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Preface

This thesis covers most of my work in the field of Bose-Einstein condensa-
tion. It contains several different topics: quantum kinetic theory for describing
Bose—gases at finite temperatures, the Bose-Hubbard model and its realization
with neutral atoms in an optical lattice, and different ways for implementing
quantum computations with neutral atoms in optical lattices and magnetic
microtraps. I did all of those works in collaboration with Prof. Peter Zoller,
Prof. Crispin Gardiner, and Prof. Ignacio Cirac. I did most of the work at the
University of Innsbruck, during a research visit at the Victoria University of
Wellington in New Zealand in the beginning of 1998, and while I was staying
at the Institute for Theoretical Physics (ITP) in Santa Barbara in the summer
of 1998. During my stay in New Zealand I completed the work on quantum
kinetic theory. In Santa Barbara I mainly worked on the Bose-Hubbard model.

The thesis is divided into four parts. The first part contains a general
brief introduction to the field of Bose—Einstein condensation in dilute gases.
I also give a list of references which contain all the details. In the second
part I first present the basics of quantum kinetic theory, then a publication
mostly dealing with the fluctuations of a condensate in its stationary state
is reprinted. In the third part, after a short introduction, I present a pub-
lication on the Bose-Hubbard model and its realization using neutral atoms
in optical lattices. Some details on the Bose-Hubbard model and on optical
lattices that were left out in this publication complete the third part of my
thesis. In the fourth part, again after an introduction, three publications are
presented. The first shows how neutral atoms in optical lattices may be used
to perform quantum computations. The second publication demonstrates how
to implement two—qubit gates with magnetic microtraps and in the third pub-
lication the ideas of the other two publications are extended. It also shows
how parallel quantum computing, error correction schemes and fault—tolerant
computing can be implemented. However, some of the contents of the third
publication is also contained in one of the preceding two publications. Some
details left out in the publications complete the fourth part of my thesis. Each
chapter of this thesis has its own bibliography. The abbreviation BEC is used
for Bose—Einstein condensate as well as for Bose-Einstein condensation.
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Chapter 1

Bose—Einstein Condensation
(BEC)

1.1 Introduction

Bose-Einstein condensation (BEC) predicted by Einstein [1] and Bose [2] in
1924 was first observed in alkali atomic vapors in 1995. In contrast to much
older experiments with Helium where strong interactions between the parti-
cles wash out the effects expected due to BEC the relatively weak two—particle
interaction in dilute alkali gases allows the study of properties of BEC experi-
mentally. Those experiments and the possibility of a theoretical description of
weakly interacting bosonic systems starting from fundamental quantum me-
chanics has stimulated a lot of experimental and theoretical effort towards a
deep understanding of BEC.

Experimental efforts to create BEC in dilute gases started over 15 years
ago [3]. The first experiments concentrated on using atomic hydrogen H to
obtain BEC. However, mainly the large rates for inelastic collisions in H [3]
prevented these experiments from succeeding for a long time. It took until
1998 before BEC was reported in H by T.J. Greytak’s and D. Kleppner’s
group [4]. Three years earlier the first successful experiments on BEC were
performed by C.E. Wieman’s and E.A. Cornell’s group with a dilute sample
of magnetically trapped 8"Rb atoms [5]. Soon afterwards W. Ketterle’s group
succeeded in producing a BEC using 2Na atoms [6]. In both experiments the
s—wave scattering length was positive, i.e. the particles interacted repulsively
with each other. In contrast, also in 1995 R.G. Hulet’s group was able to
produce a condensate using “Li with attractive interactions [7]. The attrac-
tive interaction in “Li leads to a collapse of the condensate if the number of
condensed particles exceeds a certain critical value [8].

After the first experiments in 1995 had shown clear evidence of BEC the
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following ones concentrated on investigating the properties of condensates.
BEC has led to a much better understanding of ultracold collisions between
neutral atoms. It allows the determination of the s—wave scattering length with
a very high accuracy [9] and it was also possible to find Feshbach resonances by
applying external magnetic fields [9]. Also BEC allows the study of inelastic
two— and three—particle processes [10]. Even interactions between mixtures of
Bose—condensates of different species of atoms [11, 12] as well as the coherence
properties and relative phases of these binary mixtures [13] have been studied
experimentally. Furthermore a lot of effort has been put in measuring collective
excitations and phonon modes [14], the sound velocity [15], the structure factor
[16], the properties of particles coupled out of a condensate [17], and the
initiation of the condensation process [18]. The creation of BEC has become a
standard task for experimentalists within the last few years which might allow
BEC to become a common tool of experimental atomic and molecular physics.

By using the Gross—Pitaevskii equation (GPE) [19] one can study most
of the properties of a weakly interacting condensate theoretically. The GPE
describes trapped weakly interacting many particle bosonic systems by means
of a macroscopic wavefunction at temperature T' = 0. The two—particle in-
teraction potential is approximated by a contact potential and characterized
by the s—wave scattering length [20]. Depletion of the condensate [21], which
becomes important in strongly interacting systems, is neglected. The GPE
also does not include thermal fluctuations of the condensate. Although the
approximations leading to the GPE seem rather severe many of the macro-
scopic quantum mechanical effects that become visible in BEC experiments
can be described well by using the GPE.

The relative phase of a condensate used to describe interference between
BECs has been investigated in [22], theoretical studies on vortices and various
other topological effects in a BEC can be found in [23] and BECs with two
or more components have been studied in [24]. Furthermore most of the
theoretical work done on ultracold collisions [25] is in good agreement with
the experiments. Mean field theories that describe BEC at finite temperature
have been developed in [26, 27, 28]. However, the most powerful method to
describe a BEC at finite temperature is quantum kinetic theory (cf. Sec. (3)).
Also the initiation of BEC is well understood by using quantum kinetic theory.

However, besides understanding all properties of BEC, one obvious ques-
tion, concerning both theorists and experimentalists still has a lot of potential
for interesting new physics and ideas: What are the possible applications of
Bose-FEinstein condensates? Up to now this question has only been tackled
partly. Condensates can be exploited for building a coherent source of neutral
atoms as shown in [17]. Cold neutral atoms can be used to study entanglement
and for quantum information processing [29, 30]. One of the open questions
is: How can the knowledge about BEC in atomic vapors be applied to other
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fields of physics [31]7 In our opinion it will be most important within the next
few years to find many interesting applications of BEC in order to sustain the
experimental and theoretical efforts on this subject in laboratories and offices
all around the world. This work is mainly devoted to applications of BEC;
we will not go into the details on how to find the properties of Bose-Einstein
condensates but will concentrate on finding different possible applications of
BEC.

There are also several other open questions that are still being investigated.
It would be interesting to find experiments that show a clear breakdown of the
GPE since this could stimulate new theoretical efforts in the basic description
of weakly interacting many particle systems. Furthermore, still a lot of work is
done on investigating properties of condensates of mixtures of different internal
atomic states [11, 12] as well as on mixtures of cold bosons and fermions
[32] and although there were first successful experiments in demonstrating
superfluidity and vortices in condensates [33] many experimentalists are still
trying to find topological structures in BECs. One further aim would be to
produce molecular Bose—condensates.

In the next sections we will give an overview of the most important prop-
erties of BECs. The overview given here is not complete, it is merely a collec-
tion of some of the most important results and a list of references. In those
references detailed theoretical and experimental results on all the subjects
mentioned here can be found.

1.2 BEC of an ideal Bose—gas in a trap

In this section we will briefly present the basic properties of a trapped ideal
bosonic gas in thermodynamic equilibrium. First we will investigate a Bose—
gas at temperature T = 0, then we will define a Bose—condensate. Finally, we
will compare the description of a Bose gas in the three different thermodynamic
ensembles and discuss the applicability of these three ensembles to current
experiments.

1.2.1 Ideal Bose gas at zero temperature
1.2.1.1 Hamiltonian

The second quantized Hamiltonian H;q of a trapped non—interacting Bose gas
is given by

o= [ @216 (24 Vi) v, (1)

2m

where x is the coordinate space operator, p is the momentum operator and m
denotes the mass of the particles. ¥(x) is the bosonic field operator obeying
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the usual bosonic commutation relations
[qf(x), qﬁ(x')] = §(x — x). (1.2)
The trapping potential is denoted by Vp(x).

1.2.1.2 Eigenstates

In the non—interacting case it is most convenient to choose the eigenstates of
the one particle Hamiltonian

p2
H = — + Vp(x), 1.3
1= 5 + Vr(x) (1.3)
as the set of mode functions for describing the many particle system. The
eigenfunctions of H; are written as ¢;(x), and the corresponding eigenvalues
are ¢;. We will assume ¢; < ¢; for 7 < j and 4, j to be positive integers. The
eigenstates of the many particle system are written as

‘w> = |n07n17"‘7ni7"‘> M (1.4)

where the n; give the number of particles occupying the one particle mode ¢;.
The state of the system is uniquely defined by |¢)) since the bosonic particles
are indistinguishable [34].

1.2.1.3 Ground state

At temperature T' = 0 the system is in its ground state. Since in the case of
bosons quantum statistics does not forbid an arbitrary number of particles to
occupy a single one—particle state [34] the ground state is immediately found
to be given by

[vo) = |N,0,0,...), (1.5)

where N is the number of particles in the system. All N particles occupy the
same one particle state in this case, i.e. a macroscopic number of particles
show the same quantum properties. This can be viewed as a macroscopic
manifestation of quantum mechanics.

1.2.2 What is a Bose—Einstein condensate?

A Bose-Einstein condensate is defined to be a macroscopic number of bosons
that occupy the same one-particle state [35]. Given the density operator p
of a bosonic system one can find out whether the Bose—gas is condensed by
diagonalizing the one particle density operator p; which is defined by

p1 =1tra  Np, (1.6)
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where tro  n denotes the trace over particles 2 to N. If one finds an eigenvalue
N, (belonging to the mode function ¢.(x)) which is of the order of the total
number of particles NV in the system then N, particles are said to be condensed
in the mode function ¢.(x). According to this definition N particles of an ideal
Bose gas are condensed in the mode function ¢o(x) at 7' = 0. Note, however,
that in the case of an interacting Bose—gas even at T" = 0 not all the particles
are condensed. Then no set of mode functions exists where the ground state
of the system can be written as [1)g) = |N,0,0,...) [21].

1.2.3 Thermodynamic properties

Here we will briefly mention the three different thermodynamic ensembles
commonly used for describing BEC experiments. A detailed comparison of
the three ensembles can be found in [36].

1.2.3.1 Grand canonical ensemble

For simplicity we assume Vp(x) to be harmonic and isotropic, i.e. Vp(x) =
mwx?/2, where w is the trap frequency. A system in the grand canonical
ensemble is assumed be interacting with a heat bath and allowed to exchange
particles with a particle reservoir. The density operator in thermal equilibrium
is given by

L —pHa—u) (1.7)

PG:ZB ’

where 3 = 1/kT is the inverse temperature,
N= / P av(x) 10 (x) (1.8)

is the number operator, and pu, the chemical potential, fixes the mean number
of particles NV in the system. Setting the ground state energy equal to zero we
find the grand canonical partition function defined by

Zg =tr {e_ﬁ(Hid_“N)} , (1.9)

to be given by

G+ G+2)

[e.e]
1 2
Z, = H <71 — Ze—ﬂﬁwj> , (1.10)
=0

where Z = exp(fu) is the fugacity. The mean number of particles in the
system is given by
i+ 1)(j+2
N = Z wn (1.11)

2 7
J
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where n; is the number of particles in a one particle state with energy €; = hwj.

given by
1

= i 1 (1.12)

1

Approximating the sum Eq. (1.11) by an integral and treating the ground
state separately [34] we find

93(2)
N = — 1.13
where ng = Z/(1 — Z) and g3(Z) is the Bose—function
1 [ x?
7)== _— 1.14
w2 =5 | e (1.1
Thus in the thermodynamic limit N — oo, w — 0 and w3N = const. we find
)3
m_f1-(£)  fr T<T. (1.15)
N 0 for T>T1T,
where the critical temperature T, is defined by
N\ /3
KT, =hw | — | | 1.16
() (110

with ¢(3) = g3(1) the Riemann—zeta function. We do not want to go into the
details on how to find the fluctuations in the grand canonical system since
these can be found in [34].

The results obtained in the grand canonical ensemble agree rather well with
current experiments as long as no fluctuations are being calculated. Since
in experimental setups no particle reservoir is at thermal equilibrium with
the Bose—gas the huge particle number fluctuations predicted by the grand
canonical ensemble for particles in the ground state do not emerge in the
experiment.

1.2.3.2 Canonical ensemble

In the canonical ensemble the system is assumed to interact with a heat bath
but not to exchange particles with a particle reservoir. The canonical density
operator is given by

1 s
Pe = Ze Blia, (1.17)

where the canonical partition function is defined as

Z, = tr {e—ﬁHid} . (1.18)
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Investigating the ideal Bose—gas in the canonical ensemble turns out to be
more complicated than in the grand canonical ensemble. We will not go into
the details here but refer to [37] which gives a detailed analysis of the ideal
Bose—gas in the canonical ensemble.

Using the canonical ensemble to describe current experiments seems to be
more realistic than using the grand canonical ensemble. However in most of
the experiments no heat bath exists which is in thermal equilibrium with the
Bose—gas, and evaporative cooling and inelastic collisions lead to a change in
the number of particles during the experiments.

1.2.3.3 Micro canonical ensemble

In the micro canonical ensemble the system is assumed to be isolated from
any environment. There exists neither a heat bath nor a particle reservoir in
thermal equilibrium with the Bose—gas. The micro canonical density operator
is given by [34]
1 E
o= [ dBS(E - H) (1.19)
E-A

where the energy of the system is in the interval [E — A, E] with A < E. (if
A < FE the thermodynamic properties of the system become independent of
A). The micro canonical partition function is given by

E

Q=tr {/ dES(E — Hid)} . (1.20)
E-A

For details on how to find the properties of a Bose—gas in the micro canonical

ensemble we refer to [38].

In principle the micro canonical ensemble is best suited for describing cur-
rent experiments if it is viewed as a starting point for incorporating particle
loss due to inelastic collisions and evaporative cooling. Also, it is possible to
include heating of the system due to small interactions of the Bose-gas with
the environment starting from a micro canonical description.

1.3 BEC of the weakly interacting Bose—gas

Even in dilute alkali Bose-gases as used in current BEC experiments two
particle interactions must not be neglected since they strongly influence the
behavior of the Bose-gas. Some of the interesting properties of Bose-Einstein
condensates determined by the interaction are

e the formation of a BEC [39],

e the shape of the BEC mode function [19],
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e collective excitations of a BEC [40],
e the quasiparticle spectrum [40],

e and the domain structure of two species BECs [24].

Also the evaporative cooling mechanism is based on the elastic thermalizing
collisions between two particles [41].

1.3.1 Two—particle interaction

The Hamiltonian of two interacting particles (without external trap potential)
is given by
Pi |, P>

Hiy = % + % +V (X1 — X2) . (121)
where p; and x; are the momentum and the coordinate space operators of
particle i = 1,2, respectively. V (x; — x3) is a short range potential with an
s—wave scattering length denoted by as usually of the order of a few Bohr
radii ag [9]. BEC experiments are commonly performed in the limit where the
thermal wave—length A7 is much larger than the scattering length as. Thus
only s—wave scattering with a relative wave vector between the two particles
k much larger than the inverse of the scattering length 1/a, < k will be
important. Outside the range of the interaction potential its effect on s—waves
is the same as if the potential were a hard sphere potential with radius ag
[20]. The effect of a hard sphere potential is nothing more than a boundary
condition for the relative wave function of the two particles at r = a, (with
r = X3 — X2). As shown by K. Huang in [20] this boundary condition can be
enforced by replacing the interaction potential by a pseudo—potential of the
form

Amagh?
m

Vi(ix—x)— §(x—x). (1.22)

Note that this replacement yields correct results only for the wave function
outside the range of the actual interaction potential and thus the wave function
of the relative motion has to extend over a space with volume much larger
than a2. Otherwise measurable quantities will strongly depend on the form
of the wave function within the range r < a, where the pseudo—potential
approximation is not valid. In the many body case this condition is only
satisfied if the mean distance between the particles is much larger than the

range of the interaction potential, i.e.,
n=na <1, (1.23)

where n is the particle density and 7 is called the gas parameter [42]. In current
BEC experiments < 10~* and as/Ar < 1072 and thus the pseudo-potential
approximation is valid for describing these experiments.
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1.3.2 The Gross—Pitaevskii equation (GPE)

In second quantization the Hamiltonian of the weakly interacting Bose—gas
reads

H = Hijq + % /OO Bz (x)vl(x)V (x —x) U(x')¥(x), (1.24)

— 00

where according to Sec. 1.3.1 the interaction potential is given by Eq. (1.22).
We assume the ground state to be of the form

(o)

VNI

|®) = |vac) , (1.25)

where |vac) denotes the vacuum state and the creation operator ag; is given by
o0

al = / Py (x) U (x). (1.26)
— 00

We want to find the shape of the mode function ¢¢(x) by minimizing the
expression
(®| H — N |®) — min, (1.27)

which after some calculation leads to the Gross—Pitaevskii equation (GPE)

th2 9
(-5 + Vi + N oo~ ) o) =0, (129
where g = 4rash?/m. This derivation is one of the most intuitive and simple
ways to find the GPE. There are several other methods to obtain the GPE
which are presented in [19, 43].

In the non—interacting limit a; = 0 the GPE reduces to an eigenvalue
equation with the form of a time independent Schrédinger equation for the trap
potential Vip(x). This limit agrees with the ideal gas limit Sec. 1.2, the chemical
potential equals the ground state energy €y and the mode function ¢((x) is the
eigenfunction of the corresponding one particle Hamiltonian. In the opposite
limit where the interaction energy dominates the kinetic energy, i.e. £ < R
where ¢ = (8masN/R*)~1/2 is the healing length and R is the size of the
condensate cloud, we can neglect the kinetic term [19]. This approximation,
called the Thomas—Fermi limit, yields the wave function

x) = e (w=Vp(x))  for p>Vp(x)
Po(x) { 3/ g o p e Vr) (1.29)
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1.3.3 The time dependent GPE

Performing the above variational calculation for a time dependent mode func-
tion ¢o(x,t) yields the time dependent GPE given by

2v72

iﬁg(ﬁo(xi) = <—

ot +Vr(x) + Ng !soo(x,t)!2> ©o(X,1). (1.30)

2m
The applications of this equation have been studied in [43, 44]. We also want
to mention the stability analysis of BEC worked out by S.A. Gardiner et al.
in [45] which also makes use of the time dependent GPE.

1.3.4 The quasiparticle spectrum

Now we want to investigate the quasiparticle spectrum along the lines of [40].
By assuming spontaneous symmetry breaking [46] we write the bosonic field
operator as the sum W(x,t) = v/ Ng(x)+¥(x), where @(x) is the condensate
wave function and W(x) is assumed to be a small correction. Inserting this into
the grand canonical version of the Hamiltonian K = H — ,uN and neglecting
all terms in ¥(x) higher than quadratic yields

Kp = ¢ [ @ab0L060+ 52 [ a0 x0T (0

N - . -

o K TR E (1.31)
where ( is a c-number and
2

£ = o+ Vr(x) = p+ 2Nglpo (). (1.32)

This Hamiltonian K g may be diagonalized by using the Bogoliubov ansatz
bx) =Y <uj(x)aj + U;(x)a}) , (1.33)
J

where u;(x) and v;(x) satisfy the Bogoliubov de-Gennes equations

Luj(x) + Ng(po(x))*v;(x) = Eju;j(x), (1.34)
and
Luj(x) = Ng(f(x))u;(x) = —Ejv;(x). (1.35)
Up to a c—number the Hamiltonian then reads
Kp=)Y_ Ejala;. (1.36)

J

Kp thus describes a collection of noninteracting quasiparticles for which the
condensate is the vacuum.
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1.3.5 Linear response at 7' =0

Applying a weak sinusoidal perturbation to the trap potential will cause the
condensate to oscillate and its deformed shape can be detected. At small tem-
peratures T' < T, the influence of the thermal component on the condensate
can be neglected and the linear response behavior of the condensate is well
described by [40]

0
zhacp(x, t) = (1.37)

FL2V2 2 —twpt Wyt
(— Y V) + Nglele O + Fo0e ! + 1 (x)e p)w(x,t)-

The fi(x) are the amplitudes of the sinusoidal perturbation and w, is the
probe frequency. As shown in [40] the linear response behavior of the conden-
sate is given by

px,1) = e~ (/Nogo(x) + ws(x)e B0 + 07 (x)e B | (1.38)

where Ny is the number of condensate particles that are not disturbed by the
perturbation and the u; and v; are found by solving the Bogoliubov de-Gennes
equations with the replacement N — Ng. Note that linear response theory is
only valid for small amplitudes. Non-linear effects will prevent a blow up at
resonances hw, = F;. Thus it is possible to probe the quasiparticle spectrum
of a BEC by studying its linear response to perturbations in the trap potential.

1.3.6 Mean field theory at finite temperature

While the GPE is very widely accepted as the standard tool to describe a
BEC at T = 0 there are several different mean field approaches to describe a
BEC at finite temperature [26, 27, 28] as well as approaches based on quantum
kinetic theory (cf. Sec. 3). We will not explain the differences and problems
connected to different mean field theories (can be found in [26]) but will rather
present the theory for describing BECs at finite temperature developed by A.
Griffin in [26]. By assuming spontaneous symmetry breaking we write the field
operator as

U(x,t) = &(x) + U(x, 1), (1.39)

where ®(x) = (¥(x)) is the condensate part (corresponding to the condensate
wave function v Npo(x) at zero temperature) obeying the equation of motion
[26]

2
<2p—m +Vr(x) — u)) B (x)+g(|®(x)|>+21(x)) P(x) +gm (x)®*(x) = 0, (1.40)



20 CHAPTER 1. BOSE-EINSTEIN CONDENSATION (BEC)

where 72(x) = (¥T(x)¥(x)) and m(x) = (¥(x)¥(x)). In Hartree-Fock Bogoli-
ubov approximation the Hamiltonian K reduces up to a c-number to [26]

Kyrp =~ /d?’x\i/T(x)ET\i/(X) +g/d3x\iﬁ(x)m(x)\iﬁ(x)
n g / B0 (x)m* (x)¥(x), (1.41)

where m(x) = ®(x)? + m(x) and

2
Lr = 5=+ Ve(x) = i+ 29| @ ()] + (). (1.42)
Kypp can be diagonalized by using the Bogoliubov—ansatz Eq. (1.33) where
the mode function u;(x) and v} (x) now have to satisfy the generalized Bogoli-
ubov equations

Lruj(x) — gm(x)v;(x) = Eju;(x), (1.43)
Lyvj(x) — gm* (x)u;(x) = —Ejv;(x). (1.44)

The closed set of equations Eqs. (1.40,1.43,1.44) has to be solved numerically
with self-consistent values for n(x) and m(x) found from Eq. (1.33) and noting
that in thermal equilibrium
1
TN
(ajoy) = B 1’ (1.45)

to find the quasiparticle excitations as described in [26].

1.4 Experimental techniques

One of the ultimate goals of laser cooling is to achieve BEC in dilute gases.
Due to reabsorption of photons, spontaneous emission and various other heat-
ing and loss mechanism this goal has still not been achieved by purely optical
methods. Several other experimental techniques for trapping cooling and prob-
ing neutral atoms had to be developed to achieve BEC. In this section we will
briefly describe the most important of those experimental techniques.

1.4.1 Trapping neutral atoms

The first stage of creating a BEC is usually to load bosonic atoms into a
Magneto—Optical-Trap (MOT) and to cool the atoms by Doppler cooling.
Then all the laser beams are turned off and the precooled sample of atoms
is loaded into a purely magnetic trap. There are various different ways to
trap neutral atoms in those magnetic traps. They all work in the adiabatic
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regime where the spin of the atom follows the direction of a (possibly time
averaged) magnetic field so that the potential felt by the atoms only depends
on the magnitude of the field but not on its direction (cf. Sec. 8.2). One
of the difficulties is to avoid Majorana spin flips [47] in positions where the
magnetic field is close to zero. The first magnetic trap that allowed trapping
of neutral atoms and avoided the spin flips was invented by E.A. Cornell [47].
The zero magnetic field appearing in the center of two anti-Helmholtz coils
is moved along a circle by an additional time dependent magnetic field. The
time averaged magnetic field felt by the atom is never zero and harmonic
around the center. In the first experiments by W. Ketterle and collaborators
a blue detuned laser producing a repulsive potential barrier at the center of a
magnetic trap was used to prevent the atoms from the region of zero magnetic
field [6]. Also several other ways of trapping neutral atoms have been invented
like, e.g. the Joffe—Pritchard trap [48]. Later the group by W. Ketterle was
even able to load a magnetically trapped BEC into a purely optical trap [11].

1.4.2 Cooling in magnetic traps

The cooling mechanism used to achieve BEC is evaporative cooling [41]. The
trapping potential is truncated at a certain energy value E.u such that only
particles with an energy less than FE ., can be trapped. Elastic collisions
between the atoms trying to bring the gas into thermal equilibrium produce
highly energetic atoms with an energy larger than E.,. They leave the trap
and take away more than the average energy of the trapped particles. The
effect is twofold: (i) the temperature of the gas cloud and thus its size shrinks
which increases the particle density and (ii) the number of particles and thus
the density of the cloud decreases. In order for evaporative cooling to work the
effect (ii) has to be smaller than (i) so that the elastic collision rate increases.
This regime is called runaway evaporation. The conditions necessary to achieve
runaway evaporation are described in detail in [41].

We also want to mention that care has to been taken about the so called
“bad” collisions. These are the inelastic two and three particle collisions that
change the hyperfine levels and lead to additional loss from the trap and heat-
ing. In certain species of atoms, e.g. in Cs inelastic collisions have prevented
successful BEC experiments up to now [49].

1.4.3 Probing a BEC

The experimental techniques on how to measure the properties of a BEC
have also undergone some development during the last few years. In the first
experiments the BECs were probed by time of flight measurements [5, 50]
where the cloud of atoms is released from the trap and allowed to expand for
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a certain time. After letting the cloud expand, its shape represents the initial
velocity distribution [51], and thus by imaging the atom cloud, density and
velocity profiles of the condensate can be measured. Note that this technique
is destructive.

To allow for multiple measurements on a single condensate the MIT group
developed the phase contrast imaging method [52]. Phase shifts in a very far
detuned laser beam induced by the refractive index of the condensate are trans-
formed into intensity variations of the laser. The condensate is not destroyed
by the far detuned laser beam so that it is possible to perform a sequence
of measurements on a single condensate. Also it has become possible to do
quantitative non-destructive measurements of the surface area of a condensate
[53].
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Chapter 2

Basics of QKT

2.1 Introduction

The observation of Bose—Einstein condensation in dilute alkali gases in the year
1995 [1] has stimulated a lot of theoretical interest to describe the dynamics of
weakly interacting Bose—gases. In the classical limit a realistic description of
the kinetics of a weakly interacting gas is provided by the Boltzmann equation
(BE) whose usefulness is widely accepted. The quantum Boltzmann equation
[2, 3] is an extension of the BE to account for quantum statistical effects,
i.e. it contains additional factors in the collision term. However, the quantum
Boltzmann equation is still not able to describe the emergence of a Bose—
Einstein condensate without putting in some seed condensate [3]. On the
other hand methods for describing dilute Bose—gases close to temperature
T = 0 have been developed. The most successful description uses the Gross—
Pitaevskii equation (GPE) [4] for describing the condensate at temperature
T = 0 and its time dependent version for finding the time evolution of a Bose—
Einstein condensate. However the GPE provides only a simplified description
of the condensate since it does not contain any effects of quantum fluctuations
or thermal irreversible effects.

If one wants to describe an experiment where a Bose—Einstein condensate
is created by evaporative cooling it is clearly necessary to use a theory whose
validity encompasses both regimes. It should contain the BE to describe the
first stages of the experiment where the gas acts as a classical gas as well as
the Gross—Pitaevskii limit where most of the particles are condensed and the
Bose—Einstein condensate is usually well described by means of the GPE.

Mainly for these reasons C.W. Gardiner and P. Zoller developed a quantum
kinetic theory (QKT) in [5, 6] for dilute weakly interacting gases in a trap.
QKT contains both limits, i.e., the BE and the GPE are limiting cases of QKT.
Furthermore the work on QKT has inspired C.W. Gardiner to develop a new

29
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number conserving kind of Bogoliubov theory [7] which allows for finding the
phonon modes of a weakly interacting Bose gas in the case of fixed number
of particles in the system while previous versions of the Bogoliubov theory
[8] were always using the order parameter of the condensate thus assuming
the system to be in a superposition state of states with different numbers
of particles. Since one essential quantity of QKT is the number of particles
in each mode a description with a well known number of particles in all the
modes was clearly called for. We want to mention that also the motivation of
giving a very systematic expansion in roots of 1/v/N, where N, is the number
of condensed particles independently pursued by Y. Castin and R. Dum leads
to a very similar version of the Bogoliubov theory [9] as the one presented in

7).

Since a detailed and complete derivation of QKT is very lengthy and given
in the series of papers [5, 6, 7, 10, 11, 12, 13, 14] we will not go through the
derivation of QKT here. Instead we want to briefly present the main applica-
tions of this theory investigated up to now. The most important application
is the description of the formation of the condensate. First we used the quan-
tum Boltzmann master equation (QBME), a stochastic version of the quantum
Boltzmann equation, to investigate the first stages of the condensation pro-
cess [10, 15]. Since the QBME does not take any mean field interaction into
account it clearly fails as soon as the fraction of condensed particles becomes
significant. The effects of mean field interactions as well as the role of quasi-
particles in the growth of the condensate were taken into account in later
publications by C.W. Gardiner et al. [13, 14]. The second main application
of QKT is to find the equilibrium properties of the condensate which we did
in our publication presented in chapter 3. There, we investigated the number
and phase fluctuations of a condensate due to the interaction of the condensed
particles in the lowest lying states with the bath of uncondensed particles.

Finally, we want to mention that there have also been other groups inves-
tigating the kinetics of Bose—Einstein condensation in recent years. Analytical
calculations on kinetic theory can be found in the contributions by Yu. Kagan
et al. in [2], by R. Walser et al. in [16], and by H.T.C. Stoof et al. [17].
Numerical calculations have been presented in papers by D.V. Semikoz et al.
[3] and by M. Holland et al. [18], a detailed description of evaporative cooling
is given by O.J. Luiten et al. in [19]. Kinetic theory was also used by J.
Williams et al. to find the conditions for achieving steady-state Bose-Einstein
condensation [20].
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2.2 Applications of QKT

2.2.1 Growth of the condensate

In [10, 15] we presented our first description of the growth of the condensate
based on the QBME. This equation is a stochastic equation for the diagonal
matrix elements of the density operator p, given by wy, = (n|p/n) and takes
the following form:

. T
Wp = _ﬁ Z (5(77,((411 + wy —wsy — W4)) ‘U1234’2
1234
X {n1n2 (n3 + 1) (714 + 1) [wn - wn+81234]
+ (nl + 1) (n2 + 1) n3ng [wn - wn—81234]} . (2'1)
Here |n) = |ng,n1,n9,...) is a Fock state of the N-particle system, giving

the occupation numbers n; of the one particle eigenstates W;(x) of the non-
interacting gas and n denotes the vector consisting of the occupation numbers
n;. The vector eja34 is defined similarly to n as

1 2 3 4
€1234 = [07 07 1707 07 17007 _17 07 07 _17 07 0]7 (22)

which describes two particle collisions. The state |n — ej234) is reached from
|n) by the collision 1+ 2 — 3 + 4. w; is the eigenenergy of the one particle
eigenstate ¥;(x). The interaction matrix elements Uy234 are determined by the
spatial form of the one particle mode functions and the interaction strength
characterized by the s—wave scattering length as;. They can be found by the

equation
Arhla,

Urosa = / % W () W () W () W4 (x), (2.3)
R3

where m is the mass of the particles. The QBME leaves out all the coherences
of the density operator and also does not include mean field effects of the
condensate. Thus it is only valid as long as the mean field energy is much
smaller than the separation of the trap levels (for typical situations this limits
the number of particles to few hundred).

