-
rem 4.3.6:

Corollary 4.3.7 : Ifthere exists a vacuum state wy € So(2) such that A = (wy, O)
is a standard split inclusion for a double cone O, then for each pair of vacuum
states wy,wy € So(A) there exists a kink state w € S(wy,ws) .
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Proof.  Let us suppose that A = (wy, O) is a standard split inclusion. Since the
state wg ¥ wp 1s ap-invariant and A @ A is a standard split inclusion (Proposition
4.3.5), the conditions (a) and (b) of Theorem 4.3.6 are fulfilled. Hence there is a
canonical ap-interpolating automorphism

B = ot ¢ Aut(ap, AT A)

associated with A. Finally, we conclude from Theorem 4.2.1 that the interpolating
product

fipn (w1 @ ws) € B(wr,ws)

is a kink state for each pair of vacuum states w;,wz € So(2). O

Preparation of the proof of Theorem 4.3.6: We assume that w is a y-invariant
vacuum state and that there is a double cone O such that A = (w, O) is a standard
split inclusion. First, we shall show that the pair (, A) induces an automorphism
x™ of the C*-algebra C*(2A).

Observation:  Since w is y-invariant, there is a unitary operator v which imple-
ments y in the GNS-representation 7 of w, i.e.:

Tox=Ad(u)orx (4.26)

Let W, be the universal localizing map which corresponds to the standard split
inclusion A = (w, O), then

UA = \I/A(IH X u) (427)

is a unitary operator which is contained in 2(,(Op). Moreover, we have for each
a € C*(A,Oprg) and foreach o’ € C*(A, Orr):

upm(a) = 7(x(a))ua and upw(a’) = w(a')uy . (4.28)
Lemma 4.3.8 : Let uy be the unitary operator, given above. If the double cone O

contains O, then

Ad(up)(2(0)) C A,(0) .
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Proof.  We choose an operator b € C*(2, O rr) and we obtain by using equation
(4.28):

*

upam(a)uym(b) = uam(ax(b))uy = uaw(y(b)a)uy = 7(b)uaw(a)uy
This implies that the operator
upm(a)uy

is contained in A (Opr) = A(Op). On the other hand, uy 7 (a)u} is also con-
tained in . (Og). By using Haag duality for the net 2, we finally conclude that

upm(a)uy € A(Op) AU(Or) = 2A-(0)
which completes the proof. [
Observation: According to Lemma 4.3.8, the automorphism Ad(u, ) maps lo-

cal algebras into local algebras. Since 7 is a faithful representation of C*(2l), it
follows that

a7 (uar(a)uy)

is a well defined automorphism of C* ().

Lemma 4.3.9 : Let \" be the automorphism, given above. Then there exists a
strongly continuous map v : R* — C*(20) with the properties:

(1)

Ad(ya(x)) = az o Yroa_,o (XA)_l ) (4.29)

(2) The operators vx(x) fulfill the cocycle condition:
(@ +y) = as(yay))le) . (4.30)

Proof. The translation covariance of the universal localizing map implies
Up(zy = U(x)uaU(—x), where U implements the translations in the vacuum rep-
resentation 7. This implies for Orr O Opp + x and a € C*(A, Opr + ):

*

m(x(a)) = uam(a)uy = up@)m(a)uy,



80 When Does a Theory Possess Kink States?

Hence u () u} 18 contained in 2, (Or+x). On the other hand u A(z)U} 18 contained
in 2, (Or) and we obtain by using Haag duality:

uA(w)uz € QLW(OR N (OL + :1;))
For the case Orr C Orp + ©, we obtain analogously:
uA(w)uz € Ql?r((OR + l‘) N OL)

Writing € R? as a sum of space-like vectors x = xy + x4, 1 € W, and

xy € W_, we conclude that for each = the operator u(,.yu, is contained in 2A.(0,),
where O, is a sufficiently large double cone. For each = we define the unitary op-
erator

yalx) = ﬂ'_l(uA(l,)uX) e A(0,) . (4.31)
This implies the relation
azoxtoa_o(x) P =71""o Ad(upyuy) o™ = Ad(ya(z)) .
It remains to be proven that -, fulfills the cocycle condition:

waty) = 7 N ua@spuy)
= 7T_1(UA(90+y)qu(x)uA(l’)uj\)
= 1 U (@) upgyuiU(—)upeuy)
= 7 (U(x)uauaU(=2))7 ™ (un@yu})

= az(ya(y))ale)
which completes the proof. [

Proof of Theorem 4.3.6.  According to Lemma 4.3.8 and Lemma 4.3.9, we con-
clude that y* is a y-interpolating automorphism whose interpolation region is lo-
calized in O, i.e.

XA C*(A,0pr) — XIC*(A,0rR) and XA C*A,0pL) = idc*(m,ou)
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4.4 Miscellaneous Results

In the present section, we investigate the question how large the class of kink sec-
tors is which can be obtained via our construction scheme. Furthermore, assuming
that the constructed kink representations contain massive one-particle representa-
tions, we establish a lower bound for the corresponding kink masses.

4.4.1 A Completeness Theorem for Simple Kink Sectors

According to Theorem 4.2.1, a kink sector can be constructed if a pair of vacuum
sectors and an ap-interpolating automorphism is given. But how large is the set
of kink sectors which can be obtained in such a way? We shall see that this set
contains, for instance, simple kink sectors (see Definition 4.4.2 below).

First, let us establish a preliminary result. We consider a standard split inclu-
sion A = (A, B,Q) on a Hilbert space H and denote by W, the universal lo-
calizing map with respect to the inclusion A @ A. Moreover, let u be the unitary
operator, acting on H & H by exchanging the factors in the tensor product, i.e.:

up 11 @y P @ Py .
The unitary operator
Op = Upoa(l @ up) (4.32)
is contained in B @ B and implements the flip on A @ A.
Lemma 4.4.1 : Let 0, be the unitary operator, given by equation (4.32). Then

B @ACO(BH) @10, CATDB .

Proof. Ifc € B(H),a € Aand ¥/ € B’, then we have
Or(c@1)0p (a@b') =0x(c@ab )0y = (a @) Op(c@1)0,
which implies:
O (B(H)@1)0y C A'@ B .
On the other hand, we obtain analogously:

(91\(1 &) %(H))@A CB @A/
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This finally gives:
B’ ©AC [(91\(1 ) %(H))GA]/ = GA(%(H) &) 1)(91\ .
O

Definiton 4.4.2 : We shall call a kink sector § € sec(eq, e2) simple if wedge du-
ality holds in a kink representation = which belongs to 4.

Theorem 4.4.3 : Let w € S(ey,ez) be a kink state which belongs to a simple
sector. If A = (w, O) is a standard split inclusion for a double cone O, then there
exists an ap-interpolating sector v € sec(ap, A @ ) such that the interpolating
product

po(e1r @ ez)

is a countably infinite multiple of [w)].

Proof. Let (H, r,$2) be the GNS triple of w and define A := A, (Oprp) and B :=
2, (Or). According to Lemma 4.4.1, we obtain:

(91\(7'('(@) ) 1)(91\ € QLW(OL) @er(OR) .
Since duality holds in the representation =, we conclude that
fi=(r® 71')_1 o Ad(fp) o (x @ 7)

is a well defined «p-interpolating automorphism (compare also Theorem 4.3.6).
We can choose unitary operators v; and vy, such that

Ad(v1) o

CH*A,01) = T1|o*(A,0) and Ad(vy)on CH*A,0R) = T2|C*(A,0R)

and we obtain by a straight forward computation:

Ad(0x(vf @ v3)) 0 pp(m @ ma) =7 @ 1y
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4.4.2 A Lower Bound Estimate for the Kink Mass

In order to discuss the mass of kink (soliton) states, we consider theories, given by
a Haag-Kastler net 2, which possess massive vacuum states. Furthermore, we as-
sume the existence of atleast one «v-interpolating automorphism 5 € Aut(ap, A @ A).
We briefly give the definition of massive vacuum and massive one-particle states
here (see also Figure 4.1 for illustration).
Let w be a translationally covariant state and denote by {/ an implementation
of the translation group in the GNS-representation of w.

(1) The state w is called a massive vacuum state if the spectrum of (the generator
of) U consists of {0} and a subset of C', := {p € R*: p? > u*;po > 0}
where p > 0 is a positive real number, called the mass gap of w. We denote
the set of all massive vacuum states with mass gap p by So(pu).

(2) If the spectrum of (the generator of) U/ consists of the mass shell H,, :=
{p € R*: p* = m?* py > 0} and a subset of C,,,,,, then we call w a massive
one-particle state with mass m > 0.

Y

Figure 4.1: The left picture shows the spectrum of a massive vacuum state and the
picture on the right side shows the spectrum of a massive one-particle state.

It has been shown [10, 23, 70], that for each massive one-particle state w (in
two space-time dimensions), there exist two massive vacuum states w, ws, such
that w interpolates w; € So(y1) and wy € So(p2).

Conversely, if two inequivalent massive vacuum states w; € GSo(p1) and wy €
So(p2) are given, then there exists a kink state w which interpolates w; and ws,
namely

w = pg(wr @ w)
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We denote by S(x) the spectrum of U, (), where U is a strongly continuous
representation of the translation group which implements «,. in the GNS-representation
7 of w. Note that, if the vacuum states w; and w, are inequivalent, then it follows
that 0 ¢ S(7).

From Proposition 4.1.7, we conclude that S (7 ) is a subset of the closed forward
light cone which does not contain the point £ = 0. Hence we have

1
and obtain the estimate:
1
inf(S(x)) > §min(,u1,,u2) ) (4.34)

Here the infimum inf(S(7)) is defined as the the infimum of the spectrum of the
mass operator M = (P, P*)'/2, where P is the generator of the translation group
Us.

Finally, we conclude that, if the kink sector [p5(w; @ wq)] contains a massive
one-particle sector, then its corresponding mass m fulfills the lower bound esti-
mate:

L.
m 2 omin(fu, pa) -



Kink States in Quantum Field
Theory Models

5.1 Interpolating Automorphismsin Quantum Field
Theory Models

As we can see from the discussion of Chapter 4, interpolating automorphisms are
a key tool in order to construct kink states. In this section we establish sufficient
conditions for the existence of interpolating automorphisms for a concrete quan-
tum field theory model.

5.1.1 Preliminary Results

Let us consider a net of Cauchy data 9t which is represented on a separable Hilbert
space Hj (see Section 2.1). According Proposition 2.1.2, a translationally covari-
ant Haag-Kastler net, which we shall denote by %[, can be constructed from a
given net of Cauchy data 9t and a dynamics o € dyn(90).

Definiton 5.1.1 : We denote by G(90t) the group of unitary operators u € B(H,)
whose adjoint actions Y, := Ad(u) commute with the spatial translations, i.e.:

Xu O Ox = Qx O Xy -

Let a € dyn(90) be a dynamics of the net 9. Then we define the following sub-
group of G/(IMN):

Ga, M) := {u € G(M)|y,0a; = a; 0y, foreacht € R.}

85



86 Kink States in Quantum Field Theory Models

Remark: Each operator v € (i(«,90) induces a symmetry of the Haag-Kastler
net 2A,,.

We make the following assumptions for the net of Cauchy data 91:

Assumption:

(a) The net 901 fulfills duality, i.e.
DJT(I)’ = Dﬁ(ILL) vV Dﬁ(IRR) (5.1)

(b) There exists a dynamics «g and a normalized vector {2 in H, such that
Wo = <907 (')Qo>
is a vacuum state with respect to the dynamics «.

(c¢) For each bounded interval Z, the inclusion
(M(Zrr), M(IR))

is split.

According to our assumption, we conclude form the Theorem of Reeh and Schlieder
that €, is a standard vector for the inclusion (M(Zrr), M(Zr)) which implies that

ANZ) := (MM(Zrr), M(IR), Qo) 5.2)

is a standard split inclusion for each interval Z. We denote by W7 the universal
localizing map of the inclusion A(7).

Remark: ~We shall make a few remarks on the assumptions given above.

(i) The results, which we shall establish in the following, remain to be correct
if the net of Cauchy data fulfills twisted duality instead of duality [62, 78].

(ii) For the application of our analysis to quantum field theory models, like P(¢),-
or Yukawa, models, we can choose as Cauchy data tensor products of the
time-zero algebras of the massive free Bose or Fermi field. The time-zero
algebras of the massive free Bose field fulfill the assumptions (a) [63] and
(b) and we shall proof in Appendix A (compare also [8]) that (¢) is also ful-
filled. Replacing duality by twisted duality, the assumptions (a) to (¢) hold
for the massive free Fermi field, too [78].
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(iii) The state wqy plays the role of a free massive vacuum state, called the bare
vacuum.

Proposition 5.1.2 : Let v € G(9M) be an operator and let T be a bounded inter-
val. Then there exists a canonical automorphism '~ with the properties:

(1) The relations

Xilowonz,,) =ider@nz,,) and XElosonzom = Xuloronznn  (5.3)
hold.
(2) There exists a strongly continuous map 7(1%1) : X — C*(IM) such that:
(i)
Ad(y, 7y (%)) = axoxpoaxo(x1)™" .
(ii) The cocycle condition is fulfilled:
Yury X+ Y) = (V) Y)Yy (%) -

Proof.

(1) In the same manner as in the proof of Lemma 4.3.8, we show that

A A

Ad(V7(1 @ w)(OM(T)) C M(T)
if the interval 7 contains Z. This implies that
YL = Ad(Wr(1 @)

is a well defined automorphism of C'*(97). By using the properties of the
universal localizing map Wz, we conclude that \Z fulfills equation (5.3).

