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Basic Models and Methods:
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➜ second quantization, exact diagonalization

Variational Wave Functions:
➜ Ritz principle, Hartree-Fock, Gutzwiller, variation of matrix-product states
➜ generalized Ritz principle, variation of density matrices, Wick’s theorem
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➜ second quantization, exact diagonalization

Variational Wave Functions:
➜ Ritz principle, Hartree-Fock, Gutzwiller, variation of matrix-product states
➜ generalized Ritz principle, variation of density matrices, Wick’s theorem

Variational Principles and Approximation Strategies:
➜ static mean-field theory, approximation strategies, Hartree-Fock and DFT
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➜ second quantization, exact diagonalization

Variational Wave Functions:
➜ Ritz principle, Hartree-Fock, Gutzwiller, variation of matrix-product states
➜ generalized Ritz principle, variation of density matrices, Wick’s theorem

Variational Principles and Approximation Strategies:
➜ static mean-field theory, approximation strategies, Hartree-Fock and DFT

Green’s Functions and Perturbation Theory:
➜ spectroscopy and Green’s functions, properties of Green’s functions
➜ S matrix, diagrams
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➜ Ritz principle, Hartree-Fock, Gutzwiller, variation of matrix-product states
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Variational Principles and Approximation Strategies:
➜ static mean-field theory, approximation strategies, Hartree-Fock and DFT

Green’s Functions and Perturbation Theory:
➜ spectroscopy and Green’s functions, properties of Green’s functions
➜ S matrix, diagrams

Dynamical Variational Principle:
➜ Luttinger-Ward functional, self-energy functional
➜ reference systems and evaluation of the self-energy functional
➜ bath sites and dynamical mean-field theory, cluster extensions
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➜ electron correlations, example: magnetism, Hubbard model
➜ second quantization, exact diagonalization

Variational Wave Functions:
➜ Ritz principle, Hartree-Fock, Gutzwiller, variation of matrix-product states
➜ generalized Ritz principle, variation of density matrices, Wick’s theorem
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Dynamical Variational Principle:
➜ Luttinger-Ward functional, self-energy functional
➜ reference systems and evaluation of the self-energy functional
➜ bath sites and dynamical mean-field theory, cluster extensions

Dynamical Theory of the Mott Transition:
➜ Mott transition in infinite dimensions
➜ Mott transition in one and two dimensions

The Luttinger Sum Rule:
➜ examples, proof, relation to self-energy-functional theory
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the ”standard model”

standard model of the electronic structure of a solid:

✧ N electrons

✧ kinetic energy

✧ external potential (ion cores)

✧ Coulomb interaction

H = H0 + H1

with

H0 =
NX

j=1

 
p2

j

2m
+ V (rj)

!
=

NX

j=1

H
(j)
0 H1 =

1

2

j 6=kX

j,k

e2

|rj − rk|

Hamiltonian: known
solution: unknown
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independent particles

Hamiltonian of (effectively) independent electrons:

Heff =

NX

j=1

 
p2

j

2m
+ Veff(rj)

!
=

NX

j=1

H
(j)
0,eff

Schrödinger’s equation
Heff |Ψ〉 = E|Ψ〉

is solved by

|Ψ〉 = |ϕ(1)
α1

〉|ϕ(2)
α2

〉 · · · |ϕ(N)
αN

〉 where H
(j)
0,eff |ϕ

(j)
αj

〉 = εj |ϕ(j)
αj

〉

Fermions!

|Ψ〉 =
1

N !

X

P

(−1)|P||ϕP(1)
α1

〉|ϕP(2)
α2

〉 · · · |ϕP(N)
αN

〉 E =
NX

j=1

εj

independent particles

✧ problem reduces to single-particle Schrödinger equation

✧ no “correlations”
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correlated band structure

one-particle energies for a solid with lattice-periodic effective potential:

εα 7→ εm(k) (Bloch’s theorem)

wave vector k, band index m

single-band tight-binding model of independent electrons:

0

4
2

−4
−6
−8

ΓMXΓ
k

8

−2

6
E
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correlated band structure

one-particle energies for a solid with lattice-periodic effective potential:

εα 7→ εm(k) (Bloch’s theorem)

wave vector k, band index m

with interaction:

0

4
2

−4
−6
−8

ΓMXΓ
k

8

−2

6
E

➜ correlation effects: there is no Veff(r) producing this band structure!
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thermodynamics of independent particles

(grand canonical) partition function:

Z = tr e−βH β = 1/T

independent (distinguishable) particles: Heff =

NX

j=1

H
(j)
0,eff

Z = ZN
1

✧ no singularities

✧ no phase transitions

✧ no collective phenomena

independent fermions : ✔

independent bosons : BEC

➜ correlations due to statistics of particles vs. correlatio ns due to interactions
➜ phase diagrams of Fermi systems: interaction effect
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thermodynamics: correlation effects

✧ collective magnetism

✧ charge and orbital order

✧ superconductivity

✧ Mott transitions

✧ Kondo screening

✧ non-Fermi liquid behavior

✧ Luttinger liquid

✧ · · ·
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effect of lattice dimension

W : width of the relevant valence band

measure of the kinetic energy

proportional to coordination number / dimension

U : strongly screened Coulomb interaction

local quantity

independent of dimension

W U

D=3:
interaction / correlations
comparatively weak
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effect of lattice dimension

W : width of the relevant valence band

measure of the kinetic energy

proportional to coordination number / dimension

U : strongly screened Coulomb interaction

local quantity

independent of dimension

W U

D=2:
interaction / correlations
more important
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effect of lattice dimension

W : width of the relevant valence band

measure of the kinetic energy

proportional to coordination number / dimension

U : strongly screened Coulomb interaction

local quantity

independent of dimension

W U

D=1:
correlations dominate
motion blocked by Pauli principle
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Example: Collective Magnetism
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sketch: collective magnetism

magnetic material
example: magnetite (Fe 2O3), Fe, Gd

➜ permanent magnetization

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

microscopic cause?
necessary:
elementary magnetic moments

➜ permanent moments

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

directions distributed randomly
total moment:

P
i mi = 0

vanishing magnetization

➜ paramagnetism

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

non-vanishing
magnetization requires:

➜ collective ordering of moments

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

T>0

thermal fluctuations destroy
magnetic order

➜ stability of order?

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

B>0

external magnetic field
H → H −

P
i miB

➜ induced magnetic order

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

T>0

collective, non-induced orderP
i mi 6= 0 für T > 0P
i mi = 0 für T → ∞

➜ spontaneous order

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

direction of magnetization?

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

direction of magnetization?

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

H: magnetically isotropic
|Ψ〉: lower symmetry

➜ spontaneous symmetry breaking

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions

– p. 13



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

sketch: collective magnetism

T>0

spontaneous collective order
requires:

➜ interaction

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

➜ cause of magnetic moments?

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

angular momentum ➜ magnetic
moment

orbital momentum ➜ orbital moment
spin ➜ spin moment

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

➜ spin moments

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

collective spontaneous order

➜ interaction ?

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

V

energy of a magnetic
moment at ri in the dipole field
of all other moments:
µ0

4π

X

j 6=i

r2
ijmimj − 3(mimj)(mjrij)

r5
ij

estimate: ∼ 10−4 eV, 1 T, 1 K

➜ dipole interaction too weak

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

U

strong coupling via Coulomb-
interaction U

U ∼ W

W: kinetic energy (band width)

➜ strong Coulomb interaction

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

Coulomb interaction as
cause of collective magnetism

Bohr-van Leeuwen theorem
“magnetism cannot be explained
within classical statistics”

➜ quantum statistics

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

quanten mechanical system of
strongly interacting Fermions
∼ 1023 coupled degrees of freedom

➜ central problem of
theoretical physics

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

quantum mechanics:
Fermions are indistinguishable !

➜ observable: spin density

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

solid: translational symmetry
magnetic moment at
a lattice site

➜ local magnetic moment

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

collective magnetism:
spontaneous order of local moments

➜ ferromagnetism

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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sketch: collective magnetism

➜ antiferromagnetism

task:
development and application of quantum-statistical methods for an understanding of the
collective order of magnetic moments within a non-perturbative, thermodynamically
consistent picture of the electronic structure of Coulomb-interacting many-electron
systems in low dimensions
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single band - local interaction

H = H0 + H1

H0 =

NX

j=1

 
p2

j

2m
+ V (rj)

!
=

NX

j=1

H
(j)
0 H1 =

1

2

j 6=kX

j,k

e2

|rj − rk|

EF

atom

en
er

gy

solid

valence band

(L atoms)

N=L

Hubbard model

t ij

i

j U

x

y

HAtom H = ⊗L
i=1H

(i)
Atom

dimension: 4 4L

H = H0 + H1

– p. 15



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

Hubbard model

U

t
H =

X

ijσ

tijc†iσcjσ +
U

2

X

iσ

niσni−σ

✧ i, j: lattice sites, i = 1, ..., L

✧ spin projection σ =↑, ↓
✧ hopping tij ➜ tight-binding band

✧ Hubbard-U ➜ (screened) local Coulomb interaction

✧ occupation number operator niσ = c†iσciσ

✧ ciσ , c†iσ : annihilator, creator
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Hubbard model

U

t
H =

X

ijσ

tijc†iσcjσ +
U

2

X

iσ

niσni−σ

✧ “kinetic” energy vs. Coulomb inteaction

✧ Fermi statistics

✧ Hilbert-space dimension: 4L

✧ standard model of electronic structure in a nutshell

✧ collective magnetism, superconductivity, Mott transitions, Kondo effect, ...

– p. 17
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language of second quantization

one-particle orbitals:

|α〉 = |i, σ〉
orthonormal basis on one-particle Hilbert space H1:

〈α|β〉 = δαβ

electron vacuum: one electron
|0〉

using creator:

|α〉 = c†α|0〉
——————————————————————————————————————–
two-electron basis state:

const.
“
|α(1)〉|β(2)〉 − |α(2)〉|β(1)〉

”

occupation-number respresentation:

|n1 = 0, n2 = 0, ..., nα = 1, ..., nβ = 1, ...〉
using creators:

c†αc†β |0〉 = −c†βc†α|0〉 two electrons

if α = β:
“
c†α

”2
|0〉 = 0

– p. 18
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language of second quantization

anti-commutation relation:

[c†α, c†β ]+ = 0

annihilator: anticommutator relations

cα ≡
“
c†α

”†

anti-commutation relations:

[cα, cβ ]+ = 0 [cα, c†β ]+ = δαβ

——————————————————————————————————————–
N -electron basis state:

const.
X

P

(−1)|P||αP(1)
1 〉|αP(2)

2 〉 · · · |αP(N)
N 〉

occupation-number representation:

|n1, n2, n3, ..., nα, ...〉 N electrons

orthornormal basis of N -electron Hilbert space HN :

〈..., nα, ...|..., n′
α, ...〉 = · · · δnα,n′

α

X

n1,n2,...,nα,...

|..., nα, ...〉〈..., nα, ...| = 1

– p. 19
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language of second quantization

creator, annihilator:

c†α|..., nα, ...〉 = (−1)
Pα−1

β=1 |..., nα + 1, ...〉

cα|..., nα, ...〉 = (−1)
Pα−1

β=1 |..., nα − 1, ...〉
note:

nα = 0, 1

second-quantized form of N -electron states:

|n1, n2, ..., nα, ...〉 =
“
c†1

”n1
“
c†2

”n2 · · ·
“
c†α

”nα · · · |0〉
——————————————————————————————————————–
one-particle operator:

A =

NX

j=1

A(j)

one-particle operator on H1:

A =
X

αβ

|α〉〈α|A(1)|β〉〈β| one-particle operators

one-particle operator on HN :

A =
X

αβ

〈α|A(1)|β〉c†αcβ

– p. 20
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language of second quantization

occupation-number operator and total particle number operator:

nα = c†αcα N =
X

α

nα examples

non-interacting Hamiltonian:

H0 =
X

αβ

tαβc†αcβ

——————————————————————————————————————–
two-particle operator:

A =
1

2

i6=jX

i,j

A(i,j)

two-particle operator on HN : two-particle operators

A =
X

αβγδ

〈αβ|A(1,2)|γδ〉c†αc†βcγcδ

——————————————————————————————————————–
double occupancy (α = (i, σ)):

di = niσni−σ

Hubbard interaction: examples

HU =
U

2

X

iσ

di =
U

2

X

iσ

c†iσc†i−σci−σciσ

– p. 21
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language of second quantization

anticommutation relations: SUMMARY

[cα, cβ ]+ = [c†α, c†β ]+ = 0 [cα, c†β ]+ = δαβ

basis states:

|n1, n2, ..., nα, ...〉 =
“
c†1

”n1
“
c†2

”n2 · · ·
“
c†α

”nα · · · |0〉

general Hamiltonian:

H = H0 + H1 =
X

αβ

tαβc†αcβ +
1

2

X

αβγδ

Uαβδγc†αc†βcγcδ

tαβ , Uαβδγ : hopping and Coulomb matrix elements

U

t
Hubbard model

H =
X

ijσ

tijc†iσcjσ +
U

2

X

iσ

niσni−σ

– p. 22



Exact Diagonalization
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exact diagonalization

simply solve the Hubbard model? H =
X

ijσ

tijc†iσcjσ +
U

2

X

iσ

niσni−σ

➜ set up Hamilton matrix:
|m〉 ≡ |n1, n2, ..., n2L〉
m = 1, ..., M M = dimH

Hmm′ = 〈m|H|m′〉

➜ diagonalize Hamilton matrix numerically:

H = UDU†

➜ get eigenvector of lowest energy and ground state:

um ➜ |E0〉 =
X

m

um|m〉

➜ compute expectation value of observable A:

〈E0|A|E0〉 =
X

mm′

u∗
mum′ 〈m|A|m′〉

– p. 24
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exact diagonalization

problem :
M × M Hamilton matrix with

M = 22L = 4L = dimH

L = 6 sites ➜ M = 4096

use symmetries :
e.g. conservation of total number of σ electrons:

[Nσ , H]− = 0 with Nσ =
LX

i=1

niσ

dimension of invariant subspace:

MN↑,N↓
=

0
@ L

N↑

1
A
0
@ L

N↓

1
A

L = 6 sites, N↑ = N↓ = 3 electrons (“half-filling”) ➜ MN↑,N↓
= 400

L = 10 sites, N↑ = N↓ = 5 electrons (“half-filling”) ➜ MN↑,N↓
= 63504

63504 × 63504 × 4Bytes ≈ 16GBytes but N = 10 ≪ 1023 ! – p. 25
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Lanczos method

don’t store full Hamilton-matrix! H =
X

ijσ

tijc†iσcjσ +
U

2

X

iσ

niσni−σ

➜ consider (arbitrary) start vector u0

n-th Krylov space of u0 (with dimension n):

Kn = span {u0,Hu0, ...,Hn−1u0}
——————————————————————————————————————–
➜ construct orthogonal (not normalized) basis of Kn:

{u0,u1, ...,un−1}
start:

u−1 = 0, b0 = 0

interative construction for i = 0, ..., n − 1: needs MVM’s only!

ai =
u
†
iHui

u
†
iui

b2i =
u
†
iui

u
†
i−1ui−1

ui+1 = Hui − aiui − b2i ui−1 store 3 vectors at the same time only!

we have ui ∈ Kn and u
†
iuj ∝ δij – p. 26
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Lanczos method

➜ normalization:
vi =

uiq
u
†
iui

orthonormal basis of n-th Krylov space of u0:

{v0,v1, ...,vn−1}
define

Tij = v
†
i Hvj

then

T =

0
BBBBBBB@

a0 b1

b1 a1 b2

b2 a2 · · ·
· · · · · · bn−1

bn−1 an−1

1
CCCCCCCA

n × n matrix only

V ≡ (v0,v1, ...,vn−1)

T = V†HV

T is the Hamilton matrix in the subspace Kn!

– p. 27
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Lanczos method

➜ solve small n × n eigenvalue problem T = QDQ†

since T is the Hamilton matrix in the subspace Kn this would be exact if:

HKn ⊂ Kn (Kn is an invariant subspace)

——————————————————————————————————————–
excellent approximation for n = O(100):

let |u0〉 =
X

m

cm|Em〉

then Hn−1|u0〉 =
X

m

cmEn−1
m |Em〉 ∈ Kn

but Hn|u0〉 → |E0〉 for n → ∞
——————————————————————————————————————–

✧ Lanczos method limited by need to store ui

✧ N = L = 10 sites easily accessible

✧ N = L = 20 using symmetries and supercomputers

✧ ... but not much more!

– p. 28
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Lanczos method
Lanczos for the L = 10 Hubbard chain, pbc, N = 8, U = 4t
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Lanczos method

Lanczos can easily keep any supercomputer busy

– p. 30
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Lanczos method

... invented in 1950

– p. 31
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Lanczos method

... by Cornelius Lanczos

– p. 32



II Variational Wave Functions
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Variational Principle
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minimal energy

“Any system always tries to minimize its total energy”- why?

1) thermodynamics: total (internal) energy is a thermodynamical potential
E = E(S, V, N) =min. for fixed S, V, N (gas)

2) quantum mechanics: Ritz principle
E = E[|Ψ〉] =min.

