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S matrix, diagrams

Dynamical Variational Principle:
Luttinger-Ward functional, self-energy functional
reference systems and evaluation of the self-energy functional
bath sites and dynamical mean-field theory, cluster extensions

Dynamical Theory of the Mott Transition:
Mott transition in infinite dimensions
Mott transition in one and two dimensions
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Electron Correlations
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the “standard model” |

standard model of the electronic structure of a solid:
[J N electrons
[1 kinetic energy
[1 external potential (ion cores)
[l

Coulomb interaction

H = Ho + Hy
with

N p2 N () 1 VeSS 62
HOZZ<2—‘7+V(I'J')>:ZHOJ H1_§Z .

Jj=1 g=1 3,k |rj — Ik

Hamiltonian; known
solution: unknown
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Independent particles “

Hamiltonian of (effectively) independent electrons:

— ( Pj ()
Hog = ) (ﬁ + %H(rj)> - ZHOJeff

=1 J=1

Schrédinger’s equation
Hog|V) = E|U)

IS solved by
) = |08 ) @) - [oSn) where H)e o)y = e5108))
Fermions!
N
1 P P P(N
) = — S (D) PUE L) - 10E0) B=3
P j=1

independent particles
[1 problem reduces to single-particle Schrédinger equation

[1 no “correlations”
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correlated band structure ]]

one-particle energies for a solid with lattice-periodic effective potential:

ea — em(K) (Bloch’s theorem)

wave vector k, band index m

single-band tight-binding model of independent electrons:
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correlated band structure

one-particle energies for a solid with lattice-periodic effective potential:

Ea — Em (k)

(Bloch’s theorem)

wave vector k, band index m

with interaction:

[1 correlation effects: there is no

Ve (r) producing this band structure!

|
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thermodynamics of independent particles “

(grand canonical) partition function:
Z = tre PH B=1/T

N

independent (distinguishable) particles: Heg = » HY)

j=1

Z =7

[1 no singularities
[1 no phase transitions
[J no collective phenomena

independent fermions : [
independent bosons : BEC

[I correlations due to statistics of particles vs. correlatio ns due to interactions
[1 phase diagrams of Fermi systems: interaction effect
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O 0O o O o O 4

collective magnetism
charge and orbital order
superconductivity

Mott transitions

Kondo screening
non-Fermi liquid behavior

Luttinger liquid

thermodynamics: correlation effects
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effect of lattice dimension “

W . width of the relevant valence band

measure of the kinetic energy

proportional to coordination number / dimension
U : strongly screened Coulomb interaction

local quantity

independent of dimension

A
s

interaction / correlations
comparatively weak

[SES
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effect of lattice dimension “

W . width of the relevant valence band

measure of the kinetic energy

proportional to coordination number / dimension
U : strongly screened Coulomb interaction

local quantity

independent of dimension

® ® ® ®
® ® ® ®
® ® ® ® W U

D=2:
interaction / correlations
more important
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effect of lattice dimension “

W . width of the relevant valence band

measure of the kinetic energy

proportional to coordination number / dimension
U : strongly screened Coulomb interaction

local quantity

independent of dimension

W U

D=1:
correlations dominate
motion blocked by Pauli principle
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single band - local interaction “

Seminar FOR 1162

energy

7_(Atom

dimension: 4

Ir; —rg

H = @i H

valence band

4L

Hubbard model

A
Bl

/'/_

a

|4t

(2)

Atom

H = Ho + Hi
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Hubbard model ]]

U
H = E tijcl-o_cja—|_5 g NicNi—o
10

1jo

1, 7. lattice sites, i =1, ..., L

spin projection o =T, |

hopping ¢;; O tight-binding band

Hubbard-U [ (screened) local Coulomb interaction

occupation number operator n;, = cZacw

I I I [ I [y

cw,cT : annihilator, creator

10
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Hubbard model ]]

U
H = E tijcl-o_cja—|_5 g NicNi—o
10

1jo

“kinetic” energy vs. Coulomb inteaction
Fermi statistics
Hilbert-space dimension: 4%

standard model of electronic structure in a nutshell

O O 0o oo o

collective magnetism, superconductivity, Mott transitions, Kondo effect, ...
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exact diagonalization

. U
simply solve the Hubbard model? H=>" tijcl cio + 5 > nigni—g
10

)0

[1 set up Hamilton matrix:
im) = |n1,n2,...,n21)
m=1,....M M = dim'H

H m|H|m')

mm’_<

[1 diagonalize Hamilton matrix numerically:
H = UDU'

[1 get eigenvector of lowest energy and ground state:

wm] O |1Bo) =3 umlm)

[J compute expectation value of observable A:

(EolAlEo) = ) ujytips (m|Alm’)
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exact diagonalization “

problem :
M x M Hamilton matrix with

M = 2%2L — 4L — dim'H

L =6sites 0 M = 4096

use symmetries
e.g. conservation of total number of o electrons:

L
[No, H]— =0 | with No = > " n4o

i=1
dimension of invariant subspace:
L L
Mny Ny =
Ny N,

L = 6 sites, Ny = N, = 3 electrons (“half-filling”) 0 Mn,, N, =400
L =10 sites, Ny = N| = 5 electrons (“half-filling”) O My, N, = 63504

63504 x 63504 x 4Bytes ~ 16GBytes but N = 10 <« 1023 !
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formulation of the generalized Ritz principle “

Hamiltonian: t and U dependencies are made explicit
1
Hyuy = Ztagcgécﬁ + > Z Ua55763020705
af afvoé
grandcanonical density matrix:
exp(—B(Hy,u — uN))
tr exp(—=B(He,u — uN))
grandcanonical potential:
Qu=-TInZiuy=—-TIntr exp(—B(H¢,u — uNV))

Pt, U —

define density-matrix functional:

Quuls] = tr (p(Hiw — uN + T1np) )

O T, ufixed
0 Q¢ ulp] real-valued functional of the operator variable p

[1 parametric dependence ont and U

extremal principle:

Q¢,ulp] = min. for p = py uv and Q4 ylpe,u] = QU
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we have:
Q¢ ulpe,ul = tr (pt,U(Ht,U — uN +T1n pt,U))

=1 <Pt,U[Ht,U —uN +T(=8)(Hy,u — pN) —T'n Zt,U])
= tr Pt,U(—T) In Zt,U

= QU
still to be shown: Q¢ v [p] > Q¢ u for arbitrary p

domain of the density-matrix functional:

{pltrp=1, p>0, p=p'}

general (!) ansatz:
exp(—B(Hy v — uN))  exp(=B(Hy s — uN))

P = Pt/ U = =
tr eXp(—ﬁ(Ht/’U/ — /,LN)) Zt/,U/

therewith:
Q¢ ulper o] = tr (Pt’,U/ (Ht,u —puN +T'ln pt’,U’))

= 1r (pt’,U’ (Ht,U — ,uN + T(_B>(Ht’,U’ — IU,N) — T'In Zt’,U’))

=1 (Pt’,U’ (He,u — Ht’,U’)) + Q¢ vy

proof “
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proof, continued “

consider the following partiation:
H()\) - Ht’,U’ =F )\(Ht,U — Ht’,U’)

obviously, H(0) = Hy/ vy and H(1) = Hyu

for
QN) = —Tntr exp(—G(H(A) — uN))
we have:
Q(O) = Qt’,U’ and Q(l) = Qt,U
hence:
0N
Q ]l = Q0 —
t,U [Py U] (0) + E3)
A=0
on the other hand: €2()\) is concave [
OQ(N)
Q(0 — A > Q>N
0) + =5 > ()
A=0
A concave function of A is smaller (for any A, e.g.
A = 1) than its linear approximation in a fixed
point (e.g. A =0).
for A = 1 it follows:
02( A\
Q¢ ulpe ur] = Q(0) + % > Q1) = QU q.e.d

A=0
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variational construction of mean-field theory

general scheme to contruct variational approximations:

[]
[]

variational principle 6Q2¢ u[p] =0

most general ansatz: p = py  with t” and U’ arbitrary
[] exact solution p = p¢ U

(restricted) ansatz p = p) with parameters A:
0

aQt,U[PA] =0 flir A = o
yields optimal p,, with

Q¢,ulprg] = QU
in practice:
choose a reference system H’ = H

px = exp(—B(H\ — uN))/Z

general Hamiltonian:

1
H = Ztaﬁc&cﬁ + 9 Z Ua557036230705
a afvyoé

static mean-field theory (Hartree-Fock)

H' =Hy o= thgcleg t' arbitrary
af

|
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variational determination of t’ “

: : : 1 /
trial density matrix: | p’ = ?e_B(H —hN) (o0 = (i (67 o)

conditional equation for t’:
0

0= Qt,upe]
0"
== tr (Pt/(Ht,U — ulN + Tlnpt/)>
é,l,l/
= o2 (e — uN) + 1 [ T(-A)(H' - ) ~ 1 2)])
[93%
a / / /
Y <<Ht,U — uN)" — (H" — pN) +Qt/,o)
[93%
0
== <Ztaﬁc cﬁ—l— Z Uag(;,ycacﬁcfyc(; Ztaﬁc 05> "‘(C,]:,Cu)/
re- % ap aBM
since 0Q/ /01, = (ch,,)’
define: T
d(cheg) 1 p
Kal/,uﬁ gt—,/jf) — ?(CQCB>I<CLCV>/ - /(; dT(Cg(T)CB(T)CLny
then:

0
0= Sty + 3 3 Vs giehelises = S toakun
aﬁ75
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variational determination of t’ “

H' bilinear (“free”) O Wick’s theorem applies:

(el cleves) = (el es) {ehey) — (el ey {ches)’

hegce:
ot/ Z Uaﬁ5v<cjxcgcvcé>,
wv a575
= =0 3" Uagsy ({ches) (chen) = (chier)teles)’)
HY aByé
0
= == D (Uapsy = Uapys) (ches) (chey)’
HY aByé
- Z (Uaﬁ&y - UO‘B’Y(S) (<CLC5>,K,ﬁV,u,'y + Kézl/pd <C£C’Y>/)
afByd
= D (Uyasp = Uyaps) (ches) Kopus + D (Uarss — Uares) Kawpupiches)
afByo afByé

with (a8v) — (yapf) (1stterm) and (8v6) — (v903) (2nd term)