(2) Using the proof of Lemma 4.3.9, we conclude that the statement (2) holds
where 7, 7/(x) is given by:

V(Iu,f)(x) = q}I+x(1 ® u)q}I(l & u*) .
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5.1.2 A Non-Local Extension of the Net of Cauchy Data

The automorphisms %, which have been constructed in the previous section, seem
to be good candidates for ,-interpolating automorphisms. To decide whether yZ
is an interpolating automorphism, we have to investigate how \Z is transformed
under the action of a dynamics «a.

Let o be a dynamics and G C G/(«, 91) be a finite subgroup. By using the
universal localizing map W7, we obtain for each bounded interval 7 a unitary rep-
resentation of &

Ur:G3gr——Uz(g) :=V7(1 @ g) € M(ZR) .

In the previous section it has been shown that U/z(¢) implements an automor-
phism Xﬁ which is covariant under spatial translations (Proposition 5.1.2). For a
dynamics a € dyn(9)1), we wish to construct a cocycle v, 7) in order to show that
X§ is an interpolating automorphism. The formal operator

Yo (1 X) = a@x)(Uz(9))Uz(g)"

seems to be a useful Ansatz since it formally implements the automorphism

Aftx) O Xp © A=t,—x) © (X7) 7"

Unfortunately, the operators Uz(g) are not contained in C*(90t) and the term
a(x)(Uz(g)) has no well defined mathematical meaning. To get a well defined
solution for ~(, 1), we construct an extension of the net 91 which contains the op-
erators Uz(g) (compare also [62]).

Definiton 5.1.3 : Let ¢ C G/(91) be a compact sub-group. The net M x G is
defined by the assignment

MG : T (MxG)T):=MT) Vv U (G)" .

To investigate the properties of the net 91 x (, we briefly explain the notion
of crossed products of von Neumann algebras by compact groups. A detailed de-
scription can be found in text books, for example [7]. We also refer to [46].

(i) Letus consider a W*-algebra A, represented on a separable Hilbert space H,
and a compact group (7, acting by automorphisms y, € Aut(A)on A. We
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(ii)

denote by K (7, H) the vector space of all H-valued continuous functions
on (&. Consider the inner product

(€l¢) = [ dulg) ((9).¢(9)

where ¢ and ¢ are functions in K ((7, H) and y denotes the normalized Haar
measure on (. We denote by L,((/,’H) the completion of K (G, H) with
respect to the inner product (-|-).

On the Hilbert space L,((/, H) we define representations 7 of A and U of (¢
as follows:

(U(g1)6)(g) == E(g7 ' 9)

Denote by 1 the unit of ¢ and by 1 the unit of A. Obviously, U(1) = 7(1)
is the identity operator on Ly((7, H). The crossed product A x i of Aby (¢
is the von Neumann algebra on L((7, H) which is generated by = (A) and
U(G).

For a compact subgroup ¢ C G/(91) and a bounded interval Z, (7 acts by au-
tomorphisms on M1(Z) via the group homomorphism

X163 g i € Aut(M(T))

and we can construct the crossed product 9t(7Z) x (.

Proposition 5.1.4 : Let 7 be a bounded interval, then the map

7t MI)xGoa-gr—alz(g) € MIT)V U (G)'

is a faithful representation of the crossed product M (L) x G.

Proof.  First, we easily observe that 77 is a well defined representation of

M(Z) x (. According to [46, Theorem 2.2, Corollary 2.3], we conclude that the
crossed product M(Z) x ' is isomorphic to the von Neumann algebra 9(7) V
Uz(G)" and 77 is a W*-isomorphism. [J
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Definiton 5.1.5 : A one parameter automorphism group «, which satisfies the con-
ditions, listed below, is called a (G-dynamics of the extended net 901 x G.

(a) « is a dynamics of the net 91 x (& (Definition 2.1.1).
(b) The automorphisms «; commute with the automorphisms y,, i.e.

;0 Xy = X400« ; foreacht € R and for each g € 5.

The set of all (-dynamics of 9t x (' is denoted by dyn (9 x ).

Proposition 5.1.6 : Let o € dyn, (9 x ) be a G-dynamics and T be a bounded
interval. Then the operator

Y (t) = ai(Uz(9))Ur(g)"

is contained in (I, ) where I, denotes the enlarged interval T + (—|t|,|t|) and
the operator

V) (1, X) 1= ax) (Uz(g))Uz(g)”
fulfills the cocycle condition of Definition 4.1.2.

Proof. For a € C*(IM, I rr), the operator ar_(a) is contained in C* (9N, Trp)
which implies

a oy(Ur(9))Ur(9)" = ala(a)Uz(g))Uz(g)"
= a(Uzr(g)xga—i(a))Uz(g)"
= a(Uzr(g)a—ixy(a))Uz(g)"
= ay(Uz(9))xs(a)Uz(g)”

= w(Uz(9))Uz(9)" a
and we conclude:
a(Uz(9)Uz(9)" € C(OM, L)y rr)" = M(Lys).1)

By asimilar argument, o (Uz(g))Uz(g)* is contained in 901(Z;) ) and we conclude
from duality that it is contained in 9)t(Z}; ). The cocycle condition for v, 1) is ob-
viously fulfilled and the proposition follows. [
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5.1.3 A Criterion for the Existence of Interpolating Automor-
phisms
Definiton 5.1.7 : Let o € dyn(9) be a dynamics and G C G(9M) be a com-

pact subgroup. We shall call o GG-extendible if there exists a (G-dynamics & of the
extended net 9 x (4, such that

&y cHmy — i

foreacht € R.

We are now prepared to formulate a criterion for the existence of interpolating
automorphisms.

Theorem 5.1.8 : If o € dyn(9M) is a G-extendible dynamics, then the automor-
phism x§ , Which can be constructed by Proposition 5.1.2, is a  ,-interpolating au-
tomorphism of 2.,.

Proof.  As postulated, there exists an extension & € dyn. (9 x ) of a. We
show that for each ¢ € (i the operator

Y (1) 1= &:(Ur(9)) Uz (g)"

implements the automorphism

Q0 Xﬁ 0Q_; 0 (Xg)_l

on C*(9M). Indeed, we have for each « € C*(9M):

Ad(1(, 1(1)a = &(Uz(9)Uz(g9)" a Ur(g)én(Uz(g))”
= @(Uz(g)) (x3)"(a) &(Uz(g))"
= au(Uslg)a—s((0) (@) Usto)')
= aUrlga= () @) )Urto))

= 0 Xﬁ oa_;0 (Xg)_l(a)
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Finally we conclude from Proposition 5.1.6 that Xf is a y,-interpolating automor-
phism. OJ

The dynamics « of P(¢),- and Yukawa, models are locally implementable by
unitary operators. More precisely, for each bounded interval 7 and for each posi-
tive number 7 > 0, there exists a unitary operator u(Z, 7|¢) with the properties:

(1) If |t1], |t2], [t1 + t2| < 7, then we have

w(Z, 7|ty + t2) = u(Z, 7t u(Z, 7|t2) .
(2) For |t| < 7, the operator u(Z, 7|t) implements o; on M(Z), i.e.:
ala)=u(Z,7|t)au(Z,7|t)" ; foreacha € M(T). (5.4)

Let ¢ C G(a, 901) be acompact sub-group. In order to show that « is (¢-extendible,
it is sufficient to prove that the operators

w(Zy, T|O)Ur(g)u(Zy, T|t)"

which are the obvious candidates for &(U;(g)), are independent of 7; forZ; D 7
and |{] < 7.

Lemma 5.1.9 : If for each T C 1,, for each 7 < 7 and for each ¢ € G the
equation

w(Z, 7 |O)Uz(g)u(Z, 7|t)" = w(Zy, 1 |t) Uz(g)u(Zy, 1 |)* (5.5)

holds, then the dynamics o is (i-extendible. Here u(Z,7|t) are unitary operators
which fulfill equation (5.4).

Proof. Let (Z,, 7,)necn be a sequence, such that lim,, Z,, = R and lim,, 7, = oc.
We conclude from our assumption (equation (5.5)) that the uniform limit

éi(a) == lim Ad(u(Z,, 7,[t))(a)

n—oo

exists. Thus & : t —— &y is a well defined one-parameter automorphism group,
extending the dynamics «. It remains to be proven that & has propagation speed
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ps(&) < 1. Since & is an extension of o and ps(«) < 1, we conclude for each
a € C*(M, Iy, pr) and for each b € C*(IM, Ly, 1.1.):

abéy(Uz(g)) = dlai(a)a_(b)Uz(g))
= @t(UI(Q)O‘—th(a)O‘—t(b))

= &(Uz(g)) xy(a)b

Thus the operator &;(Uz(g)) is contained in (7}, ) and implements Y, on
9 (Zyu,rr)- This finally implies:

ai(Uz(9))Ur, (9)" € M(Zyy)

and the lemma follows. []

5.1.4 A Criterion for the Existence of Interpolating Kink States

Let us consider the twofold W*-tensor product of the net of Cauchy data, i.e.:

MM : T — M(T) T M)

Observation:

(i) If the net 21 fulfills the conditions (a) to (¢) of Section 5.1.1, then the net
M @ 9N fulfills them, too.

(ii) Let o € dyn(9) be a dynamics of 9, then a®? is a dynamics of 9 @ M.
Note that the flip operator u;, which is given by

up : Ho @ Hop —— Ho @ Ho 5 1 @ g —— 10y @ 1y

is contained in G(a®?, 91 @ 9). Hence up induces an embedding of Z,
into G(a®*, M @ M).

(iii) According to Section 5.1.2, we can construct a non-local extension

A

M = (Dﬁ@ﬁﬁ) X Z2
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of the twofold net 9T @ 9. Let U7 be the universal localizing map of the
standard split inclusion

MI) © MT) = (M(Trr) © %, M(Tr) © %, % © Q)
and define f7 := W7(1 ® up). Then the algebra DJT(I) is simply given by

ML) = (MT M) x Zo)(T) = (IM(T) T M(T)) V {0} .

(iv) By Proposition 5.1.2, there exists a canonical automorphism
Bt = Ad(07) , (5.6)

associated with the pair (up, 7).

Notation: Let a be a dynamics of 9J1. In the sequel, we shall call « extendible if
a®? is Z,-extendible.

Theorem 5.1.10 : Let o € dyn(9) be an extendible dynamics, then for each pair
of vacuum states wy,wy € Go(A,), the state

w = pigr(wi @ ws)

is a kink state.

Proof. 'We conclude from an application of Theorem 5.1.8 that 37 (equation (5.6))
is an o p-interpolating automorphism and the statement follows from Theorem 4.2.1.
O

5.2 Application to Quantum Field Theory Models

We show that a sufficient condition for the existence of interpolating automorphisms,
i.e. the extendibility of the dynamics, is satisfied for the P(¢),, the Yukawa, and
special types of Wess-Zumino models.
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5.2.1 Kink States in P(¢);-Models

We shall show that the dynamics of P(¢),-models are extendible. As described in
Section 2.2 the dynamics of a P(¢),-model consists of two parts.

(1) The first part is given by the free dynamics o, with propagation speed
ps(a0) = 1. o
050715(@) — eZHotae—ZHot
where (Hy, D(Hy)) is the free Hamiltonian which is a self-adjoint operator
on the domain D(H,) C Ho.

(2) The second part is a dynamics «; with propagation speed ps(ay) = 0, 1i.e. aq 4
maps each local algebra 9t(7) onto itself. The interaction part of the full
Hamiltonian is given by a Wick polynomial of the time-zero field ¢:

H\(T) = Hy(xz) = [ dx 2 P(6(x)) s xz(x)

where x7 is a smooth test function which is one on 7 and zero on the comple-
ment of a slightly lager region Z O Z. The unitary operator exp(it H1(Z))
implements the dynamics a4 locally, i.e. for each a € 9t(7) we have:

(), —iHU(T)E

ag(a) = a
Definiton 5.2.1 : An operator valued distribution v : S(R) — L(H,) is called an
ultra local interaction, if the following conditions are fulfilled:

(1) For each real valued test function f € S(R), v(f) is self-adjoint and has a
common core with H.

(2) Let f € S(R)be areal valued test function with support in a bounded inter-
val Z, then the spectral projections of v( f) are contained in 2(7).

(3) For each pair of test functions fi, fy € S(R), the spectral projections of
v( f1) commute with the spectral projections of v( f2).

Remark: 1t has been proven in [37], that the Wick polynomials of the time zero
fields are ultra local interactions. Furthermore, each ultra local interaction v in-
duces a dynamics o € dyn(9t) with propagation speed ps(a’) = 0. Let Z be a
bounded interval and let y7 € S(R) be a positive test function with y7(x) = 1 for
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each x € 7. Indeed, by an application of J. Glimm’s and A. Jaffe’s analysis [37],
we conclude that the automorphisms

a] ML) —— M(T) ; ar— Ad(exp(itv(xz)) Ja
define a dynamics with zero propagation speed. In the sequel, we shall call a dy-

namics " ultra local if it is induced by an ultra local interaction v.

In order to prove that a dynamics «, which is given by the Trotter product
a=aqayXa’

of a free and an ultra local dynamics, is extendible, we show that each part of the
dynamics can be extended separately.

Since the free part of the dynamics can be extended to the algebra B (H, ) of all
bounded operators on the Fock space Hj, it is obvious that ag is extendible. Thus
it remains to be proven the following:

Lemma 5.2.2 : Each ultra local dynamics o’ € dyn(9M) is extendible.