The energy functional must be specified!
(trivial) example:

E = E(x) =
1

2
ax2 + bx (a > 0)

E(x) is at a minimum for

0 =
dE(x0)

dx
= ax0 + b

the “physical” x is:

x0 = − b

a
the physical energy is:

E0 = E(x0) =
1

2
ax2

0 + bx0 = −1

2

b2

a
=

1

2
bx0

consider now:

E = eE(x) =
1

2
bx

we have E0 = eE(x0) but eE(x) is not a minimum at x0
– p. 35
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Ritz functional

E = E[|Ψ〉] =
〈Ψ|H|Ψ〉
〈Ψ|Ψ〉

E[|Ψ〉] is minimal at the ground state |Ψ0〉:

〈Ψ|H|Ψ〉 =
X

m

〈Ψ|H|m〉〈m|Ψ〉 =
X

m

Em|〈m|Ψ〉|2 ≥ E0

X

m

|〈m|Ψ〉|2 = E0〈Ψ|Ψ〉
——————————————————————————————————————–
domain of the functional: entire Hilbert space

D = {|Ψ〉| |Ψ〉 ∈ H}

choose ONB {|m〉}, we have |Ψ〉 =
X

m

cm|m〉

〈Ψ|H|Ψ〉
〈Ψ|Ψ〉 =

P
mm′ c∗mcm′ 〈m|H|m′〉P

m c∗mcm

➜ find minimum of a function of a function with M = dimH variables!
➜ minimization of quadratic form ⇔ Hc = E0c (full eigenvalue problem)

– p. 36



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

variational approximations

construct approximations by restricting the domain

E[|Ψ〉] = min. on subspace D′ ⊂ D = H

a domain can be specified by variational parameters :

D′ = {|Ψ(λ1, ..., λn)〉 | λi ∈ R} ⊂ D

the Ritz functional becomes a function: λ = (λ1, ..., λn)

E(λ) ≡ E[|Ψ(λ)〉]

find minimum:
∂E(λ)

∂λi
= 0 for λ = λ0 n (non-linear) equations for n unknowns λ0

get approximate ground state and ground-state energy:

|Ψ0〉 = |Ψ(λ0)〉 E0 = E(λ0)

upper bound property :

E0 ≥ E0,exact
– p. 37



Hartree-Fock Approximation
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Hartree-Fock: main idea

Hubbard model:

H =
X

ijσ

tijc†iσcjσ +
U

2

X

iσ

niσni−σ

restricted domain:
D′ = { independent-electron wave functions }

maybe justfified for weakly interacting systems, i.e. U → 0

independent electrons: Slater determinants

|Ψ〉 = |n1, n2, ..., nα, ...〉 =
“
c†1

”n1
“
c†2

”n2 · · ·
“
c†α

”nα · · · |0〉

nα = 0, 1 electrons in (one-particle) state |α〉

variational freedom: one-particle states
|α〉 → |α′〉 =

P
α Uαα′ |α〉

variational parameters:
Uαα′

elegant evaluation:

– p. 39
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Hartree-Fock: main idea

Hubbard model:

H =
X

ijσ

tijc†iσcjσ +
U

2

X

iσ

niσni−σ

restricted domain:
D′ = { independent-electron wave functions }

maybe justfified for weakly interacting systems, i.e. U → 0

independent electrons: Slater determinants

|Ψ〉 = |n1, n2, ..., nα, ...〉 =
“
c†1

”n1
“
c†2

”n2 · · ·
“
c†α

”nα · · · |0〉

nα = 0, 1 electrons in (one-particle) state |α〉

variational freedom: one-particle states
|α〉 → |α′〉 =

P
α Uαα′ |α〉

variational parameters:
Uαα′

elegant evaluation: below

– p. 39



Gutzwiller Wave Function
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suppressing double occupancies

Hubbard model:

H =
X

ijσ

tijc†iσcjσ +
U

2

X

iσ

niσni−σ

non-interacting case:
H0 =

X

ijσ

tijc†iσcjσ

diagonalization:
H0 =

X

kσ

ε(k)c†
kσckσ (t = UεU†)

ground state:

|FS〉 =

ε(k)≤εFY

k

c†
k
|0〉

what happens for large U ?

t
U

t

sites
➜ suppression of double occupancies

– p. 41
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variational wave function

Gutzwiller wave function:

|Ψ〉 =
Y

i

[1 − (1 − g)ni↑ni↓] |FS〉 = g
P

i ni↑ni↓ |FS〉

variational parameter: g

g = 1: |Ψ〉 = |FS〉 ➜ U = 0

g = 0: |Ψ〉 = |doubly occupied sites projected out〉 ➜ U = ∞

note: [1 − (1 − g)ni↑ni↓]2 = 1 − (1 − g)ni↑ni↓

todo:

✧ calculate 〈Ψ|Ψ〉
✧ calculate 〈Ψ|H|Ψ〉
✧ minimize E[|Ψ(g)〉] w.r.t. g

〈Ψ|Ψ〉 =

ε(k)≤εFY

k

〈0|ck
Y

i

[1 − (1 − g)ni↑ni↓]
Y

j

[1 − (1 − g)nj↑nj↓]

ε(p)≤εFY

p

c†p|0〉

cannot be done analytically

– p. 42
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variational Monte Carlo

way out: do the high-dimensional sums using Monte-Carlo summation:

E(g) =
〈Ψ(g)|H|Ψ(g)〉
〈Ψ(g)|Ψ(g)〉

using the occupation-number basis |n〉 = |n1, n2, ...〉, we can write:

E =
〈Ψ|H|Ψ〉
〈Ψ|Ψ〉 =

X

n

〈Ψ|n〉〈n|H|Ψ〉
〈Ψ|Ψ〉 =

X

n

〈Ψ|n〉〈n|Ψ〉
〈Ψ|Ψ〉

〈n|H|Ψ〉
〈n|Ψ〉

E =
X

n

P (n)
〈n|H|Ψ〉
〈n|Ψ〉

with probability:

P (n) =
〈Ψ|n〉〈n|Ψ〉

〈Ψ|Ψ〉
X

n

P (n) = 1

Monte-Carlo walk in the configurations space: n1 ➜ n2 ➜ · · · (e.g. Metropolis)

E =
1

M

MX

i=1

〈ni|H|Ψ〉
〈ni|Ψ〉 VMC

– p. 43
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variational Monte Carlo

E(g) Eopt.(U)

Yokoyama, Shiba (1986)

✧ approximate evaluation of the Ritz principle (Gutzwiller approximation)

✧ numerically exact evaluation of the Ritz principle (VMC)
with high computational effort

✧ approximate test wave function !

– p. 44
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matrix-product states

one-dimensional Hubbard model:

H = −t

L−1X

i=1

X

σ

c†iσci+1σ + H.c. +
U

2

X

iσ

niσni−σ

Hilbert space:
H = H1 ⊗ . . . ⊗HL

local Hilbert space at site q:
Hq = span{|nq〉} nq = 1, . . . dq dq = dimHq

local basis for Hubbard model: |0〉, | ↑〉, | ↓〉, | ↑↓〉 (dq = 4)

representation of general state:
|Ψ〉 =

X

n1,...,nL

an1,...,nL |n1〉 . . . |nL〉 (high dimensional: dL terms for dq = d)

product ansatz:
|Ψ〉 =

X

n1,...,nL

an1 . . . anL |n1〉 . . . |nL〉

matrix-product state:

|Ψ〉 =
X

n1,...,nL

tr (An1 . . .AnL ) |n1〉 . . . |nL〉

– p. 46
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graphical representation

MPS:

|Ψ〉 =
X

n1,...,nL

tr (An1 . . .AnL ) |n1〉 . . . |nL〉

an A matrix:

Anq

– p. 47
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graphical representation

MPS:

|Ψ〉 =
X

n1,...,nL

tr (An1 . . .AnL ) |n1〉 . . . |nL〉

an A matrix:

A
nq

iq−1iq

iq−1

nq

iq

– p. 47
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graphical representation

MPS:

|Ψ〉 =
X

n1,...,nL

tr (An1 . . .AnL ) |n1〉 . . . |nL〉

an A matrix:

A
nq

iq−1iq

iq−1

nq

iq

local basis states

– p. 47
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graphical representation

MPS:

|Ψ〉 =
X

n1,...,nL

tr (An1 . . .AnL ) |n1〉 . . . |nL〉

an A matrix:

A
nq

iq−1iq

iq−1

nq

iq

local basis states

matrix indices

– p. 47
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graphical representation

MPS:

|Ψ〉 =
X

n1,...,nL

tr (An1 . . .AnL ) |n1〉 . . . |nL〉

an A matrix:

A
nq

iq−1iq

iq−1

nq

iq

local basis states

matrix indices

an MPS for six sites:

An1 An2 An3 An4 An5 An6

i0 i1 i2 i3 i4 i5 i6 = i0

open boundary conditions

– p. 47



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

local orthogonalization

MPS:

A
nq

iq−1iq

iq−1

nq

iq

local basis states

matrix indices

|Ψ〉 =
X

n1,...,nL

An1 . . .AnL |n1〉 . . . |nL〉

useful:
locally orthogonal MPS (Anq = Lnq or Anq = Rnq )

X

nq

Lnq†Lnq = 1,
X

nq

RnqRnq† = 1

graphical:

= =
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SVD

q-th step of left orthogonalization:

|Ψ〉 =
X

n1,...,nL

Ln1 . . .Lnq−1Anq . . .AnL |n1〉 . . . |nL〉

block up matrix Anq :
A

nq

iq−1,iq
= eA(iq−1nq),iq

SVD:
eA = UDV† with D diagonal, UU† = U†U = 1, VV† = V†V = 1

block down matrix U:
L

nq

iq−1,iq
= U(iq−1nq),iq

A
nq+1 ≡ DV†Anq+1

new representation of the MPS (ready for q + 1-st step):

|Ψ〉 =
X

n1,...,nL

Ln1 . . .Lnq−1LnqA
nq+1 . . .AnL |n1〉 . . . |nL〉

right orthogonalization : analogous

standard representation of an MPS:

|Ψ〉 =
X

n1,...,nL

Ln1 . . .Lnq−1CnqRnq+1 . . .RnL |n1〉 . . . |nL〉
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normalization

reminder: E = E[|Ψ〉] =
〈Ψ|H|Ψ〉
〈Ψ|Ψ〉

MPS with 6 sites:
|Ψ〉 =

X

n1,...,n6

Ln1Ln2Ln3Cn4Rn5Rn6 |n1〉 . . . |n6〉

calculate norm:

=
X

n4

Tr(Cn4†Cn4 )
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n1,...,n6

Ln1Ln2Ln3Cn4Rn5Rn6 |n1〉 . . . |n6〉
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normalization

reminder: E = E[|Ψ〉] =
〈Ψ|H|Ψ〉
〈Ψ|Ψ〉

MPS with 6 sites:
|Ψ〉 =

X

n1,...,n6

Ln1Ln2Ln3Cn4Rn5Rn6 |n1〉 . . . |n6〉

calculate norm:
〈Ψ|Ψ〉 =

X

n4

Tr(Cn4†Cn4 )

——————————————————————————————————————–
compare with:

|Ψ〉 =
X

n1,...,nL

an1,...,nL |n1〉 . . . |nL〉

norm:
〈Ψ|Ψ〉 =

X

n1,...,nL

an1,...,nL 〈n1| . . . 〈nL|
X

n′
1
,...,n′

L

an′
1,...,n′

L |n′
1〉 . . . |n′

L〉

〈Ψ|Ψ〉 =
X

n1,...,nL

|an1,...,nL |2 (cannot be computed!)
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matrix-product operators

operator X: X|Ψ〉? 〈Ψ|X|Ψ〉? e.g.: 〈Ψ|H|Ψ〉

MPO X =
X

n1,...,nL

X

n′
1
,...n′

L

Xn′
1n1 . . .Xn′

LnL |n′
1〉〈n1| . . . |n′

L〉〈nL|

example: Ising model H = −J
P

i Sz
i Sz

i+1 (local basis: m ∈ {↑, ↓})

X
m′

qmq = δm′
qmq

0
BB@

1 0 0

mq 0 0

0 −Jmq 1

1
CCA exact representation!

graphical:

X
n′

qnq

αq−1

n′
q

αq

nq
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expectation values

〈Ψ|X|Ψ〉 ➜ recursion formula

Eq = Eq−1

i′q

iq

αq Fq† = Fq+1†

j′q−1

jq−1

αq−1

expectation value 〈Ψ|X|Ψ〉 =
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expectation values

need E and F† of two adjacent sites only for global expectation value

〈Ψ|X|Ψ〉 =
X

αq

Tr
“
Eq

αq
Fq+1†

αq

”

where

Ep
αp

=
X

npn′
p

X

αp−1

X
n′

pnp

αp−1αpA
n′

p†
Ep−1

αp−1
Anp

Fp†
αp−1

=
X

npn′
p

X

αp

X
n′

pnp

αp−1αpAnpFp+1†
αp

A
n′

p†

or:

〈Ψ|X|Ψ〉 = tr

0
B@
X

nqn′
q

X

αq,αq−1

X
n′

qnq

αq−1αqA
n′

q†Eq−1
αq−1

AnqFq+1†
αq

1
CA
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local optimization

insert trial MPS

|Ψ〉 =
X

n1,...,nL

Ln1 . . .Lnq−1CnqRnq+1 . . .RnL |n1〉 . . . |nL〉

into Ritz energy functional:

E[|Ψ〉] =
〈Ψ|H|Ψ〉
〈Ψ|Ψ〉

we have:
〈Ψ|Ψ〉 =

X

nq

Tr(Cnq†Cnq )

and

〈Ψ|H|Ψ〉 = tr

0
B@
X

nqn′
q

X

αq,αq−1

H
n′

qnq

αq−1αqC
n′

q†Eq−1
αq−1

CnqFq+1†
αq

1
CA

minimization with respect to Cnq only equivalent with:

KC = E SC generalized eigenvalue problem ➜ Lanczos

where

Ki′j′n′
q,ijnq

=
X

αq,αq−1

Eq−1
αq−1;i′i

H
n′

qnq

αq−1αq F q+1∗
αq ;j′j

effective Hamiltonian

Si′j′n′
q,ijnq

= Eq−1
i′i

δn′
qnq

F q+1∗
j′j
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sweep algorithm

local optimization
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sweep algorithm

local optimization

one sweep
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sweep algorithm

local optimization

one sweep

0 1 2 3
step (sweeps)

-0.02

-0.1

-1gr
ou

nd
 s

ta
te

 e
ne

rg
y 

-E
0/E

0,
ex

ac
t

L = 30, U = 0, t = −0.1
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local optimization

one sweep

0 1 2 3
step (sweeps)

-0.02

-0.1

-1gr
ou

nd
 s

ta
te

 e
ne
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-E
0/E

0,
ex
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1
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-1
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0 1 2 3
step (sweeps)
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-1gr
ou
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 s

ta
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ne
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y 

-E
0/E

0,
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1
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-1

2 3
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sweep algorithm

local optimization

one sweep

1 2 3
sweep i

0

0.2

0.4

0.6

0.8

ov
er

la
p 

|<
Ψ

i-
1|Ψ

i>
|

L = 30, U = 0, t = −0.1

– p. 55



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

A matrix dimensions

L = 30, U = 0, t = −0.1

0 1
step (sweeps)

-0.02

-0.1

-1gr
ou

nd
 s

ta
te

 e
ne

rg
y 

-E
0/E

0,
ex

ac
t

dim=1
dim=10
dim=100
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performance

MPS:

A
nq

iq−1iq

iq−1

nq

iq

nq = 1, ..., d, d: local Hilbert space dimension
iq = 1, ..., m, m: A matrix dimension

largest array: MPS ➜

storage: L · d · m2

most time-consuming: KC within Lanczos ➜

CPU time: L · dm2 · dm2

KC: “sparse” (use K = EHF †) ➜

CPU time: L · d2 · m3
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system size

L = 30, t = −0.1

0 0.5 1 1.5
-0.14

-0.12

-0.10

-0.08

-0.06

-0.04

-0.02

0.00

exact

U

gr
ou

nd
-s

ta
te

 e
ne

rg
y 

E
0 / 

L
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VMPS and DMRG

MPS:

|Ψ〉 =
X

n1,...,nL

Ln1 . . .Lnq−1CnqRnq+1 . . .RnL |n1〉 . . . |nL〉

define:
|jp−1〉 =

X

npjp

R
np

jp−1jp
|np〉|jp〉 p > q, np = 1, ..., dp, jp = 1, ..., mp

|ip〉 =
X

ip−1np

L
np

ip−1ip
|ip−1〉|np〉 p < q, np = 1, ..., dp, ip = 1, ..., mp

blocking add one site |ip−1〉 ➜ |ip−1〉|np〉
decimation reduce Hilbert space |ip−1〉|np〉 ➜ |ip〉
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variational wave functions

conclusion:

✧ application of the Ritz principle for correlated trial wave functions:
can be as complicated as the full many-body problem

✧ is simple for simple (uncorrelated) trial wave functions only

✧ can be done almost exactly in one dimension:
VMPS (DMRG), NRG
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grandcanonical ensemble

Hamiltonian:

H =
X

αβ

tαβc†αcβ +
1

2

X

αβγδ

Uαβγδc†αc†βcδcγ

grandcanonical partition function and grandcanonical potential:

Z = tr e−β(H−µN) (β = 1/T )

Ω = −T ln Z = Ω(T, V, µ, {tαβ}, {Uαβγδ})
——————————————————————————————————————–
expectation value of observable A:

〈A〉 =
1

Z
tr Ae−βH

can be obtained from grand potential:

consider partition: H = H0 + λA physical H at λ = 1

we have:
∂Ω

∂λ
= 〈A〉

motivation: thermodynamical consistency

derive all (approximate!) quantities from explicit (approximate) thermodynamical potential
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grandcanonical expectation value

∂Ω

∂λ
= 〈A〉

proof:
∂Ω

∂λ
= −T

∂

∂λ
ln Z = −T

1

Z
tr

∂

∂λ
e−β(H0+λA−µN)

and:

tr
∂

∂λ
e−β(H0+λA−µN) = tr

∞X

k=0

1

k!
(−β)k ∂

∂λ
(H0 + λA − µN)k

= tr
∞X

k=0

1

k!
(−β)k

kX

r=1

Hk−rAHr−1 (H = H0 + λA − µN = H − µN )

= tr
∞X

k=0

1

k!
(−β)kkHk−1A

= tr
∞X

k=0

1

(k − 1)!
(−β)k−1Hk−1(−βA)

= −β tr Ae−βH

hence::
∂Ω

∂λ
= −T

1

Z

“
−β tr Ae−βH

”
=

1

Z
tr Ae−βH = 〈A〉
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second derivative

∂2Ω

∂λ2
=?

problem:
cyclic invariace of the trace does not help in expressions like H· · ·HAH· · ·HAH· · ·H

we have:

∂2Ω

∂λ2
=

∂

∂λ

„
1

Z
tr
“
Ae−β(H0+λA−µN)

”«

= − 1

Z2

∂Z

∂λ
tr Ae−βH +

1

Z
tr A

∂

∂λ
e−β(H0+λA−µN)

and with

∂Z

∂λ
= − 1

T
tr Ae−βH

we get:

∂2Ω

∂λ2
= β〈A〉2 +

1

Z
tr A

∂

∂λ
e−β(H0+λA−µN)

use Trotter decomposition :

exp

„
1

m
(A + B)

«
= exp

„
1

m
A

«
exp

„
1

m
B

«
+ O

„
1

m2

«
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second derivative

it follows:

tr A
∂

∂λ
e−βH = tr A

∂

∂λ
lim

m→∞

“
e−

β
m

λAe−
β
m

(H0−µN)
”m

carry out partial derivative:

tr A
∂

∂λ
e−βH = lim

m→∞
tr A

mX

r=1

Xm−r ∂X

∂λ
Xr−1

consider:

∂X

∂λ
=

∂

∂λ

“
e−

β
m

λAe−
β
m

(H0−µN)
”

=
∂

∂λ

“
e−

β
m

λA
”

e−
β
m

(H0−µN) = − β

m
AX

therewith:

tr A
∂

∂λ
e−βH = lim

m→∞
tr A

mX

r=1

Xm−r

„
− β

m
A

«
XXr−1

= − tr lim
m→∞

mX

r=1

β

m
AXm−rAXr

——————————————————————————————————————–
continuum limit m → ∞:

τ = r
β

m
∈ [0, β] dτ =

β

m

Xr = e−r β
m

H = e−Hτ Xm = e−βH Xm−r = e−βHeHτ
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second derivative

in the limit:

tr A
∂

∂λ
e−βH = − tr

Z β

0
dτAe−βHeHτ Ae−Hτ

= −
Z β

0
dτ tr e−βHeHτ Ae−Hτ A

= −Z

Z β

0
dτ〈A(τ)A(0)〉

here we have defined
modified Heisenberg representation

A(τ) = eHτ Ae−Hτ (H = H − µN )

✧ note the missing i

✧ imaginary time τ

collecting the results:

∂2Ω

∂λ2
= β〈A〉2 −

Z β

0
dτ〈A(τ)A(0)〉 =

∂〈A〉
∂λ

– p. 66



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

second derivative

more general:

let H = H0 + λAA + λBB ➜ Ω = Ω(λA, λB)

then:
∂Ω

∂λA
= 〈A〉 ∂Ω

∂λB
= 〈B〉

and:

∂2Ω

∂λB∂λA
=

∂〈A〉
∂λB

= β〈B〉〈A〉 −
Z β

0
dτ〈B(τ)A(0)〉 =

∂〈B〉
∂λA

=
∂2Ω

∂λA∂λB

(∂〈A〉/∂λB)dλB : change of expectation value of A due to small perturbation
λB → λB + dλB

➜ classical mechanics: response quantities are correlation functions
➜ quantum mechanics: time-depdendent correlation functions
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grand potential is concave

if [A,H]− = 0 then A(τ) = A(0) = A and
∂2Ω

∂λ2
= β〈A〉2 − β〈A2〉 = −β〈(A − 〈A〉)2〉 ≤ 0

this is also true in general (if [A,H]− 6= 0):

∂2Ω

∂λ2
≤ 0 ➜ Ω is a concave function λ!