The simplest description of the growth of the condensate taking into ac-
count the mean field energy of the condensate, but not the mean field inter-
action of the condensate with the uncondensed particles, obtained from QKT
is given by the growth equation first studied in detail in [13]

Ne = 2WT(N.)(N. + 1) — 2W ™ (N.)N,, (2.4)

where the rates W*(NN,.) are defined in Egs. (3.25, 3.26). W T (IV,) is the rate
at which particles from the thermal cloud are transferred to the condensate by
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elastic collisions and W™ (IV,) is the rate at which particles are kicked out of
the condensate by elastic collisions with thermal particles. Note the +1 term
in Eq. (2.4) which is responsible for the initiation of condensation. Although
Eq. (2.4) gives a qualitatively correct result for the growth of the condensate
many important features of the growth process are left out. Especially one
expects particles in the low lying excited states to have significant influence
on the growth of the condensate since

e the energies and the wave functions of the low lying levels are affected
by the mean field of the condensate particles, and

e there will be many transitions of atoms to and from these low lying states
in the initial stages of the condensation process.

Thus it is not possible to describe the particles in these state as if they were
particles in a thermal bath uncorrelated with the condensate during the growth
process as done in [13]. Indeed, taking into account the particles in the low ly-
ing states explicitly has significant influence on the initial stages of the growth
of the condensate as was shown in [14].

2.2.2 Properties of the condensate in the stationary state

The second application we were interested in are the stationary properties of
the condensate, i.e., the particle number and phase fluctuations of the con-
densate coupled to a thermal bath of atoms. In the description presented in
chapter 3 we assumed the fluctuations to be only introduced by collisions of
condensate particles with thermal particles and by one- two- and three parti-
cle losses from the trap. All the fluctuations arising from interactions of the
condensate with low lying excitations, i.e. phonons were left out. Amnother
way of viewing this approach is to say that we treated all the particles in the
low lying states as being in one mode namely the condensate mode itself and
found the fluctuations introduced by interactions with the thermal particles.

Note that the coherence properties of the trapped Bose-Einstein conden-
sate determine the coherence properties of particles eventually coupled out of
the condensate. Thus the calculations presented in chapter 3 are important
for finding the coherence properties of an atom laser produced by coupling out
particles of a condensate in its stationary state. The one particle loss from
the condensate introduced in chapter 3 does not necessarily have to originate
from collisions of the condensate atoms with background particles but may as
well describe the output coupler for the condensed atoms.
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QUANTUM KINETIC THEORY IV: INTENSITY
AND AMPLITUDE FLUCTUATIONS OF A
BOSE-EINSTEIN CONDENSATE AT FINITE
TEMPERATURE INCLUDING TRAP LOSS
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We use the quantum kinetic theory to calculate the steady state and the
fluctuations of a trapped Bose-Einstein condensate at a finite temperature.
The system is divided in a condensate and a noncondensate part. A quantum-
mechanical description based on the number conserving Bogoliubov method
is used for describing the condensate part. The noncondensed particles are
treated as a classical gas in thermal equilibrium with temperature 1" and chem-
ical potential u. We find a master equation for the reduced density operator
of the Bose-Einstein condensate, calculate the steady state of the system, and
investigate the effect of one-, two-, and three-particle losses on the condensate.
Using linearized Ito equations we find expressions for the intensity fluctuations
and the amplitude fluctuations in the condensate. A Lorentzian line shape is
found for the intensity correlation function that is characterized by a time
constant ’yl_l derived in the paper. For the amplitude correlation function
we find ballistic behavior for time differences smaller than 71_1, and diffusive

35
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behavior for larger time differences.

PACS: 03.75.Fi, 74.40.+k, 42.50.Lc.
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3.1 Introduction

In a series of papers we have developed a quantum kinetic (QK) theory with
application to Bose condensation of cold dilute gases. In the first two papers,
which we shall refer to as QKI [1] and QKII [2], we considered a spatially
homogeneous, weakly condensed system, where the interaction between the
atoms was assumed to be sufficiently weak for quasiparticle effects to be neg-
ligible. In QKIII [3] the theory was extended to a strongly condensed gas in a
trapping potential under the assumption that the noncondensed vapor acts as
a heat and particle reservoir for the condensate (see also Ref. [4]), a situation
which corresponds closely to present experiments of Bose condensation with
alkali-metal vapors [5, 6, 7, 8, 9, 10, 11].

In the present paper (QKIV) we will study the steady state, amplitude, and
phase fluctuations of a trapped Bose-Einstein condensate at finite temperature,
including the effects of one-, two-, and three particle losses on the condensate.
Such a study seems particularly timely in view of the present interest in the
dynamics and measurement of the phase of the Bose condensate (for a review
see Ref. [12]). Until now the discussion in the literature has essentially focused
on phase collapse or diffusion, and phase revivals in the zero-temperature limit,
analyzing the dependence of collapse and revival times on the trap potential,
the dimensionality of the gas, atom number fluctuations, and the coherent
dynamics of the condensate [13, 14, 15]. In contrast, in the present work we
will study in detail fluctuations as a result of interaction of the condensate
with a (reservoir of) uncondensed atoms.

We will almost exclusively consider a grand canonical particle reservoir in
this work. This particle reservoir will be assumed to have a constant chemical
potential and not to be influenced by the mean field of the condensate. The
results will therefore only be valid in the case of small condensate and large
thermal particle numbers. In all other cases the simple model used here for
the thermal particles will have to be replaced by a more sophisticated one.
A more detailed discussion on the expected correction to the results due to
particle conservation and mean-field effects is given in Appendix 3.A.

The starting point of the theory is to decompose the field operator de-
scribing the N-particle system into condensate and noncondensate parts. The
division is based on a splitting into two energy regions where the high energy
band is supposed to contain particles in a thermal state corresponding to a
given temperature T', and chemical potential y. The condensate band con-
tains the actual condensate as well as quasi-particle excitations. A quantum-
mechanical description based on the number conserving Bogoliubov method
is used for describing the condensate part [16]. To facilitate the analysis we
drop the quasi-particles and describe the condensate by a single mode with
destruction operator B, and the spatial wave function &y(x), corresponding
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to the solution of the Gross-Pitaevskii equation for N condensate particles.
Elimination of the noncondensate part leaves us with a master equation for
the (reduced) condensate density operator. The physics contained in this
equation is quite rich. The master equation accounts for loss/gain of particles
to/from the thermal band, and phase-destroying but number-conserving col-
lisions between condensate and noncondensate particles as well as linear and
nonlinear trap loss.

A diagrammatic illustration of the processes described by the master equa-
tion is given in Fig. 3.1 . We realize that there are two types of processes. On
the one hand, there are those which involve particles from both the conden-
sate and the noncondensed band. They comprise processes which lead to a
redistribution of particles between the two bands at rates W () (condensate
gain) and W~ (N) (condensate loss), as well as number conserving scattering
events of thermal particles off the condensate. The latter occur with a rate
Rpo(N) and will give rise to fluctuations in the condensate phase. Explicit
expressions for W+ and Rgo will be given below. On the other hand there are
several loss mechanisms at work which deplete the condensate [17, 18]. There
is one-particle loss due to collisions with background gas atoms with associ-
ated rate ;. Two particles can be lost with rate 72(/N) from the condensate
if two condensed particles collide, and one of them changes its internal state.
This particle no longer sees the trap, and escapes. Its partner is imparted with
the energy difference set free by the collision, and is also lost from the trap.
Finally, three-particle loss can occur with rate y3(N) if in a three-particle col-
lision a dimer is formed. The binding energy is imparted to the third particle,
and all of them escape from the trap. Note that the description of the noncon-
densate particles in terms of a thermal reservoir results in a finite occupation
of the condensate mode even in the presence of loss channels.

3.2 Main results

In this section we will give a short overview of the main results to be derived
in detail in the remainder of this paper. As a starting point for our analysis
of the particle number and phase fluctuations of a Bose-Einstein condensate
at a finite temperature, we adopt the theoretical description developed in the
precursor papers QKI-IIT [1, 2, 3].

3.2.1 Fluctuation analysis

In the limit of large condensate particle numbers, we may approximate the
master equation [Eq. (3.17)] by an equation that is of Lindblad type. This
has the advantage that standard techniques developed in quantum optics for
the description of fluctuation properties become applicable [19]. We have thus
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Y2(N)

V5(N)

Fig. 3.1: Interpretation of the processes described by the master equation: (a) W1 (N) and
W™ (N) are the feeding and depletion rates of the condensate from and to the noncondensed
thermal band of particles, respectively. (b) Roo is the rate of thermal particles bouncing off
the condensate without changing its occupation number. v1 (c), v2(N) (d) and v3(N) (e)
are the rates of one,- two,- and three-particle losses, respectively. We use a star to indicate
a change in the internal state of a particle. The barbell represents two atoms having formed
a molecule.

derived quantum stochastic differential equations for the condensate particle
number N = BB and the Glogower-Susskind phase operator €', which is
known to characterize phase fluctuations well in the limit of large occupation
numbers [20]. Linearization of these equations is permissible in the very same
limit of large average occupation N = (]\7 ), and allows us to work out the
two-time correlation functions of occupation number and phase. The spectra
of condensate occupation number and amplitude fluctuations are then imme-
diately obtainable by Fourier transformation.

3.2.1.1 Condensate particle number fluctuations

For the correlation function of the particle number fluctuations [21] we obtain
the following result which holds in the stationary limit, i.e., for times satisfying
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t+s>q7"

(N(t),N(s)) = %e_'”t_s' = g2e i3l (3.1)

with (a,b) = (ab) — (a)(b). In Eq. (3.1)
f2/2=NWT + W™ + 1) +4N%55 + IN?73, (3.2)

with a bar denoting evaluation at N = N. Note that o appearing in Eq. (3.1) is
a measure of the width of the particle number distribution. The characteristic
time constant «; with which the particle number fluctuations regress is given
by

v =2NOgW ™~ — (52 + 373N)8N /5. (3.3)

Oy denotes the derivative with respect to N and evaluation at N = N. The
exact size of this rate depends on the specific experimental setup. A convenient
quantity to assess the amount of fluctuations present is the well known Mandel
() parameter defined as

Q = Jim (N (), N (1) /(N (1)) — 1. (3.4
A coherent state would correspond to a value of () = 0, while a number state
yields the minimum value () = —1. Assuming two and three particle losses to
be insignificant we find for the Mandel ) parameter,

kKT

QN_
2uy

(3.5)

To arrive at this result the approximate expressions of the rates W and W~
as given in Egs. (3.26,3.25) in terms of the scattering length a, the reservoir
temperature 1" and chemical potential © have been used.

The results (for details, see Sec. 3.4.3) can now be summarized as follows.
The variance of the occupation of the condensate mode is proportional to
kET/ug, with py the chemical potential for the condensate mode with average
occupation N. In the Thomas-Fermi approximation sy is given by

2/5
B 15Num3/2wmwywz / (3.6)
s 1627 ' '

The constants used in Eq. (3.6) are defined in Sec. 3.3.1. The characteristic
rate at which the correlation function drops off is roughly given by v; ~
2NOxW~, with W~ the loss rate to the noncondensed band.
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3.2.1.2 Amplitude and phase fluctuations

In the limit of large and well-defined average occupation number N of the con-
densatemmode, the amplitude correlation function (BT(t)B(s)) is well suited
to assess phase properties of the condensate mode [21]. In particular, the
spectrum of phase fluctuations is identical to the spectrum of amplitude fluc-
tuations. For the amplitude correlation function we obtain for ¢ > s

<BJ[ (t)B(S)> _ Ne(iuTN—é—gROO)(t—s)—n(’w(t—s)—l-e*“/l(t*S)—l) 7 (37)
where 1 = (08xyuy/vrh)?. As we will see in Sec. 3.2.1.3 Rqp is negligible in
the above correlation function [Eq. (3.7)] for most of the current experiments.
The structure of the correlation function indicates that there are two distinct
time regimes:

e For 7|t — s| < 1, the term proportional to 1 in the exponent is propor-
tional to (t — s)2. This is called the ballistic regime.

e For |t — s|y; > 1, the phase behaves like that of a system undergoing
phase diffusion. A characteristic of such behavior is a linear dependence
of the exponent on |t —s|. Note that for large time differences we observe
the legacy of the ballistic regime in the form of a rescaling of N to
No = Ne.

3.2.1.3 Numerical values

Using data from the experiments at JILA [22] and an average occupation
number of N = 25000 Rubidium atoms at a temperature T' = 0.5 K in a trap
with f, = fy, = fz/\/g = 4THz we obtain for the rates v; ~ 2Hz, Ryy ~ 4mHz,
W ~ 50Hz, and 1 ~ 800. These values have to be understood as order of
magnitude estimates for current experiments. Note that we used a value of
a = 2.6nm for the scattering letngth of rubidium whereas recent experiments
at JILA showed that ¢ = 5.1nm.

3.3 Model

In this section we briefly describe the basic concepts of the quantum kinetic
theory developed in Ref. [1, 2, 3, 16, 23]. We do not give a detailed derivation
of the master equation used throughout the paper since this can be found in
Ref. [3].
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3.3.1 Description of the system

The Hamiltonian of a weakly interacting Bose gas confined by a potential
Vr(x) in second quantization is written as

2
H = /d?’xz/zT(x) <—;—mv2+VT(x)> Y(x)
—I—%/dgx/d?’x'qﬁ(x)@[ﬁ(x')u(x—X')?/)(X')¢(X). (3.8)

¥(x) is the standard bosonic field operator. The two-body interaction po-
tential u(x — x’) is a short-range potential of the form ud(x — x’) where
u = 4mha/m with a the scattering length. We assume the trapping poten-
tial to be of the form Vp(x) = m(w2a? + w2y? + w?2?)/2.

As was shown in Ref. [3] we can obtain a master equation for the density
operator of the condensate mode by dividing the Bose gas into two energy
regions called the condensate band Rc and the noncondensate band Ryc.
The boundary Er between these two regions is chosen according to Ref. [3]
such that Ryc is not significantly affected by the mean field of the condensate.
The field operator is then written as 1)(x) = ¥nc(x)+¢(x) describing particles
in the noncondensate band and in the condensate band, respectively. We will
treat the particles in Rnc as classical thermalized particles characterized by
a temperature 7" and a chemical potential . The particles in R¢ are affected
by the mean field, and they have to be treated quantum-mechanically. R¢
contains all the trap levels that are significantly modified by the mean field of
the condensate. As in Ref. [23] we will use the simplest possible description of
the condensate band by assuming that only one mode, namely, the condensate
mode itself, is important and all the other modes are negligible. The master
equation we will use for our calculations is an equation for the reduced density
operator p, of the condensate band R¢ interacting with the bath of particles
in RNC-

3.3.1.1 Condensate band R¢

We use the number-conserving Bogoliubov method derived in Ref. [16] to
describe the particles in R¢. In this formulation we can write down the con-
densate band field operator ¢(x) in the form

X In m (X
b(x) = B<N>{5N<x>+zbmfm( )jﬁb g )}. (3.9)

The annihilation operator B(IN — 1) brings the system R¢ from the ground
state with N atoms to the ground state with NV — 1 atoms. The action of the
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‘N>N IN - 1>N—1

Fig. 3.2: Condensate ground state with N particles |N) y and with N —1 particles |[N—1)n_1.
These two states are connected by the operator B, as described in the text.

operator B(N — 1) to the condensate is depicted in Fig. 3.2 . |N)xy denotes
the ground state with N particles in the condensate. Applying the operator
B to this state yields B|[N)y = v'N|N — 1)y_1. Note that the operator B
changes the chemical potential of the condensate from pn to py—1.

As shown in Ref. [16] n(x) is the condensate wave function, and satisfies
the Gross-Pitaevskii equation

h2
—%szzv + VrEn + NulénPéy = unén. (3.10)

In all our calculations we will use the Thomas-Fermi approximation for the
chemical potential [Eq. (3.6)] and for the condensate wave function

Env(x) =/ M_T‘f(x) forpy > Vr(x), (3.11)

and zero elsewhere. The energy of the condensate is given by

_ 5Npun
7

Ey (3.12)

The amplitudes f,,(x) and g¢,,(x) describe creation and destruction of
quasiparticles. They are defined in Ref. [3], but we will not need them in this
paper. We will assume there is always a fairly large mean number of particles
N in the condensate so that we can neglect the influence of the quasiparticles
on ¢(x) [24].

3.3.1.2 Noncondensate band Ryc

We treat the noncondensate band as a thermal bath of particles in thermal
equilibrium. According to Ref. [3] we only need the phase-space density of
the noncondensed particles F'(K, x) to calculate all the rates appearing in the
master equation for p. [Eq. (3.17)]. In our calculations we will use the classical
approximation

F(K,x) = ol S Ve () /KT (3.13)
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We expect corrections to the rates W+ and Ry from using a more detailed
description of the noncondensed particles. However, all the calculations pre-
sented here will remain valid, since they are mostly independent of the func-
tional form of the rates W= and Ryy. We only require that it is permissible
to linearize the rates W*(N) and Rgo(NN) around the mean number of parti-
cles in the condensate N. In the present work we will mainly present results
obtained by using Egs. (3.26,3.25) and (3.27,3.28) for the rates W*(N) and
Roo(N) which were obtained by the assumption of a grand canonical classi-
cal bath of particles not influenced by mean-field effects. Corrections to the
stationary state due to conservation of the total number of particles as well
as mean-field effects and quantum statistics effects are estimated in Appendix
3.A. A further, more detailed, discussion of different models for the uncon-
densed bath (i.e., the noncondensate band) lies beyond the scope of this paper,
and will be presented in other work. However, we want to point out that these
models might include canonical baths with a constant particle number [25],
evaporatively cooled baths [26] as well as baths that are continuously fed with
particles [27].

3.3.1.3 Trap loss

There are several processes leading to losses of condensate particles from the
trap. We will consider one,- two,- and three-particle loss with loss rates 71,
v2(N) and ~3(INV), respectively. One-particle loss might be caused by back-
ground gas particles hitting condensate particles or by coupling condensate
particles out of the trap as described in Ref. [21]. Inelastic two-particle colli-
sions changing the internal properties of the particles lead to two particle loss.
In most of the current experiments the two particle loss is negligible compared
to the three particle loss caused by the inelastic collision of three particles. In
the Thomas-Fermi approximation we obtain for the loss rates

K K
n=5 [dxlen@r = 3, (3.14)
7/2
Ky [ 4 4 K516 - mpy V2
N = e d =
72( ) 4 / x‘&N(x)‘ 105m3/2wxwyw2N2u2

x N3/ (3.15)

o K3 3 6 4K3,UN’Y2(N) —6/5
(V) = & /daz\&v(ac)] — SO N (3.16)

For Rubidium the constants K; have been measured in [17]. The rates K;
have been calculated analytically in Refs. [28, 29, 30].
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3.3.2 Master equation

We simplify Eq. (50) in Ref. [3] for the case that the condensate band consists
only of the condensate mode alone. In contrast to Ref. [3] we keep terms
including Ry, and add the loss terms to the master equation (see Fig. 3.1 ).
We thus obtain the following equation for the reduced density operator of the
condensate band p,:
) 1
Pec = _ﬁ [H07p0] ( )
2B (W (M)} B~ (BB (WH(N)p. s (3.18)
2B{W™(N)pc} B = [B'B, {W~(N)pc} ) (3.19)
2BB™{Roo(N)pe} BBY — [BB'BBT, {Roo (N)p.}]+ (3.20)
2B{m1pc} B — [B'B, {mp:}+ (3.21)
(3.22)

n
N
N
N
+ 2BB{y2(N)p.}B' BT - [BTBTBBv{Vz(N)pC}L
N

2BBB{ys(N)p.} B BB - [BT B'B'BBB, {’yg(N)pc}] L (323)

where Np, = [BTB ) pc] n /2. An intuitive interpretation of the processes de-
scribed by the master equation [Eqgs. (3.17-3.23)] is given in Fig. 3.1 . The free
evolution of the condensate is described by the Hamiltonian Hy,

H() = EO(N) where E()(N + 1) - E()(N) = UN, (3.24)

and py is the chemical potential obtained from the Gross-Pitaevskii equation.

Growth and depletion of the condensate due to interaction with the non-
condensed particles is given in Eqgs. (3.18,3.19). The growth and the depletion
rates W¥ (V) of the condensate were already calculated in Ref. [3] using the
Maxwell-Boltzmann approximation for the phase-space density of the noncon-
densed particles. They are given by

4m(ak:T)2 LN LN

”f-i- N) = 2u/l~cT K

(V)= prEE {kT 1<I<:T)}’ (3.25)
W (N) = en=m/FTy+( ), (3.26)

The rate Roo defined in Eq. (141) of Ref. [3] can be understood as describing
the process of thermal particles bouncing off the condensate. This process does
not change the number of particles in the condensate, but does cause phase
fluctuations. Using the above expression [Eq. (3.13)] for F(K,x) and the
Thomas-Fermi approximation for the condensate wave function, we find

w2—w?

AT 14 arsinh =t
Roo(N) = —FTUN /it < : ) (3.27)

It hPw3w, N2 (w2 —;u%
wx
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for w, > w; = wy, and

. w2—w?
4kT:uN w/kT arestil < wi > (328)

—e
97T4h5w3sz2 /w%—;uz
w(['

for w, < w; = wy. A detailed derivation of Ry is given in Appendix 3.B.

Trap loss is accounted for by the last two lines of the master equation
Egs. (3.21,3.22) and (3.23). Note that the only difference between the process
including the rate W~ (N) and the one-particle loss rate v is the dependence
of the two rates on the properties u and T of the noncondensate.

Ryo (N)

3.4 Solutions of the master equation

In this section we investigate solutions of Eq. (3.17). We find the stationary
solution and derive a differential equation for the mean number of particles in
the condensate N. Using linearized Ito equations, we obtain the correlation
functions (N (t), N(s)) and (BT(t)B(s)).
We define

g = w(N = vipel Ny (3.29)
From Eq. (3.17), we derive the evolution equation of the matrix elements, ex-
pand the terms in this equation for large N in a Kramers-Moyal type expansion
to order 1/N, and obtain

g = 2(N—=v)N{WH(N —1)gk_, — W (N)gx}

+ 2(N—v+1)(N+1) {W (N + gk — WHN)gK }
+ 2/(N —v+ DN + Dygisr — N —v)ngi
+ 2/(N—v+1)(N —v+2)(N + 1)(N + 2)72(N) g% 12
- (N=v)(N=v=1)+ NN —1))7(N)gy
+ 2/ (N —v+1D)(N —v+2)(N—v+3)(N+1)(N +2)(N +3)
xy3(N)g 13
- (N=v)(N=v—=1)(N-v=2)+ NN - 1)(N —2))13(N)gy
- (1/78)9x- (3.30)
The time constant
? - 2 vy "
N = {4]\7 [W+(N)+W (N)} + v*Roo(N) — - } (3.31)

determines the time scale on which the non-diagonal matrix elements decay.
We have assumed that v < N, and therefore approximated

ﬁ(Eo(N)—EO(N V) & Z”%‘N . (3.32)
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3.4.1 Stationary solution

First we neglect trap loss and solve Eq. (3.30) for the stationary case. All g%
with v # 0 drop off exponentially in time, and we are left with the diagonal
terms only. We use the detailed balance condition to calculate the stationary
solution g?\,:
Ry WHN)
g Wo(N+1)

s olh—iN)/KT (3.33)

and therefore

N
IN X H elu—pn)/KT (3.34)

n=0
Using the Thomas-Fermi approximation for the chemical potential of the con-
densate, and replacing the sum occurring in the exponent by an integral, we

obtain
E_J?V o eNw=5un/T) /KT (3.35)

This particle distribution has one maximum determined by the condition uy =
1, as expected from thermodynamics. The position of the maximum differs
from the mean number of particles in the condensate by an amount of order
1/N.

3.4.1.1 Linearized solution

In the case of N > 1 we may linearize the solution Eq. (3.35) around the mean
number of particles in the condensate N. We approximate the distribution in
Eq. (3.35) by a Gaussian

0 1 _w-m?

IN ~ e 202 | (3.36)
2ro

The width o of this Gaussian is given by

TN
LIS (3.37)
2py

In the Thomas-Fermi approximation ¢ scales with the mean number of con-
densate particles like N3/10, The difference between the linearized and nonlin-
earized solutions can therefore only be seen for very small condensates. Figure
3.3 shows a comparison between the Gaussian approximation and numerical
solutions obtained from Egs. (3.17) and (3.38). As expected both solutions
agree very well with each other even for a mean occupation of the condensate
of only about N ~ 500. Note also that the same result for the variance may
be obtained from statistical mechanics. Thus the restriction p 5 /kT > 1 is not
necessary for this result to be valid.
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Fig. 3.3: Stationary particle distribution in the condensate. The trap loss is assumed to be
zero. pu/kT = 0.05 and un—1/kT = 0.004. The solid line represents the numerical station-
ary solution of the Fokker-Planck equation [Eq. (3.38)] and the detailed balance solution
of the master equation [Eq. (3.17)]. The dashed line depicts the Gaussian approximation
[Eq. (3.36)]. The trap frequencies are chosen to be f, = f, = f./v/8 = 47Hz. The calculation
is done for Rubidium.

3.4.1.2 Inclusion of trap loss

In our model the bath of thermal atoms is not depleted by the interaction
with the condensate. Experimentally this can be achieved by replenishing the
reservoir by some mechanism, or by doing the experiment so quickly that the
number of particles lost from the reservoir can be neglected. Furthermore, the
calculations presented here for constant 7" and p remain valid as long as the
heat bath parameters p and T change slowly compared to the time scale of
the condensate dynamics. For the diagonal matrix elements g?\,, we therefore
obtain a stationary solution different from zero even if we include trap loss.
Keeping only the leading order terms in N of Eq. (3.30), we immediately find
the Fokker-Planck equation for g?\, to be

1 02

)
v = S UANg} + 5 55 {H(N)gk} (3.38)
where we have defined
A(N) = —2NWH(N) +2N(W~(N) +m)
+4N?~3(N) + 6N343(N), (3.39)

and

fo(N) = 2NWT(N)+2N(W~(N) + )
+8N?y5(N) 4 18N3~3(N). (3.40)

The Fokker-Planck equation is valid as long as N > 1 and o > 1.
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We approximate the solution of this Fokker-Planck equation by a Gaussian,
and obtain the following equation for the mean number of condensate particles
Nioss:

fi=0. (3.41)

The width of the Gaussian oi.es is approximately given by

| P
Oloss = 1 | —2—. 3.42
l 23Nloss fl ( )

Using the assumption p Nloss/ kT < 1 Eq. (3.41) can be solved analytically by
approximating

4m(akT)?
WHN) ~ it = KT i (3.43)
wh3
W= (N)~ W (N) = W1+ 2N ¢ iy Yo /KT (3.44)
@ @ kT~ 2k2T2
For the mean number of particles in the condensate, we obtain
B 1 WHe—t/kT /9
M. — [+ Ve / (3.45)
3v3(1) + uiWse=r/kT /2
5/2

\/ Y1) + W e t/KT /2 \* oy + War (e=#/HT — 1)
(373(1) + M%Wie—“/“/?) 3y3(1) + piWa e=r/HT /2
Here py = pun=1/kT. Trap loss decreases the number of particles in the
condensate. Also, the width of the particle distribution is decreased by the
nonlinear loss. Both of these effects are well known in nonlinear optics [31].
Figure 3.4 shows the effect of trap loss on the mean number of particles in the
condensate for a given 7" and p for the parameters measured in Ref. [17]. The
dominant contribution to the trap loss comes from three-particle loss, while
one,- and two-particle losses are almost negligible. In the following sections
we will omit the subscript loss since all the calculations will be done for finite
trap loss.

3.4.2 Nonstationary solutions
From Eq. (3.17) we find the evolution equation [32] for the mean number of
condensed particles N.
N = 2WHN)N+1)—2W (N)N
—2y1 N — 4v5(N)N? — 6y3(N)N?. (3.46)
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Fig. 3.4: Influence of trap loss on the mean number of particles in the condensate for rubid-
ium. The trap frequencies are fy = f, = f./v/8 = 47Hz. The temperature of the thermal
cloud is chosen T' = 0.5 K. One,- two,- and three-particle losses are given by the dotted,
dashed, and double dotted lines, respectively. The solid line accounts for all three kinds of
loss. We have used K1 = 1/70s7", Ko = 107?m?%/s and K3 = 6 - 10~*?*m®/s [17].

By comparing Eq. (3.46) with the results obtained in Ref. [17] we find nu-
merical values for the constants K;. Equation (3.46) was investigated in
Refs. [23, 33] for the case 7; = 0. Here we only want to show that trap
loss does not change the general behavior of the growth of the condensate. In
Fig. 3.5 we show a comparison between the growth curve with and without
trap loss. For the parameters chosen the time scale of condensate growth is
influenced only slightly by trap loss.

3.4.3 Correlation functions
In this section we calculate the intensity and amplitude correlation functions

for a condensate in the stationary state found in Sec. 3.4.1.

3.4.3.1 Ito equation

First we will show that if we restrict ourselves to situations where a large
number of particles occupies the condensate and the density operator is al-
most diagonal in the basis |N)y, we can approximate Eq. (3.17) by a master
equation of standard Lindblad form. To do so, we consider terms of the form

2CHF(N)p}C — [CCT {F(N)p}]5., (3.47)
define the operator D = y/ F(N)C, and compare Eq. (3.47) with

2D'pD — [DD', p|. (3.48)
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Fig. 3.5: Comparison between the growth of the condensate with trap loss (solid curve)
and without trap loss (dashed curve). The parameters are chosen as K1 = 1/70s™%, Ky =
107%2m3 /s, and K3 = 6-107**m®/s [17]. Parameters for the thermal particles are 7' = 0.5uK
and g = 3-107%'J. The trap frequencies are chosen to be f, = f, = f./v/8 = 47Hz. The
calculation is done for rubidium.

for a matrix element g%;. Since we assume the trap loss to be a small effect
compared to the interaction of the condensate with the thermal particles, the
terms CTCF(N) of the master equation (3.17) are of order W+N. The only
exception are the terms involving Rgg [34]. Therefore, we find for all the terms
in our master equation that the difference of Egs. (3.47) and (3.48) for a matrix
element g%; is of the order of NW*(N)(v/N)?. We will linearize the equations
and neglect all terms of order W (N)/N. Therefore, we approximate the
master equation (3.17) by replacing all the terms of the form Eq. (3.47) by
expressions of the form of Eq. (3.48). This enables us to write down the Ito
equation straightforwardly for the evolution of the system operators in the
Heisenberg picture. Note that the noise terms appearing in the Ito equations
do not have a direct physical interpretation. We only need them to have a
mathematical equivalence between the solutions of the master equation and
the solutions of the Ito equation. The Ito stochastic equation for an operator
X in the Heisenberg picture reads

i

dX = {h [Ho, X]
—[X,VW+BB\WW+|, + 2VW+BXBVW+
—[X, /W~ + % B'ByW— + 4
2/ W + BT XBYW— + 1
~[X, v Roo(BB")?/Rool 1 + 21/ Roo BB’ X BB'\/Roo
—[X,v72B'B'BB\/73); +2y72B'B'XBB /7,
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~[X, 7B B'B'BBB/3]4 +2\/73B'B'BT XBBB\/%}dt
(X VaWFBldC, — [X, BTx/2W—+]dCI>
<X 2(W— 1 ) B1dCs — [X, B\/2(W- +71)]dc§)
(X V2ReoBB')dCs — [X, \/2Roo BB'] d03>
<X V292 B BYdC, — [X, BB\/27.)dC])
- ( X,\/2y3B'B'B')dCs — [X, BBB 273]d(1§> , (3.49)
where dC; are Ito noise increments. The only expectation values that are

different from zero are

(dCy(t)dC] (1)) = dt. (3.50)

Note that all the rates appearing in Eq. (3.49) depend on the number operator
N and, that therefore we use relations like [for example, for W~ (N)]

BW™(N) = W_(]\Nf—l—l)Bz(W_(N) %)B

= (W™ +0gW")B (3.51)

to calculate commutators between these rates and B.

3.4.3.2 Intensity fluctuations
We define the operator
6lp = ———", (3.52)
where we omit the time dependence whenever this can be done without causing
confusion. For §Ig we obtain
délp = —vyrélpdt + dCh, (3.53)
where
ac; = (V2WFBdCy + BIV2W*dc]+
—2(W= +71)BTdCy — B\/2(W— + 71)dC}
—2/27.B'BYdCy — 2BB+/27,dC]
~3/233B' B'BdC; — 3BBB\/275dC]) —<

%F

(3.54)
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We expand around N and obtain

_ o 8 24 _
v =0y fi = 2NOgW™ + 5N + E%N? (3.55)

which is now only a function of the expectation value of N. Keeping only
these highest-order terms, we can solve Eq. (3.53) and obtain

t
STp(t) = 615(0)e=rt + / =101 4C (1), (3.56)
0

Using <dC’1(t)dC}L(t)> = fgdt/ﬁf and considering only ¢ + s > v7 ! we obtain
for the correlation function (N(t), N(s))

(N(t), N(s)) = 2f_:;e—~/1t—s| = g2 lt=sl, (3.57)

Note that the operator dIp is of order 1. For 9 = 3 = 0 we find for the
Mandel ) parameter
__ OkT 1

QN_
2uw

(3.58)

This means that as long as there is a significant thermal bath, @) will always
be larger than 0 since in this case py/kT < 1 holds. However, since the result
for @ also follows from statistical mechanics the restriction p5/kT < 1 is not
necessary for this result to be valid, and we obtain sub-Poissonian statistics
for py /KT > 5/2.