Proof. Let us consider any ultra local interaction v. For each test function
f € S(R), we introduce the unitary operator

U(f|t) — eitv(f) ® eitv(f)

Let 7 be a bounded interval and denote by Z., ¢ > 0, the enlarged interval
T + (—¢, ¢). We choose test functions %9 € S(R) such that

1 xe7
(Z.¢) _
X (X)_{o x € I¢ = T,\R

For an interval 7 O 7., the region i \Z, consists of two connected components
(Z.\Z.)+ and there exist test functions y* € S(IR) with

Supp(X_) C (j'e\z'e)— C ILL

Supp(X+) C (j'e\Ie)-I— C IRR

e D G

Let us write

u(Z,elt) := u(xTI|t) and ux(t) := u(x*|1).
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Since we have [u( fi[t), u(f2|t)] = 0 for any pair of test functions fi, f» € S(R),
we obtain for each ¢ > 0 and for Z, C I:

u(Z, elt) = u(Z, e|t)u_(t)up(t) (5.7)

If we make use of the fact that u (¢) is ap-invariant and localized in Zpg, we con-
clude that §7 and w4 (¢) commute. Thus we obtain

Ad(u(Z, e|t))fr = Ad(u(T, €|t))07 (5.8)

which depends only of the localization interval Z since ¢ > 0 can be chosen arbi-
trarily small. According to Lemma 5.1.9, the automorphisms

&' M(T) 3 a — Ad(u(Z, €|t))a € M(T)

define a dynamics of M whose restriction to M @ M is a¥ @ . Thus a” is ex-
tendible. (]

If & denotes the natural extension of the free dynamics a5 to M and let 4* be
the extension of the ultra local dynamics o &« then, by using the Trotter product,
we conclude that the dynamics

=G x &

is an extension of the dynamics (ap x o¥)®? to 9. This leads to the following
result:

Proposition 5.2.3 : Each dynamics of a P(¢)2-model is extendible.

Proof. The statement follows from Lemma 5.2.2 and from the fact that each dy-
namics of a P(¢),-model is a Trotter product of the free dynamics a, and an ultra
local dynamics «. O

The existence of interpolating kink states in P(¢),-models is an immediate
consequence of Proposition 5.2.3.

Corollary 5.2.4 : Let o € dyn(9M) be a dynamics of a P(¢)s-model. Then for
each pair of vacuum states wy,w> € So(a, M) there exists an interpolating kink
state w € S(wy,ws).
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Proof. By Proposition 5.2.3 each dynamics of a P(¢),-model is extendible and
we can apply Theorem 5.1.8 which implies the result. [

5.2.2 The Dynamics of the Yukawa; Model

Since the dynamics of a Yukawa,-like model can not be written as a Trotter product
which consists of a free and an ultra local dynamics, it is a bit more complicated
to show that these dynamics are extendible. We briefly summarize here the con-
struction of the Yukawa, dynamics which has been carried out by J. Glimm and A.
Jaffe [37]. We also refer to the work of R. Schrader [74, 75].

Let M, and N1, be the nets of Cauchy data for the free Bose and Fermi field,
represented on the Fock spaces H; and H, respectively. The Cauchy data of the
Yukawa, model are given by the W*-tensor product 9t := 91, @ 9, of the nets
M, and Nt,. Moreover, we set Hy := H, Q H,.

Step 1: Inthe first step, a Hamiltonian, which is regularized by an UV-cutoff ¢y >
0 and an IR-cutoff ¢; > 1, ¢y << ¢y, is constructed. For this purpose, one chooses
test functions 6., x., € S(R) with the properties:

(a)

supp(de,) C (—co,¢o) and /dX 0o (x) =1

(b)

supp(xe,) C (—e1 — 1,0 + 1) and y. (x) =1 foreachx € (—c¢y,¢q).

The UV-regularized fields are given by

(co,X) 1= (P * 6e)(x) and (co,x) 1= (1 * by )(X) (5.9

where ¢ is a massive free Bose field and ¢ a free Dirac spinor field at ¢ = 0. The
fields, defined by equation (5.9), act on H, via the operators

P(co,x) := ¢(co,x) @ 1y, and Y(cp,x) 1= 1y, @ (o, X) .

The regularized Hamiltonian H (¢g, ¢1) can be written as a sum of three parts:
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(1) The free Hamiltonian H, which is given by
Hy=Hyo @1y, + 1y, @ Hyq

where H, ; and H, , are the free Hamilton operators of the Bose and the
Fermi field respectively.

(2) The regularized Yukawa interaction term:
HY(Cov cl) = /dX Xer (X) (I)(CO,X) : @(CO,X)\I}(CO,X) :

(3) The counterterms:

Ho(corex) = 32 =a(co) [ ax v (x) o

where z,,(co) are suitable renormalization constants.
The following statement has been established by J.Glimm and A.Jaffe [37, 39]:
Theorem 5.2.5 : The counterterms H¢(co,c1) can be chosen in such a way that

(1) the cutoff Hamiltonian H(cy,c1) = (Ho + Hy(co, 1) + He(co 1)) is a
positive and self adjoint operator with domain D( Hy).

(2) The uniform limit

R(e1,¢) = im (H(co, 1) — C)_l

co—0
is the resolvent of a self adjoint operator H(cy).

(3) H(cy) is the limit of H(co, ¢1) in the strong graph topology.

Notation: In the sequel, we shall use the following notation:

u(co, c1,t) :=exp(it H(co,c1)) and wu(eq,t) :=exp(itH(cr)) .
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Remark: The aim is to show that H (¢, ) induces a dynamics of 91, given locally
by the equation

Oét|§m(j) = Ad( u(er,t) ) forZy =T+ (—|t],[t]) C (—c1, ).

However, in comparison to the P(¢),-models, there are some more technical dif-
ficulties which have to be overcome.

(i) The Hamiltonian H (¢;) is only defined as a limit of the Hamiltonians H (¢, ¢;)
and it has no mathematical meaning when written as a sum

Ho+ Hy(c1)+ Hel(er)

Thus the construction scheme for a dynamics, as it has been used for P(¢)»-
models, does not apply.

(ii) On the other hand, one might try to apply P(¢)»-like methods to the Hamil-
tonian H (cy, ¢; ), for which the UV-cutoff is not removed. For this purpose,
one wishes to write H (co, ¢1) as asum H(cg, ¢1) = Hi(co, 1) + Ha(co, ¢1)
where H;(co, ¢1) induces a dynamics o4 with propagation speed ps(aq) < 1
and Hs(co, ¢1) induces a dynamics «, with propagation speed ps(as) = 0.

The difficulty with writing such a decomposition for H(cy, ¢;) arises from
the fact that the Yukawa interaction term Hy (¢o, ¢;) induces an automor-
phism group with infinite propagation speed.

Step 2:  In the next step, one introduces test functions x(z , ., (see Figure 5.1),
depending on a bounded interval Z, a real number s > 0 and the UV-cutoff ¢y,
fulfilling the conditions

SUPP(X(Z,s0)) € Lacot|s|4¢ \L|s|—c and
(5.10)
X(Tyse0)(X) = 1 X € Doy 115\ L)

Here ¢ << ¢ is any sufficiently small positive number. The Hamiltonian H (co, ¢;)
is replaced by the operator

H(Z,s,¢co,¢1):= Ho+ Hc(co,c1) + Hy (Z,8,¢0,¢1) (5.11)
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:

Figure 5.1: The figure shows the graph of the function x (7, .,)-

depending additionally on 7 and s, where Hy (Z, s, co, ¢1) is given by

Hy(Z,s,¢cp,¢1) := /dx D (co,x) : W(co, x)U(co,X) : ( Xey (X) = X(Ts.00)(X) )

In order to construct from these data a ¢;-independent approximation of the
dynamics which maps 90t(7) onto 9t(Z},| ), one defines the unitary operators

L t
w(I7 Co, C1, t) = H exp (Z_H( I? (n - j)n_1t7 €0, C1 ))
i=1 "
where n is equal to the integral part of |c;'#|. The lemma, given below, has been

established in [37].

Lemma 5.2.6 : [37, Lemma 9.1.2] The adjoint action of w(Z, ¢y, ¢1,t) induces an
automorphism

a0 = Ad(w(Z, co, 1, 1)) : M(T) — M(Tpy)
which is independent of ¢;.
Step 3:  Fortechnical reasons, to control convergence as ¢, tends to zero, the length

of time propagation is scaled, and one defines for A € [0, 1] the ¢;-independent au-
tomorphism

a0 = Ad(w(Z, co,e1, A, 1)) : MM(T) — IM(T))
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where w(Z, ¢, ¢1, A, ) is given by
" At
w(I7 Co, C1, )‘7 t) = H exp (Z—H(I7 (n - j)n_1t7 Co, cl)) :
n

i=1

The final approximation is given by averaging over A:

)= [ A ) o a)

where f; is a positive continuous function such that

/dA fe(A) =1 andsupp(fe) C[1—(,1],¢<1.
Finally, J. Glimm and A. Jaffe have established the result:

Theorem 5.2.7 : [37, Theorem 9.1.3] There exists a function ¢ : { — c; with
limy_.q ¢, = 0 such that

o) (a) == w — limozz(fz’c"’g)(a) =u(er,t) au(er,t)” (5.12)

{—0

for each a € M(T) and for each sufficiently large c;.

5.2.3 Kink States in Models with Yukawa, Interaction

We shall use an analogous strategy as above (step 1- step 3) in order to show that
the dynamics ", which is given due to Theorem 5.2.7 is extendible.

Theorem 5.2.8 : The dynamics o of the Yukawa, model is extendible.
Let us prepare the proof. First, we give a few comments on the notation to be
used.

Notation:

(a) In the sequel, we write (- --) = w(---)®* and a(---) = u(---)®* for the
corresponding quantities of the twofold theory. As in step 3 above, we also
define the automorphism

alF 0N = Ad(0(T, co, c1, A, 1))

and the average

Icoz /d)\fg ICOA( )
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(b) Let wgy be the vacuum state with respect to the free dynamics which is in-
duced by H,. We denote by W7 the universal localizing map of the standard
split inclusion A(Z) @ A(Z) and we define 7 := U7(1 @ up).

Lemma 5.2.9 : The adjoint action of Ww(Z, ¢y, ¢1, 1) induces an automorphism
A I,CO A A
af ) s M(T) — M(Tyy)

which is independent of ¢;.

Proof. By Lemma 5.2.6, it is sufficient to prove that
Ad(UA)(I, Cop, C1, t))ej

is ¢;-independent. Indeed, following the arguments in the proof of Proposition
5.2.3, we conclude that

07 = exp(itH(Z, s, co,¢1))%* 07 exp(—iTH(Z, s, co, c1))%?

is ¢;-independent for |7| < ¢y and that #’ is contained in 95?(I|5|+|T|). Composing
n such maps, we obtain the lemma. [

In complete analogy to Theorem 5.2.7 we have:

Lemma 5.2.10 :

6" (a) == w —lim & a) = der, 1) a dfer, 1)

For each a € D)T(I ) and for each sufficiently large c;.

Proof. By Theorem 5.2.7, we conclude that the lemma holds foreach a € 9(Z) @ M(T).
Hence it remains to be proven that

w —lim al T (0r) = dfer, 1) 07 dler, 1)

The Corollary 9.1.9 of [37] states:

w—%ing dX (0(Z, ¢ery e, A1) — ale, e, M) ) fo(A) =0 .
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We define
07(0,) == a7 (07) and O7(0,1) = / dA fo(N) Ad( @(ce, er, M) )07
The Schwarz’s inequality implies for each ¢ € Ho © Ho:
(0, 02(C, 1) = Oz(L, 1))
< 2l (1N L) (T 1 A,8) — e, ) )
Since ||(v — w)b||2 = 2 - Re(((v — u)eb, utb)), we obtain:
(0, 0(0,t) — 0(L, 1))
< 41| - (fd)\ £(N) Re< (T, e, Mt) — dcr e, M) );/),ﬁ(q,cl,)\t);/)>)l/2

In order to conclude the proof we establish the following sublemma:

Sublemma: Letwu, : A — wuy(A)and wy, : A — we(X), { > 0, be strongly
continuous functions with values in the group of unitary operators on H, such that

w = Tim [dAX fi(0) (we(A) = ug(A)) = 0 (5.13)
and
s — %i_{%w(l) =u .

Then we have

lim
{—0

J AL { () = () (V) =0

Proof of Sublemma.  Since u, is strongly continuous and f, has supportin [1—¢, 1]
we conclude that for each € > ( there is a number [ > 0 such that for each ¢ < [
we have:

‘ /d)\ fﬁ()\) < (wﬁ()\) — Ug(A))¢7 (Ug()\) _ Ug(l))¢> ‘ < i
and

€

[ ANEO) ) = w0 (1) = ) | <
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which implies:

AR (Gorld) = w0 () = ) | < 5

According to equation (5.13), we obtain on the other hand:

‘/d)\ LV ((w00(N) = ws(A) )b, ueh) ‘ <5

This implies finally the desired result:

‘ AN ) o) = w0, (V) ‘ <e.

An application of the sublemma gives:
lim (4, 82(¢, 1) — O2(£, 1))| = 0

which proves the lemma. [

Proof of Theorem 5.2.8: ' We conclude from Lemma 5.2.10 and Lemma 5.1.9 that
the automorphism group & is a dynamics of the extended net 90t whose restriction
to M @ Mis ¥ @ a”. Thus o is extendible. O

Remark:  According to [75], each dynamics o ¥ of a quantum field theory model

with Yukawa, plus P(¢), boson self-interaction is extendible.

Finally, we conclude from Theorem 5.2.8:

Corollary 5.2.11 : Let o” t¥ be a dynamics of a quantum field theory model with
Yukawas plus P(¢)s boson self-interaction. For each pair wy,w; of vacuum states
with respect to oY T, there exists a kink state w in &([w1], [wy]).