——————————————————————————————————————–
proof: write ∆A = A − 〈A〉, then (with A = A†):

∂2Ω

∂λ2
= −

Z β

0
dτ〈(A − 〈A〉)(τ)(A − 〈A〉)(0)〉

= −
Z β

0
dτ

1

Z
tr
“
e−βH∆A(τ)∆A(0)

”

= −
Z β

0
dτ

1

Z
tr
“
e−βHeHτ∆Ae−Hτ∆A

”

= −
Z β

0
dτ

1

Z
tr
“
e−βHeHτ/2∆Ae−Hτ/2e−Hτ/2∆AeHτ/2

”

= −
Z β

0
dτ

1

Z
tr
“
e−βH∆A(τ/2)∆A(τ/2)†

”

= −
Z β

0
dτ

1

Z

X

mn

e−βEm 〈m|∆A(τ/2)|n〉〈n|∆A(τ/2)†|m〉

= −
Z β

0
dτ

1

Z

X

mn

e−βEm |〈m|∆A(τ/2)|n〉|2 ≤ 0 where H|m〉 = Em|m〉
– p. 69



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

formulation of the generalized Ritz principle

Hamiltonian: t and U dependencies are made explicit

Ht,U =
X

αβ

tαβc†αcβ +
1

2

X

αβγδ

Uαβδγc†αc†βcγcδ

grandcanonical density matrix:

ρt,U =
exp(−β(Ht,U − µN))

tr exp(−β(Ht,U − µN))

grandcanonical potential:
Ωt,U = −T ln Zt,U = −T ln tr exp(−β(Ht,U − µN))

define density-matrix functional:

Ωt,U[ρ] = tr
„

ρ(Ht,U − µN + T ln ρ)

«

✧ T , µ fixed

✧ Ωt,U[ρ] real-valued functional of the operator variable ρ

✧ parametric dependence on t and U

extremal principle:

Ωt,U[ρ] = min. for ρ = ρt,U and Ωt,U[ρt,U] = Ωt,U
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proof

we have:

Ωt,U[ρt,U] = tr
„

ρt,U(Ht,U − µN + T ln ρt,U)

«

= tr
„

ρt,U[Ht,U − µN + T (−β)(Ht,U − µN) − T ln Zt,U]

«

= tr ρt,U(−T ) ln Zt,U

= Ωt,U

still to be shown: Ωt,U[ρ] ≥ Ωt,U for arbitrary ρ

domain of the density-matrix functional:

{ρ | tr ρ = 1, ρ ≥ 0, ρ = ρ†}

general (!) ansatz:

ρ = ρt′,U′ =
exp(−β(Ht′,U′ − µN))

tr exp(−β(Ht′,U′ − µN))
=

exp(−β(Ht′,U′ − µN))

Zt′,U′

therewith:

Ωt,U[ρt′,U′ ] = tr
„

ρt′,U′ (Ht,U − µN + T ln ρt′,U′ )

«

= tr
„

ρt′,U′ (Ht,U − µN + T (−β)(Ht′,U′ − µN) − T ln Zt′,U′ )

«

= tr
„

ρt′,U′ (Ht,U − Ht′,U′ )

«
+ Ωt′,U′
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proof, continued
consider the following partiation:

H(λ) = Ht′,U′ + λ(Ht,U − Ht′,U′ )

obviously, H(0) = Ht′,U′ and H(1) = Ht,U

for
Ω(λ) ≡ −T ln tr exp(−β(H(λ) − µN))

we have:
Ω(0) = Ωt′,U′ and Ω(1) = Ωt,U

hence:

Ωt,U[ρt′,U′ ] = Ω(0) +
∂Ω(λ)

∂λ

˛̨
˛̨
˛̨
λ=0

on the other hand: Ω(λ) is concave ➜

Ω(0) +
∂Ω(λ)

∂λ

˛̨
˛̨
˛̨
λ=0

· λ ≥ Ω(λ)

A concave function of λ is smaller (for any λ, e.g.

λ = 1) than its linear approximation in a fixed

point (e.g. λ = 0).
for λ = 1 it follows:

Ωt,U[ρt′,U′ ] = Ω(0) +
∂Ω(λ)

∂λ

˛̨
˛̨
˛̨
λ=0

≥ Ω(1) = Ωt,U q.e.d
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free one-particle correlation functions

✧ important for static mean-field theory

✧ essential for diagrammatic perturbation theory

one-particle (“free”) Hamiltonian:

H0 =
X

αβ

tαβc†αcβ

diagonalize hopping matrix:
t = UεU†

yields:
H0 =

X

k

ε(k)c†kck free Fermi gas

diagonal correlation function:

〈c†kck〉(0) =
1

eβ(ε(k)−µ) + 1
Fermi function

back-transformation:

〈c†αcβ〉(0) =
X

k

Uα,k
1

eβ(ε(k)−µ) + 1
U∗

k,β

〈cβc†α〉(0) =
X

k

Uβ,k
1

1 + e−β(ε(k)−µ)
U∗

k,α (using [cα, c†β ]+ = δαβ)
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free time dependence

(modified) Heisenberg free (imaginary) time dependence:

cα(τ) = eH0τ cαe−H0τ H0 = H0 − µN =
P

αβ(tαβ − µδαβ)c†αcβ

using Baker-Campbell-Hausdorff formula / Hadamard-Lemma:
cα(τ) = e−τLH0 cα

with
LH0

cα ≡ [cα,H0]− =
X

β

(tαβ − µδαβ)cβ

hence:

cα(τ) =
X

k

1

k!
(−τ)kLk

H0
cα =

X

k

1

k!
(−τ)k

X

β

(t − µ1)k
αβcβ

and:

cα(τ) =
X

β

“
e−(t−µ1)τ

”
αβ

cβ

c†α(τ) = eH0τ c†αe−H0τ =
X

β

“
e+(t−µ1)τ

”
αβ

c†β

simple, exponential time dependence
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free time-dependent one-particle correlation function

collecting:

〈cγc†β〉
(0) =

X

k

Uγ,k
1

1 + e−β(ε(k)−µ)
U∗

k,β

cα(τ) = eH0τ cαe−H0τ =
X

γ

“
e−(t−µ1)τ

”
αγ

cγ

free time-dependent one-particle correlation function:

〈cα(τ)c†β(0)〉(0) =
X

γ

“
e−(t−µ1)τ

”
αγ

〈cγc†β〉
(0)

thus:

〈cα(τ)c†β(0)〉(0) =
X

γ,k

“
e−(t−µ1)τ

”
αγ

Uγ,k
1

1 + e−β(ε(k)−µ)
U∗

k,β

and:

〈cα(τ)c†β(0)〉(0) =

 
e−(t−µ1)τ

1 + e−β(t−µ1)

!

αβ

(and analogous expressions for 〈cα(0)c†β(τ)〉(0), 〈c†α(τ)cβ(0)〉(0), ...)

more?
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free time-dependent N -particle correlation functions

definie time ordering for creators/annihilators d = c†/c:

T (d1(τ1)d2(τ2)) = Θ(τ1 − τ2)d1(τ1)d2(τ2) − Θ(τ2 − τ1)d2(τ2)d1(τ1)

remember:
earlier operators operate earlier

equal times: creator is “later”, i.e.

τcreator = τannihilator + 0+

define contraction :

dα(τα)dβ(τβ) = 〈T (dα(τα)dβ(τβ))〉(0)

= Θ(τα − τβ)〈dα(τα)dβ(τβ)〉(0) − Θ(τβ − τα)〈dβ(τβ)dα(τα)〉(0)

free one-particle Green function :

−cα(τ)c†β(τ ′) = −〈T (cα(τ)c†β(τ ′))〉(0) ≡ Gαβ(τ, τ ′) = Gαβ(τ − τ ′)

note: free expectation value and free time dependence
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free time-dependent N -particle correlation functions

Wick’s theorem:

〈T (dα1 (τ1) · · · dαs (τs)〉(0) = {sum over all fully contracted terms}

note: free expectation value and free time dependence

➜ reduces free N -particle correlation functions to free one-particle correlation functions
➜ essential for diagrammatic perturbations theory
➜ apply to construct static mean-field theory

example:

〈nαnβ〉(0) = 〈c†αcαc†βcβ〉(0) = 〈c†α(δαβ − c†βcα)cβ〉(0) = δαβ〈c†αcβ〉(0) −〈c†αc†βcαcβ〉(0)

= δαβ〈c†αcβ〉(0) − 〈T (c†αc†βcαcβ)〉(0)

= δαβ〈c†αcβ〉(0) − (−c†αcα c†βcβ + c†αcβ c†βcα)

= δαβ〈c†αcβ〉(0) + 〈T (c†αcα)〉(0)〈T (c†βcβ)〉(0) − 〈T (c†αcβ)〉(0)〈T (c†βcα)〉(0)

= δαβ〈c†αcβ〉(0) + 〈c†αcα〉(0)〈c†βcβ〉(0) − 〈c†αcβ〉(0)〈c†βcα〉(0)

proof of Wick’s theorem
– p. 78
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free time-dependent N -particle correlation functions

Wick’s theorem:

〈T (dα1 (τ1) · · · dαs (τs)〉(0) = {sum over all fully contracted terms}

note: free expectation value and free time dependence

➜ reduces free N -particle correlation functions to free one-particle correlation functions
➜ essential for diagrammatic perturbations theory
➜ apply to construct static mean-field theory

example:

〈nαnβ〉(0) = 〈c†αcαc†βcβ〉(0) = 〈c†α(δαβ − c†βcα)cβ〉(0) = δαβ〈c†αcβ〉(0) −〈c†αc†βcαcβ〉(0)

= δαβ〈c†αcβ〉(0) − 〈T (c†αc†βcαcβ)〉(0)

= δαβ〈c†αcβ〉(0) − (−c†αcα c†βcβ + c†αcβ c†βcα)

= δαβ〈c†αcβ〉(0) + 〈T (c†αcα)〉(0)〈T (c†βcβ)〉(0) − 〈T (c†αcβ)〉(0)〈T (c†βcα)〉(0)

= δαβ〈c†αcβ〉(0) + 〈c†αcα〉(0)〈c†βcβ〉(0) − 〈c†αcβ〉(0)〈c†βcα〉(0)

proof of Wick’s theorem ... see problems!
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variational construction of mean-field theory

general scheme to contruct variational approximations:

✧ variational principle δΩt,U[ρ] = 0

✧ most general ansatz: ρ = ρt′,U′ with t′ and U′ arbitrary
➜ exact solution ρ = ρt,U

✧ (restricted) ansatz ρ = ρλ with parameters λ:
∂

∂λ
Ωt,U[ρλ] = 0 für λ = λ0

yields optimal ρλ0
with

Ωt,U[ρλ0
] ≥ Ωt,U

✧ in practice:
choose a reference system H′ = H′

λ

ρλ = exp(−β(H′
λ − µN))/Zλ

general Hamiltonian:

H =
X

αβ

tαβc†αcβ +
1

2

X

αβγδ

Uαβδγc†αc†βcγcδ

static mean-field theory (Hartree-Fock) :

H′ = Ht′,0 =
X

αβ

t′αβc†αcβ t′ arbitrary

– p. 81



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

variational determination of t
′

trial density matrix: ρ′ =
1

Z′
e−β(H′−µN) 〈· · ·〉′ = tr (ρ′ · · ·)

conditional equation for t′:

0 =
∂

∂t′µν

Ωt,U[ρt′ ]

=
∂

∂t′µν

tr
„

ρt′ (Ht,U − µN + T ln ρt′ )

«

=
∂

∂t′µν

„
〈Ht,U − µN〉′ + tr [ρt′T (−β)(H′ − µN) − ln Z′)]

«

=
∂

∂t′µν

„
〈Ht,U − µN〉′ − 〈H′ − µN〉′ + Ωt′,0

«

=
∂

∂t′µν

fiX

αβ

tαβc†αcβ +
1

2

X

αβδγ

Uαβδγc†αc†βcγcδ −
X

αβ

t′αβc†αcβ

fl′

+ 〈c†µcν〉′

since ∂Ωt′,0/∂t′µν = 〈c†µcν〉′

define:

K′
ανµβ =

∂〈c†αcβ〉′
∂t′µν

=
1

T
〈c†αcβ〉′〈c†µcν〉′ −

Z β

0
dτ〈c†α(τ)cβ(τ)c†µcν〉′

then:

0 =
X

αβ

tαβK′
ανµβ +

1

2

X

αβγδ

Uαβδγ
∂

∂t′µν

〈c†αc†βcγcδ〉′ −
X

αβ

t′αβK′
ανµβ
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variational determination of t
′

H′ bilinear (“free”) ➜ Wick’s theorem applies:

〈c†αc†βcγcδ〉′ = 〈c†αcδ〉′〈c†βcγ〉′ − 〈c†αcγ〉′〈c†βcδ〉′
hence:

∂

∂t′µν

X

αβγδ

Uαβδγ〈c†αc†βcγcδ〉′

=
∂

∂t′µν

X

αβγδ

Uαβδγ

“
〈c†αcδ〉′〈c†βcγ〉′ − 〈c†αcγ〉′〈c†βcδ〉′

”

=
∂

∂t′µν

X

αβγδ

`
Uαβδγ − Uαβγδ

´
〈c†αcδ〉′〈c†βcγ〉′

=
X

αβγδ

`
Uαβδγ − Uαβγδ

´ “
〈c†αcδ〉′K′

βνµγ + K′
ανµδ〈c

†
βcγ〉′

”

=
X

αβγδ

`
Uγαδβ − Uγαβδ

´
〈c†γcδ〉′K′

ανµβ +
X

αβγδ

`
Uαγβδ − Uαγδβ

´
K′

ανµβ〈c†γcδ〉′

with (αβγ) → (γαβ) (1st term) and (βγδ) → (γδβ) (2nd term)

=
X

αβγδ

`
(Uγαδβ + Uαγβδ) − (Uγαβδ + Uαγδβ)

´
〈c†γcδ〉′K′

ανµβ

= 2
X

αβγδ

`
Uαγβδ − Uγαβδ

´
〈c†γcδ〉′K′

ανµβ

with Uαβδγ = Uβαγδ
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variational determination of t
′

altogether:

0 =
X

αβ

tαβK′
ανµβ −

X

αβ

t′αβK′
ανµβ +

X

αβγδ

`
Uαγβδ − Uγαβδ

´
〈c†γcδ〉′K′

ανµβ

0 =
X

αβ

0
@tαβ − t′αβ +

X

γδ

`
Uαγβδ − Uγαβδ

´
〈c†γcδ〉′

1
AK′

ανµβ

assuming K as invertible:

t′αβ = tαβ +
X

γδ

`
Uαγβδ − Uγαβδ

´
〈c†γcδ〉′

optimal one-particle mean-field Hamiltonian:

H′ =
X

αβ

“
tαβ + Σ

(HF)
αβ

”
c†αcβ

with

Σ
(MF)
αβ =

X

γδ

`
Uαγβδ − Uγαβδ

´
〈c†γcδ〉′ Hartree-Fock self-energy

self-consistent scheme required:

Σ(HF) ➜ H′ ➜ 〈c†αcβ〉′ ➜ Σ(HF)
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variational approach

t,UΩ

t,UΩ [A]

f t,U[A]

t,UA
0 A

A

macroscopic state: T, V, µ

Hamiltonian: Ht,U = Hfree(t) + Hint(U)

thermodynamical potential: Ωt,U = −T ln tr exp(−(Ht,U − µN)/T )

physical quantity: At,U

functional Ωt,U[A]:
– δΩt,U[A] = 0 for A = At,U

– Ωt,U[At,U] = Ωt,U

– A ∈ D = {A | conditions}, domain

Euler equation:

ft,U[A] = 0 with ft,U[A] =
δΩt,U[A]

δA
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approximation strategies

Hamiltonian: Ht,U = Hfree(t) + Hint(U)

grand potential : Ωt,U = −T ln tr exp(−β(Ht,U − µN)

physical quantity : At,U

functional: Ωt,U[A] on domain D
variational principle: δΩt,U[A] = 0 für A = At,U

Euler equation: ft,U[A] =
δΩt,U[A]

δA

!
= 0

type III

type II
type I

I
simplify Euler equation
ft,U[A] → eft,U[A]

general

II
simplify functional
Ωt,U[A] → eΩt,U[A]

thermodynamically consistent

III
restict domain
D → eD

thermodynamically consistent,
systematic, clear concept
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example: Hartree-Fock theory

Rayleigh-Ritz variational principle:

Ωt,U[ρ] = tr(ρ(Ht,U − µN + T ln ρ))

domain: ρ ∈ D = {ρ |Hermitian, positive definite, normalized}
type-III: ρ ∈ eD = {ρ |Hermitian, positive definite, normalized, non-interacting } ⊂ D
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example: Hartree-Fock theory

Rayleigh-Ritz variational principle:

Ωt,U[ρ] = tr(ρ(Ht,U − µN + T ln ρ))

domain: ρ ∈ D = {ρ |Hermitian, positive definite, normalized}
type-III: ρ ∈ eD = {ρ |Hermitian, positive definite, normalized, non-interacting } ⊂ D

H t’,U’

Ψt’,U’
Ψt’,U’t,UE [        ]

t,UH

original system reference system

Hartree-Fock:
eD = {ρt′,U′ | t′arbitrary,U′ = 0}
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example: Hartree-Fock theory

Rayleigh-Ritz variational principle:

Ωt,U[ρ] = tr(ρ(Ht,U − µN + T ln ρ))

domain: ρ ∈ D = {ρ |Hermitian, positive definite, normalized}
type-III: ρ ∈ eD = {ρ |Hermitian, positive definite, normalized, non-interacting } ⊂ D

H t’,U’

Ψt’,U’
Ψt’,U’t,UE [        ]

t,UH

original system reference system

Hartree-Fock:
eD = {ρt′,U′ | t′arbitrary,U′ = 0}

Ωt,U[ρt′,0] = Ωt′,0 + tr(ρt′,0(H0(t) + H1(U) − H0(t′)) (use Wick’s theorem)

∂Ωt,U[ρt′,0]

∂t′
= 0 ⇔ HF equations !

