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MOTIVATION

e perturbative Quantum field theory (pQFT):
S(V) = ex il y v—iis(")(v%
= pT i n T - rar n! .

LSZ . e . :
= Transition probabilities in collisions of elementary particles.

BUT: supp(F) Nsupp(G) # 0 = F -1 G ill-defined.

Epstein-Glaser renormalization: One way to give sense to
V -1 V (at least for local interaction functionals V).

Other renormalization schemes like BPHZ or DimReg+MS,
are often performed in spaces of Euclidean signature.

Motivation for Euclidean EG: Connection to other schemes.
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OVERVIEW

© REVIEW: EG IN MINKOWSKI SPACETIME (PAQFT)

© EPSTEIN-GLASER IN EUCLIDEAN SPACE

© SuMMARY AND OUTLOOK
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The Wave Front Set

THE WAVE FRONT SET

u: 2(R") — C: distribution.

SINGULAR SUPPORT

€ COO(uX)}

singsupp(u) := {x ER": PU>x: u

WAVE FRONT SET

Vf : Fourier transform fu does
not decay rapidly in direction k

WF(u) = {(X, k) € T*R" : x € singsupp(u),
MICROLOCAL ANALYSIS u,v € &'(R"), D: differential operator
WF(Du) ¢ WF(u) € WF(Du) U Char(D)

0 ¢ WF(u) @ WF(v) = Fu-ved(R").
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The Algebra of Observales and the Quantum Product
The Time Ordered Product and the Renormalization Problem
Epstein-Glaser “in a nutshell”

Review: EG in Minkowski spacetime (pAQFT)

PAQFT: THE ALGEBRA OF OBSERVABLES

QUANTUM PRODUCT [BRUNETTI, DUTSCH, FREDENHAGEN, ... 1996-2009]

F(M) := {F :EM) — C: F(")(SO) € &' (M), [WF(F(H)(SD))L A (ﬁn an) _ (])}

@ contains field monomials: F(p) = 4 [ dx (¢ (x)* f(x), f € 2(M)
(M

@ local interactions are a subset F..(M) C F(M).

QUANTUM PRODUCT ON F(M)[[A]]

Fap G = i ZT <F<">, A9G)
k=0

A : positive frequency part of causal propagator A = Aot — Angy-

(O4+m*)AL =0

o F % G well-defined (as formal power series in 7).
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The Algebra of Observales and the Quantum Product
The Time Ordered Product and the Renormalization Problem
Epstein-Glaser “in a nutshell”

Review: EG in Minkowski spacetime (pAQFT)

PAQFT: THE TiIME ORDERED PRODUCT

RENORMALIZATION PROBLEM

TIME ORDERING OPERATOR

1
T:=exp(hla,), Ta,:= 2/dx dy Ap(x —y)

52
dp(x) d(y)
INDUCED PRODUCT:

FOD[A T FOD[H] .
L gl apes)
n=0

F(M)[[R] —— F(M)][A]

o | (O+m?)Ar=is = WF(8) € WF(AF)

e F -1 G ill-defined if supp(F) Nsupp(G) # 0
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I . . . . The Algebra of Observales and the Quantum Product
Review: EG in Minkowski spacetime (pAQFT) The Time Ordered Product and the Renormalization Problem

Epstein-Glaser “in a nutshell”

PAQFT: EPSTEIN-GLASER “IN A NUTSHELL”

CAUSALITY supp(F) "later than" supp(G) = F -7 G =F x; G.

EPSTEIN-GLASER-INDUCTION Fy, ..., Fp € Fioc(M)[[A]],
then S("(Fy ® --- F,) can be defined up to Diag(M").

SCALING DEGREE Let t € 2'(R9), then

sd(t) = inf {w ER: fim 3ty = o} () = /Rd £(Ax) F(x) dx

THEOREM (BRUNETTI, FREDENHAGEN 2000)
to € 2'(R9\ {0}) with scaling degree sd(ty) w.r.t. the origin,

o sd(tg) < d = 3! extension t € 7'(RY) of ty: sd(t) = sd(to).
o sd(tg) > d = 3 extensions t € 2'(R?) of ty: sd(t) = sd(to),
uniquely defined by values on a finite set of test functions.
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What is gained / lost?

Partial Algebra of Functionals
Epstein-Glaser in Euclidean space Euclidean Epstein-Glaser recursion

Extension to the whole space (Example)

EUCLIDEAN FRAMEWORK

WHAT IS GAINED / LOST?

“WICK ROTATION” (Xo,Xl,XQ,X:),) — (el, €, €3, 6‘4) = (I'Xo,Xl,XQ,X:J,),

=3¢ —x5—x53— — (el + &+ €5+ ¢€)

O4 m? — —A + m?
@ Calculations become easier: absolutely convergent integrals, ...

© Causal structure is completely lost
o Helmholtz operator (fA + m2) is elliptic,
hence it has a unique fundamental solution P:

(-A+m*)P =345 = WEF(P) = WF(4)
= Euclidean Epstein-Glaser recursion needs to be performed

with only one fundamental solution, i.e. one product,
which is generally ill-defined.
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What is gained / lost?