5.2.4 Wess-Zumino Models

One interesting class of quantum field theory models which possess more than one
vacuum sector are the N = 2 Wess-Zumino models in two-dimensional space-
time. Their properties have been studied in several papers [47, 50, 51, 48, 49] and
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we summarize the main results which are established there in order to setup our
subsequent analysis.

The field content of these models with a finite volume cutoff ¢ > 0 consists of
one complex Bose field ¢. and one Dirac spinor field ¢, acting as operator valued
distributions on the Fock spaces

Hu(c) = @LQ(TC7(02)®G
n=0

Hs(e) = @LQ(TC7(C)®S

where a, s stands for symmetrization or anti-symmetrization of the tensor product
and Ly(T., C*) (k = 1,2) denotes the Hilbert space of C*-valued and square inte-
grable functions, living on the circle 7. of length ¢. The net of Cauchy data for the
finite volume theory is given by

M. : (—c,¢) DT —— ML) =M. (T) D M. .(T)

where the nets 91, ; and 901, , are defined by the assignments:

"
Mes:(—c,¢) DT —— M., (T) := {62(%(][1)“6“2)) supp(f;) C I}

Mot (~es6) 3 T e el D) 1= [l ) o) [supp() € 7}

where 7. is the canonically conjugate of ¢..
Let M := M._., be the net of Cauchy data in the infinite volume limit, then
the map

A o(fun) 7(fi2) dc(f11) 7l fr2) i ) Y
o ( P(f) z/)(fzz)) — (¢C(f21) Mfm)) ; supp(fij) C (=¢,¢)

is a W*-isomorphism which identifies the nets 9t and 9. for those regions Z which
are contained in (—c, c).
The interaction part of the formal Hamiltonian consists of two parts.

(a) A P(¢)s-like part:

Hp(v,c) = . dx : [o'(®)P: — :|®)*:
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(b) A Yukawa,-like part:

._ g [ V(@) =1 0 .
Hy(v,¢):= TCdX .\Ilc( 0 (D) — 1 )\I/c.

where v is a polynomial of degree deg(v) = n, called superpotential, and the fields
®. and V. are given by

(I)c = ¢c ) ]-'Ha(c) and \I}C = ]‘HS(C) @ ¢C :

According to the results of [47, 49, 50, 51], it has been shown that, there is a
self-adjoint Fredholm operator ()(v, ¢), called supersymmetry generator, on
Ho(c) := Hs(c) @ Ha(c). The Fredholm index of Q(v, ¢)

ind(Q(v, c)) = dim ker(Q(v, ¢)) — dim coker(Q(v, ¢))
has been computed in [50]. The result is
ind(Q(v, ¢))| = deg(v) - 1

The space Hy(¢) may be decomposed Hy(¢) = Hy (¢)EH_(c) into the eigenspaces
of the fermion parity operator I' := (—1)™«, where N, is the fermion number op-
erator. With respect to this decomposition, the operator )(v, ¢) has the form

Qv,¢) = ( Q_(Ov,c) Q_|_(Ov,c) )

The full Hamiltonian of the finite volume model is given by
H(v,c) = Q(v,c)?
which implies:
dim ker(H (v, ¢)) = |dim ker(Q4 (v, ¢)) — dim ker(Q_(v,¢))| = deg(v) — 1

The Hamiltonian H (v, ¢) induces a dynamics a(**) of the finite volume model
and we conclude from the results of [47]:

Theorem 5.2.12 : [47, Theorem 1] There exists at least deg(v)— 1 vacuum sectors
with respect to the dynamics o = o'"="°) of the model in the infinite volume
limit.
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5.2.5 Kink States in Wess-Zumino Models

In order to prove the existence of kink sectors, we now apply the results which
have been established in Section 5.2.1 and Section 5.2.3 to N = 2 Wess-Zumino
Models.

The case deg(v) = 3: Let us have a closer look at the simplest non-trivial case
deg(v) = 3. We let

v'(2) = A2 + Mz + Ao
As in the previous sections (equation (5.9)), we introduce the UV-regularized fields:
Pc,x) := (P *0y)(x) and W(cg,x) := (¥ * 6. )(x)

where ¢., is a smooth test function with support in (—co, ¢p). We obtain for the
P(¢),-like part of the regularized interaction Hamiltonian

Hp(v;co,cq) = /dX Yoy (%) (2 | A2®@(co, %)% + M ®(co, x) + Xo? 1 — 1 |[®(co,x)|* 1)

and for the Yukawa,-like part:

Hy (v;co,c1) = /dx XC1(X)|:

T 2)\2(1)(00,)() + )\1 —1 0 :|
+ Wleo,x) ( 0 20,0 (co,x)* 4+ A — 1 ) W(co,x)

Using the same techniques as in Section 5.2.1 and Section 5.2.3, we obtain the
corollary (see also Corollary 5.2.11):

Corollary 5.2.13 : Let v be a superpotential of degree deg(v) = 3. Then the
following statements are true:

(1) The dynamics ¥ € dyn(9N) of the model in the infinite volume limit is ex-
tendible.

(2) There exists two different vacuum sectors eq, e € seco(a”, M) and two dif-
ferent kink sectors 6 € sec(eq, e3), 0 € sec(eq, €;).
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The case deg(v) > 3: We close this section by discussing the remaining case.

In order to show the extendibility of o € dyn(97), we can try to proceed in
the same manner as for the case deg(v) = 3. According to Section 5.2.3 (Step 2
and Step 3), we construct an approximation

M(T) T M(T) > a — &7 /d)\fg a0 (g)

of the dynamics a” @ a” of the twofold theory. Provided that the corresponding
result of Lemma 5.2.9 is true for the case deg(v) > 3 also, the linear maps alvheot)
can be extended to the algebra 9Y(Z).

For the generalization of Theorem 5.2.8, it seems that the most difficult part is

to show that there exists a function ¢ : £ — ¢, with lim,_.g ¢, = 0 such that

af(a) :=w — hng ol I’c"’z)(a) ) (5.14)
The regularized Yukawa-like part of the Hamilton density contains terms of the
form

U (o, x)TD (o, %) 2 Beo,x)F 1 5 4,5 €{0,1},i# jand k < deg(v) — 2,

where W) denotes the j-component of the Dirac spinor field ¥. Since there are
contributions with & > 1, the proof of Theorem 5.2.7 does not directly apply.

Provided that for each superpotential v the dynamics o is extendible, we con-
clude that for each pair of vacuum sectors eq, €5 € seco(a’, ) there exists a kink
state w € G(eq, €5). Then the model possesses at least deg(v)(deg(v) — 1) differ-
ent non-trivial kink sectors.
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Collision Theory for Kinks
and Solitons

6.1 Technical Preliminaries

This section is destined to introduce technical notions which are needed for the
construction and analysis of kink fields. In order to investigate multi-kink rep-
resentations and statistics relations, we briefly repeat the notion of one-kink sec-
tors and introduce a method to compose kink representations which generalizes the
composition of kink homomorphisms, given in Section 3.2.1.

6.1.1 One-Kink Sectors

The properties of massive one-particle sectors are closely related to the proper-
ties of kinks. As already mentioned in Section 4.4.2, for each massive one-particle
state w, there are vacuum sectors ey, €5 € seco(2) such that w is a kink state which
interpolates ¢; and ¢, [10, 22, 71].

Notation: In the sequel, we shall call a state (sector) one-kink state (sector) if it
is a pure massive one-particle state (irreducible massive one-particle sector). The
corresponding kink homomorphisms are called one-kink homomorphisms and we
shall denote by Aq(q, €1, €5) the set of all one-kink homomorphisms which inter-
polate the vacua ey, e5 € seco(2() and have orientation g.

111
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6.1.2 From One-Kink Homomorphisms to Multi-Kink Repre-
sentations

Definiton 6.1.1 :

(a) Letn € N be a natural number. We shall write n for the set {1,--- ,n}. We
call a subset v C n connected if it is of the form

u=Akk+1,k4+2,- k+1} .

(b) Let P;(n) be the set of all partitions « of n into [ connected non-empty sub-

sets
= (k1) &(1))
(c) Lete = (e, -+ €0, -+ ,€,),n,m € N be afamily of n+m + 1 vacuum
sectors. We denote by 7'(n, m, ) the set of all families of one-kink homo-
morphisms

P = (pjv PZ);EG%

such that and Pj - Al(l, €;-1, 6]‘) and pi € Al(—l, €_q, 6_2'_|_1).

Definiton 6.1.2 : Let p € T'(n,m,¢) be a family of one-kink homomorphisms.
We define for each pair of partitions

k= (ks k) € P(n) x P(m)
a representation p in the following way:
(1) We parameterize the partitions xy, k = =+:
fr= (L sm () {me () + 1, mi(2)), -
(6.1)
e {m(E=1) + 1 Re(D)))

(2) The representation p is defined by

— _|_ —
BH :: (--- (((Feoopl"'pﬁ+(1)|) pl...pﬁ_(1)|) pﬁ+(1)+1"'pﬁ+(2)|)

P Pm+<z>|) pr-(=0+1

H_(l)|
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where the vertical bar | denotes the restriction to the algebra C*(2() and the
symbol £ denotes the extension to the algebra C'*(2(¥) where ¢ is a suitable
vacuum sector.

(3) We denote by A(e, f; o) the set of all kink representations p which corre-
spond to a family p € T'(n,m,e) withe_,, = e, ¢, = f, and partitions
)

k= (ky, ko) € P(n) x P(m).

Example:  In order to illustrate the definitions above, we compute p _for a simple
example. Consider a family

BZ (p17/)27/)17/)2) € T(2,2;€_2,€_1,€0,€1,€2)

of kink homomorphisms and a pair of partitions k = (k4, k)

pe=ro = ({1},{2}) € A(2) .
The representation
m = (Tey 0 pi1])”
maps C*(2, ) into B(H,, ) and
Ty =7y 0 p ]
is a well defined kink representation whose left vacuum is e_; and whose right vac-

uum is e1. Thus the representation 73 maps C*(2} ) into B(H,,) and we obtain
a further kink representation:

T3 =7 0 pyl .

Since the left vacuum of 75 is e_1, the representation 73 maps C*(2(7_ ) into B(H,, )
and we obtain finally:

p, =735 0p% .
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Remark:

(i) We easily verify that for a family p € T'(n,m;e¢) of kink representations
and for a pair of partitions x, the sector [p,] is contained in sec(e_,, €,).
The representation p describes the creation of n 4+ m kink charges out of
the vacuum ¢,. The partitions « = (k. , x_) describe the order in which the
n + m kink charges are created and we shall call a pair k = (k4,x_) an

arrangement.

(ii) The set T'(n, 0, ¢) contains only families of one-kink homomorphisms with
orientation ¢ = 1 and 7'(0, m, ) contains only families of one-kink homo-
morphisms with orientation ¢ = —1. For a family of kink homomorphisms
p € T'(n,0,¢) there is only one possibility to build a product representation,
namely

7roprepal (6.2)

The same holds for a family of kink homomorphisms ¢ € 7'(0,m, ¢). Here
we obtain the representation:
- 1

x_oag o™ . (6.3)

€0

We shall call a kink representation oriented if it is of the form (6.2) or (6.3).

(iii) Let 7 € A(e, f; ¢) be a kink representation. Then 7 can be composed with
oriented kink representations o € A(ey, e;e) and p € A(f, f1; f):

T#p = T+ 0 (ﬂ'jc—)_l Op| € A(evflag)

#o = 170 (775_)_1 ool e Aler, frg) .

(iv) Each kink representation 7 € A(e, f;¢) is a finite composition of oriented
kink representations p; € A(f;_1, f;; fj—1) and o; € A(ej,ej_15¢,-1), ] €
n,witheg = fo = ¢, ¢, =cand f, = f:

T = Pl#Ul#Pz#Uz ce Pn#Un . (6.4)

(v) To each representation of the form P2 finite Z,-valued sequence can be
associated, namely:

P (1 ey =1 = b g2y

S (=14 T () T Ro (=141 R (1)) -
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6.2 Quasi-Statistics, Kink Fields and Cluster Prop-
erties

In order to prove the existence of multi-kink collision states and to analyze their
properties, we discuss in this section the statistics properties of kinks and develop
an adequate field bundle formalism. Furthermore, we establish some useful cluster
properties for correlation functions of kink fields.

6.2.1 Quasi-Statistics

In the DHR case [18, 19], the notion of statistics is related to the exchange of the
order of factors in a product of charged DHR endomorphisms. If we consider DHR
endomorphisms (p1,-- -, p,), then for each permutation p € S, there exists a
unitary intertwiner €,(py, - - - , p,, ), called statistics operator, which intertwines the
product representations py - - - p, and p,(1) -+ * Pp(n)-

In case of kink representations the situation is more complicated which is due to
the fact that kink representations can not arbitrarily be composed. Let us consider
one-kink homomorphisms p; € A(1,€”,e)and py € A(1,¢e,¢’). Then the product
p1p2 is well defined, but for e” # ¢’ the expression p,p; has no mathematical mean-
ing. On the other hand, we shall see that for a representation 7 € A(eq, €55 €9) and
oriented representations p € A(eq, €);es), 0 € A(e], e1; €1), the representations
#p#*o and 7# 0% p (see equation (6.4)) are unitarily equivalent.