➜ concept of reference system helpful for type-III approximations
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example: density-functional theory

electron density n(r) = tr (ρn̂(r))

Ωt,U[n] = tr(t n) + FU[n] Hohenberg, Kohn (1964), Kohn, Sham (1965)

potential energy FU[n] = F (kin)[n] + F
(H)
U

[n] + F
(xc)
U

[n], F
(xc)
U

[n] =??
existence: HK theorem
universal (t independent)
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example: density-functional theory

electron density n(r) = tr (ρn̂(r))

Ωt,U[n] = tr(t n) + FU[n] Hohenberg, Kohn (1964), Kohn, Sham (1965)

potential energy FU[n] = F (kin)[n] + F
(H)
U

[n] + F
(xc)
U

[n], F
(xc)
U

[n] =??
existence: HK theorem
universal (t independent)

type-III approximation ?
Ht,U: inhomogeneous electron “gas” (original)
Htı,U: homogeneous electron “gas” (reference)

Ωt,U[n] = tr(t n) + FU[n]

Ωtı,U[n] = tr(tı n) + FU[n]

———————————————————–
Ωt,U[n] = Ωtı,U[n] + tr((t − tı)n)

nice concept,
but poor results !
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example: density-functional theory

electron density n(r) = tr (ρn̂(r))

Ωt,U[n] = tr(t n) + FU[n] Hohenberg, Kohn (1964), Kohn, Sham (1965)

potential energy FU[n] = F (kin)[n] + F
(H)
U

[n] + F
(xc)
U

[n], F
(xc)
U

[n] =??
existence: HK theorem
universal (t independent)

type-III approximation ?
Ht,U: inhomogeneous electron “gas” (original)
Htı,U: homogeneous electron “gas” (reference)

Ωt,U[n] = tr(t n) + FU[n]

Ωtı,U[n] = tr(tı n) + FU[n]

———————————————————–
Ωt,U[n] = Ωtı,U[n] + tr((t − tı)n)

nice concept,
but poor results !

local density approximation: F
(xc)
U

[n] → eF (xc)
U

[n] very successful, but type-II
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IV Green’s Functions and
Perturbation Theory
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Motivation: Spectroscopies
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Green’s function, spectral density and self-energy

N~1023 |Ψ = ?

I(k,E)
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Green’s function, spectral density and self-energy

N~1023 |Ψ = ?
N~1023

perturb. response

I(k,E)
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Green’s function, spectral density and self-energy

N~1023 |Ψ = ?
N~1023

perturb. response

E

E

valence band

Fωh

energy E

I(k,E)
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Green’s function, spectral density and self-energy

N~1023 |Ψ = ?
N~1023

perturb. response

E

E

valence band

Fωh

energy E

I(k,E)

I(k, E) ∝
X

m

˛̨
˛〈N − 1, m | ck | N, 0〉

˛̨
˛
2

δ (E − (Em(N − 1) − E0(N))) = A(k, E)

spectral density
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Green’s function, spectral density and self-energy

N~1023 |Ψ = ?
N~1023

perturb. response

E

E

valence band

Fωh

energy E

I(k,E)

I(k, E) ∝
X

m

˛̨
˛〈N − 1, m | ck | N, 0〉

˛̨
˛
2

δ (E − (Em(N − 1) − E0(N))) = A(k, E)

spectral density

Green’s function: G(k, E) =

Z
dE′ A(k, E′)

E − E′
A(k, E) = −Im G(k, E + i0+)/π

self-energy: G(k, E) = G0(k, E) + G0(k, E)Σ(k, E)G(k, E) (Dyson’s equation)
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spectroscopies

spectroscopies:
(weak) perturbation ➜ system’s response
excitation process R ➜ cross section, intensity I

——————————————————————————————————————–
photoemission = removal of an electron

R = cα

angle- and spin-resolved: α = (k, σ)

inverse photoemission:
R = c†α

complementary spectroscopy
Auger process:

R = cαcβ

appearance-potential spectroscopy:
R = c†αc†β

transport, Raman, neutron scattering, etc.:
R = c†αcβ

——————————————————————————————————————–
elementary excitation processes
one-electron excitations: c†α, cα

two-electron excitations: cαcβ , c†αc†β , c†αcβ
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“detailled” theory

(grandcanonical) Hamiltonian of the system:
H = H − µN = H0 + H1

eigenenergies, eigenstates:
H|m〉 = Em|m〉 ONB: {|m〉}

example: photoemission

✧ electronic transition induced by coupling to radiation field:

p → p − qA

✧ neglect A2 term, choose Coulomb gauge, adopt dipole approximation:

H → H + V , V = A0p

✧ second quantization:

V =
X

βγ

〈β|A0p|γ〉a†
βcγ + h.c. =

X

βγ

Mβγa†
βcγ + h.c.

where: a ∼ high-energy scattering states, c ∼ valence states

✧ final state within the “sudden approximation”
(no interaction between photoelectron and rest of the system):

|f〉 ≈ a†
α|m〉 Ef = Em + εα
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“detailled” theory

✧ initial state:
|i〉 = |n〉 Ei = En + hν

with
aα|n〉 ≈ 0

✧ hence:

〈f |V |i〉 = 〈m|aα

X

βγ

(Mβγa†
βcγ + h.c.)|n〉 = 〈m|

X

γ

Mαγcγ |n〉

✧ disregard the matrix elements:

〈f |V |i〉 = 〈m|cγ |n〉
i.e.

R = cγ

elementary transition operator for photoemission
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calculation of the intensity / cross section

zero temperature, T = 0:
system is in its ground state |0〉
probability for transition |0〉 → |m〉

|〈m|R|0〉|2 (first-order perturbation theory in R)

excitation energy:

ω = Em − E0

intensity ∼ spectral density of transitions with excitation energies between ω and ω + dω:

IR(ω) =
X

m

|〈m|R|0〉|2δ(ω − (Em − E0))

(including ω = 0, Em = Em′ )
——————————————————————————————————————–
finite temperature, T ≥ 0:
with probability

pn =
1

Z
e−βEn

the system is in the state |n〉 initially ➜

IR(ω) =
1

Z

X

mn

e−βEn |〈m|R|n〉|2δ(ω − (Em − En))

(ω < 0 possible)
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complementary spectroscopy

analogously for R†:

IR† (ω) =
1

Z

X

mn

e−βEn |〈m|R†|n〉|2δ(ω − (Em − En))

=
1

Z

X

mn

e−βEn |〈n|R|m〉|2δ(ω − (Em − En))

=
1

Z

X

mn

e−βEm |〈m|R|n〉|2δ(ω − (En − Em)) (m ↔ n)

= eβω 1

Z

X

mn

e−βEn |〈m|R|n〉|2δ(−ω − (Em − En))

we have: IR† (ω) = eβωIR(−ω) and: IR(ω) = eβωIR† (−ω)

——————————————————————————————————————–
discussion for R = cα (photoemission), R† = c†α (inverse PE)

✧ IR† (ω) for ω > 0: “normal” IPE spectrum

✧ IR† (−ω) for ω > 0 exponentially suppressed but can be measured

✧ multiplication with exponential yields “normal” PE spectrum
IR(ω) = eβωIR† (−ω)

✧ but: error bars are also enhanced exponentially

– p. 98



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

spectral density

(Lehmann representation of the) spectral density:

S(ω) =
X

mn

e−βEm − ε e−βEn

Z
〈m|R|n〉〈n|R†|m〉δ(ω − (En − Em))

ε = +1: commutator spectral density
ε = −1: anticommutator spectral density

choose (for fermions): ε = (−1)k with k: number of creators/annihilators in R

we have:
S(ω) = IR† (ω) − ε e−βωIR† (ω) = (1 − ε e−βω)IR† (ω)

and:

IR† (ω) =
eβω

eβω − ε
S(ω)

IR(−ω) =
1

eβω − ε
S(ω)

and:
S(ω) = IR† (ω) − ε IR(−ω) comprises spectroscopy and its inverse
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one-particle spectral density

(inverse) photoemission: R = cα

Aαβ(ω) =
X

mn

e−βEm + e−βEn

Z
〈m|cα|n〉〈n|c†β |m〉δ(ω − (En − Em))

R −I  (     )ω +I    (   )ωR
_

−ε

ω

Spektraldichte

0

PE IPE

——————————————————————————————————————–
Fourier transformation:

X(ω) =

Z
exp(iωt)X(t)dt X(t) =

1

2π

Z
exp(−iωt)X(ω)dω

we have:

Aαβ(ω) =
X

mn

e−βEm + e−βEn )

Z
〈m|cα|n〉〈n|c†β |m〉 1

2π

Z
ei(ω−(En−Em))tdt
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one-particle spectral density
➜ time-dependent correlation function

Aαβ(t) =
1

2π

X

mn

e−βEm + e−βEn

Z
〈m|cα|n〉〈n|c†β |m〉e−iEnteiEmt

=
1

2π

X

mn

e−βEm + e−βEn

Z
〈m|eiHtcαe−iHt|n〉〈n|c†β |m〉

=
1

2π

1

Z

X

mn

“
e−βEm 〈m|cα(t)|n〉〈n|c†β |m〉 + e−βEn 〈m|cα(t)|n〉〈n|c†β |m〉

”

=
1

2π

“
〈cα(t)c†β(0)〉 + 〈c†β(0)cα(t)〉

”

Aαβ(t) =
1

2π

D
[cα(t), c†β(0)]+

E

with: A(t) = exp(iHt)A exp(−iHt) (grandcanonical Heisenberg representation)
——————————————————————————————————————–
example: Fermi-Gas H =

X

α

(εα − µ)c†αcα

Aαβ(ω) = δαβ

Z
dt eiωtAαβ(t) = δαβ

Z
dt eiωt 1

2π
e−i(εα−µ)t = δαβδ(ω − (εα − µ)

interaction effects: damping, satellites, weight transfer, ...
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correlated band structure

one-particle energies for a solid with lattice-periodic effective potential:

εα 7→ εm(k) (Bloch’s theorem)

wave vector k, band index m

single-band tight-binding model of independent electrons:

0

4
2

−4
−6
−8

ΓMXΓ
k

8

−2

6
E
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correlated band structure

one-particle energies for a solid with lattice-periodic effective potential:

εα 7→ εm(k) (Bloch’s theorem)

wave vector k, band index m

with interaction:

0

4
2

−4
−6
−8

ΓMXΓ
k

8

−2

6
E

➜ correlation effects: there is no Veff(r) producing this band structure!
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Green’s Function
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spectral respresentation

define:

Gαβ(ω) =

Z ∞

−∞
dz

Aαβ(z)

ω − z
z ∈ R, ω /∈ R !

special cases:
retarded Green’s function

G
(ret)
αβ (ω) = Gαβ(ω + i0+) (ω real)

advanced Green’s function

G
(av)
αβ (ω) = Gαβ(ω − i0+) (ω real)

thermal Green’s function, Matsubara function

G
(M)
αβ (ωn) = Gαβ(iωn)

with
ωn = (2n + 1)πT n ∈ Z (fermions)

(for bosons: ωn = 2n)πT n ∈ Z)
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properties of the Green’s function

inserting the Lehmann representation for the spectral density:

Aαβ(ω) =
1

Z

X

mn

(e−βEm + e−βEn )〈m|cα|n〉〈n|c†β |m〉δ(ω − (En − Em))

we find:

Gαβ(ω) =
1

Z

X

mn

(e−βEm + e−βEn )〈m|cα|n〉〈n|c†β |m〉 1

ω − (En − Em)

✧ Gαβ(ω) is analytical in C \ R

✧ Gαβ(ω) has first-order poles at the excitation energies ω = En − Em ∈ R

✧ residues (for α = β):

anm =
1

Z
(e−βEm + e−βEn )|〈m|cα|n〉|2 ≥ 0

Re ω

Im ω

poles of G

➜ complex analysis
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retarded Green’s function

with Dirac’s identity
1

x + i0+
= P 1

x
− iπδ(x)

we have:

− 1

π
Im Gαβ(ω + i0+) = − 1

π
Im
Z

dz
Aαβ(z)

ω + i0+ − z
hence:

− 1

π
Im Gαβ(ω + i0+) = Aαβ(ω)

poles of G (ret)

Re ω

poles of G (av)

Re ω

Im ω Im ω
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Kramers-Kronig relations

G
(ret)
αβ (ω) analytical for Im ω ≥ 0 ➜ 0 =

I

C
dω

G
(ret)
αβ (ω)

ω′ − ω − i0+
(ω′ real)

(poles of G
(ret)
αβ (ω) below real axis, another pole at ω = ω′ − i0+)

Re ω

(ret)poles of G

Im ω

C

with G
(ret)
αβ (ω) → 1

ω
for ω → ∞:

0 =

Z ∞

−∞
dω

G
(ret)
αβ (ω)

ω′ − ω − i0+

with Dirac identity:

0 = P
Z

dω
G

(ret)
αβ (ω)

ω′ − ω
+ iπG

(ret)
αβ (ω′)

hence:

G
(ret)
αβ (ω) =

i

π
P
Z

dω′
G

(ret)
αβ (ω′)

ω − ω′
(ω reell)

and:

Re G
(ret)
αβ (ω) = − 1

π
P
Z

dω′
Im G

(ret)
αβ (ω′)

ω − ω′
Im G

(ret)
αβ (ω) =

1

π
P
Z

dω′
Re G

(ret)
αβ (ω′)

ω − ω′
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time-dependent retarded Green’s function

Fourier transformation:

G(ω) =

Z
dt eiωtG(t) G(t) =

1

2π

Z
dω e−iωtG(ω)

ω is real ! ➜ Fourier transformation for G
(ret/av)
αβ (ω) only

using the identiy:

1

2π

Z
dω e−iωt 1

ω − ω′ + i0+
= −iΘ(t)e−iω′t

we find:

G
(ret)
αβ (t) =

1

2π

Z
dω e−iωtG

(ret)
αβ (ω)

=
1

2π

Z
dω e−iωt

Z
dω′ Aαβ(ω′)

ω + i0+ − ω′

=

Z
dω′Aαβ(ω′)(−i)Θ(t)e−iω′t

= (−i)Θ(t)2π Aαβ(t) = −iΘ(t)〈[cα(t), c†β(0)]+〉

the time dependence is homogeneous:

G
(ret)
αβ (t − t′) = −iΘ(t − t′)〈[cα(t), c†β(t′)]+〉

analogously:

G
(av)
αβ (t − t′) = iΘ(t′ − t)〈[cα(t), c†β(t′)]+〉
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free Green’s function

example: non-interacting system
H =

X

α

(εα − µ)c†αcα

free spectral density: A
(0)
αβ(ω) = δαβδ(ω − (εα − µ)

using the definition of the Green’s function:

G
(0)
αβ(ω) =

Z ∞

−∞
dz

A
(0)
αβ(z)

ω − z
= δαβ

1

ω − (εα − µ)

more general:
H =

X

αβ

(tαβ − µδαβ)c†αcβ

non-interacting Green’s function (matrix notation)

G
(0)
αβ(ω) =

„
1

(ω + µ)1 − t

«

αβ

G(0)(ω) =
1

ω + µ − t

remember:

✧ ω /∈ R !

✧ ω = z + i0+ ➜ retarded Green’s function (z real)

✧ ω = z − i0+ ➜ advanced Green’s function

✧ ω = i(2n + 1)πT ➜ Matsubara Green’s function (n integer)
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self-energy

non-interacting Green’s function: G(0)(ω)

interacting Green’s function: G(ω)

define self-energy: Σ(ω) = G(0)(ω)−1 − G−1(ω)

again:

✧ ω /∈ R !

✧ ω = z + i0+ ➜ retarded self-energy (z real)

✧ ω = z − i0+ ➜ advanced self-energy

✧ ω = i(2n + 1)πT ➜ Matsubara self-energy (n integer)

we have:

G(ω) = G(0)(ω) + G(0)(ω)Σ(ω)G(ω) Dyson’s equation

and

G(ω) = G(0)(ω) + G(0)(ω)Σ(ω)G(0)(ω) + G(0)(ω)Σ(ω)G(0)(ω)Σ(ω)G(0)(ω) + · · ·

and

G(ω) =
1

G(0)(ω)−1 − Σ(ω)
and G(ω) =

1

ω + µ − t − Σ(ω)

– p. 110



Matsubara Green’s function

– p. 111



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

plan

Green’s functions

Matsubara functions

perturbation theory

formal summation, functionals

dynamical variational principle
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homogeneity

assume Hamiltonian to be time independent , H 6= H(t) (Schrödinger picture)

thermodynamical expectation value of an observable A:

〈A〉 =
1

Z
tr(e−βHA) (H ≡ H − µN )

time evolution of A in (grandcanonical) Heisenberg picture:

A(t) = eiHtAe−iHt

time-dependent correlation function:

〈A(t)B(t′)〉 =
1

Z
tr(e−βHeiHtAe−iHteiHt′Be−iHt′ )

=
1

Z
tr(e−βHeiH(t−t′)Ae−iH(t−t′)B)

correlation functions are homogeneous in time:

〈A(t)B(t′)〉 = 〈A(t − t′)B(0)〉
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Wick rotation

consider imaginary time t = −iτ with τ ∈ R

unified description of time evolution and thermal averages

e−iHt = e−βH for t = iτ and τ = β

(time evolution operator = statistical operator)

imaginary time evolution: modified Heisenberg picture

A(t) = eiHtAe−iHt = eHτ Ae−Hτ define: A(τ) = eHτ Ae−Hτ

Re t

Im t = −

rotation
Wick

τ

τt=−i
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modified Heisenberg picture

imaginary time evolution: A(τ) = eHτ Ae−Hτ

annihilator: cα(τ) = eHτ cαe−Hτ

creator: c†α(τ) = eHτ c†αe−Hτ note: c†(τ) 6= c(τ)†

equation of motion?

d

dτ
A(τ) =

d

dτ
(eHτ Ae−Hτ ) = eHτ (HA − AH)e−Hτ = HA(τ) − A(τ)H

➜ − d

dτ
A(τ) = [A(τ),H]− Bloch equation

——————————————————————————————————————–

free system: H0 = H0 − µN =
X

k

(ε(k) − µ)c†kck:

we have: [ck,H0]− = (ε(k) − µ)ck and [ck(τ),H0]− = (ε(k) − µ)ck(τ)

ck(τ) = e−(ε(k)−µ)τ ck c†k(τ) = e(ε(k)−µ)τ c†k

free imaginary time dependence
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Matsubara function – motivation

motivation:

H = H0 + λAA + λBB ➜ Ω = Ω(λA, λB)

then
∂Ω

∂λA
= 〈A〉 ∂Ω

∂λB
= 〈B〉

and:

∂2Ω

∂λB∂λA
=

∂〈A〉
∂λB

= β〈B〉〈A〉 −
Z β

0
dτ〈B(τ)A(0)〉 =

∂〈B〉
∂λA

=
∂2Ω

∂λA∂λB

with

A(τ) = eHτ Ae−Hτ

linear response ↔ imaginary time-dependent correlation functions
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Matsubara function – definition

define:

Gαβ(τ) = −〈T cα(τ)c†β(0)〉 one-particle Matsubara function

✧ homogeneous in time

✧ τ ∈ [−β, β]

✧ T : (imaginary) time-ordering operator
(prepare for application of Wick’s theorem)

✧ sign: convention

——————————————————————————————————————–

two-particle Matsubara function

Gαβγδ(τ) = 〈T cα(τα)cβ(τβ)c†γ(τγ)c†δ(τδ)〉

——————————————————————————————————————–

N -particle Matsubara function

analogous
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free Matsubara function

non-interacting Hamiltonian: H0 =
X

k

(ε(k) − µ)c†kck

free one-particle Matsubara function:

G
(0)
k (τ) = −〈T ck(τ)c†k(0)〉(0)

= −Θ(τ)〈ck(τ)c†k(0)〉(0) + Θ(−τ)〈c†k(0)ck(τ)〉(0)

= −Θ(τ)e−(ε(k)−µ)τ 〈ckc†k〉
(0) + Θ(−τ)e−(ε(k)−µ)τ 〈c†kck〉(0)

= −e−(ε(k)−µ)τ
“
Θ(τ)(1 − 〈c†kck〉(0)) − Θ(−τ)〈c†kck〉(0)

”

and with

〈c†kck〉(0) =
1

eβ(ε(k)−µ) + 1
(Fermi function)

we get:

G
(0)
k (τ) = −e−(ε(k)−µ)τ

„
Θ(τ)

1

1 + e−β(ε(k)−µ)
) − Θ(−τ)

1

eβ(ε(k)−µ) + 1

«
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Matsubara function – properties
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ε(k) − µ = +1 β = 2
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Matsubara function – properties

G
(0)
k (τ) = −e−(ε(k)−µ)τ

„
Θ(τ)

1

1 + e−β(ε(k)−µ)
) − Θ(−τ)

1

eβ(ε(k)−µ) + 1

«

jump of G
(0)
k (τ) at τ = 0: G

(0)
k (0+) − G

(0)
k (0−) = −〈ckc†k〉

(0) − 〈c†kck〉(0) = −1

general:

Gαβ(0+) − Gαβ(0−) = −δαβ jump at τ = 0

Matsubara function at τ < 0:

G
(0)
k (τ) =

e−(ε(k)−µ)τ

eβ(ε(k)−µ) + 1
=

e−(ε(k)−µ)(τ+β)

1 + e−β(ε(k)−µ)
= −G

(0)
k (τ + β)

general:

Gαβ(τ) = −Gαβ(τ + β) for τ < 0 negative imaginary time

G
(0)
k (τ) diverges for τ → +∞ if ε(k)− µ < 0 and diverges for τ → −∞ if ε(k)− µ > 0!