3.4.3.3 Amplitude fluctuations

We use the Ito equation introduced above to calculate the phase fluctuations.
In particular we calculate the correlation function

(BT(t)B(s)). (3.59)
First we simplify Eq. (3.49) for X = B and find
dB = —ypBdt + dCp, (3.60)

where to leading order in IV

iy 16 = iOypuy | v 32Rg
_ My 20 VN6I 19200 ) 61
B =T T g fo T B < R 2N 13BN (3:61)
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The terms of order W*/N have been neglected. Expressions like Eq. (3.61)
appear in optics in connection with the Kerr effect [35]. The noise term reads

oNWw+ ONW+
dCp = (VoW + BTB> dot — 22X_BRdC 3.62
v = Vo N R (362
+| - 2(W_+71)——8NW_ BB' | dCy
2(W= +m)
%33(1(];
2(W= +m)
OnNRoo ¢ > +
- B'B — /2Ry | B (dC5 — dC
+< 5 Rog 00 ( 3 3)
ONY2 ONY2
+ | —=2LEBIBIB—2,/2 BT> dCy + BBBdC!
< /—2,72 Y2 4 f 4
ON% pi i g i T> E |
+ (-2 B ptptptp —3./23B1Bt ) dos + X2 BBBBdC
< V273 8 V27

We define the operator ® = \/#413 and find the following equation for ®

1
d® = | —ypdt +dCy — —=dol ><I> 3.63
(—mdt +dCo — bt (3.63)
Keeping only the leading terms, we obtain for dCy
~ OnRoo t
dCy = BTB V/2Rgo | (dC5 — dC: 3.64
and find i
16 - = 2
dC,(1)dCy(t) = 2 (—2—§R00 + \/N5IB325]0\?> dt. (3.65)

Equation (3.63) can be treated as a c-number equation for @, since 7 times the
noise term in this equation has the properties of a classical noise term. We
define an operator ® = ¢’® and obtain, for its increment,

d¢p = <—’%N - 8N:N \/NMB> dt — idCy (3.66)
In this equation the intensity noise dC is independent of the phase noise dCy,
so that the equation for ¢ is very similar to the equations appearing in the
phase diffusion model for a laser with colored noise [36]. We may use the
same method as used in quantum optics to calculate the correlation function
(B1(t)B(s)), and obtain

(B1(1)B(s)) = Nel"#~ 5 Ro0)(t=9)

O )
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Fig. 3.6: Spectrum of the amplitude fluctuations S(w) as defined in Eq. (3.68) against w for
rubidium. The trap frequencies are chosen to be f, = f, = f./v/8 = 47Hz. The numerical
solutions are given by the solid lines, and the dashed lines represent the analytical results.
In (a) the parameters of the thermal cloud are chosen to be T'= 0.25uK and p = 3-10731].
The mean number of particles therefore is N = 23800. Plot (b) shows the spectrum for
T = 0.9uK and p = 2-1073'J, and therefore a mean number of condensate particles

N = 8640.

for t > s in the stationary state. In the range of validity of our approxima-
tions the result for this correlation function Eq. (3.67) agrees with the result
obtained in QKIII [Eq. (184) of Ref. [3]]. If we were to keep the terms of
O(1/V'N) in the noise terms the phase noise would no longer be independent
of the intensity noise and the solution to Eq. (3.66) would not be so easy to
find. The correlation function (3.67) depends only on the time difference ¢ — s.
The spectrum is found by a Fourier transformation in the time difference t — s

S(w) = % /_ T dAte= A B (14 A B(L)). (3.68)

Fig. 3.6 shows a comparison between the analytic result [Eq. (3.67)] and
the direct numerical solution of Eq. (3.17). For a large number of condensate
particles IV, the results agree very well with each other. In case of small particle
numbers N the linearization used to obtain the analytic result shifts the curve
compared to the numerical result. Even so, the shape of the solution is very
well approximated by the analytic formula. The spectrum S(w) is expected
to be of Lorentzian shape around its maximum value. Further away from the
center, the shape becomes Gaussian. However, for the parameters chosen in
Fig. 3.6 the Gaussian part dominates.
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3.5 Conclusions

In this paper we have calculated the correlation functions for amplitude (phase)
and intensity fluctuations of a Bose condensate due to interactions with a heat
and particle reservoir, representing uncondensed atoms at finite temperature.
The present analysis is valid for a strongly condensed system confined in a
trapping potential, ignoring contributions from quasiparticle excitations [3].
Finally, we point out that the present theory is readily adapted to a class of
highly interesting problems, such as the study of decoherence in Josephson-like
situations, where two trapped condensates are brought into contact and the
quantum dynamics of the relative phase of the two condensates is observed
12, 37).
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3.A Stationary solution for a canonical bath of par-
ticles

We want to investigate the fluctuations in the number of particles of a Bose-
Einstein condensate, assuming the system to be in the canonical ensemble.
We will include interactions between the Bose particles in our analysis, and
investigate their effects on the condensate fluctuations. On first glance one
might expect that it would be satisfactory to account for the interaction ef-
fects by just including the mean field of the condensate (in the Thomas-Fermi
approximation). However, in this approach fluctuations in the size of the
condensate lead to an unrealistically large shift of the energy levels, which
prevents any condensation [25]. The inclusion of the mean field of the thermal
density of particles reduces the shift of the energy levels. As long as fluctua-
tions in the chemical potentials of the thermal cloud g and the condensate p
are small compared to the energy gap between the condensate energy and the
first excitation energy, fluctuations will not lead to degeneracy in the thermal
cloud. The excitation energies therefore depend mainly on the total number
of thermal particles M and the number of particles in the condensate N. We
will assume that the eigenenergies of the excited levels depend on M and N
but are independent of n,,, i.e., the microstate of the system. As shown in
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Ref. [38], the density of particlelike states is much larger than the density of
quasiparticles. Thermodynamic quantities of the Bose gas are therefore mainly
determined by the particlelike states, which allows us to use the Hartree-Fock
approximation for describing the interactions in the thermal cloud.

3.A.1 Excited modes

We denote the energies and the wave functions of the excited states by €,, and
&m (%), respectively. The occupation of these levels is n,,. In the Hartree-Fock
approximation [39], the effective potential for the thermal particles Veg(x) is
given by

Ve (x) = V(%) + 2uN [Ex(x)]? + 2uii(x), (3.69)

with n(x) the density of the noncondensed particles.

3.A.2 Weakly interacting Bose gas in the canonical ensemble

The density operator of a Bose gas in the canonical ensemble is given by
1 _6H
pe= e "7, (3.70)

where # = 1/kT, with T the temperature of the system. The partition function
Z. is given by Z, = tr {e_ﬁH}. We want to investigate the properties of a Bose
condensate in the canonical ensemble. The eigenstates {{n(x),&n(x)} and
the corresponding eigenenergies { Fy, €, } depend on the number of condensate
particles N and on the number of particles out of the condensate M = )" nyp,.
The total number of particles Nio is constant,

Niot = N + M = const. (3.71)

The state of the system with NV particles in the condensate and n.,, particles in
the levels €, is denoted by |n) where n = {N,nq,...,ny,...}. We can therefore
write for the matrix elements of the density operator p(n) = (n|p.| n)

p(n) oc e PP WNM)=B3, em(NM)nm (3.72)
As can be seen from Eq. (3.72), the condensate energy Fo(N, M) and the exci-
tation energies €,,(N, M) are functions of the number of condensate particles
N and the number of noncondensed particles M. In our calculations we will
assume that the influence of the number of noncondensed particles M on the
condensate energy is negligible, since the number of noncondensed particles
that are inside the condensate region is much smaller than the number of con-
densed particles. Moreover, the width of the condensate particle distribution
is only influenced by the change of the number of noncondensed particles in
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the condensate region due to fluctuations in M. The other interaction effects
i.e., (i) the influence of the condensate mean field on the excited levels, (ii) the
influence of the mean field of the thermal cloud on the excited levels, and (iii)
the influence of the condensate mean field on the energy of the condensate,
will be included in our calculations.

3.A.3 Particle number distribution of the condensate

Since we are only interested in the probability of finding N particles in the
condensate we want to find

p(N,M) =" p(N,ny) (3.73)
{nm}

summed under the constrained M = ) n,,. We can do this summation by
introducing a contour integral writing

p(N, M) o e BEN.M) (3.74)

% 271” dz MH Z o= Bem(N, M)nm i

m n.,=0
and integrating using the method of steepest descents to obtain

p(N, M) x e—ﬁEo(N,M)—(M—H)ln(z)—zm1n(1—2€*5€77L(N’M))

-1/2
M+1 e~ 2Bem(N,M)
X + . 3.75

( = 2 s sy o

Z depends on M and N, and is given by the solution of

1
M+1= gm BN T (3.76)
By defining
M
F(N,M) = EsN,M)+ ﬁln(z)
1
J— - _IBEm(N7M)
+ﬁ Em In (1 ze >, (3.77)

C(N,M) = {m(aMln ln< Zﬁgﬁfjv”éw@

_ BOn€m(N, M) 1
22 (om0 2)2 +1> } o (3.78)
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and using Eq. (3.76), we may rewrite Eq. (3.75)
p(N, M) o e AENM)FCINM), (3.79)

C(N, M) is a small logarithmic correction to SF (NN, M) that we neglect in our
further calculations. Consistent with the neglect of C'(N, M), we approximate
M +1 by M in Eq. (3.76) and use the equations

1
M= Z ebem(NM)z—1 _ 1’ (380)
m

and
p(N, M) o e PEIM), (3.81)

F(N, M) is the Helmholtz free energy of the system. The chemical potentials
of the condensate and the thermal bath are therefore given by the partial
derivatives of F'(N, M) with respect to N and M, respectively.

3.A.3.1 Stationary solution

The chemical potential of the condensate in the canonical ensemble p.(N, M)
is given by
e(N, M) = ONF(N,M)
ZON €m (N, M
= ONEo(N,M)+Y ZOnem(N, M)

e (3.82)

and the chemical potential of the noncondensed particles in the canonical
ensemble i, (N, M) reads

,uv(NvM) = 8MF(N7M)

_ lng') + Oy Eo(N, M) +

Z ZON€m(N, M)

eﬁfm -z

(3.83)

m

If the total number of particles is fixed, the condensate particle distribution
will reach its maximum value for N = N and M = M = Niot — N, where N
can be found by solving

fio(N, Niot = N) = pie(N, Ny — N). (3.84)
The width of the stationary canonical distribution ¢, is given by

Tean = { B0 (11e(N, Nyoy — N) — pio(N, Nyoy — N))} 2. (3.85)
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In the above equations (3.82) and (3.83), the terms including derivatives of
em (N, M) are corrections to the chemical potentials due to the shift of the
excited energy levels with changing M and N. The term Oy Eo(N, M) in
Eq. (3.83) is the correction to the chemical potential of the thermal bath due
to changes in the condensate energy. By assuming Eg(N, M) ~ Ey(N), we
will neglect this term.

3.A.3.2 Method of solving for p(N, M)

For simplicity we will assume that the energy and wave function of the con-
densate are only functions of the number of condensed particles, and use the
Thomas-Fermi expressions (3.11) and (3.12), respectively. The influence of
the thermal particles on the energy and wave function of the condensate will
become important at temperature close to T, and may therefore only be ne-
glected at very low temperatures [25].

We replace the sum in Eq. (3.80) by an integral

S / de g (), (3.86)

where g(e€) is the density of states and use the semiclassical expression

gle) = ﬁ [ [ s < . Off(x)) RS

to obtain, for a spherically symmetric effective potential and given M and N,

M = 4x / oor%zrﬁ(r): (3.88)
0

mkT\/? o, Vet (%) _
= <W> 47'['/0 rdr G3/2 (7 — ID(Z)> .

Here G,(x) = Y o2, n %e " denotes the Bose functions. By solving this
equation numerically we obtain Z as well as the density of noncondensed par-
ticles n(r). Given a fixed total number of particles Niot and a temperature T of
the system, we find the particle distribution function p(N, M) from Eq. (3.81)
by replacing

S (1 _ ge~Bem(N.M >> (3.89)

2mkT\>/* 7 [ 9 Vet (%) _
= <W> 5/0 redr G5/2 <W — 111(2)) .

in the expression Eq. (3.77) for F(N, M).
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Fig. 3.7: Condensate particle distribution for (a) T' = 0.35uK, N = 1.595-10°, and N /Niot, =
10%, and (b) T = 0.2uK, N = 1.910 - 10°, and N/Niot ~ 33%. Both plots are for Rb and a
trap frequency of f, = fy = f. = 66Hz. The solid line shows the solution for the canonical
ensemble including the mean-field effects, the dashed line is the canonical solution using the
mean effective potential Vog(x), and the dash-dotted line is the grand canonical result.

3.A.3.3 Solutions

We want to compare p(IN, M) with the solution for a grand canonical bath of
thermal particles not influenced by mean-field effects as given in Eq. (3.36). To
distinguish between the effect of choosing a different thermodynamic ensemble
and the effect of including the change of the mean field due to condensate
fluctuations, we will plot a third distribution obtained from the canonical
ensemble with a fixed mean effective potential Vg (x) that is given by

Ve (%) = Vp(x) + 2ulN |€5(x))? + 2un(x), (3.90)

where 71(x) is the thermal density obtained for N particles in the condensate,
and Nyt — N particles in the thermal cloud. In Fig. 3.7 , we plot the different
particle distributions. For the three curves in each set the number of particles
in the condensate N is the same. Since the inclusion of the mean-field effects
shifts the chemical potential of the noncondensed atoms, the two canonical
solutions are not plotted for the same total number of particles. If we were
to plot the canonical solutions with and without inclusion of the mean-field
effects at the same total number of particles Niy, their maxima would be
shifted against each other. As can be seen from Fig. 3.7 , the stationary
state of a Bose condensate in the canonical ensemble is different from the
stationary state of a Bose condensate interacting with a bath of particles in
the grand canonical ensemble. When the ratio N /Ny =~ 10% this difference is
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not significant, but for larger condensates, i.e., N/Nyo; > 30%, the difference
might become substantial.

As shown in this appendix, the model used to describe the thermal bath of
atoms may have some influence on the particle fluctuations in the condensate.
We also expect the intensity relaxation rate 7 to be influenced by the par-
ticular model used for the noncondensed particles. However, a further more
detailed analysis of such effects including a treatment of the excitation modes
as given in Ref. [40] lies beyond the scope of this paper, and will be presented
elsewhere [25, 26].

3.B Calculation of Ry, (V)

We show how the expressions (3.27,3.28) are derived from Eq. (141) in Ref. [3].

3.B.1 Simplifying the integral
Ry is defined by

Roo(N) = & 5h2 /d3 /d3K1/d3K2/d3 /d3k’

x6(Ki — Ky —k+K)F(Ky,u)(1 + F(Ks,u))
xWo(u,k)Wo(u,k')é(Awlg( )), (391)

where

Wo(u, k) = Vyeikv, (3.92)

oo [ Ve Devtu—3

and Awiz(u) accounts for energy conservation. We assume that within the
range of the condensate F'(K, u) is constant, and that the factor 1+F (K2, u) ~
1. Integrating over Ko and defining Q = k — k' yields

2
Ro(N) = Grem [ @K / PQI(Q- (Q+2K1)F(K,,0)
/d3k’/d3 @ [ dveyu+ ina—3)
xEh(u+ o Jeu - 5) BAAREAE (3.93)

By integrating over k’ and over v/ and defining

@ = gl fouf o3

‘SN )‘ (3.94)
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we obtain
du? 2
Ro(N) = / K, / #Q(Q - (Q+2K1))
F(K1,0)G%(Q). (3.95)

Now we approximate Q + 2K ~ 2K, since G?(Q) is sharply peaked around
Q = 0 compared to the width of F(K;,0). Replacing the notation K; by K,
choosing the K, axis in the direction of Q, we obtain

Roo(N) = (4“ ;7;13 d3Q/dK /dK /dK 5(QK.)

R2(K2+K2+K2)

e ‘TJF“)/’“TGz(Q). (3.96)

Here () denotes the modulus of Q. Then we do the integration over K to
obtain
Sulrm?kT (Q)
Rog(N) = ——ri— “/kT/d3 3.97
00( ) (27’[‘)555 Q——— Q ( )
So far we have not assumed a particular form of the trapping potential or
the condensate wave function. These properties are contained in the function

G(Q).
3.B.2 Calculating the function G(Q) for the harmonic oscilla-
tor

The trapping potential is of the form V(x) = ax?+by?+cz? with a = mw?2 /2,
b= mwg /2 and ¢ = mw?/2. We change the variables by defining x = u+ ¥
and y = u — 3 and get

1
Q= G

X/ Py [En(x)? |n (y)]? QY (3.98)

and therefore

_ 1 3 2 _iQ-x
G@) = G [ P len e (3.99)
Using the Thomas-Fermi approximation for the condensate wave function,

defining Q), = Qz/va, Q, = Q,/vVb and Q. = Q./\/c, and changing the
variables 2’ = x\/a, ¥ = yvb and 2’ = z,/c, simplifies the integral to

G(Q) =

1 3/ 12\ QX
(27)3/2v/abeNu /x’2<uN = x7)e . (3.100)
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Integrating in spherical coordinates we obtain

2 \/W 3\ o2 !
6Q) = H—s /0 dr (rpx — ) sin(Q'r)
_ 4 _ 12 . / _
= g [0 @)@ Vi)
3vENQ' cos(Q'ViN)] (3.101)

where Q' = \/Q;? + Q2 + Q2

3.B.3 Integration over Q
Last we will now find an expression for the integral

- fra2

We make use of the fact that G(Q) only depends on @’ by replacing d3Q =
Vabe d3Q’ using spherical coordinates, and change the variable

— VINQ =T. (3.103)

The modulus @ can be expressed in terms of Q' as

(3.102)

Q= Q’\/a sin? 6 cos2 ¢ + bsin® fsin? ¢ + ¢ cos? 6. (3.104)
We obtain

2
0 — _ Sv / dé / dé sin(6)
7wV abeN?u? Vasin?§ cos? ¢ + bsin? fsin® ¢ 4 ccos? f

x /0 dTﬁ [(3 = T?)sin(T) — 3T cos(T)]*. (3.105)

Next we integrate over T, define z = cosf, o = ¢ — acos® ¢ — bsin? ¢, and
3% = (acos? ¢ + bsin? <;S)/a2 and write

27
0 =
977\/ab N2u2 / / \/1‘2 +ﬁ2
21y /2” d¢arcsmh(ﬁ 1
9mvabeN2u? Jo Q '

In the case o < 0 we take the modulus of o? and replace arcsinh — arcsin.
To further evaluate this integral we now assume that a = b. Then a®> =c—a
and 32 = a/(c — a). The integration over ¢ then yields a factor of 27, and
we obtain the expressions given in Egs. (3.27) and (3.28). Roo(N) therefore

depends on the number of particles in the condensate as N ~2/5.

(3.106)
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Chapter 4

Introduction

Quantum phase transitions in strongly correlated bosonic systems have at-
tracted a lot of interest in recent years. The simplest system where one can
investigate the Mott insulator phase transition occurring in these systems at
zero temperature are repulsively interacting bosons with spin zero in a lattice
described by the Bose-Hubbard Hamiltonian. This Hamiltonian contains the
main physics of strongly interacting bose systems which is the competition
between kinetic- and interaction energy. There are several ways to study the
Mott insulator phase transition. The model may be investigated analytically
by mean field theory [1], renormalization group techniques [1, 2], projection
methods [3] or by strong coupling expansions [4]. Numerically most of the
studies on the Bose-Hubbard model use quantum Monte Carlo methods [5].
Physical realizations of the Bose-Hubbard model include short correlation
length superconductors, granular superconductors, Josephson arrays, the dy-
namics of flux lattices in type II superconductors, and critical behavior of *He
in porous media. In these realizations the bosonic systems are either tightly
bound composites of fermions that act like effective bosonic particles, or corre-
spond to bosonic excitations. The aim of the following publication is to show
that also cold neutral bosonic atoms trapped in an optical lattice realize the
Bose-Hubbard model. Compared to other physical realizations this system
has the big advantage of being highly controllable. By adjusting the intensity
of the laser beams producing the lattice one is able to change the interaction
matrix element U and the tunneling matrix element J (kinetic energy gained
by hopping from one lattice site to the next) which are the only two parameters
of the Bose-Hubbard Hamiltonian. Moreover it is possible to realize one— two—
and three dimensional systems by turning off the tunneling along several di-
rections independently. Also, while in most of the other realizations impurities
are always present and spoil the validity of the simple Bose-Hubbard Hamilto-
nian this is almost not the case in optical lattices which provide a very regular
and well known periodic structure allowing detailed analytical calculation of
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Fig. 4.1: Schematic setup of an optical lattice configuration. A two level atom with internal
states |0) and |1) interact with two counterpropagating laser beams which produce a standing
wave.

all the relevant parameters. Thus this system is very well suited to study the
properties of the Bose-Hubbard model experimentally. Moreover as shown in
our publication the possibility to add additional slowly varying potentials to
the optical lattice potential adds a new feature to the Bose-Hubbard model.
It would also be possible to add random potentials and thus to simulate dis-
ordered systems as investigated in [4]. Thus the Bose glass phase could be
studied experimentally with bosonic atoms in optical lattices.

Also optical lattices have received much attention in atomic physics be-
cause there neutral atom cooled to the microkelvin range interacting with an
optical standing wave (schematic setup see Fig. 4.1) are bound in the antin-
odes of this optical standing wave, thus forming regular microscopic lattices
[6, 7]. One of the ultimate goals of working with optical lattices is to achieve
atomic densities where the number of atoms trapped in the optical lattice ex-
ceeds the number of lattice sites. Several difficulties have to be overcome to
achieve such high densities: (i) one has to have a source of neutral atoms that
provides densities large enough to fill each of the lattice sites and (ii) it is also
necessary to have an optical lattice in which fluorescence effects are strongly
suppressed such that the optical trapping potential is hardly influenced by the
large number of particles present in the lattice. If these two problems can
be overcome it is possible to study the effects of quantum statistics of the
particles trapped in the lattice and to investigate the effects of the interaction
between the neutral atoms. As has been shown experimentally [7] the problem
(ii) can be overcome by using optical lattices that are far blue detuned with
respect to the atomic transition. Very recently an average filling factor of 1/2
has also been achieved experimentally [8].

One of the goals of chapter 5 is to show that by loading a Bose—Einstein
condensate into a far blue detuned optical lattice it is possible to reach densities
that exceed one particle per lattice site and thus allow to study the effects
of interactions between the atoms and the influence of quantum statistics.
In particular we showed that a dense sample of bosonic atoms loaded into
an optical lattice realizes a Bose-Hubbard model with the Hamiltonian Hgy
given in Eq. (6.1).
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The dynamics of an ultracold dilute gas of bosonic atoms in an optical
lattice can be described by a Bose-Hubbard model where the system parame-
ters are controlled by laser light. We study the continuous (zero temperature)
quantum phase transition from the superfluid to the Mott insulator phase in-
duced by varying the depth of the optical potential, where the Mott insulator
phase corresponds to a commensurate filling of the lattice (“optical crystal”).
Examples for formation of Mott structures in optical lattices with a superim-
posed harmonic trap, and in optical superlattices are presented.
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Optical lattices—arrays of microscopic potentials induced by the AC Stark
effect of interfering laser beams—can be used to confine cold atoms [1, 2, 3, 4, 5,
6, 7]. The quantized motion of such atoms is described by the vibrational mo-
tion within an individual well and the tunneling between neighbouring wells,
leading to a spectrum describable as a band structure [3]. Near-resonant opti-
cal lattices, where dissipation associated with optical pumping produces cool-
ing, have given filling factors of about 1 atom per 10 lattice sites [1, 6]. Higher
filling factors will require lower temperatures, and hence will also require min-
imization of the optical dissipation. This can be achieved in a far-detuned
optical lattice (especially with blue detuning), where photon scattering times
of many minutes have been demonstrated [2]. Thus the lattice then behaves as
a conservative potential, which could be loaded with a Bose condensed atomic
vapor[8, 9], for which present densities would correspond to tens of atoms per
lattice site.

In this Letter we will study the dynamics of ultracold bosonic atoms loaded
in an optical lattice. We will show that the dynamics of the bosonic atoms on
the optical lattices realizes a Bose-Hubbard model (BHM) [10, 11, 12, 13, 14,
15, 16], describing the hopping of bosonic atoms between the lowest vibrational
states of the optical lattice sites, the unique feature being the full control of
the system’s parameters by the laser parameters and configurations.

The BHM predicts phase transition from a superfluid (SF) phase to a Mott
insulator (MI) at low temperatures and with increasing ratio of the onsite
interaction U (due to repulsion of atoms) to the tunneling matrix element .J
[10]. In the case of optical lattices this ratio can be varied by changing the
laser intensity: with increasing depth of the optical potential the atomic wave
function becomes more and more localized and the onsite interaction increases,
while at the same time the tunneling matrix element is reduced. In the MI
phase the density (occupation number per site) is pinned at integer n = 1,2, . ..
corresponding to a commensurate filling of the lattice, and thus represents an
optical crystal with diagonal long range order with period imposed by the
laser light. The nature of the MI phase is reflected in the existence of a finite
gap U in the excitation spectrum.

Our starting point is the Hamilton operator for bosonic atoms in an exter-
nal trapping potential

o= [ e - V4 Thx) + V() ) ) +

" 2m
1 4ra h?
2 m

Pt (x)T (x)9h(x)9h(x) (5.1)

with v (x) a boson field operator for atoms in a given internal atomic state,
Vo(x) is the optical lattice potential and Vp(x) describes an additional (slowly
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Fig. 5.1: a) Realization of the BHM in an optical lattice (see text). The offset of the bottoms
of the wells indicates a trapping potential Vr. b) Plot of scaled onsite interaction U/Egr
multiplied by a/as (3> 1) (solid line; axis on left-hand side of graph) and J/Er (dashed line,
with axis on right-hand side of graph) as a function of Vo/Er = V4 4,20/ Er (3D lattice).

varying) external trapping potential, e.g. a magnetic trap (see Fig. 5.1a). In
the simplest case, the optical lattice potential has the form

3
W(x) = Z Vjosin? (k) (5.2)

j=1

with wavevectors & = 27/A and A\ the wavelength of the laser light, corre-
sponding to a lattice period a = A/2. Vj is proportional to the dynamic
atomic polarizability times the laser intensity. The interaction potential be-
tween the atoms is approximated by a short-range pseudopotential with a the
s-wave scattering length and m the mass of the atoms. For single atoms the
energy eigenstates are Bloch wave functions, and an appropriate superposition
of Bloch states yields a set of Wannier functions which are well localized on
the individual lattice sites. We assume the energies involved in the system
dynamics to be small compared to excitation energies to the second band.
Expanding the field operators in the Wannier basis and keeping only the low-
est vibrational states, ¥(x) = Y. byw(x — x;), Eq. (5.1) reduces to the Bose
Hubbard Hamiltonian

H=-JY bloj+> e + %UZn(n -1) (5.3)

<i,7> %

where the operators n; = bjbi count the number of bosonic atoms at lattice
site 4; the annihilation and creation operators b; and bj obey the canonical

commutation relations [b;, b;] = d;j. The parameters

Ama,h?
U= %ﬁ d3x|w(x)|* (5.4)
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correspond to the strength of the onsite repulsion of two atoms on the lattice
site 1,

J = —/d?’xw(x - x;) <—%V2 + VO(X)> w(x —x;) (5.5)

is the hopping matrix element between adjacent sites i, j, and
6 = / BaVr()lw(x — x:)[2 ~ Vir(x;) (5.6)

describes an energy offset of each lattice site.

For a given optical potential J and U are readily evaluated numerically. For
the optical potential given above the Wannier functions can be written as prod-
ucts w(x) = w(z)w(y)w(z) which can be determined from a one-dimensional
bandstructure calculation. Figure 5.1b shows U and J as a function of Vj
in units of the recoil energy Er = h*k?/2m. Both the next-nearest neigh-
bor amplitudes and the nearest-neighbor repulsion are typically two orders
of magnitude smaller and can thus be neglected. Qualitative insight into the
dependence of these parameters is obtained in a harmonic approximation ex-
panding around the minima of the potential wells. The oscillation frequencies
in the wells are v; = \/4ERrVjo/h which gives the separation to the first excited
Bloch band. The oscillator ground state wave function of size ajo = \/h/mv;
allows us to obtain an estimate for the onsite interaction U = hv (as/ag) /v27
with the bar indicating geometric means. Consistency of our model requires
as < ajo < \/2 and AE; = %Unl(nl — 1) < hv;. The first set of inequali-
ties follows from the pseudopotential approximation, and our requirement of
a (large) energy separation from the first excited band. The second inequality
expresses the requirement that the onsite interaction associated with the pres-
ence of n; particles at site ¢, which in our model is calculated in perturbation
theory, must be much smaller than the excitation energy to the next band.
These inequalities are readily satisfied in practice.

According to mean-field theory (MFT) in the homogeneous case [10, 11]
(see also [14]) the critical value of the MI - SF transition for the phase n = 1 is
at the critical value U/zJ ~ 5.8 with z = 2d the number of nearest neighbors.
According to Fig. 5.1b this parameter regime is accessible by varying V{ in
the regime of a few tens of recoil energies. As an example, for Sodium [9] we
have EFr = 27w x 8.9 kHz for a red detuned laser with A = 985 nm, and the
critical values for the first MI phase in 1D, 2D and 3D are given by V9 = 10.8,
Veyo = 144, and V.0 = 16.5ER, and we assumed in 1D V,, .o = 25Eg for
the y and z directions in order to suppress tunneling in these other dimensions,
and V,g = 25FR for 2D. For Vi = 15 we have U = 0.15 and J = 0.07 in units
of Er. For a blue detuning [9] A = 514 nm we find Er = 27 x 32 kHz and the
corresponding values are Vo = 8.4, V; 0 = 11.9 and Vp = 14.1, and U = 0.2,
J = 0.02 for Vy = 10 in units of Fr. For Vj ~ 10ER the single particle density
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at the center of the optical potential wells will be of order 1/(18 ~ 10" cm~3.

Thus we must discuss the role of collisions between ground state atoms (in
the presence of a laser field) as a loss and decoherence mechanism [17]. This
question is directly related to the problem of collisional loss of Bose-Einstein
condensates in optical traps as studied in [9]. We emphasize that in the Mott
phase with a single particle per site (n = 1) two and more particle loss channels
are absent. For a MI phase with n = 2 there will be two particle losses: if we
take as an order of magnitude the numbers published in Ref. [18] we estimate
the correspondig life time to be > 10 s. For n = 3 the life time due to three
atom losses [18] will be of the order 1/10 s.

We have performed mean-field calculations for 1D and 2D configurations,
as well as an exact diagonalization of the BH Hamiltonian in 1D to illus-
trate the formation of the Mott insulator phase in optical lattices, in partic-
ular for the inhomogeneous case. Our mean field calculations are based on a
Gutzwiller ansatz for the ground state wave function |Uasp) = [[; [¢;) with

i) =D 02y él)\n)z where |n); denotes the Fock state with n atoms at site i
[11]. We minimize the expectation value of the Hamiltonian,

(WMF’H’\I/MF> — /J,<\IIMF’ Zﬁz’\I’MF> — rnin, (57)

with respect to the coefficients ff(f). The Lagrange multiplier p enforces a
given mean particle number N = )" .(7;). This corresponds to a calculation
in the grand canonical ensemble with chemical potential p at temperature
T = 0. A MI phase is indicated by solutions in the form of single Fock states,
|p;) — |ni)i. A signature of a MI phase is integer occupation number (density)
pi = (f;) and fluctuations, o? = ((A2) — (7;)?)/(R;) — 0. Solutions in the form
of superposition of Fock states result in a mean-field ¢; = (b;) # 0, indicating
the presence of a SF component. The angular brackets indicate an average in
the meanfield state. In the homogeneous case (¢; = 0) the phase diagram in
the J — p plane consists of a series of lobes [10]. Inside the lobes (i.e. for J
small in comparison with the onsite repulsion energy U) the system is a Mott
phase; outside it is superfluid.