These facts lead to the notion of quasi-statistics where the word quasi empha-
sizes the fact that the exchange of two one-kink representations within a product
only makes sense if their orientations are different. In comparison to the DHR and
BF situation, we are faced with substituting the permutation group by the set of
pairs

G(n,m) := P(n,m) x P(n,m)
This can be justified by the following statement:

Theorem 6.2.1 : Let p € T(n,m,¢) be a family of one-kink homomorphisms.
For each pair of arrangements (x, k) € G/(n,m), there exists a unitary operator
€(x,7)(p), called quasi-statistics operator, which intertwines the representations P,
and p_:

Bﬁ(a) i) (P) = €y (p) Bg(a) Va € C*(A). (6.5)
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The intertwiner ¢, ;)(p) is defined in terms of auxiliary kink homomorphisms an
charge transporters, but does not depend on their choice.

Proof. The proof of the theorem is rather technical and therefore placed in Ap-
pendix B.2. [

Remark: To illustrate the statement of Theorem 6.2.1, we compare it with the
DHR situation. Given a family p = (py,- - , p,) of DHR endomorphisms and an
element of the permutation group p € 5,,. We define

P, = Pp(1) " Pp(n) -

—P

By using the statistics operator ¢,(p; - - - p, ), We obtain:

P, = Ad(%(ﬁ)) ©Plia= Ad(%(ﬁ)eq(ﬁ)*) °p,

We conclude that, in the DHR case, the analogue of the quasi-statistics relation
(6.5) is given by

p, = Ad(€p,g(p)) o P,

—P

where €, ,1(p) = €,(p)e,(p)” is a product of ordinary statistics operators.

6.2.2 Kink Field Operators

Each kink representation 7 € Af(ey, e3; €g) is a representation of the observable
algebra C*(2) on the Hilbert space H.,. To each pair

= A{r,1.} € Aler, ea;e0) X He,

a state w,, can be associated, i.e.:

wy(a) = [[h:[| 7% - (s, 7(a)r)

Thus each pair 1) := {7, } represents a state in the sector [7]. Instead of ¢» :=
{7,1,} we can choose another pair 1> = {#,1;} which also induces w,,. Let u be
a unitary operator which intertwines 7 and 7. Then the vectors ut) := {7, ut),}
and > induce the same state.
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The idea is to describe a kink field by a map
77Z) = {7_7 77Z)7'} — 77[) = {T#pvqjjﬂ'#p} .

We shall introduce here an appropriate field bundle formalism for kinks which
generalizes the field bundle formalism used for the treatment of DHR and BF sec-
tors [18, 19, 10].

Definiton 6.2.2 : The state bundle is defined by

H:= U Aleq, ez;€9) X He,

€0,€1,62

where the union is taken over all vacuum sectors eg, €1, €5. Let 7 € A(eq, €35 €p)
be a kink representation, then we denote by

H, = {7} X He,
the fiber space over 7.

We have to distinguish different types of actions on H.

The action of observables on H: Given an operator a € C*(2() and a vector i) =
{7,%,} € H. Then a acts on 1) as follows:

ap = {7, 7(a),} .

The action of the translation group: Since each kink representation 7 is transla-
tionally covariant we define a representation of the translation group on the bundle
‘H, namely

T b— U(l‘) D) b— U(l')@b = {7'7 UT(£)¢T}

where U/, implements the translation group in the representation 7.

The action of intertwiners: Each operator v, which intertwines kink representa-
tions 7 and 7, induces a linear map between the fiber spaces H, and H.;.

vitp € Hy ——vtp = {700, } € H; .

We shall denote the set of all these maps by (7|7).
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The action of kink fields: Let p € A4(q, €1, €2) be a one-kink homomorphism.
Then the vector space of one-kink fields F'(q, p) with respect to p is given by

F(Lp):={p} x C*(A})

F(=1,p) == {p} x C*(2A))

Given two one-kink fields a € F(1,p), p € Ay(l,e1,é1),and b € F(—1,0),
o € Ay(—1, éz, e5). Then their action is defined on

H(er, e2;€0) i = Aler, ea5e0) X Hey CH

in the following way:

aih = (p,a){r, ¢} := {r7p, 7" (a))-}

bip = (0, 0){7, -} := {770, 77 (b))}

Indeed, the action of one-kink fields can be interpreted as the creation of an addi-
tional kink charge.

Remark: Let p,p € A4(q, €1, e2) be one-kink homomorphisms. Then each in-
tertwiner v € (p|p) induces a linear map from F'(¢, p) to F'(q, p), i.e.

v:a=(p,a) € F(q p)——va:=(p,va) € F(q,p) (6.6)

To compute correlation functions of kink fields, we are interested in vectors
Y € 'H which can be obtained by a multiple application of one-kink fields to a
vacuum vector {), = {r., (2. }. It can be seen from the definition of one-kink fields
that their action is not defined on each fiber of H. This makes the situation more
complicated as in the DHR and BF case [18, 19, 10]. For this purpose, we introduce
special families of one-kink fields.

Definiton 6.2.3 : Let p € T'(n,m, ¢) be a family of one-kink homomorphisms.
We denote by F'(n,m, p) the vector space

Finmp)i= (@ (L) ) & (@ F(-1.p) )

JEn iem

and we shall call the elements of F'(n, m, p) multi-kink fields.
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Proposition 6.2.4 : Let p € T(n,m,¢) be a family of one-kink homomorphisms.
Then for each arrangement k. € P(n,m) there exists a canonical linear map which
maps I'(n,m, p) into 'H,, .

Fln,m,p) —H, ; ar—>a.l, .

Proof. Leta € F'(n,m, p) be of the form
v (@0)o (@)
J€n €m
Then the prescription

r—(1)+1

R -1 1
aHQBO _ama an...aﬁ_l-(l)_l_l...aH ()a aﬁ+(1)”'a1Q60

defines a linear function which maps F'(n, m, p) into H, where the arrangement
k = (k4, £_) is parameterized by equation (6.1). OJ

In order to discuss quasi-statistics for kink fields we need an additional defini-
tion.

Definiton 6.2.5 : Given two families of one-kink homomorphisms p, p € T'(n,m, ¢).
Then we define the vector space of intertwiner

p=( Qi) ) o (@)

JEn iem

(2

We shall say that the elements of (p

B) intertwine the families P and B

Remark: Note that, according to equation (6.6), each intertwiner v € (p
be canonically identified with a linear map

p) can

N

v:F(n,m,p) — F(n,m,p) .

Proposition 6.2.6 : For each arrangement . € P(n,m), there exists a canonical
linear embedding

v e (plp) = vs € (p.lp,)
such that the following relation is fulfilled for each a € F(n,m,p):
(va),.Q

eo — Uk * aHQBO
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Proof. The proof of the proposition is given in Appendix B.1. [J

In order to formulate the conditions for quasi-statistics relation, we introduce
a local structure on the space of multi-kink fields. (Compare also [18, 19, 10] for
this notion.)

Definiton 6.2.7 : Given a wedge region W and a one-kink homomorphism p €
Ay(q, €1, ez). We shall say thata one-kink fielda = (p, ) € F(q, p) is localized in
W if there exists a kink homomorphism p € A4(q, €1, e2) and a unitary intertwiner
u € (p, p) such that:

(a) p islocalized in W.

(b) The operator ua is localized in W'.

The localization region of a one-kink field does not depend on the choice of the
intertwiner v and it is covariantly transformed under space-time translations:

Proposition 6.2.8 : Leta = (p,a) € F(q, p) be a one-kink field which is localized
in W. Then the following statements hold:

(1) For each unitary intertwiner v € (p1|p) for which py is localized in W, the
operator va is localized in W.

(2) For each x € R?,
a(x):=U(x)oaolU(—x)

is a one kink field which is localized in W + .

Proof.

(1) Let us consider a one-kink field a = (p, a) which is localized in W. By
definition, there exists a unitary intertwiner u € (p|p) such that p and ua
are localized in W. If v € (p1|p) is a unitary intertwiner such that p, is also
localized in W, then va is localized in W since uv* € (p|p’) is localized in
W.
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(2) Let~, be a cocycle of charge transporters of p. Then we obtain:

a(r) = (p,7,(x)"az(a)) .

If u € (p|p) is a unitary intertwiner such that p and wa are localized in W,
then the operator

w = ag(u)y,(v)”

is a unitary intertwiner in (o, 0 p o a_,|p). Since o, 0 po a—, and o, (ua)
are localized in W + z, the statement (2) follows.

We introduce a further technical definition:

Definiton 6.2.9 :

(1) We denote by F'(q, p; W) the linear subspace of all one-kink fields which are
localized in W'.

(2) Let W = (W;, W):% be a family of wedge regions where the s are

J€n 3
right wedge regions and the W*’s are left wedge regions. We define

Flum, W)= (@ F(1LpsWy) ) o (@ F(=1,05W7) )

JEn em

and we shall say that the multi-kink fieldsina € F'(n, m, p; W) are localized
in W.

We are now prepared to formulate the quasi-statistics relations for kink fields.

Theorem 6.2.10 : Leta € F(n,m, p; W) be a multi-kink field. If W; and W* are
space-like separated for each pair (j,1), then for each pair (k, k) € G(n,m) the
equation

a.(., = 6(,@%)(/}) a; (e,

holds.
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Proof. (Compare also [18, 19, 10]) We shall show in Appendix B.2 that there

exists a unitary intertwiner u € (p, p) such that

(ua),Qe, = (ua)

€0 €0

for each pair (x, #) € GG(n,m). This is due to the localization property of a. Thus
we obtain from Proposition 6.2.4:

ES
aﬁﬂeo = U Ug agﬂeo .

In Appendix B.2, the quasi-statistics operator is defined by

Wis = € (p)

and is shown to be independent of the choice of the intertwiner u. (J

6.2.3 Cluster Properties for Kink Fields

In order to prove the existence of kink collision states, we shall study the cluster
property of products of one-kink fields.

In the first step, we shall establish cluster properties for the simplest case, namely
for products of two one-kink fields. We consider one-kink homomorphisms (py, p') €
T(1,1;e_1, €0, €1) and wedge regions Wy, W, W, C (W) with space-like dis-
tance

7o := sup{[t| | Wi+ (¢,0) C (W)}
Then we have:

Lemma 6.2.11 : Leta, € F(1,p, W) and a' € F(—1,p", W?") be one-kink
fields. Denote by i the value of the mass gap in sp(U,, ). Then there exists a con-
stant K > 0, depending only on ||a,|| and ||a'||, such that the estimate

o 2, |12 — [l [Plla Q|7 | < K eror

holds.
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Proof. The lemma follows directly from a result which has been established by
K.Fredenhagen [25]. Compare also [28]. (I

For establishing cluster properties for arbitrary products of kink fields, it seems
to be necessary to assume stronger localizing properties for kink homomorphisms
and kink fields.

The definition, given below, and the following proposition are formulated only
for kink homomorphisms with orientation ¢ = 1. Since the case ¢ = —1 can
simply be discussed in the same manner, we omit it here.

Definiton 6.2.12 : Given a kink homomorphism p € A(1, ey, e5), we shall say
that the interpolation region of p is contained in the double cone O, if the following
conditions are fulfilled.

(a) The homomorphism p is localized in Op, i.e. supp(p) C Og.

(b) There exists a symmetry y, € Sym(2() such that:

Plo*(,0rr) = XplC*(A,0rR) -
Remark: Note that kink homomorphisms, which are induced by interpolating au-

tomorphisms fulfill the conditions (a) and (b).

Proposition 6.2.13 : Let pq, p; € A(1, eq, €3) be kink homomorphisms whose in-
terpolation regions are contained in Oy and O, respectively. If x,, = X,,, then
each intertwiner v € (p1|p2) is contained in A(O12) where O1 denotes the small-
est double cone which contains the union O, U O,.

Proof. 1t is sufficient to prove the proposition for ¢ = 1. The case ¢ = —1
can be treated analogously. We obtain for each observable ¢ which is localized
in (OIQ)LL:

vpi(a) = va = pa(a)v =av .

We define \ := y,, = \,,. and we obtain for each observable b which is localized
in (OIZ)RR:
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Since y is a symmetry, we conclude by using Haag duality:

v €A, ((O12)rn) AU, ((Or2)rR)) = Ae, ((O12)r) A e, ((O12)1)) = A(O12)

which completes the proof. [

Definiton 6.2.14 : Given a one-kink field a = (p, a). We shall say that the in-
terpolation region of a is contained in the double cone O if there exists a unitary
intertwiner u € (p, p) such that:

(a) The interpolation region of p is contained in O.

(b) The operator ua is localized in O.

We shall see later that this localization property is sufficient for controlling the
clustering of correlation functions of multi-kink fields.

Remark:

(i) Note that such one-kink fields exist. Let us choose a one-kink homomor-
phism p with interpolation region in O and an operator « € 2((O), then the
interpolation region of a = (p, a) is contained in O. In particular, each one-
kink field a whose interpolation region is contained in O is localized in Op,
for ¢ = 1, and Oy, for ¢ = —1.

(ii) In complete analogy to the proof of Proposition 6.2.8, it can be verified that
the interpolation region of the translated one-kink field a(x) is contained in
O + z if the interpolation region of a is contained in O.

In order to formulate the main result of this section, we consider the subspace

F(n,m;p, Q) C F(n,m;p)

which is spanned by multi-kink fields of the form
a:(@aj)(@(@ai) € F(n,m;p) (6.7)
JEN 1€m

such that the interpolation region of a; is contained in a double cone O; and the
interpolation region of a’ is contained in a double cone O".
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Notation: We write for the vacuum vectors
C_i41

Q1 =Q,, and Q7' =Q

and for the implementations of the translation group in the corresponding vacuum
representations:

U]‘_l(l') =U,

e]_l

(x) and Ui_l(:zj) =U._,. () .