Z ((U’Ya(sﬁ —+ Uoz’yﬁ5) — (U’Yoéﬁfs + UOé’YfSﬁ)) <C]LYC5>/K&VM5
afBvyd

=2 2{: a755 7@B5)<C C5>I(ayuﬁ
afBvo

with Uagsy = Uga~s
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variational determination of t’ “

altogether:
0= ZtO‘BKééVﬂﬁ ZtozﬁK vuB - Z ouyﬁé 70465) <C]Lyc5> Kow,uﬁ
al afBvé
0= Z aﬁ + Z ouyﬁé ’yochS) <C C5> K(/)u/,uB
af

assuming K be invertible:

tag = tas + Z Uarps — Uyaps) (clcs)’

optimal one-particle mean-field Hamiltonian:

H' = Z (tag + Z(OZIBF)) c&cﬁ

af

with

E%F) = (Uanps — Uyags) {clcs)’ | Hartree-Fock self-energy

o

self-consistent scheme  required:
TP 0 H O (cheg) O EF)




Approximation Strategies
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variational approach “

macroscopic state: T, V, u
Hamiltonian: Hy v = Hiree (t) + Hint (U)

thermodynamical potential: Q¢ v = —T'In tr exp(—(H¢,u — puN)/T)
physical quantity: At u

Qq u[A]

functional Q¢ y[A]:

— 5Qt,U[A] =0 for A = At,U
- QrulAtul =%U | .
— A € D = {A |conditions}, domain 5 > A

Euler equation: ft,Li[A]
: 02 A
fi U[A] =0 with fy y[A] = L[]

SA
0 = .
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Hamiltonian: Hi v = Hfree(t) + Hint (U)
grand potential : Q¢ y = —T Intrexp(—8(H¢,u — uN)
physical quantity : Ay

functional: ¢ yy[A] on domain D

variational principle:

Euler equation: f; y[A] =

A

5Qt,U[A] =0 furA = At,U
0, U [A]

!
=0

approximation strategies

simplify Euler equation
fe U[A] — i U[A]

general

simplify functional
Q¢ UulA] — Q¢ UlA]

thermodynamically consistent

restict domain
D — D

thermodynamically consistent,
systematic, clear concept

|
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example: Hartree-Fock theory “

Rayleigh-Ritz variational principle:
Q¢ ulp] = tr(p(He,u — uN + T'1n p))

domain: p € D = {p | Hermitian, positive definite, normalized}
type-lll: p € D = {p|Hermitian, positive definite, normalized, non-interacting } C D
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example: Hartree-Fock theory “

Rayleigh-Ritz variational principle:
Q¢ ulp] = tr(p(He,u — uN + T'1n p))

domain: p € D = {p | Hermitian, positive definite, normalized}
type-lll: p € D = {p|Hermitian, positive definite, normalized, non-interacting } C D

original system reference system
[ H t’U ] [ H ti’U1 ]
Hartree-Fock:
l D = {py v | t'arbitrary, U’ = 0}
E %y Yeu
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example: Hartree-Fock theory “

Rayleigh-Ritz variational principle:
Q¢ ulp] = tr(p(He,u — uN + T'1n p))

domain: p € D = {p | Hermitian, positive definite, normalized}
type-lll: p € D = {p|Hermitian, positive definite, normalized, non-interacting } C D

original system reference system
[ H t’U ] [ H ti’U1 ]
Hartree-Fock:
l D = {py v | t'arbitrary, U’ = 0}
E %y Yeu
Qe ulper 0] = Q0 + tr(py o (Ho(t) + Hi (U) — Ho(t")) (use Wick’s theorem)
891:,U [Pt’,o]

5t = 0 < HF equations !

[] concept of reference system helpful for type-Ill approximations
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example: density-functional theory “

electron density n(r) = tr (pn(r))
Q¢ uyn] =tr(tn) + Fy(n] Hohenberg, Kohn (1964), Kohn, Sham (1965)

t ot

potential energy ~ Fy[n] = F&in[n] + F{V ] + F9Mm], FE9n) =22
existence: HK theorem
universal (t independent)
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example: density-functional theory “

electron density n(r) = tr (pn(r))

t ot

Q¢ uyn] =tr(tn) + Fy(n] Hohenberg, Kohn (1964), Kohn, Sham (1965)

potential energy  Fy[n] = F&Kin)[n] + FI(JH) [n] + FI(J.XC) ], FI(J_XC) [n] =22

existence: HK theorem
universal (t independent)

type-Ill approximation ?
H¢ v: inhomogeneous electron “gas” (original)
Hy. 1y: homogeneous electron “gas” (reference)

Qe ln] = tr(tm) + Fo o]
Q¢ yn] =tr(t" n) + Fy(n]

Q4 uln] = Qe uln] + (- t)n)

nice concept,
but poor results !
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example: density-functional theory “

electron density n(r) = tr (pn(r))

t ot

Q¢ uyn] =tr(tn) + Fy(n] Hohenberg, Kohn (1964), Kohn, Sham (1965)

potential energy  Fy[n] = F&Kin)[n] + FI(JH) [n] + FI(J.XC) ], FI(J_XC) [n] =22

existence: HK theorem
universal (t independent)

type-Ill approximation ?
H¢ v: inhomogeneous electron “gas” (original)
Hy. 1y: homogeneous electron “gas” (reference)
Q¢,un] = tr(t n) + Fy[n]
Q¢ y[n] = tr(t" n) + Fy|n]

Q4 uln] = Qe uln] + (- t)n)

local density approximation: FI(JXC) [n] — 158“") [n]

nice concept,
but poor results !

very successful, but type-II



Spectroscopies
and Green’s Functions
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Green’s function, spectral density and self-energy ||
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Green’s function, spectral density and self-energy ||

S . o perturb. | ° . * °|response
[ ° LIJ :? [ °
Tl B N R T
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Green’s function, spectral density and self-energy “

perturb. [ . - ']response

N

_/

. * N~10%

energy E

valence band

| =

+—— |(k,E)
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Green’s function, spectral density and self-energy “

[.’ - ] > perturb. [ ¢« ° ']response
[ ° LIJ :? [ °

\ o n-102|

energy E

valence band +—— I(k,E)

2
I(k,E) o< Y ‘(N— 1,m | ek | N,O>‘ 5(E — (Em(N — 1) — Eo(N))) = A(k, E)

spectral density
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Green’s function, spectral density and self-energy “

S . o perturb. | ° . * °|response
® o q—, :? ® o
. * N~10% > \, . * N~10% /‘
energy E

valence band +—— I(k,E)

2
I(k,E) o< Y ‘(N— 1,m | ek | N,O>‘ 5(E — (Em(N — 1) — Eo(N))) = A(k, E)

spectral density
Ak, E')
E—F
self-energy: G(k, E) = Go(k, FE) + Go(k, E)X(k, E)G(k, E) (Dyson’s equation)

Green’s function: G(k, FE) = /dE’ Ak, E)=—-ImG(k,E+i0")/n
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different spectroscopies “

spectroscopies:
(weak) perturbation [0 system’s response
excitation process R [l cross section, intensity

photoemission = removal of an electron
R = c,
angle- and spin-resolved: o = (k, o)
inverse photoemission:
R = c:&
complementary spectroscopy
Auger process:

R = cqcp
appearance-potential spectroscopy:
R = ci&cg

transport, Raman, neutron scattering, etc.:
R = CECB

elementary excitation processes
one-electron excitations: ¢/, ca,
two-electron excitations: cacg, clcl, cl,cs
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“detailled” theory |

(grandcanonical) Hamiltonian of the system:
H=H— uN =Ho+ H
eigenenergies, eigenstates:
H|m) = Ep|m) ONB: {|m)}

example: photoemission

[1 electronic transition induced by coupling to radiation field:
P—P—gA

0 neglect A2 term, choose Coulomb gauge, adopt dipole approximation:
H—H+V, V =App

[1 second quantization:

V = Z<B|A0p|7>a%c,y + h.c. = Z Mﬁ’Ya’Z%C'V + h.c.
By By

where: a ~ high-energy scattering states, ¢ ~ valence states

[J final state within the “sudden approximation”
(no interaction between photoelectron and rest of the system):

[fy =allm)  Ef = Emn +ea
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“detailled” theory |

[1 initial state:

with

aq|n) =~ 0

[1 hence;

(FIV]E) = (mlaa Y _(Mgyaley, +hc)n) = (m| > Maycyln)
By vy

[1 disregard the matrix elements:
(fIV]i) = (mlcy|n)

R = cy
elementary transition operator for photoemission
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one-particle Green’s function and spectral density

one-particle spectral density:

(cross section, intensity, experiment)

e ﬁEm _|_e BEn
Aapw) =" ~ (mlea|n) (nlelm)d(w — (En — Em))
Aap(t) = —{[ca(t),ch(0)]4) Aap(@) = == ImGUD ()
afB = o Co ’CB + apglw __7r o3 w
one-particle Green function:
0 Aag(z)

dz

Gaﬁ(w):/_oo o — 2

retarded one-particle Green function:

weC

G(ret)(t) = —iO(t){[ca(t), Cﬁ(o)] )

> Aap(2)
G(ret) L / d af
(W) = oo © w+ 10T — 2
one-particle Matsubara function:
00 Aa
Gap(iwn) :/ dz - 5(2)
50 Wn — 2

twn = 1(2n +

)m/f

Gap(T) = —(Tca(r)ch(0))

|



S matrix
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S matrix — motivation “

problem: the time dependence in

Gop(T) = —(Tea(r)ch(0))

Is due to the full Hamiltonian:

H=Hy+Hy=Ho+V H=Ho+V

goal: transform all = dependencies into free r dependencies!

interaction picture:

A[(t) — ei'HotAe—iHot

modified interaction picture:

Ar(r) = e™0T Ae~ 07

transformation from the Heisenberg to the interaction picture: mediated by .S “matrix”
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S matrix — definition |

define:
S(r, ") = eHoTe=H(T—7") g=HoT’ S matrix
properties:
O S(r,7") =SS, ")

O S(r,7)=1
0 S(r,7’)is not unitary
L]

S(r,7’) is the (imaginary) time evolution operator e T=") in the (modified)
interaction (Dirac) picture

we have:
—QS(T, 7_/) — _2 (eHoTe—H(T—T/)e—HoT/) — GHOT(H _ HO)G_H(T_T/)G_HOT/
ot ot

— eHoTVe—HoTeHoTe—H(T—T/)e—H()T/ — V[(T)S(’T, 7_/)

equation of motion:

_§S(T’ ) =Vi(r)S(r, ") initial condition: S(7,7) =1
-
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solution of the equation of motion “

if V7(7) was not operator-valued, we could solve the differential equation by:

S(t,7") = exp (—/ dr'" Vi (7" )

the problem [V;(7), Vi (7')]= # 0 can be circumvented using the time-ordering operator:

S(t,7") =T exp (—/ dTNVI(’TN)>

explicit representation of the .S matrix

[0 note: under 7, we have: [V;(7), Vi (7")]= = 0 (there is no sign), since
Z Uapsyel, (T)ehy 1(T)ey,1(m)es 1(7)
aﬁ75
IS quartic

[1 note: 7 operates after expanding the exponential:

(= 1)’“

S(, T)—TZ /, dTl"'/,T drVi(r1) - Vi(mx)
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preparation of the Matsubara function “

from the definition, S(r,7') = e™oTe~H(T=m) =Mo" e immediately get

A(1) = S(0,7)Ar(7)S(r,0) e PH = =P 5(3,0)

Matsubara function for = > 0:

Gop(T) = —(Tca(r)ch(0))

tr (e_BHca (T)Cg (O))

tr (e=PM0.5(8,0)S5(0, T)ea,1(7)S(7,0)c}; ;(0))

N|—= NI~ N[+

— _ _tr (e_BHO TS(B,7)ca,1(T)S(T, O)CE,I(O))

_ Zo 1 —BH T
— _72_0” (e 0T S(B, O)Ca,I(T>CB,[(O))

(TS(B,0)ca,1(r)ch 1(0))©
tr (e=PH0S(3,0))/Zo

(TS(B,0)ca,1(r)ch ;(0))©)
(S(8,0))(0)

Gaﬁ (T) - =

S(8,0) =T exp (— /OB dTVI(T)>
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... ready to apply Wick’s theorem “

suppress the index “I” (all = dependencies are meant as free + dependencies)

_ <’Texp (— foﬁ dTV(T)) Cor (T)C;<0)>(O)

<’Texp (— foﬁ dTV(T))>(O)

Gap(T)

free expectation values!
free (imaginary) time dependence!

Wick’s theorem can be applied.



Diagrammatic Perturbation
Theory
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partition function “

first, consider the denomiator in
(0)
<’Texp (— foﬁ dTV(T)) ca(7)02(0)>

<’Texp (— foﬁ dTV(T))>(O>

Gaﬁ (7_) —

partition function:

X 1)k B B
Z( Y /O dry - - /0 dry, (T(V(11) -+ V(1))

Z —_—
o |
Z0 P k!

Z = (=1)k P B
Z_O — Z 2kk! /o dry - - 0 dty Z Z Uai 816171 "'Uakﬁkfsk%
k=0 ’

@1817101  pBrVKdk
X <T(C£1 (71)021 (T1)cyq (T1)Csy (1) - - c(';k (Tk)cgk (k) Cvyy, (Th)Cs ), (1))

matrix element:;

(T(---))(®) = {sum over all fully contracted terms} | (Wick's theorem)

remember: contraction

Cai (Ti)eh, () = (T (ca; (i)el, (1))@ = —GSa, (ri = 75)
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diagram elements “

to compute the denominator, i.e. Z/Zg
[1 consider the k-th term in the sum (“k-th order”)

[J evaluate the free expectation value using Wick’s theorem for given orbital indices
«;, Bi,...and givenr; (z =1, ..., k)

organize the sum over all possible ways for full contractions by diagrams

sum / integrate over all internal orbital indices and times

the building blocks of diagrams:

B\/v

vertex at T T stands for Uy, 3,5, ~;

propagator

stands for a contraction, i.e. —G(Og)aj (1: — 75)
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building diagrams H

Coulomb interaction is instanteneous [1 place vertex on a time axis:

B\E/v

0(/5\6

propagators connect

two links at (the same or) different vertices:
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full contractions “

free expectation value (at k-th order):
(T (ch, (r)ely (r)eq, (r1)es, (71) -+ el ()l (7)) ey (i) es, (7)) ()

via Wick’s theorem,
= {sum over all fully contracted terms}

represented by sum over all possible diagrams at k-th order

YYY YY Y

AN A AN A

T

at the k-th order, there are (2k)! different ways to connect the open links at the k vertices
(2k)! different possibilies for full contractions:

(2k)! diagrams
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urzburg, September
all second-order diagrams

00 0 00 00 =
C)O@@Q@@Q%%
OO O O — s

< <
ool &Y B E S
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diagram rules “

to compute the k-th order contribution to the denominator, i.e. to Z/Zy,

[0 draw all (2k)! different diagrams , label them with orbitals a; and times 7;
vertices are fixed, propagators can be deformed

[ for each vertex , write Uy, 3.5,

for each propagator , write —Gg)i)aj 5 — )

for propagators starting and ending at the same vertex, i.e. equal times :

Tcreator — Tannihilator T O+

sum over all orbital indices «;, 5;, ...

integrate overall; (: = 1,...,k) from0to 3

multiply with the factor (;kllzf

multiply with (—1)% with L = number of fermion loops

O oo o oo
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Green’s function:

diagrams for the Green’s function

B <’Texp (— S8 dTV(T)) Co (T)cg(0)>(0)

—Gap(T) =
’ <’Texp (— foﬁ dTV(T))>(O>
nominator:
VN
L S
AN
B
N T 1, T, 0

additional fixed external links representing ¢, (7) and cg(O)

we have 2k + 1 propagators and thus

(2k 4+ 1)! diagrams

at the k-th order

note: no summation / integration over external variables

,.e.a,pand 7
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connected diagrams “

typical diagram contributing to the nominator:

[1 there is one part of the diagram connected to the external links
[1 there may be different disconnected parts

theorem:

the sum over the disconnected parts exactly cancels the denominator

[1 for any diagram part connected to the external links, one can add an arbitrary
diagram representing Z/Zy (the denominator)

its numerical value comes as a factor

take care of combinatorics
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topologically equal diagrams

consider:

00 00

the diagrams in each line are different but yield the same numerical value, since

A flipping the vertex

Uag(gvcg cgc7 cs = Uga~s cg cz& C§Cry

B interchanging two vertices
change of integration / summation variables r; < 7; and o, 8;, ... < o, 8;, ...

has no effect

Z = (=1)k P B
Z_O:Z 2kk! /o dry - - 0 dTy Z Z Ua1ﬁ15171"'U04k5k5k7k

k=0 a161v101 arBr YKok

X (T (ch, (r1)ely, (11)eys (T1)es, (11) - - b, (7). (7k)er, (i) csy, (72))) )

|
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topologically equal diagrams “

Seminar FOR 1162

diagrams transforming into each other under A or B are topologically equal

O operation A generates 2* different diagrams with the same value
[1 operation B generates k! different diagrams with the same value

change the diagram rules in the following way:

— summation over topologically different diagrams only

.. 1
— no additional factor ——
2k L

all topologically different and connected diagrams at orde rk=0,1,2:
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diagram rules “

to compute the k-th order contribution to —G3(7),

[1 draw all topologically different diagrams
label them with orbitals o; and times 7;

[1 diagrams must be connected to external links

vertices and propagators can be deformed
[ for each vertex , write —U,3,5;~;
for each propagator , write —G&Oi)aj 5 — )

for propagators starting and ending at the same vertex, i.e. equal times :

Tcreator — Tannihilator T O+

sum over all orbital indices «;, G;, ...
integrate overall; (: = 1,...,k) from0to 3

multiply with (—1)% with L = number of fermion loops
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frequency-dependent propagator “

a, a;
time-dependent propagator: Ti U = —G&Oi)aj (s — 75)
1 — —twn (17, —T5 .
_Gg)i)aj (r; — 1) = 5 Z e~ iwn (1, —75) (—Gaya; (iwn))

[1 a propagator is labelled by a single frequency
[J sum over (internal) frequencies

1 : :
attach —e™*“" 74 to vertex at which propagator ends

VB

1 . :
attach ﬁe’“‘)“j to vertex at which propagator starts

collecting factors, at each vertex we have:

o 1 —i(w1two—wz—wy)T 1 :
dr e 12 =23 7WT = — 04y +wo,wst+wy | €NErgy conservation
0

VB p

“the sum of incoming frequencies equals the sum of outgoing frequencies”

frequency-dependent propagator: W, = —G(Og.)aj (iwn,)
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diagram rules for frequency-dependent Green’s function “

to compute the k-th order contribution to —G 3 (iwn ),

[1 draw all topologically different diagrams
label them with orbitals «; and frequencies w,

[1 diagrams must be connected to external links
vertices and propagators can be deformed

: 1
[0 for each vertex , write —Eéwmwﬂ,w,ywé Uags~

for each propagator , write —Ggg(z'wm)

for propagators starting and ending at the same vertex, equal times :

factor e_iwm(Tannihilator_Tcreator) — eiwm0+
sum over all internal orbital indices «, ...

sum over all internal w,,, from —oo to co

multiply with (—1)% with L = number of fermion loops



Self-Energy
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Improper self-energy: diagrammatic definition “

define self-energy insertion

part of a diagram for the Green'’s function with two external links:

S RN
\

. . ' : o : L L \ : e——

define improper self-energy
sum of all self-energy insertions:
O O O =
BN -+ e S

_Z: §+//’

= e e

note: —3 depends on external orbital indices and the external frequency:

~

Yo (iwn)
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self-energy: definition ||

define irreducible self-energy insertion:

self-energy insertion that does not separate into two pieces when cutting a propagator:

reducible: irreducible:
OO T

define irreducible self-energy / proper self-energy / self-energ y:

sum of all irreducible self-energy insertions:

5=

we also define the full propagator / interacting propagator / Green’s functio n:

-G = -
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Dyson’s equation, diagrammatic “

consider an arbitrary diagram contributing to —G, g (twr ) With k& > 1:

it necessarily starts (left) with a free propagator, followed by an irreducible self-energy

insertion, and ends with a diagram contrubuting to

summing over all diagrams yields:

7,

——— - — +

—G o p(twn)

translation: —Gog(iwn) = —Gip(iwn) + (=G5 (iwn)) (—Sys (iwn)) (—Gsg (iwn))

le.:

279

(iwn,)

ZG

zwn

Gapliwn) =

2y (iwn )Gs g (twn)

G = Ggo + GpXG | (in matrix notation)

Dyson’s equation
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skeleton diagrams “

a skeleton diagram is defined as a diagram without any self-energy insertions:

includes self-energy
insertions skeleton

defined a dressed skeleton as a skeleton with free propagators replaced by full ones:

dressed
skeleton skeleton
N
L .| renormalization of diagrams
we have: self-energy = sum over all dressed skeleton self-energy diagrams

skeleton-diagram expansion

0

+ ...

