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Cosmological scenario: geometry

» Physical input: Universe is homogeneous and isotropic.
Then FRW metric:
dr®

2 2 2
_ — t e —
ds dt® + a(t) <1 2

+ r2dz2> .

k = 0 flat, K = +1 open or closed.

> recent observation: a(t) ~ Ce", and k ~ 0.

Solutions that have the FRW form.
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Cosmological scenario: matter

» We model T, with a perfect fluid
T.p = pusup + P(gab + uaub).

Homogeneity and isotropy = u = %, p(t) and P(t)

» Einstein equations become FRW equations H = 2a~!
3k
3H? = 8mp — s (1)
3H 4+ 3H? = —4x (p + 3P) (2)
» Type of fluids: P = wp and conservation equation
> Radiation: w =1, pr ~ a(t)™*
> Dust: w =0, pm ~ a(t) ">
» Cosmological constant: w=-1 on=C
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Cosmological scenario: observation

» If we use this to model the present day observation:

» Radiation is not important.
» We look for a mixture of pps and pp

» To model CMB and Supernovae red-shift observation:
We have a problem
Energy density: ~ 70% Dark Energy, ~ 30% Matter.

Known matter: only ~ 4%.

> Let's try to see the role of quantum effects.

Nicola Pinamonti

Semiclassical Einstein equations: A solution with implications in cosmology7



Gravity: semiclassical approximation

We would like to have a quantum theory of gravity.
Too difficult.

At least we would like to have a theory of backreaction.

vV v v VY

We try semiclassically.

Gap = 8m(Top).

v

It should work in some regimes. As in atomic physics:
quantum mechanical electron with external classical field.
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Range of validity of semiclassical approximation

» A complete satisfactory semiclassical description is impossible.
(quantum matter is a source for gravity).

» It should be valid whenever quantum fluctuations are
negligible.

» In some model it is unavoidable: Particle creation.
(Ex: black holes radiates)

Are there quantum effects that can be seen?

How is modified the vacuum energy?

How can be treated the backreaction effects?

Is it a small effect?

What implication has the quantum origin of matter on the
solutions?

vV vy vy VvVYy
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Wald Axioms

In QM T, are singular objects (T,5) — oc.
We need a renormalization prescription for T, on CST.

Wald axioms = meaningful semiclassical approx.
[Wald 77] [Wald 78]

.) It must agree with formal results for T,
1)1 ith f | Its for T,
(For scalar: (®, T,,V¥), can be found formally if (¢, V) = 0).

(2.) Tap should be normal ordering in Minkowski
(3.) Conservation: V(T,,) =0

(4.) Causality: (T,p) at p depends only on J~(p)
(5)

T,p depends on derivatives of the metric up to the second
order (or third).
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Nice Environment

Problem:
How can we treat matter without fixing the spacetime?

» We can quantize simultaneously and coherently on all
spacetime. [Brunetti Fredenhagen Verch 2003].

» Quantum Fields are particular observables that transform
suitably under isomorphisms.

» We need another ingredient: reference states on every
spacetime.

» Einstein eq.

» Einstein: consistency criterion.

» Selects particular elements of the category of local Manifolds
and of then of local Algebras.
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What we need to search in a quantum theory

Instead of considering FRW equation we use the following.

~R=8nT, VT, =0

» Up to some initial condition this is equivalent to FRW.

> We get
C 3k
2 _
3H* =8mp+ 87ra—4 -
C is fixed knowing the whole T,p.

» But it is simpler to perform quantum computation.
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Fields, Tensors

Matter: Scalar free field theory

Equation of motion
P=-0O+&R+V, Py =0

We will be interested in the case V = m? and ¢ = 1/6.
Stress Tensor:

1
Tab = 0:0066 — =8ab (0000 + V§?) — £V (,0p)0°

6
Differ by the usual one by terms of the form ¢P¢ [Moretti 2002].

+& <Rab - Rgab> ¢* + <§ — é) gap0°.
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Fields, Tensors

Remarks on T,
» Trace )
T=-3 <6—§> O¢? — V¢?

where we have used ¢P¢ = 0 to simplify.