In Fig. 5.2a we plot the density p(z,y) and the superfluid component
|p(z,y)|? in an optical lattice with a superimposed isotropic harmonic po-
tential at the lattice points (z/a,y/a) = (i,j) (1,5 = 0,£1,...). Fig. 5.2a
shows a MI phase with two atoms per site at the center of the trap (p = 2)
surrounded by a Mott phase with a single atom (p = 1), and superfluid rings
between the MI phases. For smaller values of the chemical potential only a
single Mott phase would exist at the trap center. Qualitatively, this behavior is
readily understood on the basis of the phase diagram in the homogeneous case
[10] if we note that the offset ¢; = Vp(x;) leads to an effective local chemical
potential y — €;.
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Fig. 5.2: a) MI and SF phases in an optical potential and harmomic trap in 2D. Param-
eters: U = 35J, Vr(x,y) = J(z? +y?)/a?, and p = 50J. Density p(x,y) (left plot), and
superfluid density |¢(z,y)|* (right plot). b) Superlattice in 2D. Density p(x,y) (left plot)
and fluctuations o(x,y) (right plot). Parameters: U = 45.J, Vr(z,y) = 30J (sin’(7z/11a) +
sin?(my/11a)), and u = 25J. ¢) Same as b) with u = 35J. Four superlattice wells are shown.
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By use of interfering laser beams at different angles [4], one can produce a

superlattice, in which the offset of the optical potential is modulated periodi-
cally in space on a scale larger than the lattice period. Fig. 5.2b,5.2¢, show the

(x,y) and the scaled density fluctuations o(z,y) of Mott structures

formed in a superlattice. With increasing p we first find a Mott structure at
the bottom of the superlattice potential,

density p

until the atoms are no longer con-

fined to a particular well of the superlattice but form bridges connecting the

superlattice wells.

specific Mott structures can be designed by an appropriate

9

In general
choice of the laser configurations.

An experimental signature to detect the

density fluctuations (see o(x,y) in

Fig. 5.2). This can be monitored directly in light scattering. Alternatively, the
MI phase can be detected spectroscopically by observing the gapped particle-

Mott state is observation of reduced density-
hole excitations.

In 1D and for systems with few atoms per superlattice well we expect fluc-
tuations to be important, and the application of MFT becomes questionable.
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Fig. 5.3: Density p and fluctuations o for the exact ground state in 1D for N = 5 atoms
in a harmonic well as a function of V,o/ERr for seven lattice cells. The parameters are
as/a = 1.1 1072 (corresponding to Na and A = 514 nm, Vio = V.o = 40ERr) and Vr(z) =
0.06 Er(z/a)?.

On the other hand, in this limit it is straightforward to diagonalize the Bose
Hubbard Hamiltonian exactly. Fig. 5.3 is a plot of the density and the num-
ber fluctuations for the exact ground state for N = 5 atoms as a function
of Vzo. With increasing Vo the density shows a clear transition to the MI
phase p = 1, even for this very small sample. The number fluctuations are
suppressed in the MI phase, but remain finite. The phase transition (which
according to MFT in the homogeneous limit is expected for Vy = 7.4FER) is
smeared out, and fluctuations are strongly suppressed only for larger values of
V0. Qualitatively, the mean field theory for the inhomogeneous case agrees
well with the exact calculations, even for these small systems. Fig. 5.3 can
be viewed as an adiabatic transfer into the MI phase as the laser intensity is
varied slowly as a function of time.

The atomic level scheme of Fig. 5.1 allows only one adjustable parameter,
the depth of the optical potential V{;. To adjust the tunneling matrix element .J
independently of the onsite interaction U we can employ atomic configurations
with two internal ground state levels |g1) and |g2), which are connected by an
off-resonant Raman transition (Fig. 5.4a).

We assume that the two internal states move in optical potentials which
are shifted relative to each other by A/4, as is the case when they have polar-
izabilities of opposite sign. Expanding the bosonic field operators for the two
internal states we obtain a two-species Bose Hubbard Hamiltonian

H=-(J Z aj.bj +h.c)+ Zeiajai + Z(ej - 5)b}bj +
<t,7> i J
%Z Pa2+Up > af -bTb-+%ZbT2b2 (5.8)
5 a,”a; ab a;aibjb; + = 1b; :
i <i,j> J

with a; and b; bosonic destruction operators referring to atoms in the in-
ternal states |g1), and |ga), respectively. The first term in the Hamiltonian
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a) ——— &>

Fig. 5.4: a) Atomic level scheme (see text). b) Checkerboard pattern with a MI phase on
one sublattice, and a SF on the other obtained in MFT for the two species BHM, with
parameters: p = 25J, Uyq = Upp = 45J, Uy = 0, 6 = —25J, and ¢; = 0.

describes the Raman induced hopping between adjacent cells with coupling
J = % [ d3xwa(x)* Qog (x)wp(x — A/4), where Qo is the effective two-photon
Rabi frequency (including a possible phase). Direct tunneling has been ne-
glected. The second and third term contain offsets due to a trapping potential,
and in addition a Raman detuning term —¢ for atoms in state |g2). The second
line contains onsite interactions of atoms a and b described by Uy, and Uy,
and a nearest-neighbor interaction U,, whose value depends on the overlap
of the Wannier functions between a and b. A Raman detuning § shifts the
chemical potential of species b relative to a. We can adjust the value of this
detuning to generate checkerboard patterns, e.g. a MI phase of species a and a
Mott phase of species b can coexist with different site occupation numbers. As
an example, Fig. 5.4b plots the density p(z,y) for a specific 2D homogeneous
situation where a MI phase |g1) coexists with a superfluid component in |g).

While the present discussion has emphasized periodic (ordered) Bose sys-
tems, adding a further optical potential with incommensurate lattice spacing
allows the realization of a (pseudo)random potential [5] which leads to the
study of disordered Bose systems and appearance of a Bose glass phase [10, 15].
A study of the growth and fluctuations of the MI phase due to coupling to a
finite temperature particle reservoir based on a master equation treatment [19]
will be presented elsewhere. The ability to manipulate both the lattice and the
system parameters in our realization of a Bose-Hubbard model brings a new
aspect to condensed matter physics: models and simplifying assumptions may
be systematically investigated using the experimental techniques of quantum
optics.

The authors thank the members of the BEC98 program at ITP UCSB
for discussions. Work supported in part by the NSF, the Austrian Science
Foundation, EU TMR networks and the Marsden contract PVT-603.
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Chapter 6

The Bose—Hubbard Model

In this chapter we discuss some of the details needed to obtain the results of
the preceding publication (chapter 5).

6.1 Hamiltonian

The Bose-Hubbard model Hamiltonian is given by
U
Hpy = —JZ azTaj +3 Z ajaj-aiai + Z (6 — 1) ajai, (6.1)
(i.9) i g

where a; is the bosonic annihilation operator of a particle in the mode 7 with
a mode function v;(z) centered around the site position x;. J is the hopping
(tunneling) matrix element for a particle to jump from site x; to one of the
nearest neighbors x;, and (7, j) denotes all pairs of nearest neighbors. ¢; is the
energy offset of the site x; and u, the chemical potential, acts as a Lagrangian
multiplier to fix the mean number of particles in the grand canonical case.
The repulsive interaction between particles in the same site is described by
the interaction matrix element U > 0.

6.2 Approximate ground state for fixed number of
particles

First, we would like to characterize the ground state of Hgy for ¢; = 0. Solving
for the ground state of Hpy in mean field theory yields two different regimes.
For U/J small (for details see the following Sec. 6.3) the ground state is a
superfluid state. The number of particles per site fluctuates and the coherences
between particles in different sites are large. The wave function of the ground

82
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5

Fig. 6.1: Visualization of a) the superfluid phase and b) the Mott—insulator phase with
commensurate filling predicted by the Bose—Hubbard model.

state is then approximately given by

M N
|Wsr) o (Z a3> 0) (6.2)
i=1

where N is the total number of particles and M is the number of lattice sites.
|0) denotes the vacuum state. This kind of state is visualized in Fig. 6.1a.

By increasing the repulsive interaction U compared to J a quantum phase
transition (at temperature 7' = 0) from the superfluid to a Mott—insulator
phase takes place. It becomes less favorable for the particles to jump from
one site to the next, since the interaction between two particles in one site
increases the energy. For commensurate filling of the sites the ground state
thus turns into a state where the number of particles per site is integer and
the particle number fluctuations in the sites tend to zero. The ground state is
then approximately given by

M
wac) o [ (a) ™" 10) (63
=1

A ground state of this form can be viewed as shown in Fig. 6.1b. Commen-
surate filling means that N/M is an integer. If the filling is not commensu-
rate each site will host [N/M] particles (where [x] denotes the largest integer
contained in x). The remaining particles will act as a superfluid above the
Mott—insulator core. The ground state is then approximately given by

N—[N/MIM

M
|\IJMINC> X (Z aj) H <a:[>[N/M] |0> , (6.4)
=1

1=1
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6.2.1 Gutzwiller ansatz

In our numerical calculations in chapter 5 we used the Gutzwiller ansatz [1]
for the wave function

M
[One) =[] 19:) (6.5)
i=1
where -
i) =D £ |n)s, (6.6)
n=0

with |n), being the Fock state with n particles in mode i. The f,(f) are con-
stants. The Gutzwiller ansatz contains the superfluid wave function |¥gr)
as well as the Mott—insulator wave function |Uyne) and is thus well suited
for describing the quantum phase transition from the superfluid to the Mott—

insulator phase. We determined the f,(f) by minimizing the energy
(Umrp| Hpr [Y\p) — min (6.7)

as a function of fr(f).

6.3 Phase diagram of the Bose-Hubbard model

To give a more quantitative picture of the phase transition described above
we will show some results obtained by a Pade analysis by N. Elstner and
H. Monien [2] for ¢; = 0. The calculations there are carried out for a given
chemical potential p and thus for a fixed mean number of particles corre-
sponding to a grand canonical calculation. In this case the superfluid phase is
characterized by a finite order parameter (a;) # 0 while in the Mott—insulator
phase the order parameter (a;) = 0 (For a fixed number of particles the order
parameter is always zero). Figure 6.2 shows the phase diagram obtained in [2]
for the square lattice in two dimensions. The phase diagram shows the bound-
ary between the Mott—insulator phase and the superfluid phase as a function
of J/U and p/U. The two lobes represent Mott—insulator phases with one
and two particles per lattice site, respectively. If the chemical potential is
increased further lobes with larger number of particles per lattice site can be
found. In [2] the boundary between the superfluid and the Mott-insulator
phase is found by calculating the energy difference of particle and hole excita-
tions from a Mott-insulator state |Wyic). The values of 1/U and J/U where
this energy difference vanishes defines the boundary between the two phases
(for details see [2, 3]). Using mean field calculations [1] one finds the condition

U.= (3+2V2)JZ (6.8)
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Fig. 6.2: Phase diagram obtained in [2]. The different curves represent different degrees of
approximation but are all very close to each other. The calculation was performed for a two
dimensional square lattice with Z = 4 nearest neighbors. This figure is published with the
kind permission of N. Elstner.

for the onset of the Mott—insulator phase with one particle per site, where Z
is the number of nearest neighbors of one cell. This estimate agrees well with
more rigorous calculations like [2].
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Chapter 7

Optical lattices

7.1 Optical potentials

We consider first a two-level atom with the internal ground state |0) and the
excited state |1) in one dimension coupled to a monochromatic classical laser
field with frequency w as schematically shown in Fig. 4.1. The spontaneous
emission rate of the excited state is given by ~. In the rotating frame the
stochastic Schrodinger equation (with i = 1) for the atom is given by [1]

k
d|T(t)) = {—z’Heﬂrdt—i—/_k dur/7N (w)e~ ™ dB, (t)T 0) <1|} @), (7.1)

where [¥(t)) = |U1(t)) ®|1) +|To(f)) ®|0) and Heg is the effective Hamiltonian
given by

2

=2y (5= DY m - 22 oo ap. 72
x and p are the coordinate and momentum operators, respectively. The mass of
the atom is m and the detuning é between the atomic transition frequency wig
and the laser field is given by § = wig—w. We denote the Rabi frequency which
is proportional to the electric field strength and the dynamic polarizability of
the atom by . dB,(t) is an Ito noise increment, N(u) is normalized and
determined by the spatial distribution of the spontaneously emitted photons
[1]. k is the wave number of the classical light field. The equations of motion
for the wave functions |¥4(t)) and |¥y(t)) are given by

2 X
w = —i {6 - zg + f—m} Wy (1)) —|—z’Q(2 Jlwow)y,  (7.3)

and
2

alwa(t) = —i (&) delwle)
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x k ;
+ {i%dH/_k dur/yN (u)e e dBu(t)T} [Ty () (7.4)

We want to consider the case of a far detuned optical lattice, i.e. the
case where the detuning is much larger than the Rabi frequency |0 > |Q].
Furthermore we will assume the spontaneous emission rate to be much smaller
than the detuning, i.e. v < |§]. Also we will assume the kinetic energy of an
excited atom (and thus also the recoil energy Ep = k?/2m) to be much smaller
than the detuning Fr < |§|. In this case it is permissible to adiabatically
eliminate the excited internal state of the atom |1). We do this by setting the
left hand side of Eq. (7.3) equal to zero and by neglecting the kinetic energy
term which yields
 Qx)
20 — iy

(W1 (1)) [Wo(t)) - (7.5)

Combining Eqgs. (7.4, 7.5) and defining the operator

VA
20 — iy’

We find

2 2 :
S BN (5 At C) R I
d|Uo(t)) = { Z<2m 107 12 5c'c dt

k .
—I-/ du\/N(u)e_’“deu(t)Tc} [Wo(t)) . (7.7)

—k
We define the optical potential as

Q(x)?|9|

Vo) =~ gy (7.8)

Furthermore we will always assume the atom to be interacting with a standing
light wave. The spatial dependence of the Rabi frequency is then given by

Q(x) = Qo sin(kx). (7.9)

7.1.1 Influence of spontaneous emission

Next we want to investigate the effect of spontaneous emission, i.e. to estimate
the mean time until a spontaneous emission occurs if an atom is interacting
with a standing light wave and trapped in the vibrational ground state of one
of the potential minima of the optical potential Eq. (7.8).
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7.1.1.1 Ground state wave function

We assume the size of the ground state wave function ag in the optical potential
to be much smaller than the periodicity of V() given by a = w/k, i.e.

J16]  9F
i %m > 1, (7.10)

which can be fulfilled without violating the previous assumptions || > [Qg,
|6] > ~ and |6] > p?/2m. For finding the ground state wave function we
expand the optical potential around its minimum to second order

2,.2
Vo(z) ~ C+ m“’g”“’ , (7.11)
with the trapping frequency
202 |6] k2
2 0
=—— 7.12
“T (462 +2)m’ (7.12)

and a constant C that is proportional to the light intensity in the center of the
harmonic trap. The ground state of one of the potential minima of the optical
potential is then approximately given by the ground state of the approximating
harmonic oscillator

_ 1 -=
o) = ¢/ —e 203 (7.13)
0

where ag = \/1/mwrp. If condition Eq. (7.10) is not fulfilled but the particle
may still be trapped in the optical lattice anharmonicity effects will change
the shape of the ground state wave function but the following estimates will
still be valid qualitatively.

7.1.1.2 Blue detuned optical lattice

In the case of a blue detuned optical lattice (dark optical lattice) 6 < 0 the
potential minima coincide with the points of no light intensity and thus C = 0.
The time between two spontaneously emitted photons is determined by the
rate

Veft = <\I’0‘ cle ‘\IJO> R —%wT <L wrp. (7.14)
As was shown recently in an experiment by Friebel et al. [2] the spontaneous
emission rate in far blue detuned optical lattices can be of the order of several
minutes.
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7.1.1.3 Red detuned optical lattice

In a red detuned optical lattice (bright optical lattice) § > 0 the potential
minima coincide with the points of maximum light intensity and thus

025

In this case the time between two spontaneously emitted photons is determined
by the rate
- = y 40235
= (Tp|cfe|T) =~ L [ —2— —wyp ). 7.16
Yeff < 0| ‘ 0> 15 <452+72 T ( )
Since Q2/6 > wr due to assumption Eq. (7.10) the spontaneous emission in
a red detuned optical lattice will always be more significant than in a blue
detuned optical lattice.

7.1.2 Neglecting spontaneous emission

Spontaneous emission may be neglected as long as we assume the experiment
to be performed within a time much smaller than 1/7.¢. Then the equation
for the wave function becomes

d|Wo(t
AO) _ i wo ey, (7.17)
dt
with the Hamiltonian )
p
H=—+YV 7.18
om + 0(1')7 ( )

where the optical potential Vjy(x) is given by

(7.19)

The Hamiltonian H is the starting point of the calculations in the preceding
publication.

7.2 Bloch bands and Wannier functions

The optical potential Vy(z) = (Q3/40)sin?(kz) = Vpsin?(kx) is periodic in
space and it is thus useful to work out the Bloch eigenstates

o (z) = e u(M (), (7.20)

where g is the Bloch wave number and uf{‘) (x) are eigenstates of the Hamilto-

nian )
(p+q)

Hq = 2m

+ Vo (), (7.21)
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Fig. 7.1: Band structure of an optical lattice with the optical potential Vo(z) = Vo sin? (kx)
for different depths of the potential. a) Vo = 5ER, b) Vo = 10ER, ¢) Vo = 15ER, and d)
Vo = 25ER.

with energy Eén) and periodicity a of the optical potential Vy(z), i.e.

Hqug") (x) = Eé")ug") (x). (7.22)

In Figure 7.1 the bandstructure (eigenenergies Eén) as a function of ¢) is shown

for different depths of the optical potential Vj. For the lowest lying bands the
separation of the different bands n is approximately given by the frequency
wr while particles in higher bands with energies larger than V{; behave as
free particles. All the calculations in the preceeding publication assume the
particles to be in the lowest band which implies cooling to temperatures T
much lower than the trapping frequency wr.

7.2.1 Wannier functions

A set of orthogonal normalized wave functions that fully describe particles
in band n of the optical potential and that are localized at the sites (regions
around the potential minima) of the optical lattice is given by the Wannier



7.2. BLOCH BANDS AND WANNIER FUNCTIONS 91

Vawo(z) =

b)

N W

awo(z)?
—_

Fig. 7.2: Wannier function for an optical lattice with Vo = 10Eg. Plot a) shows the mode
function wo(x) (solid curve) and plot b) the probability distribution wo(z)? (solid curve)
as a function of position x. The dashed curves indicate the shape of the optical potential
Vo(z) = Vo sin? (kzx).

functions [3]

Wz — 27) = N71/2 Z e‘iqziqﬁg”) (x), (7.23)
q

where z; is the position of the lattice site and A is a normalization constant.
Figure 7.2 shows an example of a Wannier function with n = 0. These Wannier
functions wo(z — z;) tend towards the ground state wave functions Eq. (7.13)
of one of the lattice sites when V; — oo at constant k since we may then
neglect all the terms involving the Bloch wave number ¢ and it is valid to
approximate the optical potential by a harmonic potential. The advantages
of using Wannier functions wq(x — z;) to describe particles in the lowest band
are that

e a mean position z; may be attributed to the particle if it is found to
be in the mode corresponding to the Wannier function wy(z — x;) (cf.
Fig. 7.2) and

e local interactions between particles can be described easily since the
dominant contribution comes from particles located at the same position
xZ;.

7.2.2 Connection between J and the bandstructure

In the case where U = 0 the Hamiltonian Hgy Eq. (6.1) reduces to a tight
binding model Hamiltonian. We assume periodic boundary conditions and
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that the one particle eigenstates of Hpp are of the form
w) = " enaf [0) (7.24)
n

with the constant a obeying the equation ol = 27 M where [ is an integer.
The eigenvalue equation for |¥) reads

Hpu |V) = Eq|9) , (7.25)

from which we find
—2J cos(a) = E,. (7.26)

From Eq. (7.26) it is clear that the hopping matrix element is given by

(7.27)

7.3 Realizing the Bose-Hubbard Hamiltonian

We will now show how to reduce the Hamiltonian Hg,; of many interacting
particles in an optical lattice to the Bose-Hubbard Hamiltonian Eq. (6.1).

Hypn = /dmﬂ(x) <% + Vo(x) + VT(X)> ¥(x)
+5 [ deviGoul v v () (7.28)

with % (x) the bosonic field operator for atoms in the given internal atomic
state |0), Vp(x) describes a (slowly varying compared to V(x)) external trap-
ping potential, e.g. a magnetic trap. g is the interaction strength between the
particles. We assume all the particles to be in the lowest band of the opti-
cal lattice and expand the field operator in terms of the Wannier functions
Y(x) = 3 a;w® (x —x;), where a; is the destruction operator for a particle in
site x;. w(® (x — x;) is the three dimensional version of the Wannier functions
discussed in Sec. 7.2.1. We find

1
Hyg=—» Jijala; + 3 > Uz‘jkla;-ra;r-akah (7.29)
Z"j i7j§k7l

where

Jij = —/dwwo(x - X;) <% + Vo(x) + VT(X)> wo(x — Xx;) (7.30)
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Fig. 7.3: a) Comparison of on site Upooo (solid curve) to off site interactions Upio1 (dash
dotted curve) and Upoo: (dashed curve). The dashed curve labeled HO is the interaction
matrix element Upoop if the Wannier functions are approximated by the ground state wave
function of a harmonic oscillator approximating the optical potential around its minimum.
b) Comparison of nearest neighbor hopping Jo1 (solid curve) and hopping to the 2nd Jo2
(dashed curve) and 3rd Jos (dash dotted curve) neighbors. All calculations presented in
this figure are for a three dimensional optical lattice with equal lattice properties in each
direction z,y and z.

and

Uijti = g / drwo(x — x;)wo(x — Xj)wo(x — Xg)wo(x — X7). (7.31)

We first compare the interaction matrix element for particles in the same
site Uggoo with the interaction matrix elements for particles in two adjacent
sites Up1p1 and the interaction matrix element Uygg; as shown in Fig. 7.3a. We
find the offsite interaction matrix elements Uy191 and Ugyggr to be more than one
order of magnitude smaller than the onsite interaction matrix element Ugggog
which allows us to neglect offsite interactions. Due to the orthogonality of the
Wannier functions hopping is only possible along the x,y and z directions.
In Fig. 7.3b the hopping matrix elements between nearest neighbors Jyp; and
between 2nd Jye and 3rd Jys nearest neighbors (along one of the axes) are
compared with each other. For Vy > HER the latter are at least one order
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1D 2D 3D

=

H

Fig. 7.4: One— two— and three dimensional Bose-Hubbard model. Hopping is only possible
along sites connected by lines. In the other directions hopping is turned off by choosing a
large laser intensity and thus producing high optical barrier.

of magnitude smaller than the the hopping matrix elements between nearest
neighbors and may thus be neglected.
Therefore we arrive at the standard Bose-Hubbard Hamiltonian

U
Hpy = —JZ aZT-aj + 5 Z aZT-aZTa,-a,- + Z eia;'a,-, (732)
(6,5) g i

where J = Jy; and U = Upggo. The terms ¢; arise from the additional (in com-
parison to the localization of the Wannier functions slowly varying) trapping
potential, and are given by

€ = VT(I'Z) (7.33)

7.3.1 One— two— and three dimensional Bose—Hubbard model

The intensities of the laser beams producing the optical potentials in x,y and
z direction can be adjusted independently. Also the frequencies have to be
adjusted such that the potentials add and do not interfere. Choosing the laser
intensity large enough tunneling along different directions can selectively be
turned off since the tunneling matrix element decreases rapidly for large Vj
(cf. Fig. 7.3b). By choosing the laser intensity large along one direction a two
dimensional Bose-Hubbard model can be realized whereas by choosing a large
laser intensity along two dimensions a one dimensional Bose-Hubbard model
is created. The different situations are shown in Fig. 7.4.

7.4 Light—induced inelastic collisions

When two particles get close to each other the interaction changes the energy
between different internal states [4]. An example is shown in Fig. 7.5 where the
potential curves for two atoms with relative distance r are given schematically
for the different internal states (S + S) and (P + S). As a consequence the
detuning § of the laser field changes as the particles come close to each other
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Fig. 7.5: Schematic interaction potential curves for two atoms at distance 7.

and becomes § = 0 at the Condon point Ro. The probability for the two
particles to be excited to the states P+ .S increases around the Condon point.
The particles can either form a quasistable molecule (red detuning) which
decays by emitting spontaneously a photon v or they can be promoted to an
unbound S + P state with a large kinetic energy equal to the detuning of the
laser at 7 = oco. Both of these effects should be kept as small as possible to
minimize loss from the optical lattice. There are several ways to do so:

e Avoid a Condon point by detuning far to the red. However, this will
lead to a large spontaneous emission rate compared to the case of a blue
detuned optical lattice (cf. Sec. 7.1.1).

e Avoid a red detuning that puts the Condon point close to a quasibound
state (shown in Fig. 7.5).

e Choose the detuning such that the two potential curves have an angle
close to 90° to each other at the Condon point which makes the proba-
bility of finding the two particles in the region where ¢ ~ 0 small.
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Chapter 8

Introduction

8.1 Quantum computing in optical lattices

In the publication discussed in the previous part III we were mainly interested
in how to obtain regular fillings of an optical lattice. We will now concen-
trate on possible new experiments and applications which might emerge from
making use of very well controlled neutral atoms in an optical lattice. We
will show how it is possible to move an optical lattice state selectively and
thus to be able to control the interaction between atoms. These “handmade”
collisions of neutral atoms in moving optical lattices are the basis of many of
the experiments discussed in the following publications (chapters 9 and 11).
In particular the suggested experiments should allow one to create EPR—pairs
and GHZ-states of neutral atoms in optical lattices, it should be possible to
measure the s—wave scattering length as of the atoms and eventually also to
discover some effects of the trapping on the interaction between neutral atoms,
since the ground state size in the optical lattices can be made comparable to
the scattering length as. Using the techniques described below it should also
be possible to discriminate Mott—insulator states from superfluid states of the
atoms in the lattice (cf. chapter 5).

Another very prominent example of possible applications of neutral atoms
in moving optical lattices is the implementation of two—qubit quantum gates
and performing quantum computations in parallel as described in detail in
chapter 11. There the qubit is represented by two internal states of the trapped
atoms. One qubit rotations are easily performed by applying laser pulses to
the atoms. Two qubit gates are implemented by selectively letting particles
in specific internal states interact with each other as described in chapter 9.
Another way to build two—qubit quantum gates is suggested in [1]. There
dipole—dipole interactions between neutral atoms trapped in an optical lattice
are used in order to build two—qubit quantum gates.
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a) b)

magnetic field

axial positions

Fig. 8.1: a) Magnetic motor for neutral atoms as introduced in [10]. b) Potential created by
the configuration shown in a).

8.2 Electromagnetic microtraps

While we have discussed optical lattices as a possible way to trap and ma-
nipulate neutral atoms for purposes of quantum computing and entanglement
operations there is a second possibility which we want to consider now. As
is standard in Bose—Einstein condensation experiments neutral atoms can be
trapped by magnetic fields [2, 3, 4]. While in these magnetic traps the num-
ber of trapped atoms is usually on the order of 10° several groups including
J. Schmiedmayer [5], T. Héansch [6], K.G. Libbrecht [7], and E. Hinds [§]
are experimentally working on guiding and trapping neutral atoms in mag-
netic micro—traps which allow for storage of single atoms. New advances in
nanofabrication techniques [9] promise unique trap designs on a nano-scale
and control over the trapped atoms on the quantum level. The major advan-
tages of magnetic micro—traps compared to optical lattices are

e that the static magnetic fields are much more stable and less distorted
by the presence of atoms than the laser beams of an optical lattice,

e the geometry of the trap can be designed much more easily than in an
optical lattice,

e there is no spontaneous emission in magnetic traps,

e and — in principle — the magnetic traps can be highly integrated and
might thus turn out to be more useful for commercial use than optical
setups.

However, there are also several disadvantages of magnetic traps compared
to optical lattices, e.g.,

e it is easier to load a cold bosonic sample of atoms into an optical lattice
[11] which has been achieved experimentally than into an array of mag-
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netic microtraps (which has not been done up to now to the best of my
knowledge),

e manipulating the atoms usually requires extra laser beams (one qubit
gates, preparation of the initial internal states, readout of the infor-
mation) which is much harder in magnetic micro—traps since there the
atoms are always close to a surface.

e The distance between the different trapping potential is determined by
the laser wavelength in the case of an optical lattice which can easily
be on the order of a few hundreds of nanometers, while it is much more
difficult to obtain arrays of magnetic trap potentials with centers less
than 1uym away from each other.

In order to do entanglement operations in electromagnetic microtraps it
is necessary to control the trapping potential in a state selective way. This
can be achieved by combining electric and magnetic static fields as we show
in Sec. 8.2.1. In chapter 10 these static selective potentials are the starting
point for showing how to implement a two—qubit quantum gate. The scheme
presented there allows for a quantum gate between two atoms in neighboring
potential wells (cf. Fig. 8.2). One way to perform gate operations between an
arbitrary pair of atoms would be to move one column of atoms along the y—
axis (in the scheme presented in Fig. 8.2) while leaving the neighboring atoms
in their places. Although it might not be easy to do this experimentally first
experiments towards this direction have been presented recently by the group
of T. Hansch [10]. The basic principle is shown in Fig. 8.1, where in Fig. 8.1a
we show the experimental setup while in Fig. 8.1b the potential generated by
this setup is shown. By changing the currents Iy, I; and I» with time the wells
of the potential move along the axial position.

We also want to mention that in the publication presented in chapter 10
D. Jaksch was mainly responsible for the theoretical part and for how to solve
numerically for the state vectors which works in a similar way as described in
detail for the optical lattice in Sec. 12.2.3. T. Calarco was mainly involved into
finding the physical implementations of the theoretical schemes described in
the paper and running simulations for experimentally feasible situations given
to us by the experimental authors of the paper. In the publication presented
in chapter 11 it was the main responsibility of H. Briegel to do the theoretical
part on quantum computation while D. Jaksch was mainly responsible for
how the physical requirements on the system used for doing the computations
could be satisfied.
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8.2.1 State selective potentials

In the electromagnetic microtraps we consider in chapters 10 and 11 neutral
atoms are trapped by static inhomogeneous electric and magnetic fields. We
assume that the magnetic field changes slowly enough so that the magnetic
moment of the trapped atom can follow the direction of the field adiabatically.
In this adiabatic regime the potential energy of the atom depends on the
magnitude |B| of the magnetic field but not on its direction and is given by

Emagn = QFMBmF’B‘, (81)

where gp is the gyromagnetic factor of the atom. pp denotes the Bohr mag-
neton and mp is the z-component of the total spin of the atom’s hyperfine
level, i.e., the interaction energy of the atom with the magnetic field depends
on the internal hyperfine state of the atom. The potential energy of an atom
interacting with a static electric field is given by

aa

Eel: 9

%, (8.2)
where ) is the static polarizability of the internal state. This polarizability
depends on the form of the spatial wave function and is thus independent of
the atom’s hyperfine level. |E| is the magnitude of the electric field applied.

Combining electric and magnetic fields and being able to change them
independently allows for switching the potential state dependently as described
in Sec. 10. One of the situations we were considering is depicted in Fig. 8.2.
There we assumed a magnetized magnetic mirror [12] lying in the x, y—plane
with the surface magnetization

2 2B
M(x) = — " cos(kpz+ 6 8.3

changing only along the z—direction. g = 4710~"Vs/Am, B, k, and 6, are
constants that can be chosen within limits determined by the properties of the
magnetic mirror. In addition a static magnetic field of the form

B = {Bycos©, By, Bysin 0} (8.4)

is applied, where By, B, and © are constants. For appropriate parameters this
setup produces the potential shown in Fig. 8.2a with paired wells assumed to
trap the atoms. A charged dot is put below the two paired wells (depicted
in Fig. 8.2b) and by changing the charge of this dot it is possible to state
selectively remove the barrier between the two potential wells.
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Fig. 8.2: Magnetic potential considered to build a two—qubit quantum gate. a) Three di-
mensional plot of the magnetic potential V' along the z and z axes. b) Contour plot of the
magnetic potential shown in a). The parameters are chosen as By = 37.5mT, B2 = 120mT,
01 =0, 62 =7, Bo = 12mT, By = 1mT, © =0, k1 = 27/ m, k2 = 47/Am, b = Ay, and
Ay = 2um.
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ENTANGLEMENT OF ATOMS VIA COLD
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We show that by using cold controlled collisions between two atoms one
can achieve conditional dynamics in moving trap potentials. We discuss im-
plementing two qubit quantum—gates and efficient creation of highly entangled
states of many atoms in optical lattices.
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The controlled manipulation of entangled states of N-particle systems is
fundamental to the study of basic aspects of quantum theory [1, 2], and pro-
vides the basis of applications such as quantum computing and quantum com-
munications [3, 4]. Engineering entanglement in real physical systems requires
precise control of the Hamiltonian operations and a high degree of coherence.
Achieving these conditions is extremely demanding, and only a few systems,
including trapped ions, cavity QED and NMR, have been identified as pos-
sible candidates to implement quantum logic in the laboratory [3]. On the
other hand, in atomic physics with neutral atoms recent advances in cooling
and trapping have led to an exciting new generation of experiments with Bose
condensates [5], experiments with optical lattices [6], and atom optics and
interferometry. The question therefore arises, to what extent these new ex-
perimental possibilities and the underlying physics can be adapted to provide
a new perspective in the field of experimental quantum computing.