~
\
\
/
/
7’

-5 =




Seminar FOR 1162 Wirzburg, September 2011

skeleton-diagrams: first effective order “

summing only the first-order diagrams:

Hartree—Fock:

O

+

yields the Hartree-Fock self-energy:

E%F) = (Uavps — Uyags) {clcs)’ | Hartree-Fock self-energy

~vé

[ the HF self-energy contains the full (HF) propagator
[ self-consistencycycle: G O ¥ 0O G

[1 HF = self-consistent first-order perturbation theory
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skeleton-diagrams: second effective order

summing the diagrams up to second (explicit) order: ASLARALIAARLAAN T

(sc) second—order perturbation theory

x5
k=2 N\ N2
VARY;
K=3N AL AN
V VA
x25
k=4 /\ N/

infinitesimal retarded self-energy ;o (w + i0™)

imaginary part of self-energy (arb. un.)

for the Hubbard model at half-filling and 7" = 0 0 k=6 A\ . AN .

k labels the different shells, ¥, = %;_ i, VYV TN

D = 2 square lattice K=7 N Al j50
\/ \/ Y v V

discussion bbb, Iy

-15-10-5 0 5 10 15

frequency
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summary and questions H

systematic perturbation theory, leads to Green’s function S

applicable to weak-coupling regime only

can we sum ALL diagrams ?

how to formulate a variational principle in terms of Green'’s functions ?

how to make use of such a variational principle ?



Luttinger-Ward Functional
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grand potential:

partition

from the

Q=-"TInZ

function:

expansion of the partition function “

Z =tre P = tr(e=PM05(8,0)) = Zo(S(8,0))? |, S(B,0) = efHoe— B

solution of the equation of motion of the S-matrix, we have:

Z [®.@)
Z-3

n=0

(=D~

n!

0 0

with Wick’s theorem, representation via diagrams:

Q O
Z/ZO:l+<5+®+5C>5+---

linked-cluster theorem: it is sufficient to consider connected diagrams only:

Z)Zo = exp ((S(8,0)){hn.

1)

Q= Qo = =T ((S(8,0)chn. — 1)
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renormalization? “

partial summation of diagrams by renormalization of skeletons ?

Q Q
O-(DO-CDCD--O
O

impossible because of double counting:

~0
Y6

[1 sum of connected renormalized closed skeleton diagrams # In Z
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Luttinger-Ward functional “

define (with an additional factor (—1)):

o,
CD:©++

note: & # —T'InZ

0

Luttinger, Ward (1960)

what is ¢ good for ?

1 0®
> = ——| IMPORTANT !l
T G

® is like a potential for the self-energy !

proof:

note: | ® = oy [G]

— & is a functional of the Green’s function
— the functional dependence is fixed by U (and independent of t)
— &y [G]is a universal functional
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proof, continued “

functional derivative § /6 G: removal of a propagator line

1 §0y[G]

more precisely, we have to prove: | X,g(iwn) =

roughly:
c|3:i++§©§+... @
@ 06/6G O -y = @ + /" + © +
g.e.d.
subtleties:

— the skeleton-diagram expansion yields —32 (not X)

— additional factor (—7") in the definition of ®

— removal of a fermion line O factor (—1)

— §/8G, but propagator is —G 0O factor (—1)

— product rule: n terms in n-th order perturbation theory (treat all diagrams as different)
— o, B — 3, a: see rule for functional derivatives
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|

we have: N
1 6Py[G]

therewith, we can show that
Q=-—TZ=d4+TrInG —Tr(XG) | IMPORTANT !

—here: TX =T eiwn0" Y Xaa(iwn)

n (6%
— relation between static, thermodynamical quantity (£2) and dynamic quantities (3, G)
— basic equation for dynamical variational principle (see below)
— double-counting correction: Trln G — Tr(2XG)

proof:
consider the derivative w.r.t. pu:

9 e+ TInG —TH(EG)] = (1) + (2) + (3)

op

first term:
0 0 5P 0G o3 (twn
(1) = 5,8 = gpbulGl = LY e et
ou oL (ﬂ?aﬁ(uun) ou

— ZTZEga(im)aGO‘B(M") =Tr <28—G)
5 ou ou
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proof, continued “

second term:

—(2) —TrlnG Tr (G 18@')
Op gl
third term:
>
2 5) - Lrniza) -7 (26w (22)
op op op
hence:
9 [®+TrinG —Tr(XG)] =Tr (G 1 8G) Tr <8—2G>
o o op
— Tr <G 190G G 8—2> G}
i Op Op
o n
_ o [oGTt - G]
I O
Kilehe . : —1
— _Tr 5 G with Dyson’s equation G = 1/(G, "~ — X)
o

= —Tr
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proof, continued “

=-TrG

— Z T Z eiwn0” G oo (twn)
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SO.

9 [P +TrinG —TrN(XG)] =
o

o0
o

proof, continued “

u — —oo [ no particles in the system [ setting U =0isexact 1 &,3 =0

for y — —oo:

TrinG = Q (exact representation of the non-interacting grand

potential)

integrating over p then yields:

O+ TrinG —Tr(EG) =

g.e.d.
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summary “

Luttinger-Ward functional

definition: P = g + + g + ...

properties of the Luttinger-Ward functional:

[]

[]
[]
[]

® is a functional: oy [G]
domain of the functional: space of all Green’s functions {Gy/ s}
at the physical Green’s function G y we have: @U[Gt,u] =d U

this quantity is related to the physical grand potential of the system via
Qt,U = (I)t,U + Trln Gt,U — Tr(zt’UGt,U) =)
1 60y[G] =

functional derivative: — ——— = 3y |[G]
T 0G

with a functional X |G| with the property f)U[Gt,U] =3¢ U
the functionals &y [G] and £y [G] are universal

dy[G]=0and Zy[G]=0for U =0
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conserving approximations “

Luttinger-Ward functional

O "
¢:©++g+...

[1 defined via infinite summation of skeleton diagrams

[ functional dependence unknown

conserving approximations Baym, Kadanoff (1961)

[ approximate y[G] ~ C/ISS‘pprOX’) [G] by known functional @gppmx‘) [G]
SO 1 521\)(approx.) G
0 compute S3PP )G = — —U Sl
) T 0G

[ solve G = — for G (self-consistently)
Gal Zl(approx.) [G]

~ “~u
O evaluate Q[G] = ¢[G]+ Trin G — Tr((Grg1 -G Ha)
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advantages:
— thermodynamically consistent

conserving approximations

— “conserving”: the approximation respects macrocopic conservation laws
— e.g. Luttinger’s theorem is respected (see below)

problem:
— the approximation is type-ll
— approximation of a functional?

— only possibility: summation of certain clausses of diagrams

example:

O "
¢:©++g+...

[

self-consistently weak-coupling perturbation theory

HF, RPA, FLEX, ...

|



Self-Energy Functional
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Hamiltonian: Hi v = Hfree(t) + Hint (U)
grand potential : Q¢ y = —T Intrexp(—8(H¢,u — uN)
physical quantity : Ay

functional: ¢ yy[A] on domain D

variational principle:

Euler equation: f; y[A] =

A

5Qt,U[A] =0 furA = At,U
0, U [A]

!
=0

approximation strategies

simplify Euler equation
fe U[A] — i U[A]

general

simplify functional
Q¢ UulA] — Q¢ UlA]

thermodynamically consistent

restict domain
D — D

thermodynamically consistent,
systematic, clear concept

|
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the self-energy functional “

define:

Q¢,uX] = Pu[Gu(X]] + Trin

— Tr(XGyl[X)]) Potthoff (2003)

we have;:

5 Qu[Z] =T (5‘I’U[GU[2]] 0G ) _ ( : > (iwn)
B

5Ea5(iwn) 0G 5Ea5(iwn) Gt_(l) — >
0G
—Gu2|gg(twn) —Tr [ X2
Pl ( 52a5<z'wn)>
hence:
1
5%,u =0 < Gu[Z] = T

exact conditional equation for self-energy
solution equivalent with summation of all diagrams !

l.h.s.: U-dependent functional of 32, functional dependence unknown
r.h.s.: t-dependent functional of X2, functional dependence trivial
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Legendre transform “

self-energy functional:

Q¢,u(X] = Pu[Gu(X]] + Trin

Legendre transformation, general:

df (x)
d

= y(z)

define Legendre transfoqém 9(y) = f(x(y)) — yx(y)

dg(y) _ df(ew)) daly) _
dy dx dy

Legendre transformation of the Luttinger-Ward functional

1 0®
given &y [G]| with = 5%@['(}] = Yy[G]
Legendre transform: Fy[X] = oy [G[X]] — TI(XGy[X])