» Conservation equation
a 1 2
Val®s = -3¢ OV

» Classical Ambiguity: ¢pP¢ =0

Tip = Tab + Cgap (9P + Po)

» T, can be written by means of balanced derivatives and
derivatives of the field ¢?
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Fields, Tensors

Quantum field theory

v

QFT described by n—point functions.

v

Quasi free states w described by the two-points function

wa(x,y) = (#(x)¢(y))
thought as distribution in D'(M x M).

T,p arises as an operation on wy and a coinciding point limit.

vV Vv

It is not well defined...

v

Quasifree states that possess Hadamard property
[Radzikowski 1995] [Brunetti Fredenhagen Kéhler 1996]

WF(w2) = {((x1, k1), (x2, ko)) € T*M?/{0} : —P,kp = ky > 0}

» Physically: The fluctuations of the field are always finite on
Hadamard states.
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Fields, Tensors

Hadamard Two-points function

1 u
wgzw ;+VIOgU€+W .

» u v w are smooth functions,

» u depends only upon the geometry via g,p
» v depends upon gsp, £ and V
>

w characterizes the state.

Some notations: o half of the square of the geodesic distance

v=> vy [v](x) = v(x, x)

The singular Structure H is fixed and does not depend on the state.
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Fields, Tensors

Regularization of the two-points function
Quantum Problem. Regularization with point splitting procedure
<: ¢(X)¢(y) :>w = W2(X7y) - H(Xay)

It reduces to normal ordering for flat spacetime.
[Hollands Wald, Brunetti Fredenhagen Verch, Moretti]

2 (: 9P ), = 6[w1], 872(: (V20)(P9) )0 = 2V.J[vi]
The conservation equation are satisfied also quantum mechanically
1[w]
2872

but unfortunately the trace is different from the classical one.

(T = 28[:2] + (—3 (é - g) 0- m2) é::l

1
V(e T )y = —§<: ¢ YwOpV = - 0pV
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Fields, Tensors

Some computations.......

1 . .. R2 1 1 2
2l = 355 <CkaIC”“ +RRY = o+ DR) +2 <6 - 5) R+

m* 1/1 ) 1 /1

Nicola Pinamonti

Semiclassical Einstein equations: A solution with implications in cosmology18



Fields, Tensors

Remaining freedom
In the trace cOR. Wald's fifth axiom does not hold!

» We can add conserved tensors t,, build by curvature only.
» It must behave as T, under “scale” transformations.
» Some possibilities arises form the variation of

J
tp = (Sgabc/\/gR? + D/\/ERabRab
t;? = aR
We use this freedom to cancel the R term from (: T :).
Wald's fifth axiom partially holds for (: T7, :) = (: T,p 1) — ctap

\ A 4

f(R) gravity .....
NB: t,5 alone does not guaranty stable solutions.
[Cognola Elizalde Odintsov Zerbini 05, Cognola Zerbini 06]
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Fields, Tensors

Equation of the universe

Assuming k = 0, we write the equation —R = 8w (: T :) as follows
i 2 1 2 2
—6<H+2H ) =8rG (—3 <6—£>D—m > (: 6" Dt
P (HH2 + H4> vo(: ¢ (H2 +4H2H+4H4)

7r 30
LG (L c—¢ (H+2H2)
T\ 4

If £ =1/6, namely for the conformal coupling it simplifies a lot:

6 (H + 2H2) = —81Gm?(: ¢ :>w+% <—30 (HH2 + H4> + 44>
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Fields, Tensors

Conformal invariant theory
If £ = %, m? = 0, the equation does not depend on the state.

: H?
H<H2—2C> = —H*+ H2H?, —180Q
H = H? and H? = 0 are solutions (de Sitter, Minkowksi).

They are both stable as seen by the general solution

H + H, |*/He

4t _ 1/H
Ce e +‘HHC

> It is as in the Starobinsky model but now with stable de
Sitter. [Starobinsky 80, Vilenkin 85]

» H = H_ is order of magnitude to big to describe the present
expansion velocity of the universe.
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Fields, Tensors

For H. = 5. Clearly H = Hy and H = H, are stable solutions.

