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Motivation and Setup

In this talk, we shall be interested in the following problem: consider (for
concreteness; watch out for Final Considerations)...

9 A scalar field ¢ € €°°(.#) in a globally hyperbolic spacetime (.#, g), and

@ Two (1st-order) action functionals

Slol = | /Taetalaldxi(x.o0x).0"0(). i = 1.2

with (semilinear, strictly hyperbolic) Euler-Lagrange derivatives

0% 0%

Siwle] = Vogvie 99

such that S, = S is quadratic (“free”) and

S1— S = AF(h)= X[, \/|det g(x)|dxh(x)Lin(x, ¢(x), D Lp(x)) with

he 62 (A) ( spacetlme cutoff” |nteract|on term), A >0 and F(h)@)[¢]
depends pointwise on ¢ and at most its first derivatives V¢, with
F(h)w[0] = 0.

We want to...
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Main Goal & Definition
Prove the existence of a map rs, s, : €°° (M) — € (M) such that

S1(1) Ors,s, = 52(1)a (1)
rs.5(0)(x) = é(x),x ¢ J"(supph). )

We call rs, s, the retarded Mgller operator of S; w.r.t. S;.

9@ When acting on solutions of S,1))[¢] = 0 rs; s, can be seen as an
intertwiner of (on-shell) covariant phase spaces or, equivalently, as the
solution of a “covariant” Cauchy problem. Moreover, it formally satisfies
rss=1and rs; s, = rs;.s, O Is,.5;.

9 (1)—(2) also mean that rs, s,(¢) solves an inhomogeneous (off-shell)
nonlinear hyperbolic PDE with prescribed initial conditions in the past of
supph = very few rigorous well-posedness results exist!

@ rs, s, appears naturally in the context of perturbative algebraic QFT
(Dutsch—Fredenhagen CMP’03, Brunetti-Fredenhagen arXiv:0901.2063,
Brunetti-Diitsch—Fredenhagen arXiv:0901.2038), where h plays both the
role of an IR regulator and of a localization for the algebra of perturbative
interacting fields.
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Coupling as an off-shell flow parameter = Main Claim

@ It's clear that rs; s, exist on shell whenever local well posedness for
Siw[¥] = (S + AF(h)) @[] = 0 in a ngb. of supph holds. More in
general, in the future of supph (1) tells us that 1) = rs, s,(¢) — ¢ solves
Sw)[Y] = 0 = finding rs, s, boils down to finding it locally!

@ Differentiating (1) w.r.t. X leads to

(Say+AF(h) 1) Plrsiary.s(@)]o dd)\rs+AF s(@)+Faylrsearmy,s(@)] = 0.
(3)

Now invoking (2) and applying the retarded fundamental solution
A5R+/\F(h)[r5+,\p(h),5(¢)] of the linearised Euler-Lagrange operator

(S + AF(h)3)[rs xr(ey.5(¢)] around the background rs. s s(¢) to the
left of both sides of (3) (notice that no other choice is possible!), we get

di)\rSHF(h),s(Cb) = =D& armlrsiarm.s(@)] o Foy(M)rsiarm,s()], (4)

which shows that ¥(\) = rs;ar(n),s(¢) is the unique solution of the flow
equation (4) with initial condition ¥(0) = ¢.
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@ Formally integrating (4) w.r.t. A on both sides and using the initial
condition above, we arrive at

A
rssar(n),s(@) = ¢—/0 AN AL ks ey, s(@)]oFay(M)rsea ey, s()]-
(5)

@ We could keep proceeding formally by using (4) and write rs  xr(),s(9) as
a formal power series of (n-fold) retarded products [Diitsch—Fredenhagen
ibid.]; however, our nonperturbative aim is achieved by looking at the map

P(A) = ¢(A) = 9(A) +/0 AN AL e[ )] 0 Fay (W[N], (6)

which just defines the inverse rg-:AF(h),S of rsiar(n),s-

Main Claim

The map (6) is invertible in a neighbourhood of zero in €*([0,A], €°°(.#)); its
inverse satisfies (1), (2).
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Towards a proof of Main Claim

Nash—Moser—Hérmander theorem
Tame differentiability
End of proof

9 It feels tempting to apply a fixed-point strategy to (1); however, our
argument will show that this path is not tenable off shell!