1 6Fy|X
we have: — ul] = —Gyul[X]
T 66X

given f(x) with y =

we have;:

1
Q) | =Trln + Fy |2
eulZ] G5 ol

first term: t-dependent, trivial functional dependence
second term: U-dependent, unknown functional dependence (“universal”)
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variational approaches “

self-energy

SFT
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variational approaches “

0Q2[X] =0 | self-energy SFT dynamic
50IG] = 0 Green’s Luttinger dvnamic
Gl = function Ward y
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variational approaches “

0Q2[X] =0 | self-energy SFT dynamic
50IG] = 0 Green’s Luttinger dvnamic
Gl = function Ward y
electron
0Qn] =0 ) DFT static
density
density Rayleigh _
o8p] =0 matrix Ritz static
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variational approaches “

0Q2[X] =0 | self-energy SFT dynamic
0G| =0 Green's Luttinger erturbation theor dynamic
G] = function Ward P y y
electron
0Qn] =0 ) DFT LDA static
density
500l — 0 density Rayleigh Hartree-Fock, -
o] = matrix Ritz Gutzwiller, VMC, ...
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variational approaches “

0Q2[X] =0 | self-energy SFT new approximations? dynamic
NG| =0 creen's Luttinger erturbation theor dynamic
Gl = function Ward P y y
electron _
0Qn] =0 ) DFT LDA static
density
500l — 0 density Rayleigh Hartree-Fock, -
o] = matrix Ritz Gutzwiller, VMC, ...




H = Z( V/2‘|‘U(I'J))‘|‘ Z

|J_rk3|

H = Ztaﬁ chcg + = Z Uags~ cl 626765
al ozﬁ’ycs

density-functional theory (DFT)

self-energy-functional theory (SFT)

external potential v(r)

density n(r)

ground-state densities n = n|v]
ground-state energy E = E[n]

Eln] = [ v(r)n(r) + F[n]

[ vn: explicit

F'[n]: unknown, universal (v-independent)
variational principle: dE[n] =0

exact but not explicit

hopping t

self-energy ¥, g (iw)

t-representable self-energies 3 = X[t]
grandcanonical potential 2 = Q[X]

QE] =Trin(G; ' — )~ + F[Z]
Trin(Gg ' — =)~ explicit

F[X]: unknown, universal (t-independent)
variational principle: 6Q[3] =0

exact but not explicit

local-density approximation (LDA)

different approximations

reference system: homogeneous electron gas
approximate functional F’

different reference systems
functional F' on restricted domain




Reference System and
Evaluation of the SFT
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reference system “

Ritz variational principle

original system reference system

P ) [
'

Yo u

E ol%u]

By ul|V)] = (Y[He u|¥)

OF UV ur=o)]
ot’

!
=0

[1 Hartree-Fock approximation
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Ritz variational principle

original system reference system

P ) [
'

Yo u

E ol%u]

reference system “

SFT

By ul|V)] = (Y[He u|¥)

OF UV ur=o)]
ot’

!
=0

[1 Hartree-Fock approximation

original system reference system

P ) [
'

0 [Ty ] +— %,
Q1:,U[2] =?
00 ulEy ur] 1 0

ot/

[1 new approximations ?

type of approximation < choice of reference system
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5Q, [Xt) EO

SFT |
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evaluation of the self-energy functional H

Fy[3] unknown but universal !

00y [2)FO

original system:

Qt,U[E] = Triln — + Fpr [2]
GO,t -
Q= Qt,U [2] 1 reference system:
o : 2 Sspace 1
> =2t Qy y[Z] =Trln — + Fy[X]
Go’t, — X
combination:
Q¢ ulX] = Qp u[X] + Tl - Trl
= / n — n
t,U t',U G(T,ilz .y Gai, - X
[1 non-perturbative, thermodynamically consistent, system atic approximations

Potthoff (2003)
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cluster approximations “

original system, H; y:

lattice model (D = 2) in
the thermodynamic limit

n.n. hopping: ¢
local interaction: U
electron density : n = N/L
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cluster approximations “

original system, H; y: reference system, Hy/ y:

IGO0
ISSOR e
ISSOS e

lattice model (D = 2) in system of decoupled clusters
the thermodynamic limit
[ diagonalization
n.n. hopping: ¢ 0 trial self-energy: ¥ = X(t')
local interaction: U O self-energy functional: Q¢[3(t')]

TR _ : o
electron density : n = N/L stationary point: %Qt[z(t’)] —0
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original system, H; y:

lattice model (D = 2) in
the thermodynamic limit

cluster approximations “

reference system, Hys !

O O—O

jegity

system of decoupled clusters
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cluster approximations “

original system, H; y: reference system, Hy/ y:

lattice model (D = 2) in system of decoupled clusters
the thermodynamic limit cluster size: L.
L. < 2: analytic
L. < 6. exact diagonalization
L. < 12: Lanczos method
L. < 100: stochastic techniques
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example: D = 1 Hubbard model “

T = 0, half-filling, U = 8, nearest-neighbor hoppingt = 1

variational parameter: nearest-neighbor hopping ¢’ within the chain

36 0.95 ;.?q 105 aq
Q -t 0.0008
0.0006
3.8 L =2 0.0004
0.0002
400 0
4.21
| | | L =10 |
4.4 -1 0 1 2
t’

O Q') = Q[X(t)] stationary at ¢/ . #t
[0 ¢/ = 0: cluster size irrelevant
0 ¢

Y
minNt
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cluster approximations “

original system, H; y: reference system, Hys !

lattice model (D = 2) in system of decoupled clusters
the thermodynamic limit
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cluster approximations “

original system, H; y: reference system, Hy/ y:

lattice model (D = 2) in system of decoupled clusters
the thermodynamic limit
variational parameters:
intra-cluster hopping
partial compensation of
finite-size effects
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cluster approximations “

original system, H; y: reference system, Hy/ y:

|9

OO0y OO0
oo me Yo N me
OO0y OO0
oo me Ve mome !

1|2y
O OF
10|07
o1\ Oy
Q) O

lattice model (D = 2) in system of decoupled clusters

the thermodynamic limit
variational parameters:
hopping between cluster boundaries
boundary conditions
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-4.20

-4.22

-4.24

-4.26

-4.28

-4.30

-4.32

|l exact

exact: Lieb, Wu (1968)

boundary conditions ||

D = 1 Hubbard model
T = 0, half-filling, U = 8
t=1

open or periodic b.c. ?
open boundary conditions !
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cluster approximations “

original system, H; y: reference system, Hys !

IGO0
ISSOR e
ISSOS e

lattice model (D = 2) in system of decoupled clusters
the thermodynamic limit
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original system, H; y:

lattice model (D = 2) in
the thermodynamic limit

cluster approximations “

reference system, Hys !

SO0
SO O:
SO0

system of decoupled clusters

variational parameters:
on-site energies
thermodynamic consistency
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original system, H; y:

lattice model (D = 2) in
the thermodynamic limit

cluster approximations “

reference system, Hys !

OSOSS:
OSSR S
OSOSS:

system of decoupled clusters

variational parameters:
ficticious symmetry-breaking fields
spontaneous symmetry breaking
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cluster approximations “

original system, H; y: reference system, Hys !

SO S:
SO S:
SO S:

lattice model (D = 2) in system of decoupled clusters

the thermodynamic limit
variational parameters:
ficticious symmetry-breaking fields
different order parameters
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antiferromagnetism “

-4.45|||||||||||||||||||||||||||||||

-4.46

-4.47

-4.48

-4.49

-4.50
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antiferromagnetism

_4.45|||||||||||||||||||||||||||||||

VCA

QMC

QMC / MaxEnt: 8 = 10, 8 x 8 cluster

Dahnken, Aichhorn, Hanke, Arrigoni, Potthoff (2004)
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Dahnken, Aichhorn, Hanke, Arrigoni, Potthoff (2004)

[ quantitative agreement with VMC, QMC

ground-state energy “

D = 2 Hubbard model
half-filling, T'= 0
antiferromagnetic phase

N, = 10, no bath sites

:
T
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symmetry-breaking fields “

additional ficticious field/ Weiss field :

10

Hf. = B’ Zzz'(nw —nqy)

reference system

AF order: staggered magnetic field [ z; = +1 for sites on sublattice 1/2

additional physical field:

10

thys. =B Zzl(n’bT o n’bl)

original system

in the paramagnetic state, B = O:

B/

opt:0

no AF order

in the paramagnetic state, B > 0:

Bé)pt > 0

induced AF order

in the antiferromagnetic state, B = 0:

By >0

spontaneous AF order
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symmetry-breaking fields “

SFT grand potential: Q(B’, B) = Qg[X5/] (suppress other parameters)
stationarity condition:  6Q(B’, B) /6B’ =0
yields:

Bé)pt — B/(B)
for the SFT grand potential at the optimal Weiss field, 2(B’(B), B), we have
0Q(B'(B), B) _

0 VB
OB’
therewith:
d 0Q(B'(B),B) 0
dB OB’
and thus:
0°Q(B'(B),B) dB'(B) = 9°Q(B'(B),B) _ 0
OB’? dB OBOB’
solving for dB’ /d B:
dB'  [82Q77" 8%Q
dB ~ [83’2} OBOB’

O B’ is not a physical quantity (Weiss field)
0 B’ > B for small curvature 82Q2/8B’? (flat SFT functional)
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order parameter and susceptibitlity “

staggered magnetization / order parameter:

oQ (B’ ,
m = ;%«mT — nu)) = diBQ(B’(B),B) = (Ba('f) B)

[1  no contribution due to the B dependence of the stationary point !

susceptibility:

dm  9°Q(B'(B),B) dB'(B) N 82Q(B’(B), B)
dB OB'6B dB O B2

_9%Q (82Q>1 ( 520 )2
X~ B2~ \9B? 0B'9B

[ contribution to the explicit B dependence

X:

we find:

[1 additional contribution to the implicit B dependence !
l.e. the B dependence of the stationary point
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order parameter and susceptibitlity “

(anti-)ferromagnetic order:

[J spontaneous breaking of the SU(2) symmetry of H (e.g. Hubbard model)
[1 conserved quantity: Stot, total spin
0 Weiss field: | Hi.,. = B' ) zi(nip —nqp) |
0 order parameter: [m =  z{(n; —n;)))
superconductivity:
[1 spontaneous breaking of the U(1) symmetry of H
conserved quantity: N, total particle number
0 Weiss field: | Hg., =h' ) %(cwcﬂ + H.c.) (d wave)
]
with n;; = +£1 for n.n. along = /y direction (2D square lattice)
O order parameter: | A = (c;1c;;) | complex and non-local !