The value of the mass gap in sp(U;) and sp(U*) is denoted by x; and ' respec-
tively. We also define the space-like distance (see Figure 6.1):

70 =7 = sup{[t| [ (O")r D (O1)rr + (1,0)}
7 = sup{[t| [ (O;)r D (Oj41)rr + (1,0)}

= sup{[t] [ (O™)r D (OY)rr + (1,0)}

Moreover, we introduce a partial ordering < on the set of double cones. We write
O<0ift0O;, C O

,
s ’ 7
“ t 4 7
s
4 s
7/
7 s
s
4 v
s
4 v
4 7/

, s

V2 7

s N ’
N s
N 7/
N N
N N N
AN
N N
N N
N
AN
N N
N \
N
N N
N . N
\
—— —~— —~
1
T T0 Al

Figure 6.1: This figure shows the positions of the double cones O = (O;, O") for
i,7 €4{1,2}.
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Figure 6.2: The figure above illustrates how the kink homomorphism p; changes
the localization region of local operators. This property encodes that the energy
density of the kink is strictly localized in O;.

Proposition 6.2.15 : Leta € I'(n,m, p, O) be a multi-kink field which is a tensor
product as given by equation (6.7). If the double cones O = (O;, O) are placed
in such a way that

Then there exists a constant K > 0, depending only on ||a;|| and ||a’||, such that
for each arrangement . € P(n,m) the following estimate holds:

n m
a0l — TT lla; Q| TT [la' Q|
7=1 =1

n—1 m—1 o
< K (Z e HT 4 Z e—M’T’ 4 e HoTo )
7=0 =0
Proof. From Theorem 6.2.10, we conclude that
||aHQ0||2 =|la™--- ala, - a1 Qo .

Since a™, - -- ,a' arelocalized in (O'), and a,,, - - - , a; are localized in (O )R, an
straight forward generalization of Lemma 6.2.11 gives:

||b1b1Q0||2 — ||b1Q0||2||b1Q0||2 S [X’ e_“OTO (68)
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where b; and b! are given by
b,;:=a,o0---0a; and b'=a"o--.-0al

and K > max; ;(||a;||, [|a’||)*"+™) is a sufficiently large constant.
Keeping in mind, how kink fields act on the state bundle H, we conclude that
||b1£2||* can be written as

b1 * = wolaipi(b*b)ay)

where b is localized in (O3)g. The interpolation region of p; is contained in O,
and hence p;(b*b) is also localized in (O3)r (see Figure 6.2). Since «; is localized
in (O1)1,, we conclude from [25] and the fact that wy(p1(6*b)) = w1 (b*b):

lwo(aipr(b*b)ar) — wi (b"b)wo(a™a)| < K e7Hom

Let by := a, o --- 0 a;. Then we have ||byQ|]* = w;(b*b) and we obtain the
estimate:

||b1(20||2 — ||b2Q1||2||a1Q0||2 S K e_“OTO (69)

In a similar way, we derive:

||b2Q1||2 — ||b3Q2||2||a2Q1||2 S K e_“”l (610)

with b3 = a,, o - - - 0 a3. Inserting equation (6.10) into equation (6.9) gives:

‘ [1b1%0][* — b Qal |22 [*||21 0| (6.11)
S [{ (e_/J'OTO _I_ e_/JflTl)
By induction it follows:
butl = TR0l | < K Y e (6.12)
Jj=1 7=1
Analogously we obtain:
AT O I S (6.13)

Finally, the proposition follows by inserting equation (6.12) and (6.13) into equa-
tion (6.8). O
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6.3 The Structure of Scattering States

In this section we introduce one-kink creation operators. We apply the results of
the previous Section 6.2 to products of one-kink creation operators in order to prove
the existence of the Haag-Ruelle collision states. We also refer to [44, 68, 18, 19,
10]. The cluster property for kink fields is one of the crucial facts to carry through
our subsequent analysis.

6.3.1 Creation Operators for Massive One-Kink States

To describe a stable one-particle state, we use one-kink fields a = (p, a), such that
the vector v = {p, af).} has spectral support on the mass shell H,,, i.e. itis an
eigenstate of the mass operator:

P,PMp = m*y)

Indeed, there are such fields. If we choose a energy-momentum distribution f €
S(R?) such that supp(f) Nsp(U,) C H,,, then the one-kink field

a(f) = [ d f(x) a(a)

has the desired property.

Since f has compact support in momentum space, the field operator a( f) is
only an almost local operator, i.e. the kink field a( f) can be approximated in norm
by fields which are localized in wedge regions.

We shall show that for a momentum distribution f € S(R?) and a one-kink
field a the operator a(f) can be approximated in norm by one-kink fields with
bounded interpolation region.

Proposition 6.3.1 : Let f € S(R?) be a momentum distribution and a € F(q, p)
a one-kink field whose interpolation region is contained in O. Then for each ¢ > ()
there exists a compact region G C R? such that

la(f) —ac(f)ll <« (6.14)
where the interpolation region of the field operator
ag(f) == /G dz f(z) a(e) (6.15)

is contained in a bounded double cone.
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Proof. 1Itis sufficient to prove the proposition for kink fields with orientation ¢ =

1. The case ¢ = —1 can be treated in the same manner. To establish equation
(6.14), we consider the following inequality:
la() = a0l = || [, do se)ato) |

< Ly de @) lal

Since f is of fast decrease, equation (6.14) follows.

It remains to be proven that the kink field a.( f) has a bounded interpolation
region. We choose a = (p, a) such that p has interpolation region in O and « is
contained in (). The translated one-kink field operator

a(x) = (p,7,(x) ax(a))
has interpolation region in O + 2. We choose a point 2 € R? such that
pa = Ad(y,(2g)) o p

is localized in the right space-like complement of

Og = \/O—I—l‘

reG

Here v, is a cocycle of charge transporters of p. By Proposition 6.2.13, the operator
YolTa)vo(e)” € (polaz o poas)
1s localized in O and we conclude:
ea) [ de () at@) = (po, [ de @) splea)nle)ala)

Since the operator

[ d Jtw) 3 (wa), (o) ana)

is contained in 2A(O¢ ) and p¢ has kink region in Oy, the proposition follows. [

The one-kink field a( f) € F'(q, p) describes the creation of a kink with energy-
momentum distribution f. We are interested in those momentum distributions which
describes the free propagation of a massive particle. For this purpose, we assign
to each one-kink homomorphism p € A;(q, ey, e2) a linear subspace L, C S(R?)
of energy-momentum distributions which is given by the condition:
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(a) The support supp(f) is compact and supp(f) Nsp(U,) C H,, where m, is
the value of the mass which corresponds to the one-kink homomorphism p.

The velocity support v.(f), r > 0, of an energy-momentum distribution f €
L, is given by

v.(f) := {v,(p)|p € B(r) + k for some k € supp(f).}

where v,(po, p1) = p1 - (pF + m 2)1/% is the velocity with respect to p in the Lorenz
frame which is given by the x° coordmate and B(r) is the closed ball with radius
r and center £ = 0.

Given a one kink field a € F'(¢, p) and an energy-momentum distribution f €
L,. We define the time-depending field operator

a(fv t) = a(th)

where the operator 1), is given by the kernel
Dy(x —y) /dp ciPo—wp(p))t  —i(z—y)

If we apply a(f,?) to the corresponding vacuum 2., then we obtain a vector
which is independent of ¢ and represents a stable massive particle. Indeed, we ob-
tain by a straight forward computation

a(f, ) = 2m - {p, [(P,)w.(a) 2}

which is obviously independent of ¢. Here P, denotes the generator of the transla-
tions U,(x). (Compare also [10, 18, 19, 28].)

Given an energy-momentum distribution f € L,. We consider the compact
region

G (f, 1) ={r € R* 2 €[t —r,t+t]and 7 2t € v, (f).}
and the one-kink field
a.(f.1) :=ag,(1.0(Def)

By Proposition 6.3.1, we conclude that the interpolation region of a,(f,) is
contained in a bounded double cone. Itis well known [10, 18, 19, 28] that the norm
of the difference of a,( f,¢) and a( f, ) is of fast decrease in 7, i.e. a fast decreasing
function & € S(R) exists such that:

lla.(f; 1) —alf, )l < k(1) (6.16)

Let us have a closer look to the kink-region of a,( f, ).
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Lemma 6.3.2 : Let a be a one-kink field with interpolation region in O and an
energy-momentum distribution f € L, and define vy, := inf(v,(f)) and vp =
sup(v,(f)). Then the interpolation region of the one-kink field a,( f,1) is contained
in

OT(f,t) = OL + (t,t . UL) N OR + (t,t . UR)

Proof. From the definition of the velocity support we obtain:

o (f.t)y= \/ O+u=

l’eGr(fvt)

We choose a charge transporter v € (p, p) such that p is localized in G..(f,t)g.
Then, for each = € G,(f,1), the operator u~,(x)* is contained in (p, o, 0 po a_).
Therefore, the operator

Ly D) wf)eta)

islocalized in O, ( f,t). Since the interpolation region of j is contained in O, ( f, ),
the lemma follows. [J

6.3.2 Construction of the Haag-Ruelle Collision States

We consider energy-momentum distributions f for with velocity support in /7, i.e.
felL,l):={fi € L,|v.(f1) CIforatleastoner >0} .

Energy-momentum distributions of multi-kink configurations are described by test
functions which are contained in

Linmop 1) = (@ L, (1) ) & (@ L1} ) © SE2Pes
JEn iem
where p is contained in 1'(n, m, ¢).
Given a multi-kink field a € F'(n, m, p) and an energy momentum distribution
f € L(n,m, p, I). Then the multi-kink fields a( f, ) are analogously defined to the
one-kink case: Let

f:<®fj)®<®fi) and a:<®aj)®(®ai) (6.17)

JEn tem JEn tem
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then a(f,?) is given by

N <®af(ff’t))®<®ai(fﬁt)) : (6.18)

JEn iem

The operators a( f,¢) describe configurations of n right-moving and m left-
moving kinks with velocities v; € I; and v* € I'. For each arrangement k €
P(n,m), the vector

¢(f7 t) = a(fv t)HQO

represents the corresponding multi-kink state.

To obtain asymptotically stable configurations of n 4+ m free kinks, we con-
sider multi-kink fields a and energy-momentum distributions f which fulfill the
following conditions:

(a) a € I'(n,m, p, Q) such that:

(b) The energy-momentum distributions f € L(n,m, p, I)isvelocity orderedi.e.:

Im<i™m™ i< <<,

(c) The multi-kink field a and the energy-momentumdistribution f € L(n,m, p, I)
are tensor products as given by equation (6.17).

Proposition 6.3.3 : Let a be a multi-kink field a and let f be an energy-momentum
distribution such that the conditions (a) to (c) are fulfilled. Then there exists a
rapidly decreasing function h such that, for each arrangement x € P(n,m), the
following inequality holds for eacht > 0:

la(f;£)x0l* — HII@/Jf] IIZHII%/J I* | < A1)

Here (f;) = a;(f;)Q;_1 and (f*) = a(f)Q~! are t-independent vectors,
representing one-kink states.
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Proof.  Since the energy-momentum distribution f is velocity ordered we con-
clude from Lemma 6.3.2 that there are positive numbers 7' > 0 and £ > 0 such
that for each ¢ > 71" and for each < R the interpolation regions O;(¢) and O'(t)
of the one-kink fields a;,,(f;,¢) and a’(f*, ) are placed as follows:

O"(t) < O™ M) <+ <Oy (t) < -+ < Ou(1)

Moreover, the space-like distances (compare Proposition 6.2.13) of the interpola-
tion regions (O;(¢), O'(t)) increase like |¢| if ¢ tends to infinity.

We conclude from equation (6.16) that there is a rapidly decreasing function
h¢ such that

s (f,1) = a;(fi, )] < ha(t) and [Ja,(f',1) = &' (f )] < ha(t)

Thus the proposition follows from Proposition 6.2.15. [J

Corollary 6.3.4 : There exists a rapidly decreasing function h, such that

d
H Ea(fv t)HQO

< b
for each arrangement k.

Proof. By using Proposition 6.3.3 and applying the Leibniz rule, we obtain the
result. [

Lemma 6.3.5 : Leta € F'(n,m, p, O) be amulti-kinkfield and let f € L(n,m,p,I)
be a energy-momentum distribution. If the conditions (a) to (c) are fulfilled, then
the following statements are true:

(1) For each arrangement k € P(n, m) the strong limits
s lim a(f. 1), = V3 (f) € H,
exist.

(2) Let t(f;) = a,(f,) 1 and ¥(f) == a( [}, then the norm of v, f)

IA

ezl = TLIe TN
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Proof.

(1) For each #1,1; > 0, we obtain from Corollary 6.3.4 the estimate:

" 0
— H . tEa(f,t)ﬁ 0

a(f7 tl)HQO - a(f7 t?)HQO

IA

“a |l 4 0
t — 1),
/ | a0

< | Y o)

Since 4 is rapidly decreasing, we conclude

a(f7 tl)HQO - a(f7 tQ)HQO =0

lim
tl ,tQ — 00

which implies (/).
(2) The statement (2) follows directly from Proposition 6.3.3.

O

Given a one-kink homomorphism p € A4(¢, €1, e2). Then we define the one-
kink Hilbert space

Hil(p) :={ € H,| P, P"y = mi;/)} )
It is well known, that
D, = {¢ = a(f)Qe| ac F(va) and f € Lp'}

is a dense subspace of H;(p).
Let p € T'(n,m, ¢) be a family of one-kink homomorphisms. We consider for
each k € P(n,m) the Hilbert space

H(n,m, p)wi=Ha(p™) @ - @ Ha(p™= ) @ Hilpa) © - Halpry (1) © - -

@ Hi(p M) @ @ Hi(ph) @ Hilpey 1) @+ @ Halpr)

where the arrangement x = (s, x_) is parameterized by equation (6.1).
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Given a pair of arrangements (x, k) € Gi(n, m), then we denote by
U i) - H(n, m,ﬁ)g — H(n, m,ﬁ)ﬁ

the unitary operator, canonically given by exchanging the tensor factors in H(n, m, p);
in an appropriate way.