@ The central step in our proof is to obtain a priori estimates on A§+/\F(h) [¥]
in terms of both the linear and the nonlinear (background) arguments.
These are essentially refined energy estimates for 5((11)) + /\F(h)EB which
state explicitly their dependence on the latter's coefficients, and were
originally obtained by Klainerman [Klainerman '78-'80-'82].

@ From now on, for the sake of pedagogy we shall set
(A ,g) =RY15 (x® = t, x). Suppose that there exist 0 < T such that
supph is contained in the interior of the slab {(¢t,x):0 <t < T}, and
define the energy norms

[¥llex = sup [[9(t', )l jwn + sup_ [|9:(t, )]l o0 -
/€0, T] x t’€[0,T] x
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Proposition

For ¢,0¢ € E*° = {9 : ||¢||gx < +00,Vk > 0} we have

1A% xrn[816¢lle0 < C sup |56,z ()
t’€[0,T]

1A%, xris (91301 e < C <||6¢||Em + s IBEG(E, .)|%¢||6¢||Eo) k> 1,

(8)
where C is a constant which depends only on k,d, T and ||¢

€1 (Supph) -

@ Applying Sobolev inequalities and Schauder estimates to the spatial €%
norms of (hF((ll)))(t/7 .) in (8), we arrive at

1A Ar(r [2168llex < C' (166l ge—r + 161l eirspag 100 ]e0),  (9)

where [s] gives the integer part of s.
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Nash—Moser—Hormander iteration scheme

Nash—Moser—Hérmander theorem
Tame differentiability
End of proof

@ A variant of the argument above shows that one loses 1 4 [¢11]
derivatives at each iteration when trying to solve (1)—(2) by a fixed-point
method. This phenomenon has no on-shell counterpart.

@ Alternative: use a Newton iteration scheme = if it converges, it does it
superexponentially; not the case here, again due to loss of derivatives.
This can be fixed by applying suitable smoothing operators that make a
“multiscale” decomposition of momentum space at each iteration step.
The result is the celebrated

Theorem (Nash—Moser-Hormander)
Let ®: % CE®N{y:|[vb —tollen < R} — E>®, p €Z +, R > 0 be twice

Gateaux differentiable satisfying for all k > 0 the tame estimates

|P()|lex < C(1+ ||| ghin ) for some rg > 0, (10)

1" (¥)(6¥)lex < CUL + [[llgesn )I0%lest + [16%]| grvs ] for some 1, 1 >(0,)
11

o
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Nash—Moser—Hérmander theorem
Tame differentiability
End of proof

107 ()19, 02v)lex < CLA+ Yl e 1019l 1020 | g + 10130 |2 1029 vy

—+ ||611/J||Ek+t2 ||621/J||ESQ], for some rn,s,t > 0, (12)

and such that for all ¢ in # C {¢ : || — vollgr <R’} W €Z+, R >0
there is a right inverse V(1)) to ®’(¢)) w.r.t. the linear factor satisfying for all
k > 0 the tame estimates

W' ()69 lex < CIL+ [[9ll grssn )10%] g1 + [16%] grny ] for some a1, by > 0.

(13)
Then, for all k sufficiently large, there is a Rx > 0 such that for all ¢ € E*
fulfilling ||@|| gx+6, < Rk the equation ® (1)) = P (1) + ¢ has a unique solution
1 = 1p(¢) such that [[1)(¢) — tollgk < R”||}||gris, - In particular, if ¢ also
belongs to E*°, so does ().