( O cluster approximation)
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high-temperature superconductivity H

hole doping | electron doping

0.07
0.06
0.05F
0.04
0.03

A
NEOOTTOTTD
o,

7 d-wave-
0.02 2d — superconductivity
0.01 | |

antiferromagnetism

t-t’-t"" Hubbard model

D=2
T =0,U = 8t
n Lc = 6,8, 10

Senechal, Lavertu, Marois, Tremblay (2005)



Bath Sites and Dynamical
Mean-Field Theory
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approximations using bath sites “

original system, H; y: reference system, Hys y:

SO O:
SO0
SO S!

lattice model (D = 2) in system of decoupled clusters
the thermodynamic limit cluster size: L. =

variation of on-site energies
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original system, H; y:

lattice model (D = 2) in
the thermodynamic limit

approximations using bath sites

reference system, Hys y:

O

O O O O

O

O

O O O O

O

O

O O O O

O

O O O O O
O O O O O O

O

system of decoupled clusters

cluster size: L. =1

Hubbard-I-type approximation

O O O O O O

|
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approximations using bath sites “

original system, H; y: reference system, Hy/ y:

0, 0,0,0,0,0,
0,0,0,0,0,0,
0,0,0,0,0,0,
0, 0,0,0,0,0,
0, 09,0000,
0, 9,0,0,0,0,

lattice model (D = 2) in system of decoupled clusters
the thermodynamic limit with additional bath sites
LC — ]., Lb — 2

improved description of temporal
correlations
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approximations using bath sites H

original system, H; y: reference system, Hy/ yy:

[eRepepeeye!
[ONCp e e e!
ICRCpe e eNe!
L8y
[eRepe e eye!
SeLeay

lattice model (D = 2) in system of decoupled clusters
the thermodynamic limit with additional bath sites
Lc.=1,L, =5

improved mean-field theory
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approximations using bath sites H

original system, H; y: reference system, Hy/ yy:

000000
000000
000000
000000
000000
000000

lattice model (D = 2) in system of decoupled clusters

the thermodynamic limit with additional bath sites
LC = 1, Lb =
optimum mean-field theory, DMFT
Metzner, Vollhardt (1989)
Georges, Kotliar, Jarrell (1992)
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approximations using bath sites H

original system, H; y: reference system, Hy/ yy:

006000
606000
600000

lattice model (D = 2) in system of decoupled clusters
the thermodynamic limit with additional bath sites
Le=4, Ly =00
cellular DMFT

Kotliar et al (2001)
Lichtenstein, Katsnelson (2000)
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approximations using bath sites H

original system, H; y: reference system, Hy/ yy:

i
i
b

lattice model (D = 2) in system of decoupled clusters
the thermodynamic limit with additional bath sites
Lc=4,Ly,=5

variational cluster approach (VCA)
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approximations using bath sites “

original system, H; y: reference system, Hy/ y:

YTy
b5 4854
$5 4434

lattice model (D = 2) in system of decoupled clusters
the thermodynamic limit with additional bath sites
Le=4,Ly =2

variational cluster approach (VCA)
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approximations using bath sites “

original system, H; y: reference system, Hy/ y:

NG GR E
QPG L
QPG C

lattice model (D = 2) in system of decoupled clusters
the thermodynamic limit with additional bath sites
L.=4

variational cluster approach (VCA)
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consistent approximations within SFT H

[}
5
S PO -¢DMFT
: ~t—
g
(-
© L
N b-¢-DIA—_|
l4b)
9 I I —
8 ~///
= I ey
— /
8
>~ 1

i

Hubbard-I

cellular DMFT

cellular DIA

[0 DMFT
[ C-DMFT
[ DIA

O VCA

Metzner, Vollhardt 1989, Georges, Kotliar 1992, Jarrell 1992
Kotliar et al 2001, Lichtenstein, Katsnelson 2000

Potthoff 2003

Potthoff, Aichhorn, Dahnken 2003
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derivation of dynamical mean-field theory

self-energy functional:

~ ~ 1
Qi u[X] = Qp y[X]+ Trin — Trln
t, [ ] t ,U[ ] Gt_é _ > Gt_/lo _ >
self-energy 3./ ¢y taken from the reference system inserted as a trial:
1

—1
G’t,o - zt/,U

Q% ulEy vl = Q u + Trin ~TrinGy y

stationarity condition:

8 ~
o0 e UEe ul =0

first term:
18]

ot

QU u = <cgca>

second term:

|

1 1 00Xt/ U antwn
e s~ Y (G ) Tt
ot Gio—2pu G, o (iwn) — By y(iwn) 5a ot
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derivation of dynamical mean-field theory “

third term:
0 0 1
— TrinGy y = - Trin
ot/ ot/ iwp +p—t — Xy

iw 1 82 ''U,« (zwn)
_TZ n0T Gt’U Wn, —|—TZZ< —— ' >B t Uatlﬁ

- an \ Gg,oliwn) — Xy y(iwn)

with 7 giwn0" G/ U,ap(iwn) = <cgca>’ we find the general SFT Euler equation

1 : 821:’,U,aﬁ(iwn)
TZ Z (Gl : - o Gt',U(ZW”)> ot/ =0
’ ’ /304

n oéﬁ

0 unknowns: elements of t’, number of equations = number of unknowns
00 highly non-linear system of equations, exact solution: X3¢

[0 geometrical interpretation  (for those who like this):
Euler equation is obtained from the exact conditional equation for the “vector” X
in the self-energy space Sy through projection onto the hypersurface of t’
representable trial self-energies 3, {; by taking the scalor product with vectors
0% U.ap(iwn)/0t’ tangential to the hypersurface
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derivation of dynamical mean-field theory H

test self-energy is taken from a single-impurity Anderson model (SIAM):

ko ko

Hsiam = Zeimpcica +Unqyn| + Zakalgakg + Z Vk:(Ci—ak:a + H.c.)

[0 actually: continuum of bath sites, L, — oo
[0 non-zero SIAM self-energy at the impurity site only: i, (w)
[ one SIAM attached to each site of original lattice (identical replicas)

000000
000000
000000
000000
000000
000000

Yag(iwn) = 3k, j1(twn) = 6;250,i0 (twn)

1.

,\.Q
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derivation of dynamical mean-field theory “

Euler equation

T _G’/ /LWn - :O
>3 (g Cevten) Tt

reduces to
1 ) 0Yiio (an)
T _ K - - Gt/’U(zwn)> — O
; g (Gt,é(“‘)n) — 3¢ y(iwn) . ot/

sufficient for a solution the Euler equation:

1
-G (w
(Gal(w) . 2(&)) ) o ma( )

or.

Gloc(w) = G(w) | DMFT self-consistency equation




lattice structure U
bare dispersion ¢ (k) G Himp = Zecna Ty Z Mol —o

+ Z eka};aaka + Z chgaka + h.c.

ko ko

\

Groc(w) = G(w)

“self-consistency condition”
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dynamical mean-field theory and D = ¢ ||

Weil3 molecular-field theory
magnetic phase transition
lattice spin model

J
H= —§;Sisj
1]

dynamical mean-field theory
Mott transition
lattice fermion model

(1)

Jx1/D

Himp — Ztona + % Znan—a
o o

ar Z 6].371](57) ar Z chiaka + h.c.
ko ko

tocl/\/ﬁ

Metzner, Vollhardt (1989), Georges, Kotliar (1992), Jarrell (1992)



Cluster Extensions of DMFT



Seminar FOR 1162 Wirzburg, September 2011

classification of dynamical approximations H

e cellular DMET

——e-cellular DIA

00

VL

——
— ?variational CA ‘5\7*6
\
2 1;// Lc G\\)s\e

1 1\2

Hubbard-|

local degrees of freedom
=
¢
)
1

dynamical mean-field theory = Metzner, Vollhardt (1989), Georges, Kotliar, Jarrell (1992)
cellular DMFT Kotliar, Savrasov, Palsson (2001)
dynamical impurity approach (DIA) Potthoff (2003)
variational cluster approach Potthoff, Aichhorn, Dahnken (2004)
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cellular DMFT (C-DMFT)
Kotliar, Savrasov, Palsson, Biroli
(2001)

dynamical cluster approximation
(DCA)

Hettler, Tahvildar-Zadeh, Jarrell,
Pruschke, Krishnamurthy (1998)

periodized C-DMFT (P-C-DMFT)
Biroli, Parcollet, Kotliar (2003)

fictive impurity models
Okamoto, Millis, Monien, Fuhrmann
(2003)

cluster extensions of DMFT H
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cellular DMFT (C-DMFT)
Kotliar, Savrasov, Palsson, Biroli
(2001)

cluster extensions of DMFT H

original system, H y:
O—CO—0O—0C0C0C00—0C

reference system, Hy/ y:

000000000

[
5
i 0 -¢.DMFT
0] I
:: cellular DMFT
o \
—@- R
a3 S$DIA—— cellular DIA
9 [
? ﬂ///
] /
e ( S\2°
§ o M Qus®
>~ 1




Seminar FOR 1162

Wirzburg, September 2011

dynamical cluster approximation
(DCA)

Hettler, Tahvildar-Zadeh, Jarrell,
Pruschke, Krishnamurthy (1998)

cluster extensions of DMFT H

original system, H y:
O—CO—0O—0C0C0C00—0C

reference system, Hy/ y:

000000000

9]
—Q >t =0
oo U2 (t)]

[J open boundary conditions (see above)

there is no reference system
which generates the DCA'!