Moreover, let U, — U, (x) be the representation of the translation group on
H(n,m, p)z, induced by the translations U : # —— U(x) which act on the state
bundle H.

The elements of H(n, m, p), describe a configuration of n + m freely moving
kinks which do not interact. We close this section by showing that the asymptotic
scattering states U°"*( f) can be interpreted in the same manner.

Theorem 6.3.6 : For each arrangement x € P(n,m), there are isometries
Uk H, —— H(n,m,p)x
ex = out, in, such that the following statements hold:

(1) Lete, )(p) be the quasi statistics operator with respect to (., k) € G(n,m),
then one has:

Uiy © VT = Ui o€y (p)
(2) The isometries V* are translationally covariant, i.e.:

Ug(x) o U = U o Ulx)

Proof. The existence of the isometries W¢* follows directly from Lemma 6.3.5.
(1) The statement (/) can be obtained by an application of the quasi-statistics
theorem (Theorem 6.2.10) and an application of Proposition 6.3.3.

(2) Let f € L, be an energy-momentum distribution. Then one has for each
a e Flg,p):

Ulx)a(f)Qe = a(r.f)0

where 7,. f denotes the translated test function f by x. Thus we conclude for
an arrangement £ € P(n,m):

U(x)a(fv t)HQO = a(Tacfa t)HQO
and (2) follows from Proposition 6.3.3.
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Conclusion and Outlook

7.1 Remarks on Open Problems

In Chapter 4 and Chapter 5, a construction scheme for kink sectors has been devel-
oped which can be applied to a large class of quantum field theory models. Most of
the techniques which are used, except those in the proof of the extendibility of the
dynamics, concern operator algebraic methods. They are model independent in the
sense that they can be derived from first principles. There are still some interesting
open problems and we shall make a few remarks on them here.

7.1.1 Some Further Remarks on Kink States, Induced by Inter-
polating Automorphisms

Let us consider a quantum field theory model (P(¢),, Y2), possessing vacua wy , ws
which are related by a symmetry y. According to Theorem 5.1.8, there exists a y-
interpolating automorphism y? which induces a kink state w = w; o yZ. Note that
w is a pure state in this case.

Alternatively, we obtain a kink state w by passing to the two folded tensor prod-
uct of the theory with itself first and then by restricting the a-interpolating auto-
morphism 37, whose existence follows also from Theorem 5.1.8, to the first tensor
factor, i.e.:

W= w; @wz 0 Boret -

It would be interesting to know in which way both sectors [w] and [©] are related
to each other.
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7.1.2 The Problem of Reducibility

The problem of reducibility arises if the vacua under consideration are not related
by a symmetry since then our construction scheme leads to kink representations of
the form

T =71 Q720 Blor el

where 3 € Aut(ap, 2 @ 2) is an interpolating automorphism and 74, 7 are vac-
uum representations. The representation 7 is not irreducible and whether 7 can be
decomposed into irreducible sub-representations is still an open problem. Some of
our results (Theorem 4.4.3) suggest that « is, in non exceptional cases, an infinite
multiple of a finite direct sum of irreducible components.

7.2 Application to other Topics

Some of the ideas and techniques which we have used in Chapter 4 and Chapter 5
can also be applied to topics which have not been considered in the present work.
In this section we shall briefly mention some examples.

7.2.1 Further Applicationsin 1+1-Dimensional Quantum Field
Theories

We consider a net of field algebras § : O — §(O) in 1 + 1-dimensional quantum
field theory with an compact internal symmetry group (&, acting by automorphisms
a, on C*(F). Furthermore, we assume that § is faithfully and irreducibly repre-
sented by a vacuum representation on some Hilbert space H and that the inclusion

AO) = (3(Orr), 8(Or), )

is standard split, where () is the vacuum vector in H. Furthermore, we denote by
U, is the universal localizing map with respect to A(O).

The fix-point net 2 under the action of (& does not fulfill Haag duality and we
are interested in the dual net 21¢. Recently, an explicit construction of the dual net
27 has been carried out by M. Miiger [62]. He applied for his purposes, similar
techniques as we have used in Chapter 4 and Chapter 5. We shall briefly sketch the
mainideas. In the same manner as in Chapter 5, he constructs a non-local extension
§ of the net §:

A

$(0) :=8(O) V Uo(G)"
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where the representation Uy is given by

Uo(g) :=Vo(1@ U(g)) .

Here U is a unitary representation of (G on ‘H which implements the action of & in
the vacuum representation.

The action of (; on C*(§F) can be lifted to the extension C*(§) in a natural way.
Hence one can build the fix-point net 21 of § under the action of . According to
[62], the net Adis nothing else but the dual net. Finally, we illustrate this result by
the following diagram:

§(0) —— $(0)

A(0) —— A(O) = AO)

7.2.2 Kink Sectorsin d > 1 + 1 Dimensions

It would be desirable to apply our program to quantum field theories in higher di-
mensions. Let us suppose a theory, given by a net of W*-algebras 2, possesses
two locally normal vacuum states wy , ws.

As asensible generalization of a kink states to d > 1+1, we propose to consider
locally normal states w which fulfill the interpolation condition:

w

C*(A,81) = W1|o*(2,51) and w C*(A,8) = Wa|Co*(21,8)) (7.1)

where S|, S, 51 C Sy, are space-like cones. The state w describes the coexistence
of two phases which are separated by the phase boundary 05 := 57 N 5.

Let us assume duality for space-like cones in the vacuum representations under
consideration. Furthermore, we assert that the inclusion

A= (le(sl)a le(*%)v Ql)

is standard split. Here (Hy, 71, {21) is a GNS-triple with respect to w;.
Unfortunately, for d > 1 + 1 the phase boundary 0.5 is not compact and there-
fore our construction scheme can not directly be generalized to higher dimensions.
In order to overcome this difficulties, we consider a sequence of standard split
inclusions

Ay = (Ary (O1), Uy (O2), 1)
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where Oy,, CC O, are bounded double cones such that O;,, tends to S; for n —
0.

As in the 1 + 1-dimensional case we pass now to the two folded tensor prod-
uct of the theory with itself. Denote by W, 4, the universal localizing map with
respect to the inclusion A,, @ A,. Since the operators

0, = Va,on, (1 @ ur)

are localized in a bounded region, we may define the following automorphisms of
C*(A):

B = (m @ 71'1)_1 0,0 (m @m) .

We obtain a sequence of states {w,,,n € N} where w, is given by:

Wy = w1 Qw0 Bulor@er -

For large n the states w,, have almost the correct interpolation property, namely for
each pair of local observables a, b where « is localized 5% and b is localized in 5y,
there exists a sufficiently large N such that

wpl(a) =wi(a) and w,(b) = wy(b)

for each n > N. Note that each state w,, fulfills the Borchers criterion since w,,
belongs to the vacuum sector [w,].

In order to obtain generalized kink states, we propose to investigate weak*-
limit points of the sequence {w,,n € N}. Note that each weak*-limit w, point of
the sequence {w,,n € N} fulfills the interpolation condition (7.1). It remains to
be proven that the weak*-limit points are locally normal.
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Remarks on the Split Property
for Massive Free Scalar Fields

A.1 Preliminaries:

We work here with the self-dual CCR-algebra in d spatial dimensions. Therefore,
we need some technical definitions.

Definiton A.1.1 : For the vector space K = S(R) & S(R?), we denote by I’
the complex conjugation in A, I'f = f. Moreover, we introduce the following
sesquilinear form v on A:

o) = (1, ( - )g) (A

where (-, -) denotes the ordinary scalar-productin Ly(R?) & Ly(R?). The self-dual
CCR-algebra A( K, ~, 1) is the *-algebra which is generated by the set of symbols
{b(f) : f € K} modulo the following relations:

(1) Themapb: f € K — b(f) € A(K,~,T)is linear.
(2) We have the following *-relation: b( f)* = b(I'f).
(3) We have the commutator relation [b( f)*, b(¢)] = v(f, ¢)1.

Foraregion (¢ C R?we consider the CCR-algebra20(() := (K (G),~,T') where
K(G) is defined by K () := pu'/25(G) @ p~Y/2S(G). Here p is the pseudo dif-
ferential operator which is given by kernel

px—y):= /dp (p* + m2)1/2 ¢Px=y) (A.2)
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We now define the quasi-free vacuum functional wy on A( K, v, ") by

wo(b(f)"0(g)) :=1/29([, 9)

where the functions f, ¢ are contained in /.

A.2 Product States:

Let us consider now two regions (i1, G C R? with non vanishing distance. In the
sequel we write & := (G U (5, for their union.

We denote by 24((1) V () the algebra which is given by all finite sums
> anb, with a,, € A(G4) and b, € A(G,). Since G4 and (', have non vanishing
distance we conclude that (G ) VA(G,) = 2A(G). We define now a product state
w on 2A(G) by

w(z anb,) = Zwo(an)wo(bn) ) (A.3)

Since wy is quasi-free, w is also a quasi-free state on ().

We are now interested in a criterion which give us the possibility to decide for
which regions (¢, (G, with non vanishing distance the GNS-representations with
respect to the states w and wy are unitarily equivalent on 2((().

We are going to use a criterion which is proven by H. Araki. To formulate this
criterion, let us consider the following two scalar products on the space K (G U
Gly):

(1) (f;9)o := wo(b([)"b(g)) + wo(b(I'[)"b(Tg))
(2) (f;9)p := w(b([)"b(g)) + w(b(L'[)"b(I'g))

Here w is the product state, induced by wy. The completion of K (') with re-
spect to the norm || - ||o = (-, )o (resp. || ||, = (+,+),) is denoted by K (), (resp.
K(G),).

Moreover, denote by s, (resp. s,) a positive operator, bounded by 1, with the
property (/. sug)o = wo(b([)*blg)) (resp. (£, 5,9), = w(b(/)b(g)).

Criterion: The GNS-representations with respect to wp and w are unitarily
equivalent if the following conditions hold:

(1) The values 0, 1/2 are not eigenvalues of s (resp. s,) in K (G)g (resp. K (G),).
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(2) The norms || - || and || - ||, are equivalent on K (7).
(3) The following operators are of Hilbert-Schmidt class in K (G)o = K(G),:

(So - Sp)(l — 230)—1 and (50(1 _ 30))1/2 . (Sp( ))1/2

The following analysis can be done in complete analogy to those of D. Buch-
holz [8] who has proven that w and w, are unitarily equivalent on 2( (), in the case
where (¢4 = (O, is a compact region and (G = O, the complement of a slightly
larger compact region in R®. The only argument in this analysis which depends on
the spatial dimension is contained in the proof of condition (2) ([8, Lemma 3.2]).
The necessary generalization is given in the next paragraph.

If one carries through the analysis of [8], we obtain the following criterion:
Consider two regions G D G 3 j = 1,2 such that (1, and (i, have also non
vanishing distance and let ¢, , ya, be two C'*°-functions with supp(xq,) C G]
and ¢, (x) = 1 for x € ;. Then we obtain:

Proposition A.2.1 : The states w and w, are unitarily equivalent on A(() if the
integral-kernel

X6 (X)IM(X - Y)XG2 (Y) (A4)

is an element of S(R?*?).

A.3 Equivalence of Norms:

For convenience, we cite now the proof of [8, Lemma 3.2] by making the necessary
changes to show that the result is independent of the spatial dimension.

Lemma A.3.1 : Let (G, (iy) be any pair of regions with non-vanishing distance,
then the norms || - ||o and || - ||, are equivalent on K (G U Gy).

Proof. Lett > 0 be the distance between (+; and (3. Moreover, let s, be a func-

tion in S with support in B,(#/2) and Fourier transform 3, such that $(p) > 0

for all p € R? A function with these properties exists and can be obtained by

using the convolution theorem. Hence there are constants ¢ > « > 0 such that
> (p2 + m*)Y2(5(p) 4 a) > a > 0. This implies

[(p? +m?) 712 — 1 (5(p) + a)| < ac™!(p? + m?)~H/?

A5
(92 4 m2)Y2 — L (p2 4 m?)(3(p) + )] < ac (p? 4 A2 )
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We consider now the following operators which are diagonal in momentum space:

wi(p) = ¢ '(3(p) + a)

(A.6)
wa(p) = ¢~ (p? + m?)(3(p) + a)
For any element ¢ € S((/;) one has
(w1g)(x) = (s g(x) + ag(x)) A

(w29)(x) = ¢, 0% + m*)(s* g +ag)(x) , a=1,2,3

and hence suppw;g N G4 = . Thus one gets (f,w;g) = 0 for each f € K(G)
and each ¢ € K (). Now we compute:

((fou™tg) = |(f.n7 g — wig)
< [dp [(p* +m*) 72 — < (3(p) + a)|| [(p)
< ac™ [dp (p* + m?) 72| f(p)[|3(p)|
< acM(fnm )P g, )

Analogously we obtain the estimate |(f, ug)| < ac™'(f, uf)"/*(g, ng)"/?. Keep-

ing in mind that ac™! < 1, the equivalence of the norms || - ||o and || - ||, can be
obtained by using the same arguments as in [8]. (I

9(p)| (AS)

A.4 Application of the Criterion:

In this paragraph, we discuss the application of Proposition A.2.1 with respect to
the possible cases for (G; and (5.

Denote by S(R% 0) the space of functions f such that yf € S(R9) for each
test function y € S(R?) with 0 ¢ supp(x).