In this Letter we propose coherent cold collisions as the basic mechanism
to entangle neutral atoms. The picture of atomic collisions as coherent inter-
actions has emerged during the last few years in the studies of Bose Einstein
condensation (BEC) of ultracold gases. In a field theoretic language these
interactions correspond to Hamiltonians which are quartic in the atomic field
operators, analogous to Kerr nonlinearities between photons in quantum op-
tics. By storing ultracold atoms in arrays of microscopic potentials provided,
for example, by optical lattices these collisional interactions can be controlled
via laser parameters. Furthermore, these nonlinear atom-atom interactions
can be large [7], even for interactions between individual pairs of atoms, thus
providing the necessary ingredients to implement quantum logic.

Let us consider a situation where two atoms 1 and 2 in internal states
la); and [b)2 (labelled a and b) are trapped in the ground states wg’b of two
potential wells Vb, Initially, at time t = —7, these wells are centered at
positions 2% and z°, sufficiently far apart (distance d = z° — %) so that the
particles do not interact. The positions of the potentials are moved along
trajectories Z%(t) and Z°(t) so that the wavepackets of the atoms overlap for
certain time, until finally they are restored to the initial position at the final
time ¢ = 7. This situation is described by the Hamiltonian

512
H= Z [ﬂ + VP (mﬁ—:fﬁ(t)>] + utP (2% —20). (9.1)
2m
B=a,b
Here, % and p®® are position and momentum operators,
yab (m“’b - f“’b(t)> (9.2)

describe the displaced trap potentials and u?P is the atom-atom interaction
term.
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Ideally, we would like to implement the transformation from ¢ = —7 to
t=r
Vi (2 —z) (2 —3°) — e (a° ~z )Y (e ~2°), (9-3)

where each atom remains in the ground state of its trapping potential and and
preserves its internal state. The phase ¢ will contain a contribution from the
interaction (collision). Transformation (9.3) can be realized in the adiabatic
limit, [8] whereby we move the potentials so that the atoms remain in the
ground state. In the absence of interactions (u®® = 0) adiabaticity requires
]d’ca’b(t)\ < Vose Vt, where vosc & aow is the rms velocity of the atoms in the
vibrational ground state, ag is the size of the ground state of the trap potential,
and w is the excitation frequency. The phase ¢ can be easily calculated in the
limit |é7}a’b(t)| < Wose/T. In this case, ¢ = ¢ 4 ¢* where
m

0" = o itz (t)?, (9.4)

-7

are the kinetic phases. In the presence of interactions (u®® # 0), we define the
time—dependent energy shift due to the interaction as

AR = dmash” / do T g (= - 2°®) 1% (9.5)

m
B=a,b

where ag is the s—wave scattering length. We assume that: (i) |[AE(t)] < hw
so that no sloshing motion is excited; (ii) ]:'Ea’b(t)] < Vosc (adiabatic condition);
(iil) vogc is sufficiently small for the zero energy s—wave scattering approxima-
tion to be valid [9]. In that case, (9.3) still holds with ¢ = ¢® + ¢® + ¢*" with
the collisional phase B}
¢ = L dtAE(t). (9.6)
h —T
In the case of quasi-harmonic potentials (as is realized with optical po-
tentials, see below) (9.3) still holds, even in the non—adiabatic regime, i.e. at
higher velocities. For harmonic traps one can solve exactly the evolution for
u* = 0, and identify the condition for adiabaticity:

t
‘/ fa’b(t/)ewtldt'
-7

This is consistent with condition (ii). Actually, for (9.3) to hold the inequality
(9.7) only has to be fulfilled for ¢t = 7 (and not for all times). This means that
the particle need not be in the ground state of the moving potential at all times,
but only at the final time. The phase ¢ = ¢%+¢”, as well as the wave functions
Y@ (%P t), can be calculated exactly [8]. For u®® # 0 if conditions (i) and (iii)

<ay, V-T>t>T. (9.7)
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Fig. 9.1: Configurations at times +7 (a) and at ¢ (b). The solid (dashed) curves show the
potentials for particles in the internal state |a) (|b)), respectively. Center positions :Ef (t) and

displacements 6z°%(t) as defined in the text.

are satisfied, then (9.3) is still valid. There is an additional phaseshift (with
respect to u*® = 0) ¢*® which is given by Eqgs. (9.5,9.6) with the replacement
¢8’b(1‘“7b —2%(t)) — @ (P t). Tt is also straightforward to generalize these
results to the case in which the trap frequency changes with time [10].

So far, we have shown that one can use cold collisions as a coherent mecha-
nism to induce phase shifts in two—atom interactions in a controlled way. Our
goal is now to use these interactions to implement conditional dynamics. We
consider two atoms 1 and 2, each of them with two internal levels |a); 2 and
|b)1,2. We will use the superscripts 5 = a, b and the subscripts j = 1, 2 to label
the internal levels and atoms, respectively. Atoms in the internal state |3);
experience a potential ijﬁ which is initially (¢ = —7) centered at position Z;.
We assume that we can move the centers of the potentials as follows (Fig. 9.1):
:Z"f(t) = 7; + 02°(t). The trajectories dx°(t) are chosen in such a way that
62 (—7) = 62°(7) = 0 and the first atom collides with the second one only if
they are in states |a) and |b), respectively (|4 (t) —Z4(t)| > ao Vt). This choice
is motivated by the physical implementation considered below. The fact that
Z; does not depend on the internal atomic state allows one to easily change
this internal state at times ¢t = 47 by applying laser pulses. If the conditions
stated above are fulfilled, depending on the initial internal atomic states we
have:

e " |a)1]a)s,

la)i]a)e —

jayifo)y — e O HID gy b),,

Byrfayy — e F ) |a)s,

BY1lb)2 — e 2 |b)1|b)a, (9.8)

where the motional states remain unchanged. The kinetic phases ¢ and the
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collisional phase ¢?P can be calculated as stated above. We emphasize that the
¢” are (trivial) one particle phases that, if known, can always be incorporated
in the definition of the states |a) and |b).

In the language of Quantum Information, transformation (9.8) corresponds
to a fundamental two—qubit gate [4]. In order to illustrate to what extent the
mechanism presented above is able to perform this ideal gate, we have carried
out a numerical study in 3 dimensions. We have integrated the time—dependent
Schrodinger equation with the Hamiltonian (9.1). We have taken harmonic
potentials with various time dependent displacements d2”(t) and frequencies.
Their form as well as the parameter range are motivated by the specific imple-
mentations outlined below. The figure of merit that we have used is the mini-
mum fidelity [11], which is defined as F' = min (¢)[trex; U[Y) (] ® pexttd) ).
Here |¢)) is an arbitrary internal state of both atoms, |¢) is the state resulting
from |¢) using the mapping (9.8). The trace is taken over motional states, U
is the evolution operator for the internal states coupled to the external motion
(including the collision), and pex the density operator corresponding to both
atoms in the motional ground state at t = —7. In the ideal case the fidelity will
be one. We have taken the potential u?P as proportional to a delta function and
used a truncated moving harmonic oscillator basis (10 states for each degree of
freedom). The first illustration corresponds to a fixed trap frequency w® = w?
and displacements d2°(t) = 0 and 6z%(t) as specified in Fig. 9.2a. In Fig. 9.2b
we present a contour plot of F' as a function of the parameters characterizing
the displacement 0x®(t). The fidelity is very close to one for a surprisingly
wide range of parameters, even well into the non—adiabatic regime. We have
also studied numerically the effect of time—varying trap frequencies (see Fig.
9.3a) and finite temperatures, so that pey describes a thermal distribution of
temperature T'. For temperatures kT < 0.2hw (where w is the initial trap fre-
quency) the fidelity remains very close to one (of the order of 0.997), and this
result is still robust with respect to changes in the parameters. We have also
included loss due to collisions by adding an imaginary part to the scattering
length. In that case, the fidelity is reduced (see Fig. 9.3b).

So far we have assumed that there is one atom per potential well. In prac-
tice, the particle number might not be controlled. Nevertheless, one can easily
generalize the above results to this case by using a second quantized picture.
For example, in the adiabatic regime we denote by a; and b; the annihilation
operators for a particle in the ground state of the potential centered at the
position ¢, and corresponding to the internal levels |a) and |b), respectively.
The effective Hamiltonian in this regime is

H =Y [w“(t)ajai+wb(t)bjb,~+uaa(t)ajajaiai+

i
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Fig. 9.2: a) Displacement as a function of time wt, dx%(t)/d =

(1 + exp(—(7:/7)%)) / (1 + exp((t* — 77)/77)) and 6z°(t) = O (see text), with 7 = 30/w
and 7; = 20/w. The shaded region indicates where the particles interact. b) Fidelity F
against rise time 7, and interaction time 7; for 8"Rb with as = 5.1nm, w = 27 x 100kHz
and d = 10 aop.

b (4)blblb; b] + Zu t)ala;blb;, (9.9)

where the w’s and u’s depend on the specific way the potentials are moved.
This Hamiltonian corresponds to a Quantum—Non—Demolition situation [12],
whereby the particle number can be measured non—destructively.

A physical implementation of this scenario requires an interaction which
produces internal state dependent conservative trap potentials and the pos-
sibility of moving these potentials independently. Furthermore, the choice of
the internal atomic states |a) and |b) has to be such that they are collision-
ally stable (i.e. the internal states do not change after the collision). These
requirements can be satisfied in an optical lattice. We consider a specific but
relevant example of alkali atoms with a nuclear spin equal to 3/2 (8"Rb, 23Na)
trapped by standing waves in 3 dimensions. The internal states of interest are
hyperfine levels corresponding to the ground state S/ Along the z axis, the
standing waves are in the lin/lin configuration (two linearly polarized counter-
propagating traveling waves with the electric fields forming an angle 26 [13]).
The electric field is a superposition of right and left circular polarized standing
waves (0F) which can be shifted with respect to each other by changing 6,

E*(z,t) = Ege™ ™! [, sin(kz+0) + &_ sin(kz—0)], (9.10)

where € denote unit right and left circular polarization vectors, k = v/c is the
laser wavevector and Ey the amplitude. The lasers are tuned between the P /o
and P35 levels so that the dynamical polarizabilities of the two fine structure
Sy states corresponding to ms = +1/2 due to the laser polarization o7
vanish, whereas the ones due to o are identical (= ). The optical potentials
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Fig. 9.3: a) Upper plot: Displacements §z°(t)/d (solid line) and 1 4 6z°(¢)/d (dashed line).
Lower plot: Trap frequencies w®(t)/w (solid line) and w®(t)/w (dashed line). b) Fidelity F
against temperature kT /hw for 8"Rb with as = 5.1nm (solid line), as = (1 —0.01¢) x 5.1nm
(dashed line) and as = (1 — 0.05¢) x 5.1nm (dash-dotted line). Here w = 27 x 100kHz and
d = 390nm.

for these two states are Vi, _11/5(2,0) = a|Eg|?*sin® (kz & 6). We choose for
the states |a) and |b) the hyperfine structure states |a) = [F = 1,m; = 1) and
|b) = |F = 2,my = 2). Due to angular momentum conservation, these states
are stable under collisions (for the dominant central electronic interaction [14]).
The potentials “seen” by the atoms in these internal states are

Va(z7 0) = [Vms=1/2(27 0) + 3Vms— 1/2(27 0)] /4 (9'11)

VP(2,0) = Vi—1/2(2,0). (9.12)

If one stores atoms in these potentials and they are deep enough, there is no
tunneling to neighboring wells and we can approximate them by harmonic
potentials. By varying the angle @ from 7/2 to 0, the potentials V* and V@
move in opposite directions until they completely overlap. Then, going back
to 6 = m/2 the potentials return to their original positions. The shape of the
potential V¢ changes as it moves. By choosing

0(t) =7 (1 — (1 +exp(—(r;/7)?) / (1 +exp((t* —77)/72))) /2 (9.13)

with 7 = 30/w and 7; = 20/w, the frequencies and displacements of the
harmonic potentials approximating (9) are exactly those plotted in Fig. 9.3a.
Therefore, that figure shows that under this realistic situation one can obtain
very high fidelities.

The scheme presented here can be used in several interesting experiments:
(a) One can use this method to measure the phase shift ¢*" and therefore
determine the scattering length corresponding to a—b collisions. For that,
one can use ideas borrowed from Ramsey spectroscopy, namely: (i) prepare
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all atoms in the superposition (|a) + |b))/+/2 by applying a 7/2 laser pulse;
(ii) shift their potentials as described above; (iii) apply another /2 laser
pulse; (iv) detect the population of the internal states by fluorescence. It
can easily be shown that such populations depend in a simple way on the
phase shift ¢**. One can even determine the sign of the scattering length
by applying laser pulses with pulse area different from 7/2 [15]. (b) In a
similar way, one can also measure the spatial correlation function by applying
the second laser pulse (iii) and population detection (iv) without moving the
potential back to the origin. This would be a way of discriminating between
Mott and superfluid phases for particles in an optical lattice [7]. (c) Apart
from that, if one is able to address individual wells with a laser, one can also
perform certain experiments which are interesting both from the quantum
information and fundamental point of view. For example, one could create an
entangled EPR pair of two particles (Ja)1|b)2 — |b)1]a)2)/v/2 [1]. This could
be done by having two atoms in neighboring wells and: (i) prepare each of
them in the superposition (|a) + |b))/v/'2; (ii) shift their potentials back and
forth so that the phase shift ¢*® = m; (iii) apply a m/2 laser pulse to the
second atom. In this case one could test Bell inequalities and perform other
fundamental experiments. (d) With more than two particles one could create
higher entangled states with simple lattice operations. For example, if one
has N particles in N potential wells, one could create GHZ states of the
form (Ja)i|a)z...|a)n —|b)1]b)a ... [bYn)/v/2 [2]. This could be easily done, for
example, if one could use a different internal state |c); in the first atom instead
of |b); [16]. The procedure would be as follows: (i) prepare the first atom in
the state (|a)1 + |c)1)/v/2, and the others in the state (|a) + |b))/v/2; (ii) Move
the potential corresponding to the internal level |¢) back and forth so that if
the first atom is in that state it interacts with all the other atoms for a time
such that in each “collision” the phase shift difference between the collision
a—c and b-c is m; (iii) apply a 7/2 pulse (in transition a—b) to all the atoms
except the first one, which is transferred from |c) to |b). We emphasize that the
optical lattice configuration allows the preparation of these states in a single
sweep of the lattice. (e) Finally, it is clear that one could use optical lattices
in the context of quantum information since the above procedure provides a
fundamental two bit gate (9.8) which, combined with single particle rotations
allows to perform any quantum computation between an arbitrary number
of two—level systems. In particular, the optical lattice setup would be very
well suited to implement fault tolerant quantum computations due to the
possibility of doing gate operations [4] in parallel [15].

So far we have neglected some processes that may lead to decoherence,
and therefore limit the performance of our scheme. This includes spontaneous
emission of atoms in the off-resonant optical lattice potentials, and inelastic
collisions to wrong final atomic states. The spontaneous emission lifetime of
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a single atom in the lattice is from seconds to many minutes, depending on
the laser detuning [6]. The problem of collisional loss is closely related to the
loss mechanism in Bose condensates in magnetic and optical traps, a problem
studied extensively in recent experiments. By choosing proper internal hyper-
fine states one can maximize the lifetime due to inelastic collisions to be of
the order of at least several seconds [17].

Finally, by filling the lattice from a Bose condensate, and using the ideas
related to Mott transitions in optical lattices [7] it is possible to achieve uniform
lattice occupation (“optical crystals”) or even specific atomic patterns, as well
as the low temperatures necessary for performing the experiments proposed
in this letter.

This research was supported by the Austrian Science Foundation, by the
TMR network ERB-FMRX-CT96-0087, by the NSF under Grant No. PHY94-
07194, and by the Marsden fund, contract PVT-603.

Note added: After this work was completed we became aware of [18] where
dipole—dipole interactions controlled by optical lattices are proposed as a mech-
anism to implement a two bit quantum gate.
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We theoretically study specific schemes for performing a fundamental two—
qubit quantum gate via controlled atomic collisions by switching microscopic
potentials. In particular we calculate the fidelity of a gate operation for a
configuration where a potential barrier between two atoms is instantaneously
removed and restored after a certain time. Possible implementations could
be based on microtraps created by magnetic and electric fields, or potentials
induced by laser light.
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10.1 Introduction

The creation and manipulation of many—particle entangled states offers new
perspectives for the investigation of fundamental questions of quantum me-
chanics, and is the basis of applications such as quantum information pro-
cessing. Several proposals to implement quantum logic [1] have been made
including ion-traps [2], cavity QED and photons [3], and molecules in the con-
text of NMR [4]. Very recently, we have identified a new way of entangling
neutral atoms by using cold controlled collisions [5] (see also [6]). Neutral
atoms are good candidates for quantum information processing, since they
suffer a comparatively weak dissipative coupling to the environment. Tech-
niques to cool and trap atoms by means of magnetic and optical potentials
have been developed in the context of laser cooling and trapping, and Bose—
Einstein condensation (BEC) [7]. In particular the ongoing development of
magnetic microtraps [8] offers an interesting new perspective for storing and
manipulating arrays of atoms [9, 10] and possible applications in quantum
information [11].

Motivated by these new experimental possibilities we will study in this
paper specific configurations of atoms stored in time dependent microtraps.
We will assume that two internal states of the atoms |a) and |b) represent the
logical states |0) and |1) of a qubit, respectively. The aim is to implement a
fundamental two—qubit quantum gate between two atoms with the truth table

0)[0) —10)[0),
0)[1) = [0)[1),
110} — [1)]0),
DL — =), (10.1)

by switching the trapping parameters. Eq. (10.1) represents a so called phase
gate. To realize this transformation we will consider state selective switching
of the trapping potential such that the atoms pick up a phase due to collisional
interaction [12] only if they are in state |b). This can be achieved by raising
and lowering a potential barrier between the two atoms as shown in Fig. 10.1.
According to Fig. 10.1a the potential is initially composed of two separated
wells. Ideally the atoms have been cooled to the vibrational ground states of
the two wells. At time t = 0 the shape of the trapping potential is changed
for particles in state |b) (dashed line in Fig. 10.1b) while the potentials for
the atoms in the state |a) remains unchanged (solid line in Fig. 10.1b). By
removing the barrier the particles in state |b) start to oscillate and will collide.
The “cold” collision represents a coherent interaction described by a pseudo—
potential with a strength proportional to the s—wave scattering length [5]. This
results in a phase shift of the wave function for both atoms in the internal state
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Fig. 10.1: Configuration at times ¢t < 0, t > 7 (a) and during the gate operation (b). The
solid (dashed) curves show the potentials for particles in the internal state |a) (|b)).

|b). The size of the phase shift can be controlled by the number of oscillations
and the effective collisional interaction strength (see Sec. 10.2.1). As a last
step the atoms have to be restored to the motional ground state of the trapping
potential of Fig. 10.1a. This whole process of switching the potentials can be
performed either as (i) switching the shape of the potential instantaneously at
times ¢t = 0 and t = 7 where 7 is a multiple of the oscillation period in the well
of Fig. 10.1b (dashed line), or, (ii) deforming the shape of the potential between
Fig. 10.1a and b adiabatically. The aim of the present paper is to investigate
the gate dynamics for the scenario (i), when the switching is instantaneous:
In particular we are interested in the required physical parameters and the
corresponding fidelities characterising the quality of the phase gate. We will
also study the dependence of the fidelity on the temperature of the atoms. The
paper is organized as follows. Section 10.2 describes the model and derives
an expression for the collisional phase shift. In Sec. 10.3 we study the gate
dynamics for the case of instantaneous switching while in Sec. 10.4 we present
numerical results for the fidelity.

10.2 Model

In the present section we will write down the Hamiltonian for two interact-
ing particles trapped in conservative time dependent potentials and derive an
expression for the collisional phase shift.
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10.2.1 Hamiltonian

The dynamics of atoms in a time—varying, state—dependent trapping potential
Va(x,t) (where ¢ is time and x = (z,y, 2) is the three-dimensional coordinate)
can be described by the Hamiltonian operator

H = > /d?’xqﬁ [ hv2+V(xt) NES

ac{a,b}
+ > /d%d%'qﬁ x) Wl (x')
a,8€{a,b}
X Unp(x, X)W 5(x') Uy (x), (10.2)

where m is the mass of the atoms, W,(x) is a field operator for atoms in
internal state |a), and U,g(x,x’) is the potential for the interaction between
two atoms in states |a) and |3), where o, 5 € {a,b}. We take a trapping
potential of the form

VQ(X, t) = Ua(l‘, t) + UJ_(y) + UJ_(z)7 (10'3)

i.e. we assume the same shape along y and z, which is independent of time
and of the internal state.

For cold atoms the dominant collisional interaction is the s—wave scattering
term described by a contact potential of the form

4 af h2
Up(x, %) = =0 53(x — x), (10.4)
m
where a?ﬁ is the s—wave scattering length for the corresponding internal states.

Note that for identical atoms in the same internal state s—wave scattering
is only possible for bosonic atoms (cf. the b-b collision in Fig. 10.1b). We
therefore require, in the following, the field operators \ifa(x) to describe bosonic
atoms and to obey the usual bosonic commutation relations.

Furthermore, we assume much stronger confinement along the y and z
directions than in x, so that the probability of transverse excitations can be
neglected. If each atom is initially in the ground state [¢)1) of the transverse
potentials, it will then remain in that state to a good approximation and
the corresponding degrees of freedom can be integrated out. In this case
the dynamics becomes effectively one—dimensional and is described by the
Hamiltonian operator

m? 2 -
H, = > /dxwa [ o7z + a(@,1)| $al()

ac{a,b}
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1 . .
+ Z §/d:cda:/w2;(w)wg(x’)
a,B€{a,b}

X tap(x — 2 )52 ) ha(z). (10.5)

Here t)o(z) is the one-dimensional analogue of ¥, (x), and

Uap(x — 2') /dy dy' dz dz' Uyp(x,x")

x |1 ()L ()L () ()]

Arragh?

= 6z — o) [ / dywuy)ﬁr, (10.6)

m

is an effective interaction potential taking into account the transverse con-
finement of the atoms. The 7| are the ground-state wavefunctions in the
transverse directions (having energy hw | /2 each). Their time evolution will
just contribute an overall phase factor (with a phase proportional to w ), ir-
relevant for the quantities we are going to compute. We see that the effective
interaction strength can be adjusted by changing the trapping parameters.

Eq. (10.5) holds for an arbitrary number of atoms. We now consider the
case of two bosonic atoms 1 and 2, with internal states |a); 2 and |b)1 2. Their
evolution is governed by the first—quantized Hamiltonian

H= 3" Has®la)ilal @[B)2(8l, (10.7)

a,,@e{a,b}

where
Hop = Hag + Uap, (10.8)
Mo = Malpro1,t) + Ha(pa, 72,t), (10.9)
2
_ |

Ha(pluwlut) - 2m + ’l)a((L'“t). (1010)

Here z; and p; are the position and momentum operator for particle : = 1, 2
respectively.

10.2.2 Phase shift due to interaction

We call |@Z)§B (t)) and [145(t)) the two—particle states at time ¢ evolved from the
same initial state [¢,3(0)) in the absence and in the presence of interaction,
respectively:
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o) (1) = HO (), (10.11)

ihas(t)) = Haphbas(t). (10.12)
We also define the overlaps

Oo(Wast) = (Yas(B)tl) (®)); (10.13)

O(Wap:t) = (ap(t)|1as(0)). (10.14)

The condition that both atoms end up at time ¢ = 7 with the same spatial
distribution they had at the beginning will not be exactly fulfilled in realistic
situations. However, in order for our scheme to work it is required that this
is true at least approximately:

0(Wap, T ~1  Ya,b, (10.15)

i.e. the two—atom final state should differ from the initial one just by a phase
factor ®,5(7) = arg(O(Yags, 7)]:

[Yap(r)) & e a8 3h,5(0)). (10.16)

We also assume that the interaction between atoms does not induce any sig-
nificant alteration in the shape of the wave functions, i.e.

|00(waﬁ7t)| ~1 Vaaﬁat' (1017)
Hence
[ap(t)) ~ e s @yl (t), (10.18)

having defined the collisional phase

¢o¢ﬁ(t) = arg[OO(woﬁ’ t)]a (10'19)

accounting for the contribution of the interaction to the total phase ®,5(7).
The rest of the phase comes from the motion of the particles in the time—
dependent trapping potential. From Egs. (10.15) and (10.17) it follows that

0
0w, ~1  Vab (10.20)
which implies, by analogy with Eq. (10.16),

ng (1)) ~ e_i[¢a(7)+¢ﬁ(7)]|¢a5(0)>. (10.21)
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Here the kinematic phase ¢o(T) [¢p3(7)] is defined as the phase that one atom
would acquire after evolving for a time 7 in the potential v, [vg] in the absence
of the other particle. By substituting Eq. (10.21) into Eq. (10.18) evaluated
at t = 7, and comparing it with Eq. (10.16), the collisional phase can be
reexpressed as

Pap(T) ~ Pap(T) = [Pa(T) + dp(T)]. (10.22)
By combining Egs. (10.2.2), (10.17) and (10.18), we find

l0rdap(t) = (W) ()|uasle') (1)) = AEas(t), (10.23)

which is precisely the result one would expect from perturbation theory. In
order for Eq. (10.17) to hold, the time-dependent energy shift defined in
Eq. (10.23) has to satisfy the condition AFE,5(t) < fw, with fiw the first
excitation energy of the system. Integration of Eq. (10.23) gives a perturba-
tive expression for the collisional phase:

t
bap(t) ~ % /0 dt' AE,5(t). (10.24)

10.3 Gate operation

To proceed further, we have to specify the functional form of the potential
va(z,t) in Eq. (10.3). The two atoms are initially trapped along z in two
separate harmonic wells of frequency wq, centered at +x¢. In order to simplify
the analytic calculations, the confinement in the transverse directions is also
assumed to be harmonic. At ¢ = 0 the barrier between the wells is suddenly
removed in a selective way for atoms in internal state |b): an atom in state
la) feels no change, whereas one in state |b) finds itself in a new harmonic
potential, centered on x = 0 with frequency w < wg. The atoms are allowed to
oscillate for some time, and then at t = 7 the barrier is suddenly raised again
to trap them at the original positions. During this process the atoms acquire
a kinematic phase due to their oscillations within the wells, and also — if they
collide — an interaction phase due to the collision. Here we calculate these
phases and consider the appropriate switching time 7 for a quantum gate. In
Sect. 10.4 we make a quantitative estimate of the gate fidelity.

10.3.1 Switching potential
We take the potential in Eq. (10.3) to be explicitly

w2
vz, t) = TO[H(QC)(:U —20)% 4+ 0(—2) (2 + 20)?; (10.25)
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va(z,t) t<0,t>T;
vp(x,t) = mw? 2 0<t < (10.26)
2 — — i

2
mwy 2

vi(y) = =y (10.27)

as shown in Fig. 10.1.

As long as the single-well ground-state width ag = \/hi/mwy satisfies ag <
x3 and there are no significant excitations to higher levels of v,(z,t), the
actual behavior of that potential around the origin does not really matter and
we can use Eq. (10.25) regardless of the experimental shape of the barrier
around x = 0. The ground state wavefunctions ¥4 (z) of the right and left
well of the potential v, (z,t) are given by

1
mw 1 mw, 2
wzl:(x) = (—27_‘_7;)>4 e_z_no(m0$$) , (10.28)

while the ground state wavefunction in the transverse directions is given by

Yi(y) =

l mw
()t e, (10.29)

2mh
By assumption the overlap between the two wavefunctions v (z) and ¢_(z)
is negligible since the two particles are kept separated from each other in
the potential v,(x,t). At t = 0, the central barrier between the two wells is
selectively switched off for state |b). A particle in this state will start moving
towards the other atom along x and an interaction will take place. We shall
separately study the evolution of the system at ¢ > 0 for each combination of
internal states («, 3). For operation of the quantum gate analyzed here, it is
important that vy(z,t) be accurately harmonic while 0 < ¢ < 7.

10.3.2 Particles in the same internal state
10.3.2.1 Initial state

If both particles are in the same internal state |«), this factorizes from the
motional degrees of freedom and the initial state is

o) + i)
V2

The calculation can be simplified by introducing the center of mass (CM) and
relative coordinates for the x—motion, thus rewriting

Yaa(r1,22,0) = % W (z1)Yy(22) + by (21)— (22)]

¢CM(R? 0)1/}rel(rv 0)7 (1031)

%0 (0)) @ |a)|e). (10.30)
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where

1
Muwo\ T
ben(R.0) = <W‘,‘;°> e, (10.32)
l W
Yra(r,0) = (Z:2>4 $ ek (10.33)
s=—1,+1

with M =2m, p=m/2, R= (1 + x2) /2, r = 9 — 21.

10.3.2.2 Time evolution

For t < 0, the particles are stored in the displaced wells and no interaction
takes place. If both particles are in state |a), the potential remains unchanged
also for ¢ > 0; there is no collision and thus the collisional phase ¢,, = 0. The
state simply picks up the phase due to the free evolution:

[Yaa(t)) = € |thaa(0)). (10.34)

We shall now consider the situation in which both particles are in state |b).
In this case, after the barrier is switched off, the particles start oscillating in
the harmonic trapping potential. In the absence of interaction they would
come back to the initial state after an oscillation period Tose = 27/w, having
acquired a phase 47w, /w because of the transverse confining potential. The
interaction causes an additional phase to be accumulated by the wavefunction
as the number of oscillations increases, and a slight decrease in the oscillation
frequency, because the atoms acquire a small delay in their motion inside the
trap as they come out from a collision. If the latter feature is not too strong,
by choosing a switching time 7 ~ 2N /w it should be possible to get back the
original state plus an interaction phase, that is adjusted to 47 by a proper
choice of the trap parameters and of the number of collisions occurring during
the actual gate operation, i.e. for 0 < t < 7. We shall therefore focus on the
dynamics in this time interval.
In the center of mass—relative coordinate system we get
P2 Mw? p2 Mw2

2 2
H R+ — 4+ "— 7 4+ up (7 10.35
bb — oM 2 9 9 bb( )a ( )

where P = p1+pa, p = (p1 — p2) /2. If the interaction is neglected we can solve
the two—particle Schréodinger equation for Hamiltonian Eq. (10.35) analytically
as shown in Appendix 10.A.1. It can be seen from Egs. (10.55-10.61) that the
unperturbed two-atom motion has a period of Ts./2 instead of Tos.. This
happens because the initial state, symmetric with respect to the origin, has
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nonzero projection only on the even eigenstates, having energies (2n+1/2)hw:
therefore, after a time 7/w, each component of the wavefunction gets the same
constant phase expli(2n + 1/2)w] = exp(iw/2). This has a simple physical
interpretation: if the atoms do not interact, after half an oscillation period
each particle is at its turning point, coinciding with the other atom’s starting
location; so at that time the two atoms have interchanged their positions, but
since they are indistinguishable this has to be regarded as exactly the same
motional state they had at the beginning (apart from a phase factor).

When we take into account the interaction between particles, the center
of mass motion is unaffected but the relative motion can no longer be treated
analytically. The numerical method we use to carry out this calculation is
outlined in Appendix 10.A.2.1. It is, however, possible to take the interaction
into account perturbatively as shown in the following section.

10.3.2.3 Perturbative calculation of the phase shift
Egs. (10.6) and (10.29) combine to yield

Ugp (21 — 22) = 202PTiw | 6(x1 — 2). (10.36)

When both particles are in state |b), the time—dependent energy shift defined
in Eq. (10.23) can be calculated analytically:

ABy(t) = / dRdr[ons (R, )] (r, O upn(r) (10.37)

SmQ(t) e_ 2";:*]0 x% [1_Sin2 (wt) W()szz(t)]
mh ’

= agbth_

where Q(t) is defined in Eq. (10.56). The corresponding interaction-induced
phase shift accumulated after an oscillation period is

4abbw |
2.2 _ 2.2/4
Vaiw? — agwd /4

which has been evaluated by means of the well-known saddle—point approxi-
mation.

qbbb(Tosc) ~ (1038)

10.3.3 Particles in different internal states
10.3.3.1 Initial state

When the internal states of the atoms are different, they no longer factorize
as in Eq. (10.30) and the initial state is given by

Yal0)) = <= Wik )2 @ lahlblz + (1 = 2], (1039
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where without loss of generality we assumed that the particle in the left (right)
well is in internal state |a) (|)).