Seminar FOR 1162

Wirzburg, September 2011

dynamical cluster approximation
(DCA)

Hettler, Tahvildar-Zadeh, Jarrell,
Pruschke, Krishnamurthy (1998)

cluster extensions of DMFT H

original system, H y:

O—0OC—~CQ O-—0O0Q OO0

reference system, Hy/ y:

000000000

0 _
S u[B(t)] =0 ¢t

DCA self-consistency condition
t: invariant under superlattice translations
and periodic on each cluster

[ systematic
[J restores translational symmetry
[1 no implications on quality of DCA !
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periodized C-DMFT (P-C-DMFT)
Biroli, Parcollet, Kotliar (2003)

cluster extensions of DMFT H

original system, H y:
O—CO—0O—0C0C0C00—0C

reference system, Hy/ y:

000000000

Qu[Et)]=0| (Q[-]—Q[-])

0
ot/
P-C-DMFT self-consistency condition

[] systematic
[] restores translational symmetry
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fictive impurity models
Okamoto, Millis, Monien, Fuhrmann
(2003)

cluster extensions of DMFT H

original system, H y:
O—CO—0O—0C0C0C00—0C

reference system, Hy/ y:
without any relation to the original system !
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more bath sites vs. larger clusters H

'
S
S % -9 DMFT
T
) T
= - —ecellular DMFT
@) I—b
-¢-DIA
% DIA———— o cellular DIA
D I I
> | >
o ///;?variational CA e
= — L wex S
3 21;/ : W
o 1
1\
Hubbard-|
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-4.20—
-4.22_
-4.24_
-4.26_
-4.28_
-4.30_

-4.32

-4.34

D = 1: bath sites ? ||

0.24]
026
0.28
0.30]

0.32F i

_0.34[-5%@ct

direct

gt ]
s SET 0
2 i

ro
# bath sites

I R R P
O 01 02 03 04 0.5

1/L
Cc

exact: Lieb, Wu (1968)

[I larger cluster vs. more bath sites
[0 enhanced convergence



DMFT as Type-l, 11111
Approximation
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dynamical mean-field theory “

information on excitations (PES,IPE) — one-particle Green’s function G, 3(w)

1 , :
G=—— Dyson’s equation
G; o — ZulG]
free (U = 0) skeleton expansion X [G] = | + STt @ +...

Green'’s function
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dynamical mean-field theory “

information on excitations (PES,IPE) — one-particle Green’s function G, 3(w)

1 , .
G =— Dyson’s equation
Gt,é — EU[G]
free (U = 0) skeleton expansion X [G]= i + /7" + | — R
Green’s function ‘
DMFT as type-l approximation: Metzner, Vollhardt (1989)
_ - ! . _ 1~ Georges, Kotliar, Jarrell (1992)
G, — ZulG] G — ZulG]
with X [G]: functional of an impurity model
(vertices restricted to a single-site)
(GtZ,O)m 1

DMFT self-consistency cycle: Hy gy —o X —e G =
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dynamical variational principles “

@ 1 6dy[G
Luttinger-Ward functional: ‘ . 10%ulG] = YJy|G]
@ T §G
Qe ulG]=TriInG — Tr((G £.0 — G) + oy [G] Luttinger, Ward (1960)

Euler equation < Dyson’s equation
160 ulG]
T G

L universal, extremely complicated

=G~ ' - Gy — Zy[G]
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dynamical variational principles “

<>> 1 6dy[G
Luttinger-Ward functional: ‘ R — 0ey[G] = ZylG]
@ T §G
Qe ulG]=TriInG — Tr((G 0 — G) + Py[G] Luttinger, Ward (1960)

Euler equation < Dyson’s equation L : :
universal, extremely complicated

= — : =G -G, —2y|lG
T G to ~ ZUlG]
DMFT as type-Il approximation: conserving approximations:
dy[G] — Py[G] (impurity model) Oy [G] — Py|G]
0 2y[G] — y[G] (certain diagram classes)
[0 Dyson’s equation — DMFT s.-c. equation [ type-Il

Baym, Kadanoff (1961)
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dynamical variational principles

Luttinger-Ward functional:

<
@‘ o

1 6Py |G]

FE SulG]

Qe ulG]=TriInG — Tr((G £.0 —

G) + oylG]

Luttinger, Ward (1960)

Euler equation < Dyson’s equation
160 ulG]
T G

=G~ ' - Gy — Zy[G]

L universal, extremely complicated

|

DMFT as type-Il approximation:
dy[G] — Py[G] (impurity model)
0 Zy[G] — Zy[G]
[0 Dyson’s equation — DMFT s.-c. equation

conserving approximations:
¢ylG] — Pu[G]
(certain diagram classes)
[ type-ll

Baym, Kadanoff (1961)

type-Ill approximation ?

choose reference system with U = U*

9

reduces to Rayleigh-Ritz principle !

Q,u[G] =TrnG — T((Gy 5 — G~ 1)G) + Py[G]
Qp u[Gl =TrInG — T((Gp.ly — G™1)G) 4 y[G]
Q,U[G] = Q0 U[G] — TH(Gg ) — G¢lo)G = Q4 ulpte, Ul
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dynamical variational principles “

problem:
type-lll & impurity model as reference system [1 local Green’s function
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dynamical variational principles “

problem:
type-lll & impurity model as reference system [1 local Green’s function

alternative functional:

1

Qt,U[G] — TI‘ ln —
Gt,é - EU[G]

— Tr(Zy[G]G) + Py[G] Chitra, Kotliar (2001)

Euler equation < Dyson’s equation

DMFT as type-Il approximation: type-Ill approximation ?
dy[G] — dy[G] reference system:

>ulG] — Zy[G] impurity model with U = U*
[0 DMFT self-consistency equation [0 G uislocal!
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problem:

dynamical variational principles “

type-lll & impurity model as reference system [1 local Green’s function

alternative functional:

1
G; o — SulG]

Qt,U [G] = Trln

— Tr(Xy[G|G) + Pu|G]

Chitra, Kotliar (2001)

Euler equation < Dyson’s equation

DMFT as type-Il approximation:
¢y|G] — @u|G]

YulG] — Zu[G]

[0 DMFT self-consistency equation

functional of the local Green’s function:

Qt,U [G(loc)]
Chitra, Kotliar (2000)

type-lll approximation ?
reference system:

impurity model with U = U*
[0 G uislocal!

DMFT as type-Il approximation

Georges (2004)
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self-energy as the basic variable

original system

self-energy-functional approach “
Potthoff (2003)

reference system

o o O o O o O
o o o O o O o
® ® ®

o o O o o o o
o o o O o o o @0%%
— ® ® ® —

[1 X is local

o oo oo oo
o o oo o o o
® ® ®

[ 3 is non-zero on the correlated sites only
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self-energy-functional approach “

self-energy as the basic variable Potthoff (2003)

original system reference system
%1% o°1% o°[% £ 5 P % o Qo Qo o3fe
S Y Y &® % o° % o° % . & fs o8 fa a3 fs
1% o°[° o°lo &® % o° % o° % &P o8 fa o3 fs

[1 3 is local
[ 3 is non-zero on the correlated sites only

Qt,U [2] = Trln

Gl % + Fy[X] Fy[X] = Legendre transform of @y [G]
t,0

Y

O Q¢ ulZeul =% u U

[J Euler equation: — Gyu[X] =0 < Dyson’s equation [l

Gio— =

, ~ 0 . .
[1 Euler equation on A.: @Qt’U[Etz,U] — 0 < DMFT self-consistency equation [

[1 DMFT as type-Ill approximation



DMFT of the Mott Transition
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Mott transition “

atom solid

U<<W u>>w
metal insulator
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generic model “

H = —t Z Cj;o.cja + 5 Zniani—a
o

1)0

parameters:

— lattice structure, dimension
— n.n. hopping: ¢

— local interaction: U

— electron density : n = N/L
— temperature T'

Hubbard model generic for the Mott transition
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DMFT phase diagram H

0.05 . - . . . : :
=t
N c—oU,, NRG |
0.04 +--5 U, NRG Hubbard model
' ® Uy QMC 1 half-filling
0.03 " U, QMC L
> T semielliptical DOS
= W =4
0.02 i
NRG
0.01 . Bulla, Costi, Vollhardt
(2001)
0.00 '
1.0
QMC
Joo, Oudovenko (2000)

T = 0: continuous phase transition
T > 0: discontinuous transition
T > T crossover Georges, Krauth, Kotliar, Rozenberg (1996)
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DMFT phase diagram H

single site

T = 0: continuous phase transition
T > 0: discontinuous transition
T > T crossover Georges, Krauth, Kotliar, Rozenberg (1996)
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effective Heisenberg model H

Anderson’s superexchange mechanism

energy gain by forbidden by
virtual hopping Pauli principle

/_$_ u /'/7
PN

site i site j site i site j

at low energies / temperatures:

. t2
H = ZJ’LJS’LS] with Jii o< — E

(%]
antiferromagnetic Heisenberg model
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magnetic correlations and entropy “

Heisenberg insulator for U > t:

: : : t2
[0 at low energies: Heisenberg model with J ~ —=

[0 long-range AF order (also for D = oo, within DMFT)

Mott insulator for U > t:
[J metastable paramagnetic state with well-formed local moment S = 1/2
[1 strong nearest-neighbor (AF) magnetic correlations

ZU[G] = + 7+ <>> + ...