τ ∈ [−β, β] (original) domain

Gαβ(τ ± 2β)
!
= Gαβ(τ) periodic continuation to τ ∈ R
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Matsubara function – periodicity

-6 -4 -2 0 2 4 6
-1

-0.5

0

0.5

1
G(τ)

τ

β=2
ε−µ=1

– p. 121



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

Matsubara function – periodicity
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Matsubara function – periodicity
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Matsubara function – discrete Fourier transform

orthonormal basis of periodic functions with period T = 2β:

1√
2β

e−imπ τ/β m = ...,−1, 0, 1, ...

we have:

Gαβ(τ) =
1

β

∞X

m=−∞

a
(m)
αβ e−imπ τ/β

where a
(m)
αβ =

1

2

Z β

−β
dτ Gαβ(τ) eimπ τ/β =

1

2

Z β

0
dτ (· · ·) +

1

2

Z 0

−β
dτ (· · ·)

using Gαβ(τ) = −Gαβ(τ + β) for τ < 0 and eimπ τ/β = eimπ (τ+β)/βe−imπ , we find:

a
(m)
αβ =

1

2

Z β

0
dτ (· · ·) − e−imπ 1

2

Z 0

−β
dτ (· · ·) =

1

2
(1 − e−imπ)

Z β

0
dτ Gαβ(τ) eimπ τ/β

non-zero Fourier coefficients Gαβ(iωn) ≡ a
(m)
αβ for odd m = 2n + 1 with n ∈ Z only

➜ Gαβ(iωn) frequency-dependent Matsubara function
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Matsubara function – Matsubara frequencies

hence:

Gαβ(τ) =
1

β

∞X

n=−∞

Gαβ(iωn) e−iωnτ with iωn = i(2n + 1)π/β

and

Gαβ(iωn) =

Z β

0
dτ Gαβ(τ) eiωnτ

Im ω

Re ω

(fermionic)
Matsubara
frequencies

π / β

iωn

2
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free Matsubara function

with G
(0)
k (τ) = −e−(ε(k)−µ)τ

„
Θ(τ)

1

1 + e−β(ε(k)−µ)
) − Θ(−τ)

1

eβ(ε(k)−µ) + 1

«

we find:

G
(0)
k (iωn) =

Z β

0
dτ Gk(τ) eiωnτ = −

Z β

0
dτ e−(ε(k)−µ)τ 1

1 + e−β(ε(k)−µ)
eiωnτ

= − 1

1 + e−β(ε(k)−µ)

Z β

0
dτ e[iωn−(ε(k)−µ)]τ

= − 1

1 + e−β(ε(k)−µ)

1

iωn − (ε(k) − µ)
e[iωn−(ε(k)−µ)]τ

˛̨
˛̨
˛̨

β

0

= − 1

1 + e−β(ε(k)−µ)

1

iωn − (ε(k) − µ)

“
eiβωne−β(ε(k)−µ) − 1

”
eiβωn = −1

G
(0)
k (iωn) =

1

iωn − (ε(k) − µ)
=

1

ω − (ε(k) − µ)

˛̨
˛̨
˛̨
ω=iωn

= G
(0)
k (ω)

˛̨
˛̨
˛̨
ω=iωn

Matsubara function = Green function evaluated at the Matsubara frequencies
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summary

one-particle spectral density: (cross section, intensity, experiment)

Aαβ(ω) =
X

mn

e−βEm + e−βEn

Z
〈m|cα|n〉〈n|c†β |m〉δ(ω − (En − Em))

Aαβ(t) =
1

2π
〈[cα(t), c†β(0)]+〉 Aαβ(ω) = − 1

π
Im G

(ret)
αβ (ω)

one-particle Green function:

Gαβ(ω) =

Z ∞

−∞
dz

Aαβ(z)

ω − z
ω ∈ C

retarded one-particle Green function:

G
(ret)
αβ (ω) =

Z ∞

−∞
dz

Aαβ(z)

ω + i0+ − z
G

(ret)
αβ (t) = −iΘ(t)〈[cα(t), c†β(0)]+〉

one-particle Matsubara function:

Gαβ(iωn) =

Z ∞

−∞
dz

Aαβ(z)

iωn − z
Gαβ(τ) = −〈T cα(τ)c†β(0)〉

iωn = i(2n + 1)π/β – p. 127
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S matrix – motivation

problem: the time dependence in

Gαβ(τ) = −〈T cα(τ)c†β(0)〉

is due to the full Hamiltonian:

H = H0 + H1 = H0 + V H = H0 + V

goal: transform all τ dependencies into free τ dependencies!

interaction picture:

AI(t) = eiH0tAe−iH0t

modified interaction picture:

AI(τ) = eH0τ Ae−H0τ

——————————————————————————————————————–

transformation from the Heisenberg to the interaction picture: mediated by S “matrix”
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S matrix – definition

define:

S(τ, τ ′) = eH0τ e−H(τ−τ ′)e−H0τ ′

S matrix

properties:

✧ S(τ, τ ′′) = S(τ, τ ′)S(τ ′, τ ′′)

✧ S(τ, τ) = 1

✧ S(τ, τ ′) is not unitary

✧ S(τ, τ ′) is the (imaginary) time evolution operator e−H(τ−τ ′) in the (modified)
interaction (Dirac) picture

we have:

− ∂

∂τ
S(τ, τ ′) = − ∂

∂τ

“
eH0τ e−H(τ−τ ′)e−H0τ ′

”
= eH0τ (H−H0)e−H(τ−τ ′)e−H0τ ′

= eH0τ V e−H0τ eH0τ e−H(τ−τ ′)e−H0τ ′

= VI(τ)S(τ, τ ′)

equation of motion:

− ∂

∂τ
S(τ, τ ′) = VI(τ)S(τ, τ ′) initial condition: S(τ, τ) = 1
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solution of the equation of motion

if VI(τ) was not operator-valued, we could solve the differential equation by:

S(τ, τ ′) = exp

„
−
Z τ

τ ′
dτ ′′VI(τ ′′)

«

the problem [VI(τ), VI(τ ′)]− 6= 0 can be circumvented using the time-ordering operator:

S(τ, τ ′) = T exp

„
−
Z τ

τ ′
dτ ′′VI(τ ′′)

«

explicit representation of the S matrix

✧ note: under T , we have: [VI(τ), VI(τ ′)]− = 0 (there is no sign), since

VI(τ) =
1

2

X

αβγδ

Uαβδγc†α,I(τ)c†β,I(τ)cγ,I(τ)cδ,I(τ)

is quartic

✧ note: T operates after expanding the exponential:

S(τ, τ ′) = T
∞X

k=0

(−1)k

k!

Z τ

τ ′
dτ1 · · ·

Z τ

τ ′
dτkVI(τ1) · · ·VI(τk)
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preparation of the Matsubara function

from the definition, S(τ, τ ′) = eH0τ e−H(τ−τ ′)e−H0τ ′

, we immediately get

A(τ) = S(0, τ)AI(τ)S(τ, 0) e−βH = e−βH0S(β, 0)

Matsubara function for τ > 0:

Gαβ(τ) = −〈T cα(τ)c†β(0)〉

= − 1

Z
tr
“
e−βHcα(τ)c†β(0)

”

= − 1

Z
tr
“
e−βH0S(β, 0)S(0, τ)cα,I(τ)S(τ, 0)c†β,I(0)

”

= − 1

Z
tr
“
e−βH0T S(β, τ)cα,I(τ)S(τ, 0)c†β,I(0)

”

= −Z0

Z

1

Z0
tr
“
e−βH0T S(β, 0)cα,I(τ)c†β,I(0)

”

= −
〈T S(β, 0)cα,I(τ)c†β,I(0)〉(0)

tr (e−βH0S(β, 0))/Z0

Gαβ(τ) = −
〈T S(β, 0)cα,I(τ)c†β,I(0)〉(0)

〈S(β, 0)〉(0)
S(β, 0) = T exp

„
−
Z β

0
dτVI(τ)

«
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... ready to apply Wick’s theorem

suppress the index “I” (all τ dependencies are meant as free τ dependencies)

Gαβ(τ) = −

D
T exp

“
−
R β
0 dτV (τ)

”
cα(τ)c†β(0)

E(0)

D
T exp

“
−
R β
0 dτV (τ)

”E(0)

free expectation values!
free (imaginary) time dependence!

Wick’s theorem can be applied.
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partition function

first, consider the denomiator in

Gαβ(τ) = −

D
T exp

“
−
R β
0 dτV (τ)

”
cα(τ)c†β(0)

E(0)

D
T exp

“
−
R β
0 dτV (τ)

”E(0)

partition function:

Z

Z0
=

∞X

k=0

(−1)k

k!

Z β

0
dτ1 · · ·

Z β

0
dτk 〈T (V (τ1) · · ·V (τk))〉(0)

Z

Z0
=

∞X

k=0

(−1)k

2kk!

Z β

0
dτ1 · · ·

Z β

0
dτk

X

α1β1γ1δ1

· · ·
X

αkβkγkδk

Uα1β1δ1γ1
· · ·Uαkβkδkγk

×〈T (c†α1
(τ1)c†β1

(τ1)cγ1 (τ1)cδ1 (τ1) · · · c†αk
(τk)c†βk

(τk)cγk
(τk)cδk

(τk))〉(0)

matrix element:

〈T (· · ·)〉(0) = {sum over all fully contracted terms} (Wick’s theorem)

remember: contraction

cαi (τi)c
†
αj

(τj) = 〈T (cαi (τi)c
†
αj

(τj))〉(0) = −G
(0)
αiαj

(τi − τj)
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diagram elements

to compute the denominator, i.e. Z/Z0

✧ consider the k-th term in the sum (“k-th order”)

✧ evaluate the free expectation value using Wick’s theorem for given orbital indices
αi, βi, ... and given τi (i = 1, ..., k)

✧ organize the sum over all possible ways for full contractions by diagrams

✧ sum / integrate over all internal orbital indices and times

the building blocks of diagrams:

vertex at τ
α

β γ

δ
τ stands for Uαiβiδiγi

propagator

α i α j

τ jτ i stands for a contraction, i.e. −G
(0)
αiαj

(τi − τj)

– p. 136



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

building diagrams

Coulomb interaction is instanteneous ➜ place vertex on a time axis:

α

β γ

δ

0β

τ

propagators connect two links at (the same or) different vertices:

0β

τ τ 12
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full contractions

free expectation value (at k-th order):
〈T (c†α1

(τ1)c†β1
(τ1)cγ1 (τ1)cδ1 (τ1) · · · c†αk

(τk)c†βk
(τk)cγk

(τk)cδk
(τk))〉(0)

via Wick’s theorem,
= {sum over all fully contracted terms}

represented by sum over all possible diagrams at k-th order

0β

τ
at the k-th order, there are (2k)! different ways to connect the open links at the k vertices
(2k)! different possibilies for full contractions:

(2k)! diagrams
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all second-order diagrams
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diagram rules

to compute the k-th order contribution to the denominator, i.e. to Z/Z0,

✧ draw all (2k)! different diagrams , label them with orbitals αi and times τi

vertices are fixed, propagators can be deformed

✧ for each vertex , write Uαiβiδiγi

✧ for each propagator , write −G
(0)
αiαj

(τi − τj)

✧ for propagators starting and ending at the same vertex, i.e. equal times :
τcreator = τannihilator + 0+

✧ sum over all orbital indices αi, βi, ...

✧ integrate over all τi (i = 1, ..., k) from 0 to β

✧ multiply with the factor (−1)k

2kk!

✧ multiply with (−1)L with L = number of fermion loops

L = 3
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diagrams for the Green’s function

Green’s function:

−Gαβ(τ) =

D
T exp

“
−
R β
0 dτV (τ)

”
cα(τ)c†β(0)

E(0)

D
T exp

“
−
R β
0 dτV (τ)

”E(0)

nominator:

β

τ τ 12τ 0

α β

additional fixed external links representing cα(τ) and c†β(0)

we have 2k + 1 propagators and thus

(2k + 1)! diagrams at the k-th order

note: no summation / integration over external variables , i.e. α, β and τ

– p. 141



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

connected diagrams

typical diagram contributing to the nominator:

➜ there is one part of the diagram connected to the external links
➜ there may be different disconnected parts

theorem:

the sum over the disconnected parts exactly cancels the denominator

✧ for any diagram part connected to the external links, one can add an arbitrary
diagram representing Z/Z0 (the denominator)

✧ its numerical value comes as a factor

✧ take care of combinatorics
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topologically equal diagrams

consider:

the diagrams in each line are different but yield the same numerical value, since

A flipping the vertex
Uαβδγc†αc†βcγcδ = Uβαγδc†βc†αcδcγ

B interchanging two vertices
change of integration / summation variables τi ↔ τj and αi, βi, ... ↔ αj , βj , ...

has no effect

Z

Z0
=

∞X

k=0

(−1)k

2kk!

Z β

0
dτ1 · · ·

Z β

0
dτk

X

α1β1γ1δ1

· · ·
X

αkβkγkδk

Uα1β1δ1γ1
· · ·Uαkβkδkγk

×〈T (c†α1
(τ1)c†β1

(τ1)cγ1 (τ1)cδ1 (τ1) · · · c†αk
(τk)c†βk

(τk)cγk
(τk)cδk

(τk))〉(0)
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topologically equal diagrams

diagrams transforming into each other under A or B are topologically equal

➜ operation A generates 2k different diagrams with the same value
➜ operation B generates k! different diagrams with the same value

change the diagram rules in the following way:

– summation over topologically different diagrams only

– no additional factor
1

2kk!

all topologically different and connected diagrams at orde r k = 0, 1, 2:
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diagram rules

to compute the k-th order contribution to −Gαβ(τ),

✧ draw all topologically different diagrams
label them with orbitals αi and times τi

✧ diagrams must be connected to external links
vertices and propagators can be deformed

✧ for each vertex , write −Uαiβiδiγi

✧ for each propagator , write −G
(0)
αiαj

(τi − τj)

✧ for propagators starting and ending at the same vertex, i.e. equal times :
τcreator = τannihilator + 0+

✧ sum over all orbital indices αi, βi, ...

✧ integrate over all τi (i = 1, ..., k) from 0 to β

✧ multiply with (−1)L with L = number of fermion loops
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frequency-dependent propagator

time-dependent propagator:

α i α j

τ jτ i = −G
(0)
αiαj

(τi − τj)

−G
(0)
αiαj

(τi − τj) =
1

β

∞X

n=−∞

e−iωn(τi−τj)
`
−Gαiαj (iωn)

´

➜ a propagator is labelled by a single frequency
➜ sum over (internal) frequencies

attach
1√
β

e−iωnτi to vertex at which propagator ends

attach
1√
β

eiωnτj to vertex at which propagator starts

collecting factors, at each vertex we have:

Z β

0
dτ

1
√

β
4

e−i(ω1+ω2−ω3−ω4)τ =
1

β
δω1+ω2,ω3+ω4

energy conservation

“the sum of incoming frequencies equals the sum of outgoing frequencies”

frequency-dependent propagator:

α i α j

ωn = −G
(0)
αiαj

(iωn)
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diagram rules for frequency-dependent Green’s function

to compute the k-th order contribution to −Gαβ(iωn),

✧ draw all topologically different diagrams
label them with orbitals αi and frequencies ωm

✧ diagrams must be connected to external links
vertices and propagators can be deformed

✧ for each vertex , write − 1

β
δωα+ωβ ,ωγ+ωδ

Uαβδγ

✧ for each propagator , write −G
(0)
αβ(iωm)

✧ for propagators starting and ending at the same vertex, equal times :

factor e−iωm(τannihilator−τcreator) = eiωm0+

✧ sum over all internal orbital indices α, ...