10.3.3.2 Time evolution

The relevant quantities can again be expressed in terms of the projection of
the evolved state on the initial one. By virtue of symmetry under particle
interchange, this turns out to be

O(thapy ) = (| (s [~ #Mebt[eh_Y|iby ). (10.40)

Therefore we can restrict our analysis, as in the previous case, to the one—
dimensional motion, starting from the non-symmetrized wavefunction

P (1) (2). (10.41)

The Hamiltonian for 0 < ¢ < 7 reads

2 2

2 2
S TR o B 2 MW o
Hap = o + oo + 5 (x1 + o) + 512
+ uap(T1 — 72)
p? P> m m w?d
= m+2—+5(w2 w%)Rr—i—Ewga:g <1— ~g>
M _, W ‘o ~2 wh ’
+ 7&) <R + ﬁxo + Ew r— E.’L’O
+ ugp(7) (10.42)

where & =/ (w? + w?) /2. Only the left well of v,(21,t) has been considered
since the wavefunction remains negligible in the region z; > 0 for ¢ > 0, as it
is at t = 0. It can be seen from Eq. (10.42) that the center of mass no longer
decouples from the relative motion, unlike in the previous symmetrical case.
A numerical calculation is needed to evaluate the phase shift ¢,;. This is done
in Appendix 10.A.2.2.

10.3.4 Particles at finite temperature

Up to now we have assumed the particles to be in a well known motional state.
In realistic experimental situations this may not be the case. The temperature
T of the particles in the trap will be different from 0 and thus the initial state
of the system with particles in internal states «, [ is given by the density
operator

pap(T,t=0") x e~ Heas(07)/kpT (10.43)
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This takes the average over different initial excited states, with a thermal
probability distribution corresponding to T'. As shown in Appendix 10.B the
collisional phase accumulated is independent of the shape of the wave function
if the particles move at a constant velocity with respect to each other and the
shape of the one particle wavefunction does not change during the interaction.
This is a good approximation for the interaction between particles in the same
internal state |b). The particles interact in the vicinity of the center of the
well where their velocity v ~ zow is almost constant and the shape of the one
particle wavefunction does not change substantially as long as the conditions

ay < 2o, and a < xg (10.44)

hold, where a is the width of the one particle wavefunction when the particles
cross the center of the trap and a, = \/h/mw. Therefore the collisional
phase ¢py(Tosc) is almost independent of the temperature 7" as long as mainly
excitations fulfilling conditions Eq. (10.44) are populated. Note that we are
neglecting transverse excitations. If all three motional degrees of freedom
are characterized by the same temperature T, this is realistic as long as the
condition kpT <« hw, is satisfied. However, in principle it is also possible
to cool the transverse motion separately, allowing a higher temperature along
x. Of course this would require that the rethermalization time is much larger
than the experimental time scale. This lack of sensitivity to temperature
applies quite generally, for example to atoms interacting in an optical lattice
as discussed in [5], provided that the velocity at which the atoms are made
to interact (in that case the velocity of lattice movements) is kept constant
during the interaction.

10.4 A physical implementation

We now consider the implementation of a switching potential by means of
static electric and magnetic trapping forces. We first discuss the possibil-
ity of obtaining the desired state dependence by means of devices which are
experimentally available [9, 11], when the present magnetic devices can be
combined with nanofabricated electrodes. Then we compute the performance
of a quantum gate for realistic trapping parameters.

10.4.1 Microscopic electromagnetic trapping potential

The interaction between the magnetic dipole moment of an atom in some
hyperfine state |F,mp) and an external static magnetic field B entails an
energy Umagn = grppmp|B| depending on the atomic internal state via the
quantum number mp (here pp is the Bohr magneton and gp is the Landé
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factor). The Stark shift induced on an atom by an electric field E gives an
energy (independent on the hyperfine sublevel) Uy ~ %ael|E|2, where oy is
the atomic polarizability. The interplay between these two effects can be
exploited in order to obtain a trapping potential whose shape depends on the
internal state of the atoms. As an example, we consider an atomic mirror like
the one recently realized [9] from a conventional video tape with sinusoidal
magnetization M = (M coslkpsz],0,0) along the z—axis. The period of the
pattern, 27/kps, can be as small as 1um with the system studied in [9], or
even close to 100 nm using existing magnetic storage technologies. In order to
get a microscopic trapping potential [11], it is necessary to apply an external
bias field B™* = (0, By**, B*"), oriented mainly along the z axis, normal to
the mirror’s surface, and with a small component along y in order to prevent
trap losses due to spin flips occurring at magnetic field zeros. In this case the
magnetic trapping potential is

VmF(X) = gFMBmF{Bg€_2kMZ COS2(]€M{1}‘) + (BZXt)2
1

+ [Boe—’W sin(knrz) + Bg’ﬂ ’ }2, (10.45)

where By = poMy(1 — e *49)/2 and 6 is the tape thickness. The minima
of Vp,, form a periodic pattern above the tape surface, at a height zy =
In(uoMo/By)/kar typically of the order of some fractions of um. The spacing
between two nearest minima along « is just the period of the magnetization,
27 /kpr. With present-day technology, trapping frequencies can range from a
few tens of kHz up to some MHz. Microscopic electrodes can be nanofabricated
on the mirror’s surface [10], thus allowing for the design of a potential with
the characteristics described in Sect. 10.3.

For the states |a) and |b) we choose the hyperfine structure states |a) =
|[F = 1,mp = —1) and [b) = |F = 2,mp = 2) of the 555 level of *'Rb,
having scattering lengths a? ~ a? =~ 5.1 nm. Several schemes of loading
atoms into the trap have been envisaged (see for example [9, 11]). Most of
them rely on an intermediate step, where atoms can be trapped and cooled
without coming in contact with the magnetic mirror. This pre-loading stage
can be either a magnetic trap initially displaced from the surface, or a different
kind of trap (for instance an evanescent wave mirror, where different internal
states can be trapped by gravity close to the surface [13] before the atoms
are put in the correct states for magnetic trapping), to be replaced by the
electromagnetic microtrap with a gradual switch—on of the electric and bias
magnetic fields in the final stage of loading [10]. This could also allow for
implementing a controlled filling of the trap sites by adiabatically turning on
the periodic potential, in a similar way to that discussed in [14].
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10.4.2 Results
10.4.2.1 Time evolution during gate operation

If both particles are in state |a), there is no interaction-induced phase shift, as
expressed in Eq. (10.34). The results for both particles in state |b) are shown
in Fig. 10.2a, while those for differing internal states appear in Fig. 10.2b.
The harmonic potential ensures that the system comes periodically back to
its initial state. In the absence of interaction, the frequency of recurrencies
is twice as high for |yu,(t)) as it is for [1g4(t)), as already discussed at the
end of Sect. 10.3.2.2. The interaction also makes the two cases substantially
different from each other. Its effect on the atomic motion is not dramatic
if both particles are in state |b): actually, the oscillation period in the pres-
ence of interaction is increased by only 6t ~ 1.4 x 1073T,s with the pa-
rameters used here. The collisional phase ¢y, increases in steps at the times
tr = (2k + 1)Tosc /4, when the atoms meet at the center of the well, and re-
mains constant at intermediate times while they are apart. Note that since
the particles are indistinguishable the amplitude for the particles to bounce
back during the colllision does not harm the perfomance of our scheme. The
contributions of the reflected and the non-reflected part to the wavefunction
are indistinguishable. What matters is whether of not the two—particle spatial
distribution approaches the initial one, and this is satisfied to a high accuracy
in our case.

The behavior is quite different if the atoms are in different internal states.
The phase shift increases in larger steps since the collision is close to the
turning point of the particle in state |b), near x = xg. Here the velocity of the
particle is much smaller than at the center of the trap and thus the interaction
time is longer, allowing a larger phase to accumulate. The collision also excites
vibrations of the particle in state |a). The resulting loss of energy from the
particle in state |b) leads to a decreasing oscillation amplitude of that particle,
and the initial state is no longer recovered. This problem can be avoided if
the potential minimum for state |a) is displaced along the transverse direction
from the one for state |b) by means of an additional electrostatic field [11], so
that the atoms interact if and only if they are both in state |b).

10.4.2.2 Gate fidelity at T =0

Ideally, the scheme described above should realize the mapping

la)a) —  e"2%|a)a),

ja)[b) — e~ (Patertoa)|g) b)),

b)lay — e~ (PrFoatom)|p)|a),

)|b) — e P2 by b, (10.46)
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Fig. 10.2: Dynamics during gate operation: projection of the initial state on the state evolved

without (left) and with interaction (center); interaction—induced phase shif (right). Results
are shown for different combinations of internal states: a) o = 8 = b; b) a # 3. We choose
w = 2717.23 kHz and w, = 27150 kHz, corresponding to ground-state widths a, ~ 82 nm,
a1 =~ 28 nm, with the initial wells having frequency wo = 2w and displaced by x¢o = 5as.
Time is in units of the oscillation period Tosc.

where ¢, and ¢, are the phases due to the time evolution without taking into
account the interaction. We assume, as above, that the trapping potential
is designed to prevent the atoms interacting if they are in different internal
states. Therefore we set ¢4 = 0 in Eq. (10.46) and consider only ¢y, in the
following. We use the minimum fidelity F' [15] to characterize the quality of
the gate. I is defined as

F = min (troq {(RUS 000 @ ol STUNR) } ), (1047)

where |x) is an arbitrary internal state of both atoms, and |y) is the state
resulting from |y) using the mapping (10.46). The trace is taken over prop-
erly symmetrized motional states, U is the evolution operator for the internal
states coupled to the external motion (including the collision), S represents
symmetrization under particle interchange and pg is the density operator for
the initial two—particle motional ground state. A straightforward calculation
gives

1— A2 B2[(14+ A2) B2—4ABC+2C2] cos? (éyy) (10.48)

_ 1
B = A @ B A B 20T cos(énn)] B (B—0)7 cos? ()

1 1
where A = [0y, 7)2, B = [O(tw,7)|7, C = |Op(tp,7)|2. With the
parameters quoted above, we obtain F' =~ 0.99 either by choosing a gate oper-
ating time 7 = 7(Tosc + 0t), maximizing B, or 7 = 7T,s., maximizing instead
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A. We prefer this latter choice since, after a time 7 = NTyse = 2N7/w, the
4™ component of the z—wavefunction of an atom in state |b) in the basis of
eigenstates of v,(0 < ¢t < 7) gets a phase 2N (j + 1/2)w (here N = 7). This

brings some simplifications: e.g., the kinematic phases can be written as

9 9
b = Np2Ot 2L o NPT (10.49)
w w

The general form of ¢, is much more complicated. Fig. 10.3a shows that
after 7 complete oscillations Eq. (10.19) yields a phase shift ¢p(7Thse) ~ 7
due to the interaction, whereas the perturbative formula Eq. (10.38) gives
Tdpy(Tose) = 0.977. The figure also shows that the overlap |Og (¢, t)| remains
close to 1, satisfying Eq. (10.17). The curve has local minima at the times ¢
defined in Sect. 10.4.2.1, signalling that a collision is taking place, and shows a
global decrease due to the accumulating delay of the interacting motion with
respect to the noninteracting one. The fidelity turns out to be

P % {1 — |00 (thup, 7] €05 [ (7]} (10.50)

10.4.2.3 Gate fidelity at T # 0

In order to compute the temperature dependence F(T') of the fidelity, the
density matrix for the motional degrees of freedom in Eq. (10.47) has to be
replaced by

pext Zpln l| ® |n> < | (10'51)

which coincides with pg at 7' = 0. Here we have introduced the eigenstates |I) r
for the center of mass and |n), for the relative motion. The probabilities Py, (T")
for occupation of the CM and relative motion excited states are calculated
assuming for each atom a thermal distribution corresponding to temperature
T, as expressed by Eq. (10.43). We obtain

{1—ZPzn 00t Pl cosio ()]}, (1052)

where
'mw

20 (20+7)

mwo i
v = (5)" 2 e

x Hy, [\/Z(%o + §r)} . (10.53)

In particular, ¥y = ¢p and ¢y = ¢w. The corresponding interaction—
induced phase shifts ¢,)(t) are shown in Fig. 10.3b,c. The discrepancy be-
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Fig. 10.3: Dynamics for both atoms in state |b), with relative-motion excitations: a) n = 0;
b) n = 1; ¢) n = 2. On the left: interaction-induced phase shift; the crosses refer to the
perturbative result from Eq. (10.24), explicitly given by Eq. (10.38) for n = 0, and evaluated
numerically for n > 0. On the right: projection of the evolved state on the corresponding
state evolved without interaction. Trap parameters have the same values as in Fig. 10.2 and
satisfy Eq. (10.74) since aowo/(4zow) = 0.07 in this case.

tween the interacting and the noninteracting motion increases with n, but
nevertheless the phase shift ¢,) remains still close to m (Fig. 10.3b and c),
as already discussed in Sect. 10.3.2.3. Consequently the fidelity is not rapidly
suppressed with temperature.

For example, one might well be interested in the values of F(T') for tem-
peratures up to kT =~ hwp. Let us therefore define v = exp(—hwo/kpT) and
neglect terms of o(y7) in the evaluation of Eq. (10.52) to obtain

6
FT) ~ F(0)— % S {1000y, 7] €05 [B(a ()]
n=1

1001, 08 [B1y ()]} (10.54)

This still gives a high fidelity F(T') ~ 0.96 even at kpT = 2Hhwy, for which
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77 ~ 0.03. We note that, in order to reach such a high fidelity, the timing has
to be quite precise, with a resolution better than 10737, corresponding to
tens of ns in this case.

10.5 Conclusions

We have shown that entanglement among ultracold neutral atoms can be con-
trolled by means of microscopic switching potentials. The fidelity for a fun-
damental two—qubit quantum gate turns out to be quite robust with respect
to temperature: in fact, with the parameters quoted below Fig. 10.2, we find
F(T) ~ 0.96 for T' ~ 3uK in the z—motion, while assuming ground-state cool-
ing in the transverse directions. We find a gate operation time of 7 ~ 0.4ms,
over which coherence can probably be preserved with presently available exper-
imental systems. Static microtraps based on available atomic mirrors [9, 11]
provide a good opportunity for a first implementation of our scheme. Here
nanofabrication technologies allow steep potentials to be achieved with small
charges and/or currents. Trapping fields can be controlled electronically in a
fast and accurate way [10].

Some problems remain to be addressed. To perform even a single gate
operation, the trap should be loaded with exactly one atom per well. Read-
out should be done possibly without removing atoms from the trap. In order
to build up more complex operations, gates should be arranged in a periodic
structure where coherent atom transport may take place between different
locations. This would permit gate operations either on one pair of atoms
at a time, or on several pairs in parallel, a fact which could be exploited
for efficient implementation of quantum error correcting schemes and fault—
tolerant quantum computing [16]. This will be the subject of future work.
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10.A. TIME EVOLUTION

10.A Time evolution

10.A.1 Analytical calculation

133

If both particles are in state |b) we start from the Hamiltonian Eq. (10.35),
neglect the interaction term, and solve the Schrodinger equation. We find

(omitting the internal state indices bb)

Y

1
Yom(R,t) = [Mgﬁ(t)} " eidou(Rt)- MO 2
s

where
2
Q(t) - %0 2 2 )
[w? cos?(wt) + wi sin?(wt)]
MQ(t) wi — w? t
dpem(R,t) = T()%}# cos(wt) sin(wt) — %
—larctan [(wo — w) cos(wt) T91]{;((,‘)75)} '
2 w cos?(wt) + wo sin®(wt)
From Egs. (10.32) and (10.55) it follows
1
2 22 T2
10 (o, )P = |1+ M sin® (wt)
dwiw?

If the particles did not interact, the relative motion would be

w(O) (7’, t) — MQ(t) (ei(j)ml(—r,t)— %;f) [r4+2z0 Cos(m&)]2

rel

4Amh
+ eifi)rcl(ﬁt)— “gg) [r—2x0 cos(wt)]2>

where

_ wt 1 (wo—w) cos(wt) sin(wt)
Prel (T, t) = T T garctan |:w cos2 (wt)+wp sin? (wt)]

+ 209(t)

hwwo

The overlap between the states Egs. (10.33) and (10.59) is

2,2

2_ .2
sin(wt) [( %7‘2 +wd x%)cos(wt)—&-wg xor] .

9 _ 8mw0w2x2% cos? (wt) _ 8muwpw a;o sin? (wt)
)‘ _ e nw? (1) +e hw? ()

oWt

h W2 (02 (0)

4dmuwg | cos2(wt) | sin?(wt) w22
ol ol W2 0

+

2 2 2
2 cos [—4mw wolwgFw?) )xg} >

e

2

Nl

(wg—w?)
dwiw?

X [1 + sin? (wt)]

(10.55)

(10.56)

(10.57)

(10.58)

(10.59)

(10.60)

(10.61)
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with wy (t) = \/w2 + wi £ (w? — wi) cos (wt).

This result for the relative motion should be compared to the actual evolu-
tion in the presence of interaction, which cannot be computed analytically. If
the particles are in different internal states we also have to resort to numerical
methods.

10.A.2 Numerical calculation

10.A.2.1 Particles in the same internal state

We write the state vector as a sum over the eigenstates |n) of a harmonic
oscillator of mass y and frequency w,

ra(0)) = 3 e en ) ) (10.62)
and approximate the potential by a truncated sum
Nmax
S(ry ~ > k) (kIS6(r) 1) (I
k,l
Nmax
= > 0)w(0)k) I, (10.63)
k.l

where ¢, (z) = (xz|n). We have checked that the final result is independent
of Nmax, with Ny ax of the order of some tens. The Schrodinger equation for

[threl (t)) gives
Nmax

én(t) = —i2a%w, 47 (0 Zm )l =Dt e (1), (10.64)

which we solve numerically for ¢, (t) with 0 < n < Npax. The initial condi-
tions, from Eq. (10.33), read

(0) I () (w0 =) ® (10.65)
C = .
" V/nl2n \/wo +w \wo+w

(R ) (Rt )

10.A.2.2 Particles in different internal states

In order to solve the Schrédinger equation for the Hamiltonian Eq. (10.42) we
decompose the state vector

|ab () Z e U e (0)]5) k) r, (10.66)
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(where now 1;(z) = (z|j) are the eigenfunctions of a harmonic oscillator with
frequency @ and mass m) and obtain for the coefficients

O(wE — w?)

Zm{0j+1’k+1(t)€_i2ajt (] + 1) (k + 1)
0

+ cjmt 1OV (k+ 1) + ¢j_1 o1 (B 5k

~ 42 2
mo w® —wj o
— cik(t

Cir(t) =

+ Cj+1,k—1(t) (] + 1) k+

2mew

e = ICECRNONVEPISONE
e g (OVG 1 - crn(OVEFT)| }
— V2w (=€) D i (—€)e' e (1)
l (10.67)

where & = zow? /202,
This can again be solved numerically, starting from the initial conditions,
derived from Egs. (10.32), (10.33),

_ 7nw0w(£2+m(2)7\/§x0§)

itk

e A(wotw) Vwow [wy — w) =8
; 10.
' mwwg(\/imo—E)Q < mww§52
x |:HJ < h(wg —w?) ) + Hy ﬁ(wg—w2)) :

10.B Interaction phase shift for excited initial states

Let us consider two bosonic atoms in the same internal state |a), but in two
different single—particle motional states |¢_) and |p4) with vanishing overlap.
The initial motional state has the form

[oMp+) + lo)le-)
0)) = . 10.69
#(0) > (10.69)
We assume that: (i) the particles move against each other, come in contact
during a certain time interval [t;,t;] and then separate again; (ii) the velocity

of each particle and the shape of its wavefunction do not vary during the
interaction. Thus for t; <t <ty we write:

(Tilp-(t)) = ¢'(z1 —0t), (10.70)
(T2loi(t)) = ¢"(z2+0t), (10.71)
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where v is a positive constant. It follows

boaToe) % 7 [t (o0t @1, (0)

tf “+o00
= 4Q?QWJ_/ dt/ dxq
t; —0o0

x | (1 — vt)‘2 " (21 +vt)‘2

9 bb —+o00
M/ dzdy |¢' ()] |¢" (v)|*

v — 00

Q

9 bb
= % (10.72)

where a change of variables © = 1 — vt, y = x1 + vt has been introduced,
and the limits of integration in ¢ have been extended to £oo since the single—
particle wavefunctions Eqs. (10.70)-(10.71) overlap just for a finite time. The
result turns out to be independent of the initial state. We can compare it to
Eq. (10.38), which was obtained in the harmonic potential Eq. (10.26) starting
from the single—particle states |1+) instead of |+ ). In this case

v= 8t<1/)i|e%Hbt3: e_%H"t|¢i>|t:tk = zow, (10.73)

and the atoms collide twice during one oscillation period. Therefore the col-
lisional phase Eq. (10.38) should be twice as big as Eq. (10.72). This is
true provided that the maximum velocity for the atomic motion in the well
vp(x,0 < t < 7)is large with respect to the analogous quantity for the ground—
state motion in the wells v, (x,t), i.e. if

Tow > a0w0/4. (10.74)
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We develop a method to entangle neutral atoms using cold controlled col-
lisions. We analyze this method in two particular set-ups: optical lattices and
magnetic micro-traps. Both offer the possibility of performing certain multi-
particle operations in parallel. Using this fact, we show how to implement
efficient quantum error correction and schemes for fault-tolerant computing.
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11.1 Introduction

Entanglement is one of the most intriguing features of Quantum Mechanics.
However, there are very few physical systems in which entanglement can be
systematically studied in a controlled way. Those systems include ion-traps
1, 2, 3, 4, 5, 6, 7, 8], cavity QED [9, 10, 11, 12, 13, 14, 15, 16], photons
[17, 18, 19, 20, 21, 22, 23, 24, 25], and molecules in the context of NMR
[26, 27, 28, 29] (see [30] however). Very recently, we have identified a new way
of entangling particles by using cold controlled collisions with which one could
study experimentally basic issues of quantum information theory [31]. Given
the impressive experimental advances made so far in the fields of neutral atom
trapping and cooling [32, 33, 34, 35], and in the studies of Bose Einstein con-
densation (BEC) of ultracold gases [36, 37, 38, 39, 40, 41], that proposal opens
a new perspective to several experimental groups who so far have concentrated
their efforts in other fields of Atomic Physics.

In the present paper, we build upon the work in [31] and explore the idea
of using atomic controlled cold collisions for entangling neutral atoms in op-
tical lattices (see also [42]) and in arrays of magnetic micro-traps. We show
how to perform two-qubit gate operations with those systems obtaining very
high fidelities. We propose a variety of experiments to entangle particles using
state-of-the-art technology. We also concentrate on the unique possibilities
that these set-ups offer to perform multi-particle entanglement operations in
parallel [43, 44, 45, 46]. Using such parallelism, we show how to implement effi-
cient error correction [47, 48, 49, 50, 51, 52, 53, 54] and fault-tolerant quantum
computation schemes [55, 56, 57, 58, 59, 60, 61, 62].

The paper is organized as follows. In Sec. II we discuss the use of ultracold
collisions as a mechanism for entangling neutral atoms. Such collisions can
be brought about by either moving the potentials in certain spatial directions
or by modifying the shape of the trapping potentials. In Sec. III we describe
two systems in which such operations can be implemented. These are optical
lattices [42, 63, 64, 65, 66] and magnetic microtraps [67, 68, 69, 70, 71] both
of which have been studied experimentally in detail in the past. In Sec. IV we
describe a class of multi-particle entanglement operations that can be realized
in these systems (we concentrate here on optical lattices). The usefulness of
such operations for quantum computing depends on certain conditions that
need to be satisfied in an experiment. Among these conditions, the filling
problem, i.e. how to fill the potentials with regular patterns of atoms, is most
outstanding. We discuss these matters and show that even under present-day
experimental conditions, very interesting entanglement studies could be per-
formed. Section V summarizes the main results and discusses their relevance
for future research.



140 CHAPTER 11. PUBLICATION: QUANTUM COMPUTING ...

11.2 Entanglement of atoms via cold controlled col-
lisions

In this Section, we consider two bosonic neutral atoms with two internal states
trapped by conservative potentials and cooled to the motional ground states.
Initially these two particles are sufficiently far apart so that they do not inter-
act with each other. We then assume the shape of the potentials to be varied
in a way that depends on the internal state of the atoms so that the two par-
ticles come close to each other if they are in certain internal states. As we
will show, this can be done e.g. by moving the center position of the trapping
potentials state selectively, or by switching off a potential barrier between the
two atoms for one of the two internal states. In both cases the particles will
interact via s-wave scattering with each other in a coherent way when they
are close to each other. After the interaction has taken place the particles are
restored to their initial position. In this way one can implement conditional
dynamics and realize a fundamental two-qubit gate.

Note that we are dealing with bosons. Therefore, we have to use sym-
metrized wave functions for describing the two particles. It will turn out that
if the center positions of the trapping potentials are moved state selectively,
particles in the same internal state will always be so far apart that their wave
functions never overlap. Thus, we will not care about the symmetrization in
this case. On the other hand, if the potential barrier is switched off for one
internal state, particles in the same internal state will come close to each other
and symmetrizing the wave function is essential.

11.2.1 Hamiltonian

Here we deal with the interaction Hamiltonian of two neutral atoms 1 and
2 with internal states |a);2 and |b)12 trapped by conservative potentials
VP (x;,t) whose functional dependence on the coordinate x;, with i = 1,2
the particle index, depends on the internal state of the particle 312 = a,b.
Initially, the two particles are in the ground state of the trapping potentials
and the centers of the two potential wells are sufficiently far apart so that the
particles do not interact. Then the form of the potential wells is changed such
that there is some overlap of the wave functions of the two atoms, and the
particles will interact with each other. This interaction between the atoms in
two given internal states #; and (2 can be described by a contact potential

4 a5152h2
w2 (x) — x) = TFSTCS?’(Xl — X2), (11.1)
where aslﬁ % is the s-wave scattering length for the corresponding internal states

describing elastic collisions and m is the mass of the particles. This zero energy



11.2. ENTANGLEMENT OF ATOMS ... 141

s-wave scattering approximation will be valid as long as we assume that vegc,
the rms velocity of the atoms in the vibrational ground state, approximately
given by vese & agw, is sufficiently small [72]. Here a is the size of the ground
state of the trap potential, and w is the first excitation frequency. Thus we
can describe the evolution of the system by the Hamiltonian

H="3" H" (815 |5)2(B], (11.2)
81,082
where
)2
B _ igz [(;’;1_ + VO (1) |+ 0”2 (xy — x). (11.3)

Here p; is the momentum operator.

11.2.1.1 Interaction in perturbation theory

We want to treat the interaction term in the Hamiltonian Eq. (11.3) pertur-
batively. For particles in two different internal states 31 # (2 we find the
correction to the energy due to the interaction as

abh2

47ra

AEP P2 (1) = Mz (x,1) ( , (11.4)

where wiﬁ “(x,t) is the normalized one-particle wave function of particle ¢ in
internal state §; in the time dependent potential V% (x,t). If the particles
are in the same internal state 81 = (o = (3, we have to account for the
Bose statistics i.e. use the properly normalized symmetrized two-particle wave
function for calculating the energy shift. We therefore find

BB 2

A+ 1ol : (11.5)

xt

where

a= /dw (vf (x,t))*¢§ (x,1). (11.6)

For general (31, B2 we find the phase accumulated due to the interaction in the
time interval [—7, 7| by

¢B162 _ % dt AEP152 (t). (11.7)

—T
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11.2.2 Moving potentials

One way of controlling the interaction between the particles is to move the cen-
ter position of the potentials V7 (x;,t) =V (x,- — if ‘ (t)> towards each other
in a state-dependent way while leaving the shape of the potential unchanged.
By moving the potential we get two kinds of phase shifts. A kinetic phase
which is a single-particle phase due to the kinetic energy of the particles and
an interaction phase due to coherent interactions between two atoms. First
we will define these two phases for general trapping potentials and afterwards
specialize them to moving harmonic potentials. Finally, we will show how
conditional dynamics can be realized.

11.2.2.1 Kinetic phase

First we want to consider a single atom in internal state |3) trapped in the
instantaneous ground state g of a moving potential well V(x — %?(t)). The
center position of the potential is moved along a trajectory x°(t). Ideally,
we want the atom to remain in the ground state of its trapping potential
and to preserve its internal state during the motion. This corresponds to the
transformation from ¢t = -7 tot =171

wolx — %P (—7)] — e Yy [x — (7)), (11.8)

where the atom remains in the ground state of the trapping potential and pre-
serves its internal state. Transformation (11.8) can be realized in the adiabatic
limit [73], where we move the potentials so that the atoms remain in the instan-
taneous motional ground state. Adiabaticity requires |§ﬁ (t)] < hw/2muesc,
for all times t. Here w is the smallest excitation frequency in the potential and
v2.. = (10(0)|¢?¥0(0)) /m?. q is the momentum operator in the direction the

optical lattice is moved. The phase ¢ can be easily calculated in the limit
%7 (£)] < vose/T. We find the kinetic phase

¢P = % _:dt (fcﬁ(t)>2. (11.9)

11.2.2.2 Interaction phase

Let us now consider two particles i = 1,2 in different internal states |3;);
trapped in the ground states of two moving potentials. Initially, at time t =
—7, these wells are centered at positions X;, sufficiently far apart (distance
d = X; — X2) so that the particles do not interact. The positions of the
potentials are moved along trajectories 5(? “(t) so that the wave packets of the
atoms overlap for certain time, until finally they are restored to the initial
position at the time t = 7. We assume that: (i) |5<fl (t)] < vose (adiabatic
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condition) so that the particles remain in the ground states of the moving
trapping potentials; (ii) The interaction can be treated perturbatively, where
|AEP1P2(t)] < hw so that no sloshing motion is excited. In that case, we
realize the transformation

Yo(x1 — X1)o(x2 — X2) —
€_i¢¢0(X1 — )21)1[)0(X2 — )22), (1110)

where ¢ = ¢%1 + ¢ + ¢P172 with the collisional phase $°%2 defined in
Eq. (11.7).

11.2.2.3 Moving harmonic potentials

Here we specialize to harmonic trapping potentials. The wave function wiﬁ ‘(x,1)
of a particle in a moving harmonic potential can be found analytically. In the
Appendix 11.A we show that when we start to move the harmonic potential
at time —7 with the particle in its motional ground state and stop to move the
potential at time 7, the condition for the particle to end up in the motional
ground state at 7 is given by

‘/ %7 (e dt'| < a. (11.11)

This condition is weaker than the condition ]}‘(Zﬁ “(t)] < vosc for adiabaticity,
and means that the particle need not be in the instantaneous ground state of
the moving potential at all times, but only at the final time. The kinetic phases
can be found exactly (cf. Eq. (11.52)). If |AEP52(t)| <« hw is satisfied, the
interaction phase can be found by Eq. (11.7) since the wiﬁ  (x,t) are known.
It is also possible to generalize these results to the case in which the trap
frequency changes with time [74].

11.2.2.4 Implementation of conditional dynamics

Let us now assume that we can design the potentials such that atoms in the
internal state |3;); experience a potential V% (x;,t) = V(x; — Xfi (t)) which is
initially (¢ = —7) centered at position X;. We assume that we can move the
centers of the potentials as follows: )’ciﬁi (t) = %;4+0x5%(t). Asshown in Fig. 11.1
the trajectories 0x” (t) are chosen in such a way that 0x%(—7) = 6x% (1) =0
and the first atom collides with the second one only if they are in states |a)
and |b), respectively (|X8(t) — %3(t)| > ag Vt). This choice is motivated by
the physical implementation considered in Sec. 11.3.1. The fact that X; does
not depend on the internal atomic state and the shape of the two potentials is

the same at times +7 allows one to easily change the internal state at times
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Fig. 11.1: Configurations at times =7 (a) and at ¢ (b). The solid (dashed) curves show the
potentials for particles in the internal state |a) (|b)). Center positions X7 (¢) and displace-
ments 6x7 (t) as defined in the text.

t = +7 by applying laser pulses. If the conditions stated above are fulfilled,
depending on the initial internal atomic states we have:

a)ila)y — e 2%"|a)1a)s,

jayifb)y — e OHIHID gy ),

Bhilayy — e b)),

B)1lb)2 — e 2 b1 [b)a, (11.12)

where the motional states remain unchanged. The kinetic phases ¢ and the
collisional phase ¢® can be calculated as stated above. We emphasize that
the ¢? are (trivial) one-particle phases that, as long as they are known, can
always be incorporated in the definition of the states |a) and |b). This realizes
a fundamental two-qubit quantum gate for certain values of %, e.g. $?%° = 7.