Partial Algebra of Functionals
Epstein-Glaser in Euclidean space Euclidean Epstein-Glaser recursion

Extension to the whole space (Example)

PARTIAL ALGEBRA OF FUNCTIONALS

EucLIDEAN TIME ORDERED PRODUCT

F(E) = {F L&) = C:¥neN: FiI(y) e g’(E”)}

EUCLIDEAN Tg-OPERATOR

2
Te = exp(hl'p), Mp = /dX dy P(x —y) 580(X;55<P()/)

INDUCED PRODUCT
®2

FE)I —— FE)[ -
Mi iy l FEG:;MF(”’?P@”GW

F(E)[[7]] F(E)[[A]

’WF(p) — WF(3) \ =  F-£ G ill-defined if supp(F) N supp(G) # 0
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What is gained / lost?

Partial Algebra of Functionals

Euclidean Epstein-Glaser recursion
Extension to the whole space (Example)

PARTIAL ALGEBRA OF FUNCTIONALS

Epstein-Glaser in Euclidean space

THE PARTIAL ALGEBRA

LEMMA (PARTIAL ALGEBRA OF FUNCTIONALS)

(F(E)[[R]],-E) is an associative, commutative partial algebra, i.e.
o F g G is well-defined if supp(F) Nsupp(G) = 0,

@ the product is associative and commutative, if defined.

SKETCH OF PROOF
o Well-definedness already discussed.
e Commutativity readily follows from symmetry of P(x — y).

e Associativity. F, G, H € F(E) with pairwise disjoint supports.
Calculate:

F-e(G-eH)=(FeG)gH.
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What is gained / lost?
Partial Algebra of Functionals
Epstein-Glaser in Euclidean space Euclidean Epstein-Glaser recursion
Extension to the whole space (Example)

EUCLIDEAN EPSTEIN-GLASER RECURSION

EUCLIDEAN CAUSALITY

@ Associativity of - gives sense to notion of n-fold products

Er(Fi®---®F,) == Fi-g--—-eFn, Vi, j: supp(Fi)Nsupp(Fj) =0

CONDITION (EUCLIDEAN CAUSALITY)

Let | C {1,...,k} with complement I £ (), F1,..., Fix € Fioc(E).
If then

Viel,jel: supp(F;) Nsupp(Fj) =0
it should follow that

E(Fi® - ®F) = E|/|(® Fi) e E|/c|(® F;)

il jele
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What is gained / lost?

Partial Algebra of Functionals

Euclidean Epstein-Glaser recursion
Extension to the whole space (Example)

Epstein-Glaser in Euclidean space

EUCLIDEAN EPSTEIN-GLASER RECURSION

INDUCTION PROCEDURE UP TO THIN DIAGONAL

INDUCTION BASIS For F, G € Fioo(E)[[R]] let

1, EB(F)=F, E(F®G)=FG.
INDUCTION HYPOTHESIS Let Vk < n the maps Ex

o be well-defined on the whole EX
@ be symmetric

o fulfill Euclidean causality.

Let Ej fulfill the induction hypothesis Yk < n, then the n-fold
time-ordered product E, is uniquely defined for all functionals
YA ®--® F, € F(E)[[A]] with

supp (D F1 @+ ® Fy) N Diag(E") = 0.

@ Apply theorem on the extension of distributions.
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What is gained / lost?
Partial Algebra of Functionals
Epstein-Glaser in Euclidean space Euclidean Epstein-Glaser recursion

Extension to the whole space (Example)

EUCLIDEAN EPSTEIN-GLASER RECURSION

INDUCTION PROCEDURE UP TO THIN DIAGONAL

SKETCH OF PROOF (follows [Brunetti, Fredenhagen 2000])
o Define cover {U,},c; of E™\Diag(E") consisting of open sets
U ={(e1,...,en) € E"\Diag(E") : ei #£ e;Viel, jel}
@ On U, define

E,!,(F1®..-®Fn) = E\/\(®FI)E E‘/¢‘(®FJ)

iel jele

They have the sheaf property: Ef”U,mUJ = Efﬂu,muj

o Take partition of unity {ay},c; subordinate to {U;},.7 and set

E(FL®- @ F)=> (E) (R® o F)
leT | |
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What is gained / lost?

Partial Algebra of Functionals
Epstein-Glaser in Euclidean space Euclidean Epstein-Glaser recursion

Extension to the whole space (Example)

EXTENSION TO THE WHOLE SPACE

EXAMPLE

£6) F(e) = g1 [ 0(x)>f (x)dx
@ G(p) = 71 [ e(x)*g(x)dx
G H®) — 1 [ o(x)*h(x)dx

@ The corresponding unrenormalized amplitude is given by:
/E3 dxdy dz (P(x = y))* (P(x = 2))* P(y — 2) f(x) g(v) h(2)

You are kindly invited to focus your attention to the blackboard.
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Summary and Outlook

SUMMARY AND OUTLOOK

o Epstein-Glaser renormalization can be performed on Euclidean
space, without the x;-product structure.

o Leads to a purely algebraic construction of the
Schwinger functions of EQFT.

OPEN QUESTIONS

@ Can the renormalized time ordered product - yren be defined
directly as a full product on the algebra F(M)[[%]]?
o properties? particularly: associativity.
@ Relation of Epstein-Glaser to other schemes,
to the BPHZ scheme in particular.

e combinatorics well understood.

o BPHZ seemingly subtracts more terms.

o checked in examples: additional subtractions cancel among
each other. (independently: [Scheck, H3uBling, Falk 2009])
...to be proven in general.

Kai J. Keller Euclidean Epstein-Glaser Renormalization