✧ sum over all internal ωm from −∞ to ∞
✧ multiply with (−1)L with L = number of fermion loops
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improper self-energy: diagrammatic definition

define self-energy insertion :

part of a diagram for the Green’s function with two external links:

define improper self-energy :

sum of all self-energy insertions:

+ + + ...=−Σ~ +

note: −eΣ depends on external orbital indices and the external frequency:

eΣαβ(iωn)
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self-energy: definition

define irreducible self-energy insertion:

self-energy insertion that does not separate into two pieces when cutting a propagator:

reducible: irreducible:

define irreducible self-energy / proper self-energy / self-energ y:

sum of all irreducible self-energy insertions:

���������
���������
���������
���������

���������
���������
���������
���������

−Σ =

we also define the full propagator / interacting propagator / Green’s functio n:

−G =
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Dyson’s equation, diagrammatic

consider an arbitrary diagram contributing to −Gαβ(iωn) with k > 1:

it necessarily starts (left) with a free propagator, followed by an irreducible self-energy
insertion, and ends with a diagram contrubuting to −Gαβ(iωn)

summing over all diagrams yields:

���������
���������
���������
���������

���������
���������
���������
���������

= +

translation: −Gαβ(iωn) = −G
(0)
αβ(iωn) +

X

γδ

(−G
(0)
αγ (iωn))(−Σγδ(iωn))(−Gδβ(iωn))

i.e.:

Gαβ(iωn) = G
(0)
αβ(iωn) +

X

γδ

G
(0)
αγ (iωn)Σγδ(iωn)Gδβ(iωn) Dyson’s equation

G = G0 + G0ΣG (in matrix notation)
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skeleton diagrams

a skeleton diagram is defined as a diagram without any self-energy insertions:

insertions
includes self−energy

skeleton

defined a dressed skeleton as a skeleton with free propagators replaced by full ones:

skeleton skeleton
dressed

renormalization of diagrams

we have: self-energy = sum over all dressed skeleton self-energy diagrams

skeleton-diagram expansion

= + + +Σ−
– p. 152



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

skeleton-diagrams: first effective order

summing only the first-order diagrams:

Hartree−Fock:

+

yields the Hartree-Fock self-energy:

Σ
(MF)
αβ =

X

γδ

`
Uαγβδ − Uγαβδ

´
〈c†γcδ〉′ Hartree-Fock self-energy

✧ the HF self-energy contains the full (HF) propagator

✧ self-consistency cycle: G ➜ Σ ➜ G

✧ HF = self-consistent first-order perturbation theory
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skeleton-diagrams: second effective order

summing the diagrams up to second (explicit) order:

+ + +

(sc) second−order perturbation theory

−15−10 −5 0 5 10 15

frequency

im
ag

in
ar

y 
pa

rt
 o

f s
el

f−
en

er
gy

  (
ar

b.
 u

n.
) k=1

k=2

k=3

k=4

k=5

k=6

k=7

k=0 n=1

×5

×25

×25

×50

infinitesimal retarded self-energy Σijσ(ω + i0+)

for the Hubbard model at half-filling and T = 0 ➜

k labels the different shells, Σijσ = Σi−jσ

D = 2 square lattice

discussion
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skeleton-diagrams: second effective order

density of states at U = 8t:

−10 −5 0 5 10

frequency

s=5

s=4

s=3

s=2

s=1

s=0

U=8
n=1

de
ns

ity
 o

f s
ta

te
s 

 ρ
  (

ar
b.

 u
n.

)

D=2
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summary and a question

systematic perturbation theory

applicable to weak-coupling regime only

can we sum ALL diagrams ?
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expansion of the partition function

grand potential:

Ω = −T ln Z

partition function:

Z = tre−βH = tr(e−βH0S(β, 0)) = Z0〈S(β, 0)〉(0) , S(β, 0) = eβH0e−βH

from the solution of the equation of motion of the S-matrix, we have:

Z

Z0
=

∞X

n=0

(−1)n

n!

Z β

0
dτ1 · · ·

Z β

0
dτn 〈T (V (τ1) · · ·V (τn))〉(0)

with Wick’s theorem, representation via diagrams:

Z/Z 0 + + +...  = 1 +

n-th order: closed diagrams with n vertices and 2n propagators
– vertex ➜ Tδenergy conservationUαβγδ

– propagator ➜ −Gαβ(iωn) (start and end at same vertex: eiωn0+

additionally)
– sums / integrals over α, β, ... and ωn, ...

– factor
(−1)n

2nn!
(−1)S , for S fermion loops
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linked-cluster theorem

it is sufficient to consider connected diagrams only:

Z/Z0 = exp
“
〈S(β, 0)〉(0)conn. − 1

”
Ω − Ω0 = −T

“
〈S(β, 0)〉(0)conn. − 1

”

——————————————————————————————————————–
proof:
consider k replicas of the system:

system system system system

λ= 1 λ= k

partition function: Z partition function: Z k

we have: Zk = ek ln Z = 1 + k ln Z +
1

2
k2(ln Z)2 + · · ·

hence: ln Z = lim
k→0

d

dk
Zk

compute Zk by perturbation theory applied to the k-fold replicated system

extract the term proportional to k ➜ ln Z
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linked-cluster theorem, proof

compute Zk by perturbation theory applied to the k-fold replicated system

➜ same diagrams, but:
– propagators carry index λ

– summation of λ = 1, ..., k

– propagators and vertices diagonal w.r.t λ

λ λ

λλ

λ λ

connected part of a diagram carries single index λ:

λ λ ’ X

λ

= k ,
X

λ′

= k ➜ k2

➜ summation yields kr if the diagram consists of r connected parts
➜ diagrams ∝ k consist of one connected part only
➜ summation of connected diagrams yields ln Z

q.e.d.
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renormalization?

partial summation of diagrams by renormalization of skeletons ?

...+ + + + + =
?

impossible because of double counting:

?

➜ sum of connected renormalized closed skeleton diagrams 6= ln Z
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Luttinger-Ward functional

define (with an additional factor (−T )):

= + + +Φ
Luttinger, Ward (1960)

note: Φ 6= −T ln Z

what is Φ good for ?

Σ =
1

T

δΦ

δG
IMPORTANT !!!

Φ is like a potential for the self-energy !
——————————————————————————————————————–
proof:

note: Φ = bΦU[G]

– Φ is a functional of the Green’s function
– the functional dependence is fixed by U (and independent of t)
– bΦU[G] is a universal functional

– p. 163



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

proof, continued

functional derivative δ/δG: removal of a propagator line

more precisely, we have to prove: Σαβ(iωn) =
1

T

δbΦU[G]

δGβα(iωn)

roughly:

= + + +Φ
➜ δ/δG ➜ = + + +Σ−

q.e.d.

subtleties:
– the skeleton-diagram expansion yields −Σ (not Σ)
– additional factor (−T ) in the definition of Φ

– removal of a fermion line ➜ factor (−1)

– δ/δG, but propagator is −G ➜ factor (−1)

– product rule: n terms in n-th order perturbation theory (treat all diagrams as different)
– α, β → β, α: see rule for functional derivatives
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we have:

Σαβ(iωn) =
1

T

δbΦU[G]

δGβα(iωn)

therewith, we can show that

Ω = −T ln Z = Φ + Tr lnG − Tr(ΣG) IMPORTANT !!!

– here: Tr X = T
X

n

eiωn0+ X

α

Xαα(iωn)

– relation between static, thermodynamical quantity (Ω) and dynamic quantities (Σ,G)
– basic equation for dynamical variational principle (see below)
– double-counting correction: Tr lnG − Tr(ΣG)

——————————————————————————————————————–
proof:
consider the derivative w.r.t. µ:

∂

∂µ
[Φ + Tr lnG − Tr(ΣG)] = (1) + (2) + (3)

first term:
∂

∂µ
(1) =

∂

∂µ
Φ =

∂

∂µ
bΦU[G] =

X

αβ

X

n

δbΦU[G]

δGαβ(iωn)

∂Gαβ(iωn)

∂µ

=
X

αβ

T
X

n

Σβα(iωn)
∂Gαβ(iωn)

∂µ
= Tr

„
Σ

∂G

∂µ

«
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proof, continued

second term:

∂

∂µ
(2) =

∂

∂µ
Tr lnG = Tr

„
G−1 ∂G

∂µ

«

third term:

∂

∂µ
(3) =

∂

∂µ
Tr(ΣG) = Tr

„
∂Σ

∂µ
G

«
+ Tr

„
Σ

∂G

∂µ

«

hence:

∂

∂µ
[Φ + Tr lnG − Tr(ΣG)] = Tr

„
G−1 ∂G

∂µ

«
− Tr

„
∂Σ

∂µ
G

«

= Tr
»„

G−1 ∂G

∂µ
G−1 − ∂Σ

∂µ

«
G

–

= Tr
»

∂(−G−1 − Σ)

∂µ
G

–

= −Tr

"
∂G

−1
0

∂µ
G

#
with Dyson’s equation G = 1/(G−1

0 − Σ)

= −Tr
»

∂(iωn + µ − t)

∂µ
G

–
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proof, continued

= −Tr G

= −
X

α

T
X

n

eiωn0+

Gαα(iωn)

=
X

α

1

2πi

I

C
dω eω0+

f(ω) Gαα(ω)

=
X

α

1

2πi

Z ∞

−∞
dω eω0+

f(ω) Gαα(ω + i0+)

+
X

α

1

2πi

Z −∞

∞
dω eω0+

f(ω) Gαα(ω − i0+)

=
X

α

1

π
Im
Z ∞

−∞
dω eω0+

f(ω) Gαα(ω + i0+)

= −
X

α

Z ∞

−∞
dω f(ω) Aαα(ω)

= −〈N〉

=
∂Ω

∂µ
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proof, continued

so:
∂

∂µ
[Φ + Tr lnG − Tr(ΣG)] =

∂Ω

∂µ

µ → −∞ ➜ no particles in the system ➜ setting U = 0 is exact ➜ Φ,Σ = 0

for µ → −∞:

Tr lnG = Ω (exact representation of the non-interacting grand
potential)

integrating over µ then yields:

Φ + Tr lnG − Tr(ΣG) = Ω

q.e.d.
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summary

Luttinger-Ward functional

definition: = + + +Φ

properties of the Luttinger-Ward functional:

✧ Φ is a functional: bΦU[G]

✧ domain of the functional: space of all Green’s functions {Gt′,U}

✧ at the physical Green’s function Gt,U we have: bΦU[Gt,U] = Φt,U

✧ this quantity is related to the physical grand potential of the system via
Ωt,U = Φt,U + Tr lnGt,U − Tr(Σt,UGt,U) = Ω

✧ functional derivative:
1

T

δbΦU[G]

δG
= bΣU[G]

✧ with a functional ΣU[G] with the property bΣU[Gt,U] = Σt,U

✧ the functionals bΦU[G] and bΣU[G] are universal

✧ bΦU[G] ≡ 0 and bΣU[G] ≡ 0 for U = 0
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conserving approximations

Luttinger-Ward functional

= + + +Φ

✧ defined via infinite summation of skeleton diagrams

✧ functional dependence unknown

conserving approximations Baym, Kadanoff (1961)

➜ approximate bΦU[G] ≈ bΦ(approx.)
U

[G] by known functional bΦ(approx.)
U

[G]

➜ compute bΣ(approx.)
U

[G] =
1

T

δbΦ(approx.)
U

[G]

δG

➜ solve G =
1

G
−1
0 − bΣ(approx.)

U
[G]

for G (self-consistently)

➜ evaluate bΩ[G] = bΦ[G] + Tr lnG − Tr((G−1
0 − G−1)G)
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conserving approximations

advantages:
– thermodynamically consistent
– “conserving”: the approximation respects macrocopic conservation laws
– e.g. Luttinger’s theorem is respected (see below)

problem:
– the approximation is type-II
– approximation of a functional?
– only possibility: summation of certain clausses of diagrams

example:

= + + +Φ
➜

= +HFΦ

self-consistently weak-coupling perturbation theory

HF, RPA, FLEX, ...
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approximation strategies

Hamiltonian: Ht,U = Hfree(t) + Hint(U)

grand potential : Ωt,U = −T ln tr exp(−β(Ht,U − µN)

physical quantity : At,U

functional: Ωt,U[A] on domain D
variational principle: δΩt,U[A] = 0 für A = At,U

Euler equation: ft,U[A] =
δΩt,U[A]

δA

!
= 0

type III

type II
type I

I
simplify Euler equation
ft,U[A] → eft,U[A]

general

II
simplify functional
Ωt,U[A] → eΩt,U[A]

thermodynamically consistent

III
restict domain
D → eD

thermodynamically consistent,
systematic, clear concept
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functionals of dynamic quantities

wanted: Ωt,U[Σ] with
δΩt,U[Σ]

δΣ
= 0 ⇔ Σ = Σt,U

elements: ΦU[G], Σ, GU[Σ] (inverse of ΣU[G]),
1

G
−1
t,0 − Σ

structure: Ω = Φ + Tr lnG − Tr(ΣG)

candidates :

(1) Ωt,U[Σ] = ΦU[GU[Σ]] + Tr lnGU[Σ] − Tr(ΣGU[Σ])

(2) Ωt,U[Σ] = ΦU[GU[Σ]] + Tr ln
1

G
−1
t,0 − Σ

− Tr

 
Σ

1

G
−1
t,0 − Σ

!

(3) Ωt,U[Σ] = ΦU[GU[Σ]] + Tr lnGU[Σ] − Tr

 
Σ

1

G
−1
t,0 − Σ

!

(4) Ωt,U[Σ] = ΦU[GU[Σ]] + Tr ln
1

G
−1
t,0 − Σ

− Tr(ΣGU[Σ])
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functionals of dynamic quantities

(5) Ωt,U[Σ] = ΦU[G−1
t,0 − Σ] + Tr lnGU[Σ] − Tr(ΣGU[Σ])

(6) Ωt,U[Σ] = ΦU[G−1
t,0 − Σ] + Tr ln

1

G
−1
t,0 − Σ

− Tr

 
Σ

1

G
−1
t,0 − Σ

!

(7) Ωt,U[Σ] = ΦU[G−1
t,0 − Σ] + Tr lnGU[Σ] − Tr

 
Σ

1

G
−1
t,0 − Σ

!

(8) Ωt,U[Σ] = ΦU[G−1
t,0 − Σ] + Tr ln

1

G
−1
t,0 − Σ

− Tr(ΣGU[Σ])

——————————————————————————————————————–
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functionals of dynamic quantities

(5) Ωt,U[Σ] = ΦU[G−1
t,0 − Σ] + Tr lnGU[Σ] − Tr(ΣGU[Σ])

(6) Ωt,U[Σ] = ΦU[G−1
t,0 − Σ] + Tr ln

1

G
−1
t,0 − Σ

− Tr

 
Σ

1

G
−1
t,0 − Σ

!

(7) Ωt,U[Σ] = ΦU[G−1
t,0 − Σ] + Tr lnGU[Σ] − Tr

 
Σ

1

G
−1
t,0 − Σ

!

(8) Ωt,U[Σ] = ΦU[G−1
t,0 − Σ] + Tr ln

1

G
−1
t,0 − Σ

− Tr(ΣGU[Σ])

——————————————————————————————————————–

(4) works and includes unknown but universal functionals !
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THE self-energy functional

define:

Ωt,U[Σ] = ΦU[GU[Σ]] + Tr ln
1

G
−1
t,0 − Σ

− Tr(ΣGU[Σ]) Potthoff (2003) :-)

we have:

δ

δΣαβ(iωn)
Ωt,U[Σ] = Tr

„
δΦU[GU[Σ]]

δG

δG

δΣαβ(iωn)

«
−
 

1

G
−1
t,0 − Σ

!

βα

(iωn)

−GU[Σ]βα(iωn) − Tr
„
Σ

δG

δΣαβ(iωn)

«

hence:

δΩt,U = 0 ⇔ GU[Σ] =
1

G
−1
t,0 − Σ

✧ exact conditional equation for self-energy

✧ solution equivalent with summation of all diagrams !

✧ l.h.s.: U-dependent functional of Σ, functional dependence unknown
r.h.s.: t-dependent functional of Σ, functional dependence trivial
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Legendre transform
self-energy functional:

Ωt,U[Σ] = ΦU[GU[Σ]] + Tr ln
1

G
−1
t,0 − Σ

− Tr(ΣGU[Σ])

Legendre transformation, general:

given f(x) with y =
df(x)

dx
= y(x)

define Legendre transform g(y) = f(x(y)) − yx(y)

we have:
dg(y)

dy
=

df(x(y))

dx

dx(y)

dy
− x(y) − y

dx(y)

dy
= −x(y)

Legendre transformation of the Luttinger-Ward functional :

given ΦU[G] with
1

T

δΦU[G]

δG
= ΣU[G]

Legendre transform: FU[Σ] = ΦU[G[Σ]] − Tr(ΣGU[Σ])

we have:
1

T

δFU[Σ]

δΣ
= −GU[Σ]

Ωt,U[Σ] = Tr ln
1

G
−1
t,0 − Σ

+ FU[Σ]

first term: t-dependent, trivial functional dependence
second term: U-dependent, unknown functional dependence (“universal”)
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variational approaches

δΩ[Σ] = 0 self-energy SFT

δΩ[n] = 0

δΩ[ρ] = 0
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variational approaches

δΩ[Σ] = 0 self-energy SFT dynamic

δΩ[G] = 0
Green’s
function

Luttinger
Ward

dynamic

δΩ[n] = 0

δΩ[ρ] = 0
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variational approaches

δΩ[Σ] = 0 self-energy SFT dynamic

δΩ[G] = 0
Green’s
function

Luttinger
Ward

dynamic

δΩ[n] = 0
electron
density

DFT static

δΩ[ρ] = 0
density
matrix

Rayleigh
Ritz

static
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variational approaches

δΩ[Σ] = 0 self-energy SFT dynamic

δΩ[G] = 0
Green’s
function

Luttinger
Ward

perturbation theory dynamic

δΩ[n] = 0
electron
density

DFT LDA static

δΩ[ρ] = 0
density
matrix

Rayleigh
Ritz

Hartree-Fock,
Gutzwiller, VMC, ...

static
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variational approaches

δΩ[Σ] = 0 self-energy SFT new approximations? dynamic

δΩ[G] = 0
Green’s
function

Luttinger
Ward

perturbation theory dynamic

δΩ[n] = 0
electron
density

DFT LDA static

δΩ[ρ] = 0
density
matrix

Rayleigh
Ritz

Hartree-Fock,
Gutzwiller, VMC, ...

static
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H =
X

j

(−∇2
j/2 + v(rj)) +

1

2

X

jk

′ 1

|rj − rk|
H =

X

αβ

tαβ c†αcβ +
1

2

X

αβγδ

Uαβδγ c†αc†βcγcδ

density-functional theory (DFT) self-energy-functional theory (SFT)

external potential v(r) hopping t

density n(r) self-energy Σαβ(iω)

ground-state densities n = n[v] t-representable self-energies Σ = Σ[t]

ground-state energy E = E[n] grandcanonical potential Ω = Ω[Σ]

E[n] =
R

v(r)n(r) + F [n] Ω[Σ] = Tr ln(G−1
0 − Σ)−1 + F [Σ]R

v n: explicit Tr ln(G−1
0 − Σ)−1: explicit

F [n]: unknown, universal (v-independent) F [Σ]: unknown, universal (t-independent)

variational principle: δE[n] = 0 variational principle: δΩ[Σ] = 0

exact but not explicit exact but not explicit

local-density approximation (LDA) different approximations

reference system: homogeneous electron gas different reference systems

approximate functional F functional F on restricted domain
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Reference System and
Evaluation of the SFT
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reference system

Ritz variational principle

H t’,U’

Ψt’,U’
Ψt’,U’t,UE [        ]

t,UH

original system reference system

Et,U[|Ψ〉] = 〈Ψ|Ht,U|Ψ〉

∂Et,U[|Ψt′,U′=0〉]
∂t′

!
= 0

➜ Hartree-Fock approximation
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reference system

Ritz variational principle

H t’,U’

Ψt’,U’
Ψt’,U’t,UE [        ]

t,UH

original system reference system

Et,U[|Ψ〉] = 〈Ψ|Ht,U|Ψ〉

∂Et,U[|Ψt′,U′=0〉]
∂t′

!
= 0

➜ Hartree-Fock approximation

SFT

H t’,U’t,UH

t’,U’Σt,U
[        ]Σ t’,U’Ω

original system reference system

Ωt,U[Σ] = ?