In our problem, we take 1o = 0 and add a dependence in .
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Tame (Gateaux) differentiability of AS+)\F NG

Nash—Moser—Hérmander theorem
Tame differentiability
End of proof

To check that &, fulfills the hypotheses of the Theorem, first we collect some
following formulae coming directly from the definition of a fundamental
solution [Diitsch—Fredenhagen ibid.]:

ALY [01(00) = A xrw W] 0 F(W) D100, ASsrml¥]), (1)
1
(;_)\AEJr)\F(h) [v] = =A% xrml] 0 F(h)EB[w] o A xrn Y], (15)

AL i [B)(011), 820) =
= A8 arml] 0 FRE 016, A xrinl]) o F(R)E (026, A xrin 1)+
+AS s r 0] 0 F(M)E (020, AL srn[¥]) 0 F(h)3) (190, AL arn ]+
— A8 ar ] 0 F()3 (019, 0200, A xr sy [¥])- (16)

Equation (15) shows in particular that ASRMF(h)[zp] is strongly differentiable
(hence strongly continuous) in A, thus allowing all the computations we need.

PLR Local retarded off-shell intertwiners



TR EEER Nash-Moser-Harmander theorem
The actors

Strategy towards a proof Tame differentiability
N R End of proof
Conclusions and perspectives

Tame estimates for iteration map, end of proof

From (14) and (16), one get the following formulae for the first two derivatives
of the iteration map @, (6):

O\ ()(81) = S+
+ / A (A8, rmlv] o FNGI6%) + A8 r [W16%) 0 F(h)w [
(17)
A
S(w)E.dav) = [ A (ALl o FAI6N 0. 5200+
+030, £ [1019) 0 F(h)D61(620) + AZD, p o [81(021) 0 F(h) ] (616)+
FASR, oy [, 820 0 F(h)n)[4]) (18)

where ASM,F n[¥] and ASM,F [¢] are respectively given by (14) and (16).

Notice that f5 d ) (1), seen as a I|near map acting on 1) for fixed 1), doesn't
lose derivatives, due to the fact that the assumed loss in F(h)y) is exactly
compensated by the smoothing effect of A';M,F(h) [¥].
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Nash—Moser—Hérmander theorem
Tame differentiability
End of proof

The Proposition, together with Schauder estimates, show that ®, satisfy
the tame estimate (10) with ap = [£f2] + 1 for
SUPy/c[o,A] ||¢(X)HE[%]+1 < R, thatis, p=[42] + 1.

Formulae (17)—(18) show that &' (1)(5v) and &5 (1) (512, d21p) fulfill
resp. the tame estimates (11) and (12) with n = r, = [£f] +1 and
si=S=t=1.

Finally, due to (15) and the remark following (18), -5 ® (%) is a bounded
and uniformly strongly continuous (in \) linear map = ®% (v/) be inverted
by means of a Dyson series. lterating the tame estimate for %d)&(zp]),
together with the argument for the convergence for the Dyson series,
leads to the tame estimate (13) with a1 = [£22] + 1, by = 1 and

p' = [2452] + 2 for the right inverse.

Now... Just plug in the data above, run the “Nash—Moser—Hormander
machine”, and we get local existence and uniqueness of rs.\r(y),s in E*°.
The intertwining relation (1) shows that actually rs xr(),s(¢) € € for
pEeC™. O
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Coda: final considerations

@ We've shown the existence of rs; s, for “sufficiently small” field
configurations around a given one. This latter condition can be controlled
in general by adjusting A (coupling strength) or supph (lifespan).

@ If the Cauchy problem for Sy(1y[1/] = 0 is well-posed in the large, one can
use the composition property of rs, s, to remove the cutoff (i.e.
dependence on h) = probably impossible off shell (?)

@ We illustrated our strategy for the case of a scalar field in RY“~!, but the
argument carries through for arbitrary sections in any globally hyperbolic
spacetime = one has a local energy estimate of the same form as (7)—(8)
by combining Klainerman’s argument with the estimates in [Hawking—Ellis
'73]; only the control of the extra error terms due to curvature and the
absence of Killing fields is more cumbersome.

@ The more general quasilinear case (e.g. general relativity) seems to pose,
however, some new difficulties, and it'll be the aim of further scrutiny.
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