NN
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Fields, Tensors

Massive model

The state enters through (: ¢ :). Choose (: ¢?:) = A — BR
H(H? — H3) = —H* + 2HZH> — M
where Hy and M are two constants with the following values

> _ 1807

1
HZ c B M= — 2t 4 24022 A

2

If 0 < M < Hg, two fixed stable solutions (de Sitter phases)

H: = Hg £/ H3 — M,
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» H_ can be made small by suitable choices of m? and A, B

» It models dark energy. (T in general is not 0 )
» Smooth exit form rapid expansion in the past. [Shapiro Sola 02]
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State Dependance

Massive models and adiabatic vacuum (: ¢? :)

On dS Bunch Davies state gives the expected result for (: ¢ :).
[Parker, Parker and Fulling, Liiders Roberts, Junker Schrohe, Olbermann]
We consider the following conformal transformation

__ 8ab . dt 17
Vab* a(t)2) T/a(t) ¢*a ¢
—Dvg—i- a(r)’m?¢ =0
Hadamard states remain Hadamard under conformal
transformation.

[Fl] __k log a
a2 18 &
The general solution can be expanded in modes:

¢ = /d3kae”‘Xf(k)

—[Hl +
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State Dependance

Two-points function
The two-points function of the adiabatic vacuum state:

wa(x1, X2) Z/d3k7_l<(7'1)7_k(7'2)eik(xlX2)

i (T Q
elftO kdT

(ﬁTk _?ka) =i WHKB approximation Ty(7) = SV,

Then Q must satisfy the following equation

3 /N2 1!
2 _ 12 2 2 2 2tk 2%k
0} = k* + m?a(7) +4<Qk> T

Recursively QS(O) = k2 + m?a(7)? and QS("H) plugging QE(") on the
right.

~ 1 1
(9% ) ~ /dkk2 (m(k,,) - 295(0)) +a(7)? log(a(7))+a(7)*C(m?)
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State Dependance

Approximation

Transforming back to the original spacetime

R 1 1 1
2 =C(m?)— —+ = [ dkk? [ —= — —=

» 0-order O.K.

» l-order already a problem!
& 1 1
lim / dkk? —5 | =0
m—o0 Jg 20, 20,

The first approximation with a constant in not so bad. ok!

> 7

Nicola Pinamonti

Semiclassical Einstein equations: A solution with implications in cosmology27



Summary
» Semiclassical solution of Einstein equation.
» The solutions depend on the quantum states.

» The de Sitter phases could be stable only by modifying the
ren. prescription.

Open Questions

» How can we choose a nicer state?
» Fluctuations?
» Inflation?
» Connection with f(R) gravity?
» Origin of R? terms in the action? An hint on quantum
gravity?
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First order approximation

/ i (=) =
0 20, 20,

o0 1
a?m? / dwvVw? | 1—
1

1_ (32)// 5 (31)2
4a4w4m2 4 24wOm?2
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We use the Q4" (to) and Q\")(t0) as initial condition for S{").
wgn)(X17X2) — /d3k5£n)(T]_)S/En)(TZ)eik(Xl_)Q)

w(" adiabatic state of order n.
In fact: Be wh' the two-points function of an Hadamard state then

WS (WS —wh) =0 s < 2(n) +3/2
If nis large enough this condition says that
wgn) — wg’ e H®
Then, for Sobolev imbedding theorem, if s > 3/2 (n>1) it is in

co(0).

(p? )~  lim <wén) — ﬁ) (x,y)

(y)—=(xx)
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X,y are on the same t = ty surface.

_ 0o kZeik(X—y)

H(Xay) = 0 dk \/m - 3(7’)2 |Og(3(7’)) - 3(7')2 C(mz)

C(m?) = (% (log(m?) + 27 + 1))

~ 1 1
(%) ~ /dkk2 (295(”) — 299) +a(7)?log(a(7))+a(r)>C(m?)
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