∂Ωt,U[Σt′,U′ ]

∂t′
!
= 0

➜ new approximations ?

type of approximation ⇔ choice of reference system
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SFT

������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������

������������������������������
������������������������������
������������������������������
������������������������������
������������������������������
������������������������������

������������������������������
������������������������������
������������������������������
������������������������������
������������������������������

������������������������������
������������������������������
������������������������������
������������������������������
������������������������������

Ω

Σ

t = 0

tΣ = Σ ( )

(t’)δ Ω  [Σ     ]

Ω = Ω  [Σ]t

t’

 spacet

 space

– p. 182



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

evaluation of the self-energy functional

������������������������������
������������������������������
������������������������������
������������������������������
������������������������������

������������������������������
������������������������������
������������������������������
������������������������������
������������������������������

t,Uδ Ω     [Σ     ]  = 0(t’)

t,UΩ = Ω     [Σ]

Ω

Σ spacet’Σ = Σ(  )

FU [Σ] unknown but universal !

original system:

Ωt,U[Σ] = Tr ln
1

G
−1
0,t − Σ

+ FU [Σ]

reference system:

Ωt′,U[Σ] = Tr ln
1

G
−1
0,t′

− Σ
+ FU [Σ]

combination:

Ωt,U[Σ] = Ωt′,U[Σ] + Tr ln
1

G
−1
0,t − Σ

− Tr ln
1

G
−1
0,t′

− Σ

➜ non-perturbative, thermodynamically consistent, system atic approximations
Potthoff (2003)
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cluster approximations

original system, Ht,U:

U

t

lattice model (D = 2) in
the thermodynamic limit

n.n. hopping: t

local interaction: U

electron density : n = N/L
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cluster approximations

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

n.n. hopping: t

local interaction: U

electron density : n = N/L

reference system, Ht′,U:

system of decoupled clusters

➜ diagonalization
➜ trial self-energy: Σ = Σ(t′)

➜ self-energy functional: Ωt[Σ(t′)]

stationary point:
∂

∂t′
Ωt[Σ(t′)] = 0
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cluster approximations

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

reference system, Ht′,U:

system of decoupled clusters
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cluster approximations

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

reference system, Ht′,U:

system of decoupled clusters
cluster size: Lc

Lc ≤ 2: analytic
Lc ≤ 6: exact diagonalization
Lc ≤ 12: Lanczos method
Lc ≤ 100: stochastic techniques
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example: D = 1 Hubbard model

T = 0, half-filling, U = 8, nearest-neighbor hopping t = 1

variational parameter: nearest-neighbor hopping t′ within the chain

-1 0 1 2
-4.4

-4.2

-4.0

-3.8

-3.6
0.95 1.00 1.05

0
0.0002
0.0004
0.0006
0.0008Ω

t’

∆Ω
4

L c=2

6
8
10

L c=2

L c=10

L c=2

L c=10

t’

➜ Ω(t′) ≡ Ω[Σ(t′)] stationary at t′min 6= t

➜ t′ = 0: cluster size irrelevant
➜ t′min ≈ t

– p. 185



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

cluster approximations

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

reference system, Ht′,U:

system of decoupled clusters
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cluster approximations

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

reference system, Ht′,U:

system of decoupled clusters

variational parameters:
intra-cluster hopping
partial compensation of
finite-size effects
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cluster approximations

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

reference system, Ht′,U:

system of decoupled clusters

variational parameters:
hopping between cluster boundaries
boundary conditions
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boundary conditions

-1 -0.5 0 0.5 1
-4.34

-4.32

-4.30

-4.28

-4.26

-4.24

-4.22

-4.20

tr

Ω

10

L c=4

8
6

exact

t r

t t t

D = 1 Hubbard model
T = 0, half-filling, U = 8

t = 1

open or periodic b.c. ?
open boundary conditions !

exact: Lieb, Wu (1968)
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cluster approximations

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

reference system, Ht′,U:

system of decoupled clusters
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cluster approximations

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

reference system, Ht′,U:

system of decoupled clusters

variational parameters:
on-site energies
thermodynamic consistency
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cluster approximations

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

reference system, Ht′,U:

system of decoupled clusters

variational parameters:
ficticious symmetry-breaking fields
spontaneous symmetry breaking
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cluster approximations

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

reference system, Ht′,U:

system of decoupled clusters

variational parameters:
ficticious symmetry-breaking fields
different order parameters
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antiferromagnetism

-0.3 -0.2 -0.1 0 0.1 0.2 0.3
-4.50

-4.49
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-4.45
Ω
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U=8

D = 2 Hubbard model, half-filling
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antiferromagnetism

-0.3 -0.2 -0.1 0 0.1 0.2 0.3
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Ω

B’

U=8

D = 2 Hubbard model, half-filling
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Dahnken, Aichhorn, Hanke, Arrigoni, Potthoff (2004)

0

4
2

−4
−6
−8

ΓMXΓ
k

8

−2

6
ω

−8
−6
−4

2

−2
0

6
8

4

Γ X M Γ

QMC

ω

    VCA

QMC / MaxEnt: β = 10, 8 × 8 cluster
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ground-state energy

0 2 4 6 8

-1.6

-1.4

-1.2

-1.0

-0.8

-0.6

-0.4

V-CPT

direct ED

CPT

VMC

QMC

U

E0

D = 2 Hubbard model
half-filling, T = 0

antiferromagnetic phase

Nc = 10, no bath sites

Dahnken, Aichhorn, Hanke, Arrigoni, Potthoff (2004)

➜ quantitative agreement with VMC, QMC

– p. 190



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

symmetry-breaking fields

additional ficticious field / Weiss field : reference system

H′
fict. = B′

X

iσ

zi(ni↑ − ni↓) ,

AF order: staggered magnetic field ➜ zi = ±1 for sites on sublattice 1/2
——————————————————————————————————————–
additional physical field: original system

Hphys. = B
X

iσ

zi(ni↑ − ni↓)

——————————————————————————————————————–
in the paramagnetic state, B = 0:

B′
opt = 0 no AF order

in the paramagnetic state, B > 0:

B′
opt > 0 induced AF order

in the antiferromagnetic state, B = 0:

B′
opt > 0 spontaneous AF order
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symmetry-breaking fields

SFT grand potential: Ω(B′, B) = ΩB [ΣB′ ] (suppress other parameters)
stationarity condition: ∂Ω(B′, B)/∂B′ = 0

yields:

B′
opt = B′(B)

for the SFT grand potential at the optimal Weiss field, Ω(B′(B), B), we have

∂Ω(B′(B), B)

∂B′
= 0 ∀B

therewith:
d

dB

∂Ω(B′(B), B)

∂B′
= 0

and thus:

∂2Ω(B′(B), B)

∂B′2

dB′(B)

dB
+

∂2Ω(B′(B), B)

∂B∂B′
= 0

solving for dB′/dB:

dB′

dB
= −

»
∂2Ω

∂B′2

–−1
∂2Ω

∂B∂B′

➜ B′ is not a physical quantity (Weiss field)
➜ B′ ≫ B for small curvature ∂2Ω/∂B′2 (flat SFT functional)
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order parameter and susceptibitlity

staggered magnetization / order parameter:

m =
X

iσ

zi〈(ni↑ − ni↓)〉 =
d

dB
Ω(B′(B), B) =

∂Ω(B′(B), B)

∂B

✧ no contribution due to the B dependence of the stationary point !

susceptibility:

χ =
dm

dB
=

∂2Ω(B′(B), B)

∂B′∂B

dB′(B)

dB
+

∂2Ω(B′(B), B)

∂B2

we find:

χ =
∂2Ω

∂B2
−
„

∂2Ω

∂B′2

«−1 „
∂2Ω

∂B′∂B

«2

✧ contribution to the explicit B dependence

✧ additional contribution to the implicit B dependence !
i.e. the B dependence of the stationary point
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order parameter and susceptibitlity
(anti-)ferromagnetic order:

✧ spontaneous breaking of the SU(2) symmetry of H (e.g. Hubbard model)

✧ conserved quantity: Stot, total spin

✧ Weiss field: H′
fict. = B′

X

iσ

zi(ni↑ − ni↓) ,

✧ order parameter: m =
X

iσ

zi〈(ni↑ − ni↓)〉

——————————————————————————————————————–
superconductivity:

✧ spontaneous breaking of the U(1) symmetry of H

✧ conserved quantity: N , total particle number

✧ Weiss field: H′
fict. = h′

X

ij

ηij

2
(ci↑cj↓ + H.c.) (d wave)

with ηij = ±1 for n.n. along x/y direction (2D square lattice)

✧ order parameter: ∆ = 〈ci↑cj↓〉 complex and non-local !

( ➜ cluster approximation)
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high-temperature superconductivity

hole doping | electron doping

d-wave-
superconductivity

antiferromagnetism

t-t′-t′′ Hubbard model
D = 2

T = 0, U = 8t

Lc = 6, 8, 10

Senechal, Lavertu, Marois, Tremblay (2005)
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Bath Sites and Dynamical
Mean-Field Theory
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approximations using bath sites

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

reference system, Ht′,U:

system of decoupled clusters
cluster size: Lc = 4

variation of on-site energies
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approximations using bath sites

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

reference system, Ht′,U:

system of decoupled clusters
cluster size: Lc = 1

Hubbard-I-type approximation
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approximations using bath sites

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

reference system, Ht′,U:

system of decoupled clusters
with additional bath sites
Lc = 1, Lb = 2

improved description of temporal
correlations
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approximations using bath sites

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

reference system, Ht′,U:

system of decoupled clusters
with additional bath sites
Lc = 1, Lb = 5

improved mean-field theory
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approximations using bath sites

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

reference system, Ht′,U:

system of decoupled clusters
with additional bath sites
Lc = 1, Lb = ∞
optimum mean-field theory, DMFT
Metzner, Vollhardt (1989)
Georges, Kotliar, Jarrell (1992)
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approximations using bath sites

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

reference system, Ht′,U:

system of decoupled clusters
with additional bath sites
Lc = 4, Lb = ∞
cellular DMFT
Kotliar et al (2001)
Lichtenstein, Katsnelson (2000)
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approximations using bath sites

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

reference system, Ht′,U:

system of decoupled clusters
with additional bath sites
Lc = 4, Lb = 5

variational cluster approach (VCA)
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approximations using bath sites

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

reference system, Ht′,U:

system of decoupled clusters
with additional bath sites
Lc = 4, Lb = 2

variational cluster approach (VCA)
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approximations using bath sites

original system, Ht,U:

lattice model (D = 2) in
the thermodynamic limit

reference system, Ht′,U:

system of decoupled clusters
with additional bath sites
Lc = 4

variational cluster approach (VCA)
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consistent approximations within SFT
lo

ca
l d

eg
re

es
 o

f f
re

ed
om

cluster size

oo

1 2

Lc

Hubbard−I

DIA cellular DIA

variational CA

oo DMFT

cellular DMFT

2
1

bL

Lc = 4, ns = 5

➜ DMFT Metzner, Vollhardt 1989, Georges, Kotliar 1992, Jarrell 1992
➜ C-DMFT Kotliar et al 2001, Lichtenstein, Katsnelson 2000
➜ DIA Potthoff 2003
➜ VCA Potthoff, Aichhorn, Dahnken 2003

– p. 198



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

derivation of dynamical mean-field theory

self-energy functional:

bΩt,U[Σ] = bΩt′,U[Σ] + Tr ln
1

G
−1
t,0 − Σ

− Tr ln
1

G
−1
t′,0

− Σ

self-energy Σt′,U taken from the reference system inserted as a trial:

bΩt,U[Σt′,U] = Ωt′,U + Tr ln
1

G
−1
t,0 − Σt′,U

− Tr lnGt′,U

stationarity condition:

∂

∂t′
bΩt,U[Σt′,U] = 0

first term:
∂

∂t′αβ

Ωt′,U = 〈c†βcα〉′

second term:

∂

∂t′
Tr ln

1

G
−1
t,0 − Σt′,U

= T
X

n

X

αβ

 
1

G
−1
t,0(iωn) − Σt′,U(iωn)

!

βα

∂Σt′,U,αβ(iωn)

∂t′
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derivation of dynamical mean-field theory

third term:
∂

∂t′
Tr lnGt′,U =

∂

∂t′
Tr ln

1

iωn + µ − t′ − Σt′,U

= T
X

n

eiωn0+

Gt′,U(iωn) + T
X

n

X

αβ

 
1

G
−1
t,0(iωn) − Σt′,U(iωn)

!

βα

∂Σt′,U,αβ(iωn)

∂t′

with T
X

n

eiωn0+

Gt′,U,αβ(iωn) = 〈c†βcα〉′ we find the general SFT Euler equation :

T
X

n

X

αβ

 
1

G
−1
t,0(iωn) − Σt′,U(iωn)

− Gt′,U(iωn)

!

βα

∂Σt′,U,αβ(iωn)

∂t′
= 0

✧ unknowns: elements of t′, number of equations = number of unknowns

✧ highly non-linear system of equations, exact solution: Σt,U

✧ geometrical interpretation (for those who like this):
Euler equation is obtained from the exact conditional equation for the “vector” Σ

in the self-energy space SU through projection onto the hypersurface of t′

representable trial self-energies Σt′,U by taking the scalor product with vectors
∂Σt′,U,αβ(iωn)/∂t′ tangential to the hypersurface
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derivation of dynamical mean-field theory

test self-energy is taken from a single-impurity Anderson model (SIAM):

HSIAM =
X

σ

εimpc†σcσ + Un↑n↓ +
X

kσ

εka†
kσakσ +

X

kσ

Vk(c†σakσ + H.c.)

➜ actually: continuum of bath sites, Lb → ∞
➜ non-zero SIAM self-energy at the impurity site only: Σimp(ω)

➜ one SIAM attached to each site of original lattice (identical replicas)

Σαβ(iωn) = Σik,jl(iωn) = δijΣi0,i0(iωn)
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derivation of dynamical mean-field theory

Euler equation

T
X

n

X

αβ

 
1

G
−1
t,0(iωn) − Σt′,U(iωn)

− Gt′,U(iωn)

!

βα

∂Σt′,U,αβ(iωn)

∂t′
= 0

reduces to

T
X

n

X

iσ

 
1

G
−1
t,0(iωn) − Σt′,U(iωn)

− Gt′,U(iωn)

!

iiσ

∂Σiiσ(iωn)

∂t′
= 0

sufficient for a solution the Euler equation:
 

1

G
−1
0 (ω) − Σ(ω)

!

iiσ

= G′
iiσ(ω)

or:

Gloc(ω)
!
= G(ω) DMFT self-consistency equation
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DMFT self-consistency

Gk(ω) =
1

ω + µ − ε(k) − Σ(ω)

Σ(ω)

∆(ω) =
∑

k

V 2
k

ω + µ − εk

Gloc(ω)
!
= G(ω)

lattice structure
bare dispersion ε(k)

Himp =
∑

σ

εcnσ +
U

2

∑

σ

nσn−σ

+
∑

kσ

ǫka
†
kσ

akσ +
∑

kσ

Vkc†σakσ + h.c.

G(ω) =
1

ω + µ − εc − ∆(ω) − Σ(ω)

“solver”

“self-consistency condition”

Gloc(ω) =
1

L

∑

k

Gk(ω)
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dynamical mean-field theory and D = ∞

Weiß molecular-field theory dynamical mean-field theory
magnetic phase transition Mott transition

lattice spin model lattice fermion model

H = −J

2

X

〈ij〉

SiSj H = −t
X

〈ij〉σ

c†iσcjσ+
U

2

X

iσ

niσni−σ

JJ
J J

t

U

U U

U

t V
V

V U

Himp = −J

0
@
X

〈i〉

〈Si〉

1
AS

Himp =
X

σ

t0nσ +
U

2

X

σ

nσn−σ

+
X

kσ

εkn
(a)
kσ +

X

kσ

Vkc†σakσ + h.c.

J ∝ 1/D t ∝ 1/
√

D

Metzner, Vollhardt (1989), Georges, Kotliar (1992), Jarrell (1992)
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classification of dynamical approximations
lo

ca
l d

eg
re

es
 o

f f
re

ed
om

cluster size

oo

1 2

Lc

Hubbard−I

DIA cellular DIA

variational CA

oo DMFT

cellular DMFT

2
1

bL

dynamical mean-field theory Metzner, Vollhardt (1989), Georges, Kotliar, Jarrell (1992)
cellular DMFT Kotliar, Savrasov, Palsson (2001)
dynamical impurity approach (DIA) Potthoff (2003)
variational cluster approach Potthoff, Aichhorn, Dahnken (2004)

– p. 206



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

cluster extensions of DMFT

cellular DMFT (C-DMFT)
Kotliar, Savrasov, Palsson, Biroli
(2001)

dynamical cluster approximation
(DCA)
Hettler, Tahvildar-Zadeh, Jarrell,
Pruschke, Krishnamurthy (1998)

periodized C-DMFT (P-C-DMFT)
Biroli, Parcollet, Kotliar (2003)

fictive impurity models
Okamoto, Millis, Monien, Fuhrmann
(2003)
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cluster extensions of DMFT

cellular DMFT (C-DMFT)
Kotliar, Savrasov, Palsson, Biroli
(2001)

dynamical cluster approximation
(DCA)
Hettler, Tahvildar-Zadeh, Jarrell,
Pruschke, Krishnamurthy (1998)

periodized C-DMFT (P-C-DMFT)
Biroli, Parcollet, Kotliar (2003)

fictive impurity models
Okamoto, Millis, Monien, Fuhrmann
(2003)

original system, Ht,U:

reference system, Ht′,U:

lo
ca

l d
eg

re
es

 o
f f

re
ed

om

cluster size

oo

Nc

1 2

DIA cellular DIA

variational CA

ns

oo DMFT

cellular DMFT

2
1
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cluster extensions of DMFT

cellular DMFT (C-DMFT)
Kotliar, Savrasov, Palsson, Biroli
(2001)

dynamical cluster approximation
(DCA)
Hettler, Tahvildar-Zadeh, Jarrell,
Pruschke, Krishnamurthy (1998)

periodized C-DMFT (P-C-DMFT)
Biroli, Parcollet, Kotliar (2003)

fictive impurity models
Okamoto, Millis, Monien, Fuhrmann
(2003)

original system, Ht,U:

reference system, Ht′,U:

∂

∂t′
Ωt,U[Σ(t′)] = 0

➜ open boundary conditions (see above)

there is no reference system
which generates the DCA !

– p. 207



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

cluster extensions of DMFT

cellular DMFT (C-DMFT)
Kotliar, Savrasov, Palsson, Biroli
(2001)

dynamical cluster approximation
(DCA)
Hettler, Tahvildar-Zadeh, Jarrell,
Pruschke, Krishnamurthy (1998)

periodized C-DMFT (P-C-DMFT)
Biroli, Parcollet, Kotliar (2003)

fictive impurity models
Okamoto, Millis, Monien, Fuhrmann
(2003)

original system, Ht,U:

reference system, Ht′,U:

∂

∂t′
Ωt,U[Σ(t′)] = 0 (t 7→ t)

DCA self-consistency condition

t: invariant under superlattice translations
and periodic on each cluster

➜ systematic
➜ restores translational symmetry
➜ no implications on quality of DCA !
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cluster extensions of DMFT

cellular DMFT (C-DMFT)
Kotliar, Savrasov, Palsson, Biroli
(2001)

dynamical cluster approximation
(DCA)
Hettler, Tahvildar-Zadeh, Jarrell,
Pruschke, Krishnamurthy (1998)

periodized C-DMFT (P-C-DMFT)
Biroli, Parcollet, Kotliar (2003)

fictive impurity models
Okamoto, Millis, Monien, Fuhrmann
(2003)

original system, Ht,U:

reference system, Ht′,U:

∂

∂t′
Ωt,U[Σ(t′)] = 0 (Ω[· · ·] 7→ Ω[· · ·])

P-C-DMFT self-consistency condition

➜ systematic
➜ restores translational symmetry
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cluster extensions of DMFT

cellular DMFT (C-DMFT)
Kotliar, Savrasov, Palsson, Biroli
(2001)

dynamical cluster approximation
(DCA)
Hettler, Tahvildar-Zadeh, Jarrell,
Pruschke, Krishnamurthy (1998)

periodized C-DMFT (P-C-DMFT)
Biroli, Parcollet, Kotliar (2003)

fictive impurity models
Okamoto, Millis, Monien, Fuhrmann
(2003)

original system, Ht,U:

reference system, Ht′,U:
without any relation to the original system !
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more bath sites vs. larger clusters

lo
ca
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eg

re
es
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f f
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om

cluster size

oo

1 2

Lc

Hubbard−I

DIA cellular DIA

variational CA

oo DMFT

cellular DMFT

2
1
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D = 1: bath sites ?