11.2.3 Switching potentials

The interaction between the particles can be controlled also in another way,
for example by changing with time the shape of the potentials depending
on the particles’ internal states. Different regimes for the time-dependence
of the potential are possible. The two limits of extremely slow (adiabatic)
or extremely fast (sudden) potential changes are both interesting and lead to
peculiar schemes. Here we will analyze the latter case. We consider two atoms
initially trapped in two displaced wells. At a certain time the barrier between
the wells is suddenly removed in a selective way for atoms in state |b), whereas
it remains unchanged for atoms in state |a). The atoms are allowed to oscillate
for some time, and then the barrier is raised again suddenly such as to trap
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them back at the original positions. During the process they will acquire both
a kinematic phase due to the oscillations within their respective wells, and
an interaction phase due to the collision. We will calculate such quantities
and look for the optimal switching time required in order to maximize the
fidelity for a quantum gate relying on this scheme, which we will estimate
quantitatively for the relevant physical example in Sec. 11.3.2.

11.2.3.1 Kinematic phase

Let us first consider the time-independent problem of an atom subject to a
three-dimensional potential whose functional form along z depends on the
internal atomic state 8 = a, b:

VP (x) = 0P (x) +vi (y) + v (2). (11.13)

Here the v’s are single-well trapping potentials, and v®, v* are centered around

T = xg, x = 0, respectively. We assume that the atom is initially prepared in
the motional state |¥, ), where

x|V,) =V, (x) =9 ()Y (y)YL(2) (11.14)

and ¥4, ¥, are the ground-state wave functions of v, v, with eigenvalues E¢,
E| respectively. Thus W, (x) is peaked around the position x¢g = (9,0, 0),
coinciding with the center of V?(x) but displaced from the one of V(x).
Therefore, if the atom is in internal state |a), its motional state after a time ¢
will be unchanged up to a phase ¢® = (E* + 2FE ) )t/h. If it is instead in state
|b), it will start oscillating within the well, thus picking up a different phase
#® due to the kinematical evolution, and possibly coming back at the initial
position after some time.

11.2.3.2 Interaction phase

We now consider two atoms 1 and 2 initially (at ¢ = 0) prepared in the
motional states |¥,) and |WU_), the latter being defined as in Eq. (11.14) but
with ¥_(x) = ¥4 (—x) replacing ¥ (z). We assume that the particles are
subject to the potentials > . _ O(sx)VPi(sx;), where © denotes the step
function. If any one of them is in state |b), for ¢ > 0 it will start oscillating
within the well, eventually interacting with the other one. If v is much steeper
than v®, then the probability of transversal excitations can be neglected, i.e.
each atom remains in the ground state along y and z. By integrating over
these variables, the problem is then reduced to a one-dimensional two-particle
Schrodinger equation, with

2 32
WA =3 [“29—) tofi (e t)| 4 ud (e — ) (1115)
m
=1
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replacing the Hamiltonian (11.3) in Eq. (11.2). Here w”(z,t) is a combination
of the v?(x) whose form changes with time, and u2'” is an effective interac-
tion potential taking into account the integration over y and z, and therefore
depending on the shape of v;. We shall study the dynamics at ¢ > 0 for dif-
ferent values of (81, B2) separately. If 51 = 2 = [ the total initial normalized

state, symmetric under particle interchange, is

~ [V )1|—)2 + |- )1ly )2
V2

where the initial overlap (¢ _|14) < 1 has been neglected in computing the
normalization. If both particles are in state |a), no interaction takes place
and thus the collisional phase ¢ = 0. Therefore, we shall now consider in
more detail the situation in which both particles are in state |b) and thus move
within the well v?. In the absence of interaction, after an oscillation period T'
they would come back exactly to the initial state. Due to the interaction, two
effects arise: an additional phase, which is accumulated by the wave function
as the number of undergone oscillations increases; and a slight decrease in their
frequency, because the atoms acquire a small delay in their motion inside the
trap as they come out from a collision. These effects have to be evaluated in
detail, since they influence the attainable fidelity for a quantum gate based on
this scheme. For symmetry reasons, the relative coordinate motion decouples
from the center of mass motion, which is not affected by the interaction and
can be solved analytically. For an explicit calculation, it is now needed to
specify the form of the potentials in Eq. (11.13).

|77 (0)) ® 61 ©|8)2, (11.16)

11.2.3.3 Switching harmonic potentials

In order to perform the calculations analytically, the potentials in Eq. (11.13)
are chosen to be harmonic:

mw,
va(x) = 9 K (.CC - .130)2,
2
() = _m;u z2,
2
mw
viy) = v (11.17)

where w| > wy > w. Our scheme for gate operation is as follows: initially the
two particles are separately stored in two displaced harmonic wells at +x( as
described above, i.e. with the potential (Fig. 11.2a)

w(z,t <0) = Z O(sx)v(sz), (11.18)
s=+,—
wh(z,t <0) = w(z,t<0) (11.19)
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in the one-dimensional Hamiltonian Eq. (11.15). At ¢ = 0 the potential under-
goes a sudden change, namely the barrier between the two wells is selectively
switched off for state |b) only (Fig. 11.2b):

w(z,0<t<7) = wz,t<0); (11.20)
w(z,0<t<71) = (). (11.21)

Then at ¢ = 7, the potential barrier is suddenly restored: w“’b(ac,t > 7) =
w®(x,t < 0). The time evolution at 0 < t < 7 is characterized by oscillations
with periodicity 7' = 27 /w. The projection of the evolved CM wave function
on the initial one

N

2
(o —w)” (wt) (11.22)

1
+ 4w(2]w2

()] ()] =

has instead a period of T'/2, because of the parity of the spatial wave function.
The time-dependent energy shift (11.4) due to the interaction turns out to be

BmANt) 250 [1-sin () 030

AE"(t) = a®hw, )
wh

(11.23)

where
Q(t) = wwp/[w? cos®(wt) + wi sin?(wt)]. (11.24)

Hence the interaction-induced phase shift (11.7) accumulated after each oscil-
lation period T is (evaluating the integral in a saddle-point approximation)

o= / 7h()dt
0

mwy Wy
B owd+w(dzd mwo/hi—1)

~ 8a% (11.25)
If the particles are in different internal states, the center of mass does not
decouple from the relative motion. No analytical solution is found in this

case, and one must resort to numerical techniques to evaluate the collisional
phase ¢,

11.2.3.4 Implementation of conditional dynamics

If at time 7 the atoms have come back to their initial spatial distribution,
corresponding to a symmetrized product of the ground states of the two wells,
then after the barrier is raised they will remain trapped around the original
position. The only change in the overall state will be a phase ¢2! + ¢22 + ¢?172
as discussed in Sect. 11.2.2.2. Therefore, the gate operation time 7 has to be
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Fig. 11.2: Configuration at times ¢t < 0, ¢t > 7 (a) and at 0 < ¢t < 7 (b). The solid (dashed)
curves show the potentials for particles in the internal state |a) (|b)).

chosen in such a way as to maximize the overlap |{(y)%172(7)[/172(0))|? for all
081, P2. If the modifications in the atomic motion due to interaction are not
too strong, this condition will be satisfied to a good approximation after an
integer number n of oscillations. Thus, for 7 ~ nT’, the following mapping is
realized:

a)ila)y — e a) [a),,
la)1|b)y — e—i(¢>?+¢’i+¢i”)|a>1|b>2,
b)1]a), — e—i(¢>3+¢$+¢?")‘b>1’a>27
bhlb)y — eI, )y, (11.26)

where ¢2% = 0 as discussed in Sect. 11.2.3.2. If we apply a further single-bit
rotation |0)(0|e %" + |1><1]e‘i(¢2+¢?b) (where the logical states are defined as
|0) = |a) and |1) = |b)) and take into account that for symmetry reasons
qﬁﬁb = gbl;“, the mapping Eq. (11.26) realizes the fundamental phase gate

0)0) = [0)]0),
01— o)1),
Loy — [1)]0),
1) — e M@ 201y, (11.27)

where the phase difference ¢ — 2¢% has to be adjusted to +7 by a proper
choice of the trap parameters.
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11.3 Physical realizations

A physical implementation of the scenarios described in Sec. 11.2 requires an
interaction which produces internal-state-dependent conservative trap poten-
tials and the possibility of manipulating these potentials independently. The
choice of the internal atomic states |a) and |b) has to be such that they are
elastic (i.e. the internal states do not change after the collision). To achieve en-
tanglement operations with high fidelity, one has to be able to load or cool the
atoms to the ground states of the trapping potentials. Finally, for the applica-
tion of parallel quantum computing one needs periodic structures (e.g. optical
lattices), together with the ability to control the positions of the atoms and
to fill the lattice sites selectively.

11.3.1 Two-qubit gates in optical lattices

In this Section we want to discuss how a number of difficulties can be overcome
that one encounters when trying to use optical lattices for quantum computing.
We will first show how one can achieve a filling factor of 1 with particles in
the ground states (lowest band) of the lattice. This can be achieved by using
an ultracold very dense sample of weakly interacting atoms, namely a Bose-
Einstein condensate, and slowly turning on an optical potential. The repulsive
interaction between the particles increases as the optical potential is made
deeper. At the same time the hopping rate at which particles move from one
site to the next decreases. If the optical lattice is turned on on a time scale
much slower than the hopping rate and the temperature k7" can be kept much
smaller than the interaction energy between two particles in one site, one can
achieve a filling of the optical lattice with exactly one particle per lattice site.
[75] Finally, we note that a filling factor of one out of two lattice sites has been
achieved in very recent optical lattice experiments. [65]

We will also discuss how the lattice potentials can be moved in a state-
selective way for implementing the two-qubit gate [31]. For alkali atoms with
a nuclear spin equal to 3/2 we show how atoms in different hyperfine levels
can be moved into different directions. It is clear that other difficulties like
e.g. addressing single qubits exist, but they will not be discussed here since
their experimental solution is not specific to the present implementation.

11.3.1.1 Hamiltonian for a Bose-Einstein condensate in an optical
lattice

We assume a Bose-Einstein condensate of atoms in internal state |a) to be
loaded into an optical lattice potential Vi (x) + Vp(x), where

Vo(x) = Vo sin®(kx) + Vyo sin?(ky) + Vi sin?(k2) (11.28)
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is a periodic optical lattice potential and Vp(x) is a superlattice potential
slowly varying in space compared to Vj(x). k is the wave number of the lasers
producing the lattice potential. The Hamiltonian reads [75]

Ho= [enie (—%w F () + V() — ) 6

1% 2
4 T [ Bl 0! (o)), (11.29)

where (x) is the bosonic field operator and p is the chemical potential i.e. a
Lagrangian multiplier to fix the number of particles. Expanding the field
operators in the Wannier basis while keeping only the dominant terms [75]
Eq. (11.29) reduces to the Bose-Hubbard Hamiltonian

H=-JY" blb; +Z 1) + = UZnZ Ay — 1), (11.30)

<%,j>

where the operators n; = b;fbi count the number of bosonic atoms at lattice
site ¢; the annihilation and creation operators b; and b;f obey the canonical

commutation relations [b;, b]] = 0;5. J is the tunneling matrix element and U
describes the (repulsive) interaction between particles at the same lattice site.
€; = Vp(x;) is the value of the slowly varying superlattice potential at site i.
The ratio U/J is controlled by the depth of the optical lattice potential V.
Increasing Vjo (via the intensity of the trapping lasers) reduces the tunneling
matrix element J and increases the repulsive interaction between the atoms

U [75).

11.3.1.2 Loading the lattice

In order to perform gate operations in optical lattices we have to be able to
selectively fill the lattice sites with exactly one particle. This can be achieved
by making use of the phase transition from a superfluid BEC phase to a Mott
insulator (MI) phase at low temperatures, which can be induced by increasing
the ratio of the onsite interaction U to the tunneling matrix element J pre-
dicted by the Bose-Hubbard model [76, 77]. In the MI phase the density p;
(occupation number per site) is pinned at integer n = 0,1,2,... corresponding
to a commensurate filling of the lattice, and thus represents an optical crystal
with diagonal long range order with period imposed by the laser light. Parti-
cle number fluctuations are thereby drastically reduced and thus the number
of particles per lattice site is fixed. The number of particles per lattice site
depends on the chemical potential x in the isotropic case ¢; = 0 [76]. In the
non-isotropic case we may view p — €; as a local chemical potential. Therefore
pi can be controlled by the superlattice potential V(x).
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Fig. 11.3: Superlattice potential in 2D with Vi (z,y) = 40J (sin®(7z/9a)+sin?(ry/9a)) with
a the spacing between the lattice sites. The particle density p(x,y) for four superlattice wells
is shown. Parameters: a) U = 30J and p = 15J, b) U = 50J and p = 27J.

Using a Gutzwiller ansatz [75, 78, 79] for the wave function we have per-
formed a mean field calculation to demonstrate how, by a proper choice of the
potential Vp(x), one can fill certain blocks of the optical lattice with exactly
one particle at temperature 7' = 0. Figure 11.3 shows the result of this mean
field calculation, a MI phase where the lattice sites are either filled with 0 or
1 particles. The number fluctuations are almost equal to zero and thus not
shown in this plot. To achieve a MI phase at finite temperature T" # 0 one
has to fulfill the requirement kT" < U where the interaction strength U gives
the order of magnitude of the first excitation energy in a MI phase. One also
has to ensure that particles do not move from a filled site with energy ¢; to
an adjacent empty site with energy €; i.e. the temperature has to be much
smaller than the energy difference between these two sites kT' < €; — ¢;. In
Sec. 11.4, we will need periodic fillings of optical lattices as shown in Fig. 11.3
to implement efficient multi-particle entanglement operations and for parallel
quantum computing.

11.3.1.3 Moving the lattice potentials state selectively

We consider the example of alkali atoms with a nuclear spin equal to 3/2 (87Rb7
23Na) trapped by standing waves in three dimensions and thus confined by a
potential of the shape as given in Eq. (11.28). The internal states of interest are
hyperfine levels corresponding to the ground state S/, as shown in Fig. 11.5b.
Along the z axis, the standing waves are in the lin/lin configuration (two
linearly polarized counter-propagating traveling waves with the electric fields
E; and E, forming an angle 26 [80]) as shown in Fig. 11.4. The total electric
field is a superposition of right and left circularly polarized standing waves
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Fig. 11.4: Laser configuration along the z-axis.
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Fig. 11.5: Level scheme of 8”Rb and 2*Na and laser configuration. (a) Fine structure energy
levels and laser configuration. The detuning is chosen such that the polarizabilities a4 — and
a—4 vanish. (b) Hyperfine level structure.

Ps /2

(0F) which can be shifted with respect to each other by changing 6,
E*(z,t) = Ege ™! €, sin(kz+0) + &_ sin(kz—0)], (11.31)

where €1 denote unit right and left circular polarization vectors, k = v/c is
the laser wave vector and F( the amplitude. The lasers are tuned between the
Py /5 and P35 levels so that the dynamical polarizabilities a1+ of the two fine
structure S/, states corresponding to my = +1/2 due to the laser polarization
oF vanish (ay_ = a_; = 0), whereas the polarizabilities a4+ due to ot are
identical (a4+ = a— = «). This configuration is shown in Fig. 11.5a and can
be achieved by tuning the lasers between the P35 and Py fine state levels
so that the ac-Stark shifts of these two levels cancel each other. The optical
potentials for these two states are V,, _11/2(2,0) = a|Eo|?sin® (kz + 6).

We choose for the states |a) and |b) the hyperfine structure states |a) =
|FF=1,my = 1) and |b) = |F = 2,my = 2). Due to angular momentum
conservation, these states are stable under collisions (for the dominant central
electronic interaction [81, 82]). The potentials “seen” by the atoms in these
internal states are

Vi z,0) = [Vms:l/g(z,H) + 3V, S:_l/g(z,ﬁ)] /4
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Vb(z70) = Vms=1/2(276)‘ (1132)

If one stores atoms in these potentials and they are deep enough, there is no
tunneling to neighboring wells and we can approximate them by harmonic
potentials. By varying the angle @ from 7/2 to 0, the potentials V® and V@
move in opposite directions until they completely overlap. Then, going back
to 8 = 7/2 the potentials return to their original positions. The shape of the
potential V¢ changes as it moves. By choosing

(t)=m (1 — (1 + exp(—(n/n)2)) / (1 + exp((t2 — 722)/73))) /2 (11.33)

with 7, = 25/w and 7; = 25/w, the frequencies and displacements of the har-
monic potentials approximating (11.32) are exactly those plotted in Fig. 11.6a.

11.3.1.4 Gate fidelity

We use the minimum fidelity F' [83] to characterize the quality of the gate. F'
is defined as

F = min(@ltrec (Ule) (] @ peitd!) 16). (11.34)

where |p) is an arbitrary internal state of both atoms, |@) is the state resulting
from |¢) using the mapping (11.12). The trace is taken over motional states, U
is the evolution operator for the internal states coupled to the external motion
(including the collision), and pexy is the density operator corresponding to both
atoms being at a temperature T" at time ¢ = —7 [31]. In Fig. 11.6b the fidelity
F is plotted as a function of the temperature 7" for the displacements and trap
frequencies shown in Fig. 11.6a. This figure shows that one can achieve very
high fidelities in realistic situations.

11.3.2 Two-qubit gates in magnetic microtraps

We now consider the implementation of a switching potential by means of
electromagnetic trapping forces. We first discuss the possibility of obtain-
ing the desired state dependence by assuming some improvements on devices
which are now experimentally available [84, 85, 86]. Then we compute the
performance of a quantum gate for realistic trapping parameters.

11.3.2.1 Microscopic electromagnetic trapping potential

The interaction between the magnetic dipole moment of an atom in some hy-
perfine state |F,mp) and an external static magnetic field B entails an energy
Umagn = gr Bmp|]§ | depending on the atomic internal state via the quantum
number mp (here pp is the Bohr magneton and gp is the Landé factor). On
the other hand, the Stark shift induced on an atom by an electric field E
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Fig. 11.6: a) Upper plot: Displacements dz*(t)/d (solid line) and 1+ §2°(t)/d (dashed line).
Lower plot: Trap frequencies w®(t)/w (solid line) and w®(t)/w (dashed line). b) Fidelity
F against temperature kT /hw for 8"Rb with as = 5.lnm. Here w = 27 x 100kHz and
d = 390nm.

gives a state-independent energy U, ~ %a\ﬁ\% where « is the atomic polar-
izability. The interplay between these two effects can be exploited in order to
obtain a trapping potential whose shape depends on the atomic internal state.
As an example, we consider an atomic mirror with an external magnetic field
[84, 85, 86|, providing confinement along two directions with trapping frequen-
cies which can range from a few tens of kHz up to some MHz. Microscopic
electrodes can be plugged on the mirror’s surface [87], thus allowing for the
design of a potential with the characteristics described in Sect. 11.2.3.

11.3.2.2 Loading and moving atoms within the trap

Several schemes of loading atoms into the trap have been envisaged (see for
example [84, 85, 86]). Most of them rely on an intermediate stage where atoms
can be trapped and cooled without coming in contact with the magnetic mir-
ror. This pre-loading trap can be either initially displaced from the surface, or
close to it but based on a different trapping mechanism (for instance an evanes-
cent wave mirror, where different internal states can be trapped by gravity [88]
before the atoms can be put in the right states for magnetic trapping), to be
replaced by the electromagnetic microtrap with a gradual switch-on of the
electric and bias magnetic fields in the final stage of loading [87]. This could
also allow for implementing a controlled filling of the trap sites, in a similar
way to that already discussed in Sec. 11.3.1. A further feature to be imple-
mented in view of performing more complex algorithms is the arrangement of
several gate potentials in a periodic pattern, and the possibility of transporting
atoms within this structure. An example would be given by two adjacent rows
of potential minima, shiftable with respect to each other, where atoms could
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be loaded. A system like the one suggested in Sect. 11.3.2.1 could allow in
principle to obtain such a configuration, since the magnetic field minima can
be shifted parallel to the surface by rotating the bias magnetic field. In this
way it should be possible to move some atoms, while holding others in place by
means of additional local electric fields [84, 85, 86]. Provided that atoms can
be addressed individually, which is needed even for performing a one-bit quan-
tum gate, a procedure for implementing a simple quantum algorithm could be
the following: perform a gate between two suitably chosen atoms, being close
to each other but belonging to different rows, then mutually displace the rows
and select another pair of atoms, including one of those coming out from the
previous gate. Repeat until the algorithm has been operated, applying the re-
quired one-qubit rotations in between the above steps and possibly performing
some of them in parallel.

11.3.2.3 Switching the trap potentials state selectively

We choose for the states |a) and [b) the same hyperfine structure states of
8TRb considered in the previous Section, which are low-magnetic field seekers.
If both particles are in state |a), there is no interaction-induced phase shift,
as already discussed in Sec. 11.2.3.2. The results for both particles in state |b)
are shown in Fig. 11.7. The time dependence of ¢ is step-like (Fig. 11.7a):
the collisional phase is incremented at times t; = (2k — 1)7'/4, when the
atoms meet at the center of the well, and remains constant at intermediate
times, when they separate again. The influence of the interaction on the
atomic motion can be seen from Fig. 11.7b, depicting the overlap between
the evolved interacting two-atom state [¢®*(¢)) and the corresponding state
|¢£’8) (t)) computed without taking into account the interaction. The curve has
local minima at times ¢, signalling that a collision is taking place, and shows
a global decrease corresponding to a slight delay of the interacting motion
with respect to the non-interacting one. As it can be seen from Fig. 11.7c,
this effect is not dramatic: the oscillation period in the presence of interaction
is increased just by 67 ~ 2 x 1073T (with the parameters used here), and
the harmonic potential ensures that the system comes periodically back to its
initial state. After 7 oscillations we get a phase shift due to the interaction of
7, whereas the perturbative formula (11.25) gives 7¢% ~ 0.987. Therefore we
choose 7 = 7(T+dT) ~ 0.15ms: the overlap between the initial and the evolved
wave function at that time is ()% (7)[1/?*(0))|? =~ 0.996. The behavior turns
out to be quite different [89] when the atoms are in different internal states:
the phase shift increases more rapidly, but after a few oscillations the system
does no longer come back to the initial state. This has a simple explanation.
The two atoms collide as soon as the one being in state |b), moving within the
potential mw?22 /2, reaches its turning point, where the other atom is trapped.
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Fig. 11.7: Dynamics during gate operation, with both atoms in state |b): a) interaction-
induced phase shift - the circles refer to the perturbative calculation (11.25); b) projection
of the evolved state on the corresponding state evolved without interaction; ¢) projection
of the evolved state on the initial one. We choose w =~ 23.4 kHz and wy = w. = 150 kHz,
corresponding to ground-state widths a, ~ 50 nm, ay = a. ~ 28 nm, with the initial wells
having frequency wo = 2w and displaced by zo = 3v/2a.. We take for the scattering length
the known value for 8"Rb, i.e. a2 ~ a2’ = 5.1 nm. Time is in units of the oscillation period
T.

The interaction time is therefore longer than if both atoms were in state |b).
Indeed, in that case they meet at the trap center, with their maximal velocity.
This explains why the system picks up a bigger phase shift per oscillation
period in the present case. On the other hand, the collision excites the motion
of the atom in state |a) within its own well, and therefore the initial state is
no longer recovered. This problem can be avoided if the potential minimum
for state |a) is displaced along the transverse direction from the one for state
|b) by means of an additional electrostatic field [84, 85, 86], so that the atoms
interact if and only if they are both in state |b). This problem would not exist
in an adiabatic scheme for the gate operation, when the shape of the potential
is changed slowly with respect to the atomic motion. This will be the subject
of future investigation.
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11.3.2.4 Gate fidelity

The calculation of the fidelity in this case has to take into account the sym-
metrization of the wave function under particle interchange, expressed by an
operator S to be explicitly inserted into Eq. (11.34):

F = min {troq [(6US (l¢)(¢] @ pot) SUTNR)] |, (10.35)

With the parameters quoted above, we obtain F' > 0.98. In order to reach
such a fidelity, timing has to be quite precise, with a resolution of the order of
10737 corresponding to tens of ns in this case.

11.4 Parallel quantum computing

In this Section, we will discuss how quantum gates based on controlled col-
lisions can be exploited for quantum computing. It is clear that, with the
realization of a universal two-bit gate, any quantum computation can be per-
formed, just as it is the case with other implementations. On the other hand,
manipulations such as moving and switching potentials offer a great deal of
parallelism [43, 44] not available in other systems.

We will focus our attention on implementations in optical lattices. Some of
the ideas could readily be translated into arrays of magnetic microtraps, if the
distances between the individual potential wells could be made much shorter
than present-day state-of-the-art of nanofabrication. In such a situation, adi-
abatic variants of the switching operations (see comment at the beginning of
Sec. 11.2.3) can be used to create multi-particle entangled clusters of neigh-
boring atoms, similar as with moving potentials. Details of this analysis will
be presented somewhere else [89].

One may ask, what can be done in optical lattices that cannot be done
in other implementations? The answer to this question depends on a number
of experimental conditions such as the possibility of creating regular filling
structures and, like in ion-traps, on the possibility of addressing single atoms
individually. In the following, we will first (Sec. 11.4.1) give an example of what
can be done with controlled lattice movements in conventional set-ups i.e. with
random filling of the lattice sites and without any control of the position
of individual atoms. We will see that this already allows one to perform
interesting spectroscopic studies of the degree of entanglement between the
atoms thus created. Next (Sec. 11.4.2), we will describe what can be done
if one achieves a regular occupation of the lattice sites and can address the
atoms individually. Under such circumstances, an efficient implementation of
quantum error correction and of a quantum memory (concatenated Shor code)
is possible. Furthermore, fault tolerant versions of certain quantum gates and
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Fig. 11.8: Atom-interferometric process realizing the quantum gate. (a) Two-particle inter-
ferometer; (b) Truth table.

of quantum error correction can be implemented straightforwardly, as will be
sketched in (Sec. 11.4.3). Finally, in Sec. 11.4.4, we describe how auxiliary
atomic levels can be used to realize highly selective entanglement operations,
where individually selected atoms are swept across the lattice to create GHZ
states [90] of a large number of particles. Together with 11.4.2 and 11.4.3, this
scheme has all the ingredients that are necessary for an efficient realization of
fault-tolerant quantum computing.

11.4.1 Multi-particle entanglement operations

The two-qubit gates described in Sec. 11.3 correspond abstractly to an atom
interferometer as shown in Fig. 11.8. The interferometer has two inputs which
are the two atoms trapped at neighboring potential wells. By shifting the
potentials back and forth as described in Secs. 11.2.2, only one combination
of paths of the two particles overlaps and leads to a phase shift, namely the
paths corresponding to state |a); for the left particle and [b)o for the right
particle. To emphasize the role of the internal states as logical states, we shall
henceforth use the notation |0) = |a) and |1) = |b) and neglect the kinetic
phases ¢%, ¢° as they appear in (11.12). Furthermore, we drop the atomic
index as long as there is no danger of confusion.

The logical truth table corresponding to the interferometric process is
shown in Fig. 11.8. [A similar identification of logical states can be made
in magnetic traps as is pointed out in Sec. 11.2.3.4. The labelling of the paths
for the left particle in the interferometer has to be interchanged in this case.]
For ¢ = ¢°' = 7 this realizes a phase gate [1]. The phase gate and the set
of all one-bit unitary transformations, which can be realized by Raman laser
pulses on the internal states |0) and |1), define a universal set of quantum
gates. [91, 92, 93, 94]

An important difference between optical lattices and other implementa-
tions is given by the global effect of the lattice manipulations. To illustrate
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Fig. 11.9: Random occupation of a two dimensional lattice with single atoms.

this point, consider first a two dimensional lattice as in Fig. 11.9 with random
occupation of the sites and a filling factor n < 1, where n is defined as the
average number of atoms per lattice site. Let us assume that the loading of
the lattice can be accomplished in such a way that there are no multiply oc-
cupied lattice sites, i.e. that each lattice site is occupied by no more than a
single atom. Then, in any region of the lattice, one will find isolated atoms,
pairs of neighboring atoms, triplets, and so forth, with a relative frequency
proportional to 1, n?, 1%, respectively. Consider now the following Ramsey
experiment [95] where initially all atoms are prepared in the internal state |0)
and in the motional ground state of their individual potential wells. In some
selected region of the lattice, the following sequence of operations is applied:
(1) a /2 laser pulse brings all atoms into a superposition of the internal states
|0y and [1); (2) the lattice is shifted across one lattice site and then, after a
variable length of time, shifted back to its original position, (3) finally a second
7 /2 pulse is applied to the region. The effect of this sequence is illustrated in
Fig. 11.10. For a group of N =1,2,3,... neighboring atoms, the lattice shift
corresponds to a N-particle interferometric process. Specifically, one obtains
the following transformations. For isolated atoms:

0) — [0); (11.36)
for pairs of neighboring atoms:
100) — - +2ei¢ 100) + = ew‘BELL) : (11.37)
and for triplets of neighboring atoms:
1000) —» T < 1000) + 1= c GHZ) ; (11.38)

2
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Fig. 11.10: Entanglement of pairs (left) and triplets (right) of neighboring atoms by a single
lattice shift.

where we have used the notation

BELL) = %{ro>|+>—\1>r—>},
janz) = — {|0)H)I1) - [1)[-)[0)} , (11.39)

V2

and |£) = (]0) £|1))/v/2. The expressions for groups of more particles become
more complicated and shall be ignored in the present discussion. It is clear that
for ¢ = 7 Bell- and GHZ states [96, 90] are created by a single lattice shift at
various places within the region. This corresponds to an ensemble of 2-bit and
3-bit quantum gates, respectively, acting simultaneously at different lattice
sites. To analyze the states (11.37) and (11.38) spectroscopically one could
measure the state of the atoms in a final step of the above Ramsey sequence
e.g. by a fluorescence measurement. It is clear that by such a measurement
the entangled states will be destroyed. On the other hand, by repeating this
sequence many times with different samples, one can measure the fluorescence
signal as function of the phase ¢ (interaction time). Under ideal circumstances,
all isolated atoms will remain in the dark state |0) while all fluorescence signals
come from Bell (~ 1?) or GHZ (~ n3) states [97]. To check that entangled
states, rather than mixtures, are created in the process, the experiment is
performed with different interaction times, e.g. times corresponding to ¢ = 7
and ¢ = 2m. For entangled states as in (11.37) and ( 11.38) all fluorescence
signals will vanish at ¢ = 2m, while this will not be the case if the states created
by the atomic collisions are mixtures of classical many-particle states. More
generally, by measuring the visibility of the fluorescence signal one may study
the fidelity of the entanglement created in the process, and its dependence on
certain noise sources such as a finite temperature of the atoms. This way, the
curve plotted in Fig. 11.6b) could be tested experimentally.
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Fig. 11.11: Ordered arrangement of atoms in an optical lattice (see also Fig. 11.3).

11.4.2 Quantum error correction

To employ these entanglement operations for quantum computing, one has to
have precise control over the number and the location of atoms that are in-
volved in the collisional process. In addition to the ability of addressing single
atoms, one therefore has to achieve a certain ordered occupation of the lattice
sites. As described in Sec. I1I.A., Fig. 11.3, this can be by achieved by control-
ling the intensity of the trapping laser at sufficiently low temperatures. This
way optical crystals with periodic patterns of atoms can be created as indi-
cated in Figs. 11.11 and 11.15 [98] Under such circumstances the parallelism
of the lattice manipulations can be exploited advantageously. On one side,
similar logical operations can be performed simultaneously at different loca-
tions on the lattice. On the other side, as we have seen in Fig. 11.10, a single
lattice shift can entangle whole groups of atoms. Two types of such entangle-
ment operations are shown in Fig. 11.12. One involves only the logical states
|0) and |1), while the second uses a third atomic level as a “transport state”
(see Sec. 11.4.4), into which any atom must first be activated, before it can
participate in an entanglement operation. In the following, we will first discuss
applications of the shift operation as in Fig. 11.12(a). Later, in Sec. 11.4.4 we
will consider a more flexible (“sweep”) operation shown in Fig. 11.12(b).