It turns out that the problem can be reduced to the following question:

Let f be a function in S(R%; 0). For which pairs of regions (&1, G C R%is the
function

fGra) 2 (%,¥) = xa (X) [(x — y)xa (¥) (A.9)

contained in S(R?*/) ?
Since f may be singular at x = 0, one has to require that ; and (-, have non
vanishing distance.
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Definiton A.4.1 : A pair of regions (1, (; C R? with non vanishing distance is
called admissible if there exists a constant £ > 0 such that for each r» > 0 the set

G(r) == {(x1,x2)|x1 € G1,%x3 € Gy 5 Xy — Xy € By(r)}
is contained in Byy(kr), where B,(r) denotes the closed ball in R with radius 7.

Lemma A4.2 : If (G, Gy) is a pair of regions in R? which is admissible, then
the function f(c, ) is contained in S(R*?).

Proof.  Since the pair (G4, (iy) is admissible, the region G(k~'r) := {(x,y)|x €
G,y € Gy ; x —y € By(k™'r)} is contained in the closed ball By,(r) for a
constant £ > 0. This implies that for each m € N one has

X6 ()] (X = y)xa,(y)] < const. - [x —y [~

|—m

(A.10)
< const. - k"r7" < const. - |(X,¥)

Hence we conclude that f(c, ,) is of fast decrease and thus contained in S(R*?).
a

Corollary A.4.3 : Ifthe pair of regions (G, (G5) is admissible, then the states wq
and w are unitarily equivalent on ().

Proof. The function
Fix e RA0) = f(x) = /dp (p? + m2)1/? ¢iPx (A.11)

is contained in S(R%0). An application of Proposition A.2.1 and Lemma A.4.2
implies the result. [J

Let us now discuss the cases for witch the pair (71, (73) is admissible. To carry
through this analysis, we have to give a few more definitions. Let ¢ € R be a
vector of unit length and s € (0, 1), then we define the convex cone C'(e, s) :=
R - (Ba(s) + ¢). The complement of C(e, s) in R is denoted by (e, s).

Lemma A.4.4 : Let 51,55 € (0,1) with s; < s9 and e a unit vector, then for each
€ > 0 the pair (C(e, s1) + ee, C'(e, s9)) is admissible.
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Proof.  Let us consider the set C'(e,s5,)\C'(e, s;) = C(e,s2,51). For so > sy,
there exists a convex cone C'(¢€’, s3) which is contained in C'(e, s5, s1). Hence for
each x € 0C'(e, s1) exists r > 0, such that B,(r) + x C C(e, s3). Moreover, we
have the following relation between x and r:

|x| > sin(pq — 991)_1 cr (A.12)

Here ; = arcsin(s;) is the opening angle of C'(e, s;). Weset ¢ := sin(py— 1) ™!

and conclude for each x € B,(tr) N C(e, sq)
Ba(r) C Cle, s2) +x . (A.13)

Hence for each x € By(tr) N C(e,s;) thereisnoy € C'(e, s2) such thatx +y €
By(r). Since foreach € > 0 the set C'(¢e, 51 )+e€e is contained in C'(e, s1 ), we obtain
that

Gr) :={(x,y)lx € Cle,s1) + ee,y € C'(e,52) s x+y € Ba(r)} (A14)

is contained in By(tr) x C’(e, s3). On the other hand, for each r > 0 there exists
y € dC (e, s3) such that By(r) N C(e, s1) = (). We have the following relation for
y and r:

ly| > sin(pa — 1) 7 (A.15)

Thus with the same argument as above we conclude finally that there exists a con-
stant £ > 0, such that

G(r) C Ba(tr) x By(tr) C Baa(kr) (A.16)
which implies the result. [J

We see that for d > 1 the arguments in the proof of Lemma A.4.4 fails for cones
with the same opening angle, i.e. the pair (C'(e, s) 4 ee, C'(e, s)) is not admissible.
On the other hand, for d = 1 the pair ((—o0, 0], [¢, o0)) is indeed admissible.

A.5 The Split Property:

To discuss the split property, we briefly describe the construction of the local v.Neumann
algebras for the free massive scalar field in the vacuum representation. Denote by
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(Ho, 70, o) the GNS-triple of wy. We define for each f € Kr := {g € K :
I'g = g}, the field operator bo( f) := wo(b(f)) which is essentially self-adjoint on
To(A(K,v,1))Q. Foraregion ¢ C R? we denote by 9(() the v.Neumann al-
gebra which is given by M(G) := {™ W) f € Kp(G)}", where” denotes the
double commutant in B(Ho).

Let us consider a pair of admissible regions ((71, (1), then by Corollary 3.1 we
know that the vacuum state w, and its induced product state w are unitarily equiva-
lent on 2(((+; UG5 ). Hence the product state w induces a normal state on (G ) V
IM(G) which is given by a vector n € Hy, where 7 is cyclic for MG ) VIN(Go).
Thus we have for a; € M(G1) and ay € M(Gy)

(n,a1a2n) = (Do, a1Q0) (Qo, a20) (A.17)

By standard arguments [8], we conclude that for a pair of admissible regions
(G1, G3) the inclusion

M(G1) C M(G) (A.18)

is a split inclusion.

Example: We close the appendix by discussing the 1 + 1-dimensional case
briefly. We consider the regions (0, c0) and (—oc,0). For x € (0, 00) the pair
((x,00),(—00,0))is admissible (see Lemma A.4.4). Keeping in mind that the net
of the free field 7 — M1(Z) satisfies wedge duality we obtain that the inclusion

M(x,00) C M0, 00) (A.19)

is standard split. Hence the massive free scalar field in 1 + 1 dimensions satisfies
the split property for wedge regions.
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The Proofs for Chapter 6

B.1 The Proof of Proposition 6.2.6

In order to compute products of one-kink fields, we introduce the following nota-
tion: Let p € T'(n,m, ) and consider a family of operators a« = (a;, al);ee% with
aj € C*(AF_)anda' € C*(RA7 ).

€1—1

(1) From the above data, we define operators in C*(2 ) by:
ay X - X an = arpi(az) - (pro e paa)(@n)(pr e proa)(an)

(2) Analogously, we define operators in C*(2( ):

1 m

at xooxa™i=a'pt(a®) - (pt e p" )@ (Pt p" ) (™)

(3) Denote by 1; and 1' the unit in “(AF ) and C*(AZ_ ) respectively. For x €
P(n,m) we define:

ay =71 (ag X - X aﬁ+(1))7re_0(a1 X ooox a"mWy .
coe (L X X L () X Gy ()1 Xt X ay)
776_0(11 >< o .. >< ]_H_(l) >< aﬁ—(l)-l_l >< o .. >< am)

which is an operator in *8(H,,). where k = (x4, x_) is parameterized by
equation (6.1). Furthermore, we let

#o_ () K
Ay = (a )H
ook x _§FNIEM
where we have set: ¢* := (a7, a' )2,
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Now, leta € F'(n,m, p) be a kink field of the form
= (@) (®)
JEN 1€m
Then it is not hard to prove that for each x € P(n, m) we have:

a0, = {p_a¥Q,} (B.1)

In order to complete the proof of Proposition 6.2.6, we are now prepared to
establish the lemma below.

Lemma B.1.1 : Let a be the kink field above and let v € (p, p) be an intertwiner
of the form

v:<®vj)®<®vi)

JEN €m

with v; € (p;,p;) and v' € (p', p'). Then for each k € P(n,m) the following
holds:

(va), ey = vea,lly, .

Proof.  An application of equation (B.1) gives:

(va)uQle, = {p,, (va)F e, }

N1EmM

where the family va is given by (v;a;, v'a’)’c}
ized by equation (6.1). Then we have for & < [:

. Let = (K4, £_) be parameter-

*

b b b
e ()41 Vs (B)+1 < X g (1) 41 Uk (k1) +1

N

= a;oipiaz i) - (Pi o pivica ) (@407 )

=aipj(aiy) - (pi pigici )@ )vipi(vigy) - (pi o Pigica) (Vi)

= (a:n(k)-l—l X X a:n(k-l—l)-l—l)(vﬁn(k)-l-l X X U (k1) 41)”
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Here we have set j = v, (k) + 1 and j + ¢ = x4 (k 4 1). Analogously, we find:

aﬁ_(k)+1*vﬁ_(k)+1* NI, aﬁ_(k+1)+1*vﬁ_(k+1)+1*

- (aﬁ_(k)-l—l*

k+1)+1*)( —(k)+1 k-|—1)-|—1)*

x...xdﬁ—( L° ><...><vﬁ—(
By inserting the above relation into the expression for (va),(., and v,a,€2.,, the

lemma follows. []

B.2 TheProofs of Theorem 6.2.1 and Theorem 6.2.10

In order to prove Theorem 6.2.1 we establish some useful lemmas.

Lemma B.2.1 : Let 7 € A(ey, e3; €) be a kink representation and let p € A(eq, é1;€1),
o € A(éq, €3; €2) be oriented kink representations such that p and o are localized
in space-like separated regions. Then one has:

#pto =10 p € A(éy, 93 ¢)

Proof. Since p and o are localized in space-like separated regions, there exist a
right wedge W such that p is localized in W and o is localized in W"’.

Let O be any sufficiently large double cone and let us choose oriented kink
representations p € A(eq, é1;e1) and 6 € A(éy, 95 €5) wWhere p = p is localized
in Opp C W and ¢ = o is localized in Oy;, C W'. Furthermore, there exists
an oriented kink representation 7 € A(eq, e2;€1), 7 = 7, which is localized in W'.
We choose unitary intertwiner w € (7,7),u € (p,p)andv € (&, 0). Furthermore,
we define for a kink representation n € A(eq, ez, €):

n#(a) :=no (W;)_l(a) fora € n_ (C*(2A7)).
n#(b) =no(rl) 1 (b) forbe T (CH(2AL)).

€2

The localization properties of p, p and &, o imply that w is localized in W and
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that v is localized in 1W’. Thus we obtain for each « € 2(O):

T#U#p(a) = wf'#(v)f'# (u)f'(a)f'# (u*)f'# (v™)w”

— woi# (u)f'(a)f'#(u*)v*w*

On the other hand, we have:
t#pto(a) = 7% (u)r# (v)7(a) T (v*) T (u7)
which implies the result. [J

Lemma B.2.2 : Let 7 € A(ey, e9; €) be a kink representation and let p € A(eq, é1;€1),
o € A(és, e9; €3) be oriented kink representations. Then there exists a unitary in-
tertwiner €. (p, o)

e(p, o)t pPola) = 0% pla)e;(p. o)
which depends only on 7, p, o.

Proof. We choose unitary intertwiner v € (p,p) and v € (&, 0) such that  is
localized in a right wedge W and & is localized in W’. By Lemma B.2.1 we con-
clude:

r#o* pla) = T#(v6* pla)o)

= r#(0)r¥6* p(a) T (v")

= Ad(rH(0)(r#6)* (u))T#6*i(a)
= Ad(r#(0)(r#6)* (u))r# p*5(a)

= Ad((7# o) (u)r# (0) 7 (u™) (7% p)* (v7)) 7 p* o (a)
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We define quasi-statistics operator ¢, (p, o) by:
er(p, ) = (T% ) (u)T# (0) 7% () (7% p)* (v7)

Let us choose intertwiner vy € (py, p) and v; € (01, o) such that p, is localized
in a right wedge W; C W and o is localized in W, C W’. By substituting u +—
uuy and v +— vov;, we obtain an alternative quasi-statistics operator €’ (p, o). In
order to prove that ¢,(p, o) depends only on 7, p, o, we establish that ¢ (p, o) =
€;(p,0). Letw € (7, 7) be aunitary intertwiner where 7, is oriented and localized
in W1 .

w e (p, o)w = (n¥o)* (wur) i (vor)n* (uiu”) (1% p)# (v]v7)
= 1% (0)(n*6)* (wn o ® (ug)oi (0 p)* () # (u)

= n? (0)(n*6)* (w)n (u)orn® (ui)or (n 7 p)* (07 F (u7)
= n? (0)(n?5)* (u) (¥ p)F () (u”)

— c0(pr0) = wer(p, o)

Here we have used the fact that v, is localized in W' and that Tl#(ul) 1s localized
nW. O

Proof of Theorem 6.2.1: Letp € T'(n,m,¢). We define oriented kink represen-
tations:
::ﬂ';';opl---pn and p =T 0pep

P

—n

Let u € (p, p) be a unitary intertwiner and let us choose p in such a way that p7 is
localized in W and that /' is localized in W’. We conclude from Lemma B.2.1:

# ~m
n B

=3

éﬁ =
for each k € P(n,m). By Lemma B.1.1 we obtain for each x € P(n,m):

P, = Ad(ug) o P,
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Thus we have for each pair (x, k) € G(n,m):
P, = Ad(ug) o én#ém = Ad(u,) o b, = Ad(ugui) o e, -

Finally we define the quasi statistics operator:

(i) () 1= Ugu;

In the same manner as in the proof of Lemma B.2.2 it can be shown that ¢, z)(p)
does not depend on the auxiliary family p. [

Proof of Theorem 6.2.10: Let a ¢ ['(n,m; p) be a multi-kink field of the form
= (@) (@)
JEN 1€m

Since for each pair (j,7) the one-kink fields a; = (p;,a;) and a' = (p',a’) are
localized in space-like separated regions, there exists unitary intertwiners u; &
(pj,p;) and u € (p, p') such that u;a; and p; are localized in a right wedge W
and u'a’ and p° are localized in W’. This implies

(ua), = (ua)s;
for each pair («, &) and therefore:
uﬁaﬁﬂeo = u,gagﬂeo .

Finally, Theorem 6.2.10 follows from the identity

6(,17,%)(3) EX
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