0 0.2 0.4 0.6
-4.34

-4.32

-4.30

-4.28

-4.26

-4.24

-4.22

-4.20

4

Ω

6

exact

L c=2

tb

t b t b

t t t

0 0.1 0.2 0.3 0.4 0.5

-0.34

-0.32

-0.30

-0.28

-0.26

-0.24

1 / L c

direct

0

# bath sites

exact

E0

2
SFT

exact: Lieb, Wu (1968)
➜ larger cluster vs. more bath sites
➜ enhanced convergence
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DMFT as Type-I,II,III
Approximation
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dynamical mean-field theory

information on excitations (PES,IPE) → one-particle Green’s function Gαβ(ω)

G = 1
G

−1
t,0 − ΣU[G]

Dyson’s equation

free (U = 0)
Green’s function

skeleton expansion + += +[ ]GΣU
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dynamical mean-field theory

information on excitations (PES,IPE) → one-particle Green’s function Gαβ(ω)

G = 1
G

−1
t,0 − ΣU[G]

Dyson’s equation

free (U = 0)
Green’s function

skeleton expansion + += +[ ]GΣU

DMFT as type-I approximation:

G =
1

G
−1
t,0 − ΣU[G]

→ G =
1

G
−1
t,0 − eΣU[G]

with eΣU[G]: functional of an impurity model
(vertices restricted to a single-site)

Metzner, Vollhardt (1989)
Georges, Kotliar, Jarrell (1992)

DMFT self-consistency cycle:

(Gtı,0)ii = 1
(Gii)

−1 − (Σ)ii

Htı,U Σ G = 1
G

−1
t,0 − Σ
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dynamical variational principles

Luttinger-Ward functional: = + + +Φ ,
1

T

δΦU[G]

δG
= ΣU[G]

Ωt,U[G] = Tr lnG − Tr((G−1
t,0 − G−1)G) + ΦU[G] Luttinger, Ward (1960)

Euler equation ⇔ Dyson’s equation
universal, extremely complicated

0 =
1

T

δΩt,U[G]

δG
= G−1 − G

−1
t,0 − ΣU[G]
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dynamical variational principles

Luttinger-Ward functional: = + + +Φ ,
1

T

δΦU[G]

δG
= ΣU[G]

Ωt,U[G] = Tr lnG − Tr((G−1
t,0 − G−1)G) + ΦU[G] Luttinger, Ward (1960)

Euler equation ⇔ Dyson’s equation
universal, extremely complicated

0 =
1

T

δΩt,U[G]

δG
= G−1 − G

−1
t,0 − ΣU[G]

DMFT as type-II approximation:
ΦU[G] → eΦU[G] (impurity model)

➜ ΣU[G] → eΣU[G]

➜ Dyson’s equation → DMFT s.-c. equation

conserving approximations:
ΦU[G] → eΦU[G]

(certain diagram classes)
➜ type-II

Baym, Kadanoff (1961)
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dynamical variational principles

Luttinger-Ward functional: = + + +Φ ,
1

T

δΦU[G]

δG
= ΣU[G]

Ωt,U[G] = Tr lnG − Tr((G−1
t,0 − G−1)G) + ΦU[G] Luttinger, Ward (1960)

Euler equation ⇔ Dyson’s equation
universal, extremely complicated

0 =
1

T

δΩt,U[G]

δG
= G−1 − G

−1
t,0 − ΣU[G]

DMFT as type-II approximation:
ΦU[G] → eΦU[G] (impurity model)

➜ ΣU[G] → eΣU[G]

➜ Dyson’s equation → DMFT s.-c. equation

conserving approximations:
ΦU[G] → eΦU[G]

(certain diagram classes)
➜ type-II

Baym, Kadanoff (1961)

type-III approximation ? choose reference system with U = Uı

Ωt,U[G] = Tr lnG − Tr((G−1
t,0 − G−1)G) + ΦU[G]

Ωtı,U[G] = Tr lnG − Tr((G−1
tı,0 − G−1)G) + ΦU[G]

———————————————————————————–
Ωt,U[G] = Ωtı,U[G] − Tr(G−1

t,0 − G
−1
tı,0)G = Ωt,U[ρtı,U]

reduces to Rayleigh-Ritz principle !
– p. 212
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dynamical variational principles

problem:
type-III & impurity model as reference system ➜ local Green’s function
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dynamical variational principles

problem:
type-III & impurity model as reference system ➜ local Green’s function

alternative functional:

Ωt,U[G] = Tr ln
1

G
−1
t,0 − ΣU[G]

− Tr(ΣU[G]G) + ΦU[G] Chitra, Kotliar (2001)

Euler equation ⇔ Dyson’s equation

DMFT as type-II approximation:
ΦU[G] → eΦU[G]

ΣU[G] → eΣU[G]

➜ DMFT self-consistency equation

type-III approximation ?
reference system:
impurity model with U = Uı

➜ Gtı,U is local !

– p. 213



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

dynamical variational principles

problem:
type-III & impurity model as reference system ➜ local Green’s function

alternative functional:

Ωt,U[G] = Tr ln
1

G
−1
t,0 − ΣU[G]

− Tr(ΣU[G]G) + ΦU[G] Chitra, Kotliar (2001)

Euler equation ⇔ Dyson’s equation

DMFT as type-II approximation:
ΦU[G] → eΦU[G]

ΣU[G] → eΣU[G]

➜ DMFT self-consistency equation

type-III approximation ?
reference system:
impurity model with U = Uı

➜ Gtı,U is local !

functional of the local Green’s function:

Ωt,U[G(loc)] DMFT as type-II approximation

Chitra, Kotliar (2000) Georges (2004)
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self-energy-functional approach

self-energy as the basic variable Potthoff (2003)

reference systemoriginal system

➜ Σ is local
➜ Σ is non-zero on the correlated sites only
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self-energy-functional approach

self-energy as the basic variable Potthoff (2003)

reference systemoriginal system

➜ Σ is local
➜ Σ is non-zero on the correlated sites only

Ωt,U[Σ] = Tr ln
1

G
−1
t,0 − Σ

+ FU[Σ] FU[Σ] = Legendre transform of ΦU[G]

➜ Ωt,U[Σt,U] = Ωt,U ✔

➜ Euler equation:
1

G
−1
t,0 − Σ

− GU[Σ] = 0 ⇔ Dyson’s equation ✔

➜ Euler equation on eA:
∂

∂tı
Ωt,U[Σtı,U] = 0 ⇔ DMFT self-consistency equation ✔

➜ DMFT as type-III approximation – p. 214



VI Dynamical Theory of the
Mott Transition
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DMFT of the Mott Transition
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Mott transition

U<<W U>>W

W

U

IPE

PES

E

atom solid

metal insulator
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generic model

U

t

H = −t

n.n.X

ijσ

c†iσcjσ +
U

2

X

σ

niσni−σ

parameters:
— lattice structure, dimension
— n.n. hopping: t

— local interaction: U

— electron density : n = N/L

— temperature T

Hubbard model generic for the Mott transition

– p. 218



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

DMFT phase diagram

1.0 1.2 1.4 1.6
U/W

0.00

0.01

0.02

0.03

0.04

0.05

T
/W

Uc1, NRG
Uc2, NRG
Uc1, QMC
Uc2, QMC

IPT

Hubbard model
half-filling
semielliptical DOS
W = 4

NRG
Bulla, Costi, Vollhardt
(2001)

QMC
Joo, Oudovenko (2000)

T = 0: continuous phase transition
T > 0: discontinuous transition
T > TC : crossover Georges, Krauth, Kotliar, Rozenberg (1996)
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DMFT phase diagram

insulatormetal

T = 0: continuous phase transition
T > 0: discontinuous transition
T > TC : crossover Georges, Krauth, Kotliar, Rozenberg (1996)
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effective Heisenberg model

site  i site  jsite  i site  j

t

t U

Pauli  principle
forbidden by

virtual  hopping
energy  gain  by

Anderson’s  superexchange  mechanism

at low energies / temperatures:

H =
X

ij

JijSiSj with Jij ∝ − t2

U

antiferromagnetic Heisenberg model
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magnetic correlations and entropy

Heisenberg insulator for U ≫ t:

➜ at low energies: Heisenberg model with J ∼ − t2

U
➜ long-range AF order (also for D = ∞, within DMFT)

Mott insulator for U ≫ t:
➜ metastable paramagnetic state with well-formed local moment S = 1/2

➜ strong nearest-neighbor (AF) magnetic correlations

Mott insulator within DMFT:
+ += +[ ]GΣU

➜ no feedback of nonlocal magnetic correlations on Σ

ΩDMFT = LΩimp + Tr ln
1

G
−1
0 − Σ

− LTr ln Gimp

➜ free energy F , entropy S = −∂F

∂T
∼ system of decoupled local moments

S(T = 0) = L log 2 (Mott insulator, DMFT)
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entropy problem

insulatormetal

metal: S(0)/L = 0

insulator: S(0)/L = log 2 (mean-field artifact)

at finite T : Fmet = Emet − TSmet > Eins − TSins = Fins

the insulator wins at higher temperatures

Q: mean-field artifact ?
Q: phase-diagram topology for D = 2 ?

– p. 222
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plaquette DMFT

single impurity in a bath

Hubbard

bath
DMFTΣ(ω)

cluster impurity in a bath

Hubbard

Σ(ω) C−DMFT
bath

singlet formation ➜ S(T = 0) = 0
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plaquette DMFT

single impurity in a bath

Hubbard

bath
DMFTΣ(ω)

cluster impurity in a bath

Hubbard

Σ(ω) C−DMFT
bath

D = 2 square lattice:
Lc = 4 (plaquette)

diagrammatic QMC, finite T

smaller Uc

coexistence (different shape)
T > 0: first-order transition

Park, Haule Kotliar (2008)
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plaquette DMFT

single impurity in a bath

Hubbard

bath
DMFTΣ(ω)

cluster impurity in a bath

Hubbard

Σ(ω) C−DMFT
bath

the insulator wins at higher temperatures the metal wins at higher temperatures ?

metal insulator metal insulator?

– p. 223



Mott Transition within the DIA
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dynamical impurity approximation (DIA)

4.6 4.8 5 5.2 5.4 5.6 5.8 6

0

0.01

0.02

0.03

0.04

UcUc1 Uc2

metal insulator

coex.

Tc

U

T crossover

Hubbard model
half-filling
semi-elliptical DOS
W = 4

DIA with ns = 2

➜ qualitative agreement with full DMFT (QMC, NRG)
Georges et al 1996, Joo, Oudovenko 2000, Bulla et al 2001
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DIA - convergence to the DMFT

4.6 4.8 5 5.2 5.4 5.6 5.8
0

0.01

0.02

0.03

0.04

0.05

0.06

N=6
N=4
N=2

L  =6
b
L  =4b

L  =2b

T

U

Hubbard model
half-filling
semi-elliptical DOS
W = 4

DIA with ns = 2

Pozgajcic 2004

➜ quantitative agreement with full DMFT (QMC, NRG)
Georges et al 1996, Joo, Oudovenko 2000, Bulla et al 2001

➜ rapid convergence with increasing ns
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entropy problem

0.0 0.5 1.0 1.5 2.0
0.0

0.5

1.0

1.5

0 0.01 0.02 0.03
0

0.2

0.4

0.6

0.8

1

temperature  T

en
tr

op
y 

 S

TC=0.011

U=5.2

metal

insulator

log 2

Hubbard model
half-filling
semi-elliptical DOS
W = 4

DIA with ns = 2

➜ Mott insulator: macroscopic ground-state degeneracy

➜ Fermi liquid: linear S(T ) = γT + · · ·
– p. 227
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DIA - phase transitions

0 0.1 0.2 0.3 0.4

-2.708
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-2.694

V

 Ω

U=5.2
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0.008

0.010
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0.014
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0.018

0.020

T=0

0 0.1 0.2 0.3 0.4 0.5

-0.010

-0.005

0

0.005
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6.0
5.9
5.8
5.7
5.6
5.5
5.4

5.3

5.1

5.2

5.0

V

Ω
 (V

) 
− 

Ω
 (0

)

T=0

U = 5.2, different T > 0: discontinuous

T = 0, different U : continuous

➜ metastable states
➜ order of phase transitions
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Mott Transition in D = 1
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SFT grand potential
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➜ enhanced t′ compensates for missing inter-cluster hopping

➜ for more itinerant system ( U → 0) stronger compensation necessary

– D = 1 Hubbard model

– L = 1000 − 2000 sites

– energy scale:
nearest-neighbor hopping t = 1

– µ = U/2 (half-filling)

– single variational parameter:

t’ t’ t’ t’ t’
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VCA: optimal intra-cluster hopping
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➜ weak coupling: strong renormalization of t′ vs. small self-energy

– t = 1, µ = U/2

– Ω(t′) ≡ Ω[Σ(t′)]

t’ t’ t’ t’ t’
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finite-size scaling
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➜ VCA: faster convergence

➜ no upper bounds for true ground-state energy within SFT

– t = 1, µ = U/2

– VCA vs. “direct” cluster method
(isolated cluster with Lc sites)

t’ t’ t’ t’ t’

– p. 232



XIV Training Course in the Physics of Strongly Correlated Systems Salerno, October 2010
———————————————————————————————————————————————————————————————˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

VCA: recipe for practical calculations

➜ set up cluster reference system (here: choose Lc, U )
and fix the variational parameters (here: t′)

➜ use Lanczos to get poles and weights of Green’s function

G′
αβ(ω) =

X

m

Qαm
1

ω − ω′
m

Q†
mβ

➜ and the cluster grand potential Ω′ = E′
0 − µ〈N〉

➜ set up M = Λ + Q†VQ with Λmn = ω′
mδmn and V = t − t′

➜ get ωm as eigenvalues of M (poles of the approximate lattice Green’s function)

➜ compute SFT grand potential for T = 0:
Ω(t′) ≡ Ω[Σ(t′)] = Ω′ +

X

m

ωmΘ(−ωm) −
X

m

ω′
mΘ(−ω′

m) .

➜ redo these steps for different cluster parameters
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more variational parameters
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Lc=4
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sites

U=4

– t = 1, µ = U/2

– U = 4

– several hopping paramters optimized
simultaneously

2t’ 3t’ 2t’ 1t’1t’

2t’ 2t’ 2t’1t’ 1t’

t’ t’ t’ t’ t’

➜ variation of optimal t′i less that 10%

➜ significant effects at chain edges

➜ third hopping parameter bulk-like

➜ Friedel oscillations

➜ almost no effect on E0 and ∆
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more variational parameters

pbct’

2t’ 2t’ 2t’1t’ 1t’

1t’ 1t’1t’ 1t’1t’

2t’ 2t’ 2t’2t’

1t’ 1t’1t’ 1t’1t’

2t’ 2t’2t’

➜ hopping parameters not present in original system: almost v anishing

➜ optimal tpbc = 0, no periodic (but open) boundary conditions

➜ optimal hopping = 0, if incompatible with particle-hole symmetry

additional hopping linking chain edges
(boundary conditions)

second-neareast-neighbor hopping
(magnetic frustration)

third-neareast-neighbor hopping
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bath sites

-0.4 -0.2 0 0.2 0.4

-2.57

-2.56

-2.55

-2.54

-2.53

exact

hybridization strength  V

S
F

T
 g

ra
nd

 p
ot

en
tia

l  
Ω

(t
’) 

/ L

Lc=2

Lc=4

Lc=6

Lc=8

ns=2U=4

t’ = t’opt.

t’ = t

ref.sys. J

ref.sys. H

ref.sys. I

➜ I vs. H: optimization of bath sites more effective than hoppi ng

➜ J vs. H, I: bath sites at chain center ineffective

➜ different Lc: larger clusters more effective than optimization

VV

VV t’ t’ t’

V V

V

H

I

J
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local Matsubara Green’s function

0 1 2 3 4 5
-0.2

-0.1

0.0
1.5 2.0 2.5 3.0 3.5

-0.19

-0.18

-0.17

-0.16

Im
 G

lo
c(iω

)

frequency  ω
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  DMRG
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VCA, Lc=2       Lc=4

➜ VCA comparable to C-DMFT

DMRG, C-DMFT, cluster DF: Hafermann et al. 2007

– t = 1, µ = U/2, U = 6

– VCA with ns = 3

– C-DMFT with ns = ∞
(β = 20)

– cluster DF for Lc = 2

(β = 20)

– (dynamical) DMRG:
numerically exact
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Mott Transition in D = 2
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plaquette VCA

single impurity in a bath

Hubbard

bath
DMFTΣ(ω)

Hubbard

Σ(ω) VCA

optimal cluster impurity

parameter
cluster

the insulator wins at higher temperatures the metal wins at higher temperatures ?

metal insulator metal insulator?
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parameter optimization

reference system
for plaquette VCA

t’
t’

t’

t’

V V

V V

t’’

t’’

t’’

t’’

• on-site energies at correlated sites: εc = 0 (particle-hole symmetry)

• on-site energies at bath sites: εb = U/2 = µ (particle-hole symmetry)

• t′′: optimal value small, |t′′opt| < t/25 (t′′ irrelevant for Lb → ∞ )

• t′: optimal value t′opt = t + ∆t′opt with ∆t′opt < t/10 (t′ = t for Lb → ∞ )

• setting t′ = t and t′′ = 0 ➜ change of Vopt < 1%, Ω essentially unchanged

➜ one-dimensional optimization of V sufficient

• critical interaction:
Uc = 5.79 with V, t′, t′′ optimized simultaneously (downhill simplex)
Uc = 5.79 with V optimized only

• DIA (ns = 2): Uc = 11.3

DMFT: Uc = 11 Zhang, Imada 2007, Uc = 12 Gull et al. 2008
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SFT functional
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variational parameter  V

Uc

D = 2, n = 1, T = 0

VCA, Lc = 4, Lb = 4

physical states:
Ω(V ) = min, max

small Vopt: insulator

large Vopt: metal

coexistence:
4.6 ≈ Uc1 < Uc2 ≈ 6.35

first-order transition
at Uc = 5.79 (T = 0)

hidden critical point
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Gloc(iω) and ΣK(iω) at U = 5.8
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➜ third, metastable solution is metallic
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physical quantities in the coexistence range
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hidden critical point scenario

metal Mott insulator metal Mott insulator

metal Mott insulator
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