%%

Mott insulator within DMFT:
[J no feedback of nonlocal magnetic correlations on X

QpMFET = LQimp + Trln

— — LTrIn Gimp

Gy

OF
[1 free energy F', entropy S = i system of decoupled local moments

S(T =0) =L log?2 (Mott insulator, DMFT)
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entropy problem |

single site

metal: S(0)/L =0
insulator:  S(0)/L = log 2 (mean-field artifact)

at finite 71 Fiet = Emet — T'Smet > Eins — T'Sins = Fins

the insulator wins at higher temperatures

Q: mean-field artifact ?
Q: phase-diagram topology for D =27
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Hubbard

/ \ bath
5@ omrT ()

N 4
000000

single impurity in a bath

plaquette DMFT |

Hubbard

/ \ bath

3(W) C-DMFT @
N Pl

(0—0)(0—0)(0—0)

cluster impurity in a bath

singlet formation O S(7'=0) =0
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plaquette DMFT |

Hubbard Hubbard
/ \ / \ bath

bath
2(w) DMFT O 2(w) C-DMFT

NS NS
(©(0)0)©)(©)©) (0-0)(0—0)(0—0)

single impurity in a bath cluster impurity in a bath
0.25} °

_ 0.20} o

D = 2 square lattice: BadI B?d
meta insulator
L. = 4 (plaquette) = 0.15 0
diagrammatic QMC, finite T’ F o
~ Paramagnetic
smaller U 0.05; insulator
C
. . '

coeX|ste.nce (different s.h.ape) 0.09 o )] o 5o
T > 0: first-order transition U/t

Park, Haule Kotliar (2008)
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Hubbard

/ \ bath
5@ oMEr ()
P

\
000000

single impurity in a bath

plaquette DMFT |
Hubbard

/ \ bath

2(w) C-DMFT

N 4
(0—0)(0—0)(0—0)

cluster impurity in a bath

the insulator wins at higher temperatures

the metal wins at higher temperatures ?

single site

’

T
plaquette




Mott Transition within the DIA
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dynamical impurity approximation (DIA) ||

0.04

0.03

0.02

0.01

[T [ [ ' [
- crossover I 1
| . |
- C -
L metal insulator -
I U ]

coex.

T (N TN AT SN NN SO NN SN N MU S

46 48 5 52 54 56 58 6

U

qualitative agreement with full DMFT (QMC, NRG)

Hubbard model
half-filling
semi-elliptical DOS
W =4

DIA with ng = 2

Georges et al 1996, Joo, Oudovenko 2000, Bulla et al 2001
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DIA - convergence to the DMFT H

006 | | | | | |
0.05
T -
0.04 —
0.03 B Hubbard model
002 — half-filling
- semi-elliptical DOS
0.01 W =4
0 DIA with ng = 2
4.6
U Pozgajcic 2004

quantitative agreement with full DMFT (QMC, NRG)
Georges et al 1996, Joo, Oudovenko 2000, Bulla et al 2001

rapid convergence with increasing  ns
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entropy S
S
ol

=
o

log 2

0.5

0.0

U=5.2

insulator

l|| 1

08l i T.=0.011 ] |

0.6 -

0.4 1 -

0.2_— 1

metal 05 561002 0.03.
PR TR T TN R SR NS TR SO TR A N B A

0.0 0.5 1.0 1.5 2.0

temperature T

entropy problem |

Hubbard model
half-filling
semi-elliptical DOS
W =4

DIA with ng = 2

Mott insulator: macroscopic ground-state degeneracy

Fermi liquid: linear

S(T) =T +
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DIA - phase transitions ||

T U = 5.2, different T" > 0: discontinuous
- U=5.2 -2.694
-2.696
o) -2.698 . .
T = 0, different U: continuous
2.7 —T . — T
L 6.0
T=0
0.010 5.9
-2.702 58 |
— 57
-2.704 C 55
R 0 54
-2.706 3 53 |
C -0.005 £o ]
l I 50 |
| | ! | | ] | ] | ] | ! | |
0 01 02 03 04 0 0. 02 03 04 05
\Y; \Y;

[1 metastable states
[0 order of phase transitions



Mott Transition in D =1
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(Q(t) + uN) / L

o
o

-0.2

-1.0

R | L =10 -
C

0.5 1.0 1.5

intra-cluster hopping t’

SFT grand potential ||

D = 1 Hubbard model
L = 1000 — 2000 sites

energy scale:
nearest-neighbor hopping ¢t = 1

u = U/2 (half-filling)

single variational parameter:
t v t _t_ t
o000 0 ©

enhanced ¢’ compensates for missing inter-cluster hopping

for more itinerant system ( U — 0) stronger compensation necessary
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VCA: optimal intra-cluster hopping ||

u® - t=1Lu=U/2
0 0.05 0.10
A LI B I B I B B 213 —_ Q(t,) P Q[E(t/)]
o 2.2 14
5- N 212 ] ) ] ] ]
g 2 T vt t _t_t_t
< —2.11 o900 0 00
E i
3 1.8 —2.10
(T) |
@ 2.09
2 16
£
£ 14
o
1.2
=t
H 1 _______________

(T N S I N
6 8 10 12 14 16

U

weak coupling: strong renormalization of t’ vs. small self-energy
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finite-size scaling ||

(!) .O|'1.0;2.0;3.0;4.07'5 — t=1,pu=U/2

o
SN
T T

— VCA vs. “direct” cluster method

i (isolated cluster with L. sites)
-0.45

o
[

ground-state energy E,/L

-0.55]

-0.25]

03}

VCA: faster convergence

no upper bounds for true ground-state energy within SFT
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VCA: recipe for practical calculations “

set up cluster reference system (here: choose L., U)
and fix the variational parameters (here: t’)

use Lanczos to get poles and weights of Green'’s function

1
G,aﬁ(w) — Z Qam

w_

wh, Q"T”B

and the cluster grand potential Q" = E} — u(N)

setup M = A + Q'"VQ with Ay, = W/, S and V =t — t/

get w,, as eigenvalues of M (poles of the approximate lattice Green’s function)

compute SFT grand potential for T = 0:
Q) = Q)] = + > wmO(—wm) — Y w},O(-wy,) .

redo these steps for different cluster parameters
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more variational parameters H

— t=1,p=U/2
_ U=4

— several hopping paramters optimized
simultaneously

tp tp 1 15 1y

SRR

optimized hopping parameters

variation of optimal ¢t/ less that 10%

significant effects at chain edges

third hopping parameter bulk-like

Friedel oscillations

almost no effecton FEpand A




Seminar FOR 1162 Wirzburg, September 2011

more variational parameters “

t, th t, t, t
C 1. 2. 2. 2. 1.) additional hopping linking chain edges
(boundary conditions)

tpbc

. 4 G 0 4

second-neareast-neighbor hopping
t’2 t’2 t’2 t’2 (magnetic frustration)

tp 63 6 17 13

ot t third-neareast-neighbor hopping
2 2 2

hopping parameters not present in original system: almost v anishing
optimal t,,. = 0, no periodic (but open) boundary conditions

optimal hopping = 0, if incompatible with particle-hole symmetry
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bath sites H

'2.53 | T | T | T | T

ref.sys. H
t'=t
-2.54

1 Ve e eV

| v i lole t’iv

BV ELEY

t’ = t,opt.

ref.sys. J ref.sys. |
-2.95 ‘ 5

\

\

L =4
\\9

SFT grand potential Q(t") / L

-2.56 -
I L =8 i
Cc
257 -
exact :
IS ettt el Mttt vl B
-0.4 -0.2 0 0.2 0.4
hybridization strength V
| vs. H: optimization of bath sites more effective than hoppi ng

J vs. H, I: bath sites at chain center ineffective

different L.: larger clusters more effective than optimization
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local Matsubara Green'’s function H

0.0 e 0,16
g i cluster DF
09 - N -0.17
£ - ’ — t=1L,pu=U/2,U=6
I J1.018 | = VCAwithns =3
-0.1— 1
VCA L =2 s i — C-DMFT with ng = oo
© c 1.0.19 (6 = 20)
I — cluster DF for L. = 2
_ (8 = 20)
_O 2 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 - (dynamical) DMRG:
0 1 2 3 4 5 numerically exact
frequency w

VCA comparable to C-DMFT

DMRG, C-DMFT, cluster DF: Hafermann et al. 2007



Mott Transition in D =2
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Hubbard

i N

2(w) DMFT

N /Q
g0l00e0

single impurity in a bath

plaquette VCA H

/
VCA O

\ / -
o—0O0—~0O© O0—CO—-0

optimal cluster impurity

the insulator wins at higher temperatures

the metal wins at higher temperatures ?

single site

’

T
plaquette
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parameter optimization “

reference system
for plaquette VCA

e ON-site energies at correlated sites: e =0 (particle-hole symmetry)
e oOn-site energies at bath sites: ¢, = U/2 = p (particle-hole symmetry)
e "1 optimal value small, [t7 | < t/25 (t"" irrelevant for Ly, — oco)
e i optimalvalue ¢, . =t + At with At , <t/10 (t' =tfor Ly — o0)

e settingt’ =tandt” =00 change of Vopt < 1%, 2 essentially unchanged
[1 one-dimensional optimization of V' sufficient

e critical interaction:
U. =5.79 with V, ¢, t"” optimized simultaneously (downhill simplex)
Uc. =5.79 with V' optimized only

e DIA(ns =2): U, =11.3
DMFT: U, = 11 Zhang, Imada 2007, U, = 12 Gull et al. 2008
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SFT functional E[2(V)]/L
)
o1

i U=4.2 metal -

0.1

0.2 03 04 05 06
variational parameter V

0.7

SFT functional ||

D=2n=1T=0
VCA, L. =4, L, = 4
physical states:

(V) = min, max
small V¢ insulator
large V,pt: metal

coexistence:

first-order transition
atU. =5.79 (T = 0)

hidden critical point
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Gloc(iw) and Sk (iw) at U = 5.8 |

Im G, (iw) Im %, (i)
O [ | [ | [ [ [ | [ O
\insulator— insulator
02 - }00)
i metal (unstable) .
-0.4 —
metal ]
-0.6 —
-0.8 |
U=5.8 |
-1 1 | 1 | 1
0 0.5 1 15 0
(&)

[] third, metastable solution is metallic
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physical quantities in the coexistence range

Seminar FOR 1162

guasiparticle weight

X
o

N
o

0.8

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

IIIIII

ABlaua arels-punolb

UoNoUN) Us3I9) [80]
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hidden critical point scenario

single site

plaquette

>
U U
1
plaquette
Ui (T) Ueo(T)

hcp

)

Mot insulator
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