An application of shift operations as described in Fig. 11.12(a) concerns
the realization of a quantum memory, where a qubit «|0)+3|1) (with unknown
coefficients o and (3) is encoded in the quantum state of a larger block of atoms
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Fig. 11.12: (a) “Shift operation”: The internal atomic states |0) and |1) couple to different
lattice potentials that are moved against each other as explained in Sec. 11.3.1.3. This cor-
responds to a multi-particle interferometer where the same phase shift is acquired whenever
two paths temporary overlap. By simple lattice manipulations, therefore, entire groups of
atoms become entangled. (b) “Sweep operation”: For more selective entanglement opera-
tions, a third atomic level |r) is used [99]. In this scheme, only atoms in the level |r) are
moved, whereas the states |0) and |1) are kept in the same potential. At the beginning of
an entanglement operation, the atoms are first excited from one of the states |0) or |1) to
the state |r) before the lattice is moved. This scheme is much more selective in the sense
that those atoms which shall participate in a gate operation are first activated, before they
couple to the moving lattice, and the collisional phases ¢; can be varied for each interaction
individually.

and stabilized against decoherence with the help of quantum error correction
[47, 48, 49, 50, 51, 52, 53, 54]. A particular quantum code that is able to
protect a qubit against general 1-bit errors (spin flip and phase flip) has been
proposed by Shor [47]. It is a 9-bit code where the codewords

0s) = 273/2(]000) + [111))(]000) 4 |111))(]000) + |111))
1s) = 27%/2(]000) — |111))(|000) — [111))(|000) — [111))
(11.40)

consist of products of certain GHZ states. Abstractly speaking, the encod-
ing operation consists of a mapping (embedding) of the qubit’s 2-dimensional
Hilbert space H into a 2°-dimensional Hilbert space of the form

H > al0) + B|1) — al0s) + B|1s) € Hg € H®®. (11.41)

To stabilize the encoded information against decoherence, the code must be
measured and corrected on a time scale 7 < 1/9y where 7 is the rate of
decoherence for a single qubit. This is possible since all errors that may occur
on any one of the qubits of the codewords (11.40) map the code into a family
of 2-dimensional subspaces of H®? which are all orthogonal on Hg [47].

The Shor code (11.40) can be implemented efficiently in a two dimensional
lattice configuration [100] as in Fig. 11.11, by using the shift operation of
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Fig. 11.13: (a) Encoding of a qubit into a block of 3 x 3 atoms; (b) Decoding and syndrome
measurement.

Fig. 11.12(a). To see this, imagine that the qubit/atom whose state is to
be encoded is surrounded by neighboring atoms as in Fig. 11.13. The idea
is of course to encode the central qubit in the whole block of 3 x 3 qubits.
Initially the central atom is in the unknown state [¢)) = «|0) + §]|1) while all
neighboring atoms are in state |0). As is shown in Appendix B, the initial
state is transformed into the Shor code by a simple sequence of horizontal
and vertical lattice shifts combined with certain 1-bit rotations, as indicated
in Fig. 11.13(a). By this process, the information contained in 1 is so to
speak de-localized over the whole block of 9 atoms. To check whether an error
has occurred on one of the qubits, the block is first decoded by the inverse
transformation [50], which involves the same sequence of lattice shifts as the
encoding. Subsequently, one measures which of the neighboring atoms are in
the state |1). In the language of quantum error correction, the surrounding
atoms of the central qubit in Fig. 11.13(b) are the carriers of the error syn-
drome [50], meaning that their state gives information regarding what type of
error occurred and, more importantly, which unitary 1-bit rotation has to be
applied to the central qubit to restore it to the original state. In a fluorescence
measurement, this information corresponds to a specific pattern of bright and
dark atoms surrounding the central qubit. For example, in Fig. 11.13(b) a
spin flip has occurred in the central qubit. This means that the state of the
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Fig. 11.14: Concatenated quantum coding. At each coding level, a single qubit is encoded
in a block of a larger number of qubits, here 5. (See e.g. [62]).

block is transformed into acS|0s) + Bo<¥|1s) where o' is the corresponding

Pauli spin operator associated with the central atom. By the decoding oper-
ation of Fig. 11.13(b), this state is mapped into a product state of 9 qubits in
which the neighboring atoms in the central row are both in the (bright) state
|1), while the other surrounding atoms are in the (dark) state |0). The central
atom is in a state equivalent to [¢)) up to a unitary transformation. Similar
fluorescence patterns are obtained if a phase error occurs in the central atom
or an arbitrary 1-bit error on any of the atoms in the block. A complete table
of the error syndrome is given in the Appendix.

The essential point is that the measurement on the surrounding atoms
does not reveal nor destroy the state of the central atoms (the coefficients «
and [ remain unknown throughout the process). If the sequence of operations
“decode-correct-encode” is repeated sufficiently often within the decoherence
time 1/9y of the block, the state 1 may be protected over arbitrarily long
times, in principle. Here one assumes, of course, that the decoding and encod-
ing operations themselves are free of errors. In our situation this means that
all phases acquired in the atomic collisions can be perfectly controlled. Since
these operations will always bear some imperfection /imprecision, the probabil-
ity that an error is introduced by an imperfect operation increases/accumulates
with repeated applications of these operations. The general solution to this
quantum-memory problem was given by Knill and Laflamme [57] and by oth-
ers [58, 59, 60], and requires a concatenation of encoding operations as shown
schematically in Fig. 11.14. The number of required concatenation steps de-
pends on how long the qubit is to be stored. It can be shown [57] that, given
the precision of the operations is above a certain threshold, a qubit can be
stored for an arbitrary long time, where the number of qubits required for
encoding (i.e. the length of the code) grows polynomially with the length of
the storage time. In the optical lattice configuration, a concatenation of the
encoding can be implemented straightforwardly. Imagine that, in the central
block in Fig. 11.11, the center atom is initially in state [¢)) = «|0) + §|1)
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Fig. 11.15: Concatenated quantum coding in an optical lattice. At each coding level, two-
dimensional lattice displacements with an increasing periodicity are applied. The nested
character of Fig. 11.14 is here reflected by a self-similar filling pattern of the lattice.

(similar as in Fig. 11.13) whereas all other atoms are in state |0). This means
that both the surrounding atoms in the center block and the atoms of all the
other blocks are initially in state |0). The first step of the encoding operation
is identical as in Fig. 11.13 and results in the configuration where the center
block is in a superposition of the Shor code words |0g) and |1s), whereas the
surrounding blocks remain in state |0). In the second step, the same operation
is repeated on a larger scale, i.e. the lattice is shifted across a larger distance
such as to make the blocks temporarily overlap while the 1-bit operations of
the first step are now repeated on corresponding atoms of the outer blocks.
As a result, the information |¢)) originally carried by the center atom is now
delocalized over 9 x 9 = 81 atoms! This scheme may be iterated as indicated
in Fig. 11.15. When in the second (and higher-order) encoding step the blocks
are brought to overlap, one has to make sure that only phases between corre-
sponding atoms of the different blocks are accumulated. The most elegant way
to achieve this would be with the aid of a technique where the 0 and 1 states
are displaced vertically before the atoms are moved. This could be imple-
mented in a three-dimensional lattice configuration[101]. The shift operation
is then really a “lift & shift” operation. The collisional interaction is then only
switched on by varying the vertical displacement, after the blocks have been
moved horizontally. If such a lifting technique can not be implemented, e.g.
in a truly two-dimensional configuration, then during the horizontal motion
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there will be also collisions between non-corresponding atoms, for example the
atoms in the right column of one of the blocks with atoms in the left column
of a neighboring block. To avoid these unwanted phase shifts, it is possible to
vary the velocity of the lattice movement in such a way that during unwanted
collisions a phase of e?™ is acquired. This method is clearly more susceptible
to decoherence. On the other hand, our numerical studies have shown [31],
that by an appropriate choice of the displacement function 6(¢) in Fig. 11.4,
the phase of a single collision can, in principle, be controlled with a very high
precision (with fidelity > 0.9997) and the probability for exciting phonons
remains correspondingly small [102].

It does not seem impossible that 6(¢) could be controlled precisely enough
to meet the threshold of fault-tolerant computation [62], but we have not
yet made detailed numerical investigations for this situation. In summary,
the method of concatenated coding can be implemented in optical lattices by
repeated sequences of lattice displacements on self-similar filling structures.

11.4.3 Fault-tolerant computing

In a quantum computer, we do not only wish to store quantum information,
but also to process it in a quantum algorithm. To prevent an accumulation of
errors during the calculation due to imperfect gate operations, one needs to use
fault-tolerant quantum gates that act on the encoded information. Further-
more, errors should be corrected fault tolerantly, that is, without decoding the
information (and therefore exposing the qubit to decoherence). The general
theory of fault-tolerant computation has been developed by several researchers
[62]. In optical lattices, many of such fault-tolerant operations have a geomet-
rically intuitive implementation. For example, if two qubits are encoded in
blocks of 9 atoms each, as in Fig. 11.13, a controlled-NOT operation can be
implemented by moving one block on top of the other so that each pair of cor-
responding atoms from the two blocks share a single potential well and acquire
a phase shift e™. [This is a straightforward generalization of the situation in
Fig. 11.8]. When a 7/2 pulse is applied on one of the blocks before and after
the blocks are shifted, a fault-tolerant realization of the CNOT gate, with a
truth table as in Fig. 11.16 is realized. The minus sign may be eliminated
by applying a 37/2 pulse instead of the second 7/2 pulse. Similarly, one can
find a simple fault-tolerant realization of the NOT gate, while for example the
Hadamard transform is more involved and requires a measurement with aux-
iliary qubits. Whether or not one can find similarly efficient implementations
for a complete set of fault tolerant gates, is still under investigation.

To check whether an error has occurred during a gate operation, one has
to measure whether the blocks are still in a superposition of the correct code-
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Fig. 11.16: Implementation of a fault-tolerant CNOT gate.

Fig. 11.17: Implementation of fault-tolerant error correction.

words. For the Shor code, this can be done in the following way [47], see
Fig. 11.17: To detect a spin-flip, one has to measure the parity of the first
two atoms in any row and compare it to the parity of the last two atoms of
every row. To do this one would use an “Armada” of 3 x 2 ancillas in the state
(|00) 4 11))(]00) + |11))(|00) +|11)), which approaches the block from the left
in Fig. 11.17 by moving the lattice horizontally. To measure the parities, the
Armada is moved on top of the first two columns of the data block so that the
atoms interact pairwise with atoms of the data block and acquire a phase shift
of e'™. To satisfy the criteria for fault tolerance, we need to avoid collisions
while the ancillas are moved on top of the code, and thus need a “lift & shift”
implementation of the operation, as mentioned earlier. Suppose there was a
spin-flip in one of the atoms of the first row. Then the state of the ancillary
atoms after the interaction reads (—|00) + [11))(|00) + [11))(]00) + |11)), and
the error will be detected by measuring the parity of the ancillas in each row,
after applying a Hadamard transform. In a second run, the Armada is reset
in the initial state and then is moved on top of the last two rows of the block,
and so on. To detect a phase-flip, a similar procedure is used with an Armada
of 2 x 3 atoms that approaches the block in Fig. 11.17 from below by moving
the lattice vertically. Since these ancillas should measure any change of sign in
any of the GHZ states that make up the codewords (11.40), they have to be
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Fig. 11.18: Realization of an (N + 1)-particle GHZ state by a single sweep operation.

prepared in the state |000000) +[111111). A phase flip can then be detected as
previously, where now a Hadamard transform has to be applied to the block
first, before the “attack” starts from below. In the specific implementation
using optical lattices, one could also think about other schemes using only
a single row of ancilla atoms on each side of the data block in Fig. 11.17 as
realized in Fig. 11.3b).

11.4.4 Selectivity and “sweep operations”

The examples discussed so far make use of the parallelism of the lattice shift to
implement certain multi-particle entanglement (or gate) operations efficiently.
On the other hand, the shift operation as described in Fig. 11.12(a) is too
rigid, when certain operations should apply to a selected group of atoms only.
This problem can in principle be solved by using a third atomic level |r) as
indicated in Fig. 11.12(b). In this scheme, the level |r) couples dominantly to
a transport lattice [99], while the “logical states” |0) and |1) are kept in the
same potential. At the beginning of an entanglement operation, the atoms are
first excited from one of the states |0) or |1) to the state |r), before the lattice
is moved. This scheme is much more selective in the sense that those atoms
which shall participate in a gate operation are first activated, before they can
participate in the lattice movement. All operations that we have discussed
can then be realized in the same manner, with the additional property that
only those atoms, to which the operation |1) — |r) is applied, will participate.
With this additional feature, it is clear, that universal computations can be
implemented.

Another merit of this scheme is that one can realize more flexible entan-
glement operations. Consider, for example, a 1-dimensional situation as in
Fig. 11.18 with a string of IV atoms initially prepared in the product state
(]0)Y + [1))®V and a selected additional atom (left) in the state (|0) + |r)). By
moving the transport lattice, the selected atom is swept across the N lattice
sites. During that motion, it interacts with each of the N atoms thereby trans-
forming the state of each atom into ¢'?°|0) + ¢'*' 1), with a differential phase
¢ = ¢! — ¢°. The resulting total state is of the form

10)(10) + [1)(10) + [1)) -+~ (10) + [1))
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Fig. 11.19: Implementation of the quantum Fourier transform by a sweep operation with
variable speed.

+[r)e N ([0) + € 1))([0) + € [1)) - - ([0) + 1)), (11.42)

As long as the collisional phases are different (¢ # 0) for the two logical states,
¢ can by varied with the speed of this sweep operation. For ¢ = 7w one obtains
a N + l-particle GHZ state (see Fig. 11.18 ) which can easily be brought to
the standard form

1
¥) = NG (10)]0)[0) - -+ 0) + [1)[1)[1) - - [1)) . (11.43)

Note that for the creation of this state only a single sweep operation is required!

This scheme can be generalized in several directions. By varying the speed
by which the lattice is moved during the sweep operation, the phases can be
controlled individually for each atom of the string as indicated in Fig. 11.12,
allowing for more complex entanglement operations. As a final example con-
sider a configuration as in Fig. 11.19(b), with a “source register” consisting of
a string of m atoms in the state |a) = |a1 a2 az -+ am), a; € {0,1} and a
“target register” of m further atoms in the state (|0) + |1))®™, similar as in
Fig. 11.18. The state vector |a) = |aj a2 a3 -+ a,) should be interpreted as a
binary representation of the number a = a12™ ! 4+ 22" 2 + ... + a,,2°. Con-
sider now the following operation where the source register is first activated
to couple to the transport lattice, meaning that each of the atoms 1 to m that
is in state |1) is excited to state |r). Next, the lattice is moved to the right
so that atoms of the source and the target register interact; this motion con-
tinues with variable speed until the source register completely overlaps with
the target register. It is helpful to mentally decompose this operation into
discrete steps. In the first step, the transport lattice is shifted one lattice site
to the right such that the mth atom of the source register interacts with the
first atom of the target register. One can tune the interaction time such that
a certain phase shift is acquired during this interaction, namely ¢ = 27 /2™.
In the next step, the transport lattice is moved one lattice site further to the
right such that now the m th atom of the source register interacts with the
second atom of the target register, while at the same time the m — 1 th atom
of the source register interacts with the first atom of the target register. In
this step, the interaction time is made double as long as in the first step, so
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that ¢ = 27/2™~!, and so on. After the lattice has been moved across m sites
in this vein, the total state of the source and the target register is given by

arazas o ap) @ (|0) + TN 1))
(’0> +e2wi0.a2...am‘1>)
(J0) + e2™0-am 1)) . (11.44)

Finally, the lattice is shifted back to the original position without changing the
phases any more (modulo 27, see earlier remark, or the process can be made
symmetric such that only half the phase values are accumulated during the
motion to the right while the second halves of the phase values are accumulated
when the lattice is brought back to its original position.) The overall effect of
this sweep operation can be summarized in the form

)| ) — ¢ @a)|F(a)) (11.45)
wherein |a) and | ) denote the initial state of the source and the target reg-
ister, and |F(a)) = \/% 232/:0_ L e2miay/2™ |4 is the quantum Fourier transform

of |a) [103]. The additional phase factor e’®*(® accounts for a possible phase
shift arising from collisions among different atoms of the source, if no vertical
displacement of the transport lattice is possible.

As described, this method gives a very immediate way of implementing
the quantum Fourier transform. Note that for a superposition of different
input states the source and the target register become entangled. To apply
the method in the Shor algorithm [104, 105], for example, additional steps
have to be taken. A detailed discussion of this method, together with possi-
ble applications, will be presented somewhere else [106]. This final example
demonstrates a remarkable flexibility of the entanglement operations that are
possible in optical lattices and similar systems, offering new perspectives for
efficient implementations of quantum algorithms.

11.5 Final remarks

It is clear that, at the present time, most of the experimental requirements
have yet to be realized, before one can implement quantum computing. There
are, however, recent achievements in cooling and trapping of atoms in optical
lattices and in magnetic microtraps which make it seem possible that some
of these elements could be implemented in the laboratory in the near future.
There are short-term and long-term perspectives. Essential for all quantum
information experiments is a successful cooling of the atoms to the ground
state of a three dimensional lattice. Numerical calculations [31] using realistic
parameters give kT < 0.2hw as a critical value. Under these circumstances,
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one could perform interesting Ramsey-type spectroscopic studies of the fidelity
of multi-particle entanglement as discussed earlier. To do this, neither single-
atom addressability is required nor are regular filling structures. When the
latter requirements can be realized, on the other hand, coding experiments can
be done and a quantum memory be implemented. Finally, if one can find three-
level schemes with different scattering phases for the logical states, universal
computations can be performed. The parallelism of the lattice could then be
exploited for efficient implementations of fault-tolerant quantum computing.

We have discussed multi-particle entanglement
schemes mainly in the context of optical lattice implementations. Some of
these ideas could readily be adopted in implementations with magnetic mi-
crotraps if one uses adiabatic schemes. A basic requirement for this is the
possibility of creating quantum dots that are spatially sufficiently close to
each other. These ideas will be discussed somewhere else [89)].
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11.A One particle in a moving harmonic potential

11.A.1 Hamiltonian

The center of the potential with frequencies w,, w, and w, is assumed to be
given by x(t) = (z(t),0,0) and the Hamiltonian reads

H=H,+H,+ H,, (11.46)

where H, = hw,(ala, +1/2), H, = hw,(ala, + 1/2), and

1 t(t)  z(t)?
H, = hw, <alax t3+ (al —i—ax)x( ) + 2(t) ) . (11.47)
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The a’s are bosonic destruction operators and Z(t) is given in harmonic oscil-
lator units. We will concentrate on the x-direction leave out the subscript =
and normalize energies to Aw.
11.A.2 Exact solution
The Schrodinger equation for the Hamiltonian Eq. 11.47 can be solved exactly
[107, 73]. To do so we define
+ 1
Hy=a'a+ 3 (11.48)
1 t
oy

K(t,—7) = ds z(s)e’*+T) (11.49)

and

B(t,—7) = i /_ tT ds <K(s, {0, K (s, 1)} + m(;)2> . aLs0)

If initially at time —7 the system is in the state |U(—7)) = |0), where |n) is
the n-th harmonic oscillator eigenstate we get

T () = MO ”}Z K, _\/T)—_Z(HT)) In). (11.51)

The kinetic phase ¢ is thus given by the phase of the overlap of |¥(¢)) with the
instantaneous ground state D(X(t))|0), where D(y) = exp(ya’ —v*a) denotes
the displacement operator

6 = —arg (0| D(R()' (1)) (11.52)

The interaction phase can be found by Eq. (11.7) with the known |[¥(¢)).

11.A.3 Corrections to the adiabatic approximation

We assume Z(t) to be an analytic function of ¢ and that z(t) > 0,z(t) >
027 (t) > ...>> 0Pz (t). By expanding in orders of the time derivatives we can
write for K (t',—7)

t/
K{t,-1) = % (z’NH/ ds{ONT1z(s)}el+7) -

ZZ"“{@" Jels+) ;L) : (11.53)
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where N is a positive integer. Note that if we may neglect all terms of or-
der greater than 0;Z(t) and start in a coherent state |¥(—7)) = D(Z(—7) +
i04z(t)|=—~)|0) the state will always be a coherent state with (x(t)) = z(t)
and (p(t)) = O,x(t).

Now we assume for simplicity that z(7) = Z(—7) = 0, (0:Z(t))|t=—r =
(0¢Z(t))|t=r = 0 and (07Z(t))|t=—r = (—1)"(0§'Z(t))|¢=r for n > 1. The system
is assumed to be in the state |¥(—7)) = |0), initially. We keep all the terms
to fourth order in the derivatives (in the integrand) and find

K(t,—71) = %({i(af—af)x(t)}(ei(“”)_1)_
{OF2(t) (') + 1)) : (11.54)
and
Bemr) = 3 [ ds (@) + 102506
R0 — e ), (11.55)

If we choose (t 4+ 7) = 2nm with integer n the largest correction to the approx-
imation to the kinetic phase discussed in Sec. 11.2.2.1 is of third order. Also
the amplitude of the first excited state is of third order as can be seen from
Eq. (11.54).

11.B  Quantum error correction and the implemen-
tation of Shor’s code

Consider a one-dimensional configuration with a string of n atoms, where
X0, T1,%2,...,2y € {0,1} label the internal state of the atoms at position
0,1,2,...,n of the lattice. An elementary lattice-shift operation as given in
Fig. 11.12(a) is then described as

LX: |z0, 21,22, ..., Tn) —
o120 (wj+1mod2)z; 1190511 |zo, 21, T2, ..., 2p) (11.56)

where the phase ¢;11 in the exponent depends on the interaction time and
the interaction strength between two atoms at the lattice site j 4+ 1, and the
addition is performed modulo 2. Note that two neighboring atoms at the sites
J and j+1 contribute to the exponent if and only if x; = 0 and ;41 = 1. The
variables x; can only take on the values 0 and 1. In all examples we discuss
here, ¢; = ¢ = constant and is the same for all lattice sites.
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The operation (11.56) defines a generalized phase gate that acts on a group
of n neighboring atoms via shifting the lattice across one lattice site. It can eas-
ily be seen that, for example when combined with 7 /2-pulses as in Fig. 11.10,
LX produces the entangled states (11.37) and (11.38) for n =2 and n = 3.

In two dimensional lattices, the logical variables xzj; are labeled by two
indices, where k is the horizontal index and [ the vertical index. The phase
gates corresponding to horizontal and vertical lattice shifts are then defined
as

LX’{CCM}> _ e—izj(le—i-l mod2)x ;41,1041 ’{xkl}>
LY {ay}) = e i2i@ktimod2)z e fo 1) (11.57)

as an obvious generalization of (11.56).

It is clear that the operations can be further generalized to lattice shifts
across an arbitrary number of lattice sites and along arbitrary directions.
There are interesting topological questions in this general situation. For the
present discussion, however, the gates LX, LY as defined in (11.57) are suf-
ficient and we will set ¢;; = 7. Apart from these gates, we will only need
single-particle operations, in particular the Pauli-operators o j, 0y ;,0. ; and
the Hadamard transformation (7/2 pulse) H; = (0. + 04;)/v/2 applied to
an atom with index j.

Consider now a configuration of 3 x 3 atoms as in Fig. 11.13, where the
central atom is in the unknown state [¢)) = a|0) + $|1) while all surrounding
atoms are initially in the state |0). Let us first look at the special case when
|1y = ]0), that is, the central atom is in the state |0) as well. If we apply a
/2 pulse to each atom of the block and then the operation LX, we obtain a
tensor product of three GHZ states where each row of the block is in the same
state (0+1)0(0—1) —(0—1)1(0+1). (For notational brevity, we suppress the
bracket notation in the following and identify 0 = |0) and 1 = |1)). This state
can be transformed to the form 000 — 111 by applying H; to the first atom
and Hs3o, 3 to the third atom of each row. The operation LX, supplemented
by one-qubit rotations, produces thus one of the code words in (11.40).

To realize a quantum memory, an unknown state ¢» = a0+ 31 of the central
atom is to be encoded into an entangled 9-bit state as in (11.41). Let us write
the initial (unencoded) state of the block in the form

\bare) = 0105903 04(6!05 + ﬂ15)06 070809 (11.58)

where the first, second, and third triplet refers to the upper, center, and lower
row of the block in Fig. 11.13. To encode % into a corresponding superposi-
tion of both codewords, lattice movements in both horizontal and in vertical
direction are required. In detail, the encoding operation is given by

ENC = Hys o LX o Hys6 0 LY 0 04,369 H134679 © LX o H® (11.59)
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whose essential part is a sequence of three lattice movements, horizontal -
vertical - horizontal, with certain 1-bit unitary transformations in be-
tween. In the notation used here, H® denotes a Hadamard transform applied
to each of the 8 syndrome atoms, whereas H;;;, . and o0,.;1... are single-qubit
rotations applied to the selected atoms 4, j, k, ..., only. Applied to the state
(11.58), ENC produces

ENC [pare) = (000 — 111)(001 — 110)(000 + 111)
3(000 + 111)(100 + 011)(000 — 111)
= a0y, + B15. (11.60)

The codewords 0O, and 11, are equivalent to the Shor code (11.40), as we shall
see presently.
The decoding operation is given by the inverse of (11.59),

DEC =H°oLXo H1346790-x;369 oLY o H456 oLXo H46 (1161)

involving the same lattice movements, but the 1-bit operations carried out in
reverse order. To see explicitly how one can correct an error occurring on one
of the qubits j = 1,2,...9 , we apply the error operators o, ;, o, ;, or o, ; to
the encoded state a0r, + F11,. Then we apply the decoding operation DEC
and measure the state of the syndrome atoms. The code 0y, and 1y, is error
correcting if every possible error is mapped into a syndrome state different
from 010203 0406 070809, and for each syndrome we can tell which unitary
transformation has to be applied to the central qubit to restore it to its original
state [it is not necessary that all errors are mapped to mutually orthogonal
subspaces [47]]. The following table gives for each error the corresponding
syndrome and the state of the central qubit:
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error | syndrome | central qubit
none | 00000000 ad+ 61

oz,1 | 11000000 a0 —p1
oz2 | 10100000 a0 -1
oz3 | 01100000 a0 -1

oz4 | 01010010 a0+ 41
oz5 | 00011000 a0—pg1
oz6 | 01001010 a0+ 51

oz7 | 00000110 ad—p01
ozs | 00000101 ad—pg1
oz9 | 00000011 ad—p01

oy1 | 10000000 | a0 -1
oy2 | 11100000 | a0 — 31
oys | 00100000 | a0 —p1

oya | 00001000 | ol —pB0
oy5 | 01000010 | ol —p30
oy6 | 00010000 | ol —B0

oy7 | 00000100 | a0 —p1
oys | 00000111 | a0 —p1
o0 | 00000001 | a0 —p1

0.1 | 01000000 a0+ 51

0.2 | 01000000 a0+ 51
0.3 | 01000000 a0+ 51

0.4 | 01011010 | al—(0
0.5 | 01011010 | al+30
0.6 | 01011010 | al—(0

o7 | 00000010 a0+ 51
o.g | 00000010 a0+ 51
0.9 | 00000010 a0+ 51

In Fig. 11.13, the syndrome atoms visually encircle the unknown qubit
that is to be protected. If any of the 9 qubit suffers a spin flip, a phase flip, or
both, the error can be detected by measuring the state of the syndrome atoms
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after the decoding operation has been applied to the group. This could be
done by a fluorescence measurement where atoms in state 1 and 0 correspond
to “bright” and “dark”, respectively. For example, according to above table,
the pattern

0
1

~

O = O

0
(4
0

tells us that a spin flip has occurred in the central atom, whereas

= o o
o O O

0
(4
1

reveals a spin flip in the left atom of the lower row, and

O = O

1
o1
1 0

corresponds to a phase flip in any of the atoms of the central row. In any case,
the state 1)’ of the central qubit after the detection of an error is related to
the initial state ¢ via a (known) unitary operation U: 1’ = U1, which can be
obtained from the third column of the syndrome table given above.

The fact that the encoding operation involves only 3 lattice movements
provides a specific example of a “parallelization of a quantum circuit” [43, 44].
We have not proven that 3 is really the minimum number of entanglement
operations needed; there might be still faster sequences. The original Shor
code can be recovered from this code by applying an additional vertical lattice
shift, LY, and certain 1-bit rotations.
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Chapter 12

Moving optical lattices

In this chapter we discuss some of the details needed to obtain the results of
the preceding publications (chapters 9 and 11). We concentrate on optical
lattices and leave out details on magnetic microtraps. We also discuss some
of the experiments suggested in chapter 9.

12.1 State selective optical potentials

In this section we want to investigate the interaction between three energy
levels of an atom with a standing light wave. The results presented here are
the starting point of the calculations in chapter 9 for an optical lattice that
can be moved state selectively.

12.1.1 Optical potential for a three level atom

We consider the case of one internal ground state |0) and two excited states |1)
and |2) of an atom interacting with a classical laser beam with frequency w.
Like in Sec. 7.1 we adiabatically eliminate the excited states of the atom and
neglect spontaneous emission (cf. Sec. 7.1.2). We find a Schrédinger equation
for the evolution of the wave function |W(t)) of the particles in internal state
|0) with the Hamiltonian given by

H= ﬁ+vo(gc), (12.1)

2m
where the optical potential is Vj(z) = VO(I)(:L") + VO(Q) () and
Q;(x)?
4195

Vo (2) = — (12.2)

x and p are the coordinate and momentum operators respectively. The mass
of the atom is m the detuning d; (d2) between the atomic transition frequency

184
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mg=-3/2 mg=-1/2 mg=1/2 mg =3/2

a) 5,
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Fig. 12.1: Atomic level structure for e.g. >>Na and ¥"Rb. a) Fine structure and b) Hyperfine
structure.

Ps/2

w1p (w2o) and the laser field is given by §; = wig — w (02 = woy — w). We
denote the Rabi frequency which is proportional to the electric field strength
and the dynamic polarizability of the atom between states |0) and [1) (]|2))
by 1 (Q2).

12.1.2 State selective optical potential

We shall now consider an atom with the level structure given in Fig. 12.1
interacting with o, and o_ polarized standing waves and detunings d; and
09 from the excited levels as shown in Fig. 12.1. The laser beam o couples
the level Sy /5 with mg = 1/2 to the level Ps/9 with ms = 3/2. This situation
corresponds to the one described in Sec. 7.1 and thus yields an optical potential
of the form Eq. (7.19). Furthermore the laser o couples the level S}/, with
ms = —1/2 with the levels P3/, with ms = 1/2 and P, 5 with ms = 1/2. This
situation corresponds to the one described in Sec. 12.1.1 and yields an optical
potential of the form Eq. (12.2). In Fig. 12.2 we show the resulting level shift
for the two ground states due to the interaction with the o, polarized light.
As can be seen from this figure it is possible to make the ac-stark shift equal
to zero for the level Sy 5 with ms = —1/2 by choosing the laser frequency
correspondingly. The same holds for the interaction of the laser o_ with the
roles of the two ground state energy levels exchanged. It is thus possible
to produce an optical lattice where the optical potential of the levels S/,
with mg = £1/2 is purely due to o1 polarized light which we will assume in
the following. We denote the optical potentials felt by the levels S/, with
ms = £1/2 due to the oy light as Vi (z).

In Fig. 12.1b the hyperfine structure levels of the ground states S/, with
ms = +1/2 are shown. The level shift of these states is related to Vi(x) by
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shift

zero shift

Fig. 12.2: Schematic ac-stark shift of the atomic levels S/, with ms = 1/2 (dashed curve)
and with ms = —1/2 (solid curve) due to the laser beam o4 as a function of the laser
frequency w. Note that the ac-stark shift of the level Sy, with ms = —1/2 can be made 0
by choosing the laser frequency correspondingly.

the Clebsch—Gordan coeflicients

Vir=omp=2) () = Vi(z),
3 1

ViP=tmp=1) (¥) = ZV+(33) + ZV_(QC)’ and
1 3
ViF=tmp=—1) (z) = ZV+(33) + ZV—($)~ (12.3)

These are the optical potentials for the three hyperfine levels we used in chapter
9.

12.1.3 Laser configuration

The two standing waves o4+ can be produced out of two running counter—
propagating waves with the same intensity. The corresponding setup is shown
in Fig. 12.3. Moreover it is possible to move nodes of the standing waves by
changing the angle of the polarization between the two running waves. Let
{ex,€y,€e;} be three unit vectors in space pointing along the {z,y,z} direc-
tion, respectively. The position dependent part of the electric field of the two
running waves Eq o is given by

E; o e (cos(p)e, +sin(p)ey),

Ey o e % (cos(p)e, —sin(p)ey) . (12.4)
The sum of the two electric fields is thus

E; + Eg < cos(kx — p)o_ — cos(kx + p)oy, (12.5)
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Fig. 12.3: Laser configuration for a state selective optical potential. Two standing circular
polarized standing waves are produced out of two counterpropagating running waves with
an angle 2¢ between their polarization axes.

where 04 = e, £ ie,. Thus the optical potentials are given by
Vi(z) o cos? (kz £ ). (12.6)

By changing the angle ¢ it is possible to move the nodes of the two standing
waves in opposite directions. Since these two standing waves act as internal
state dependent potentials for the hyperfine states as given in Eq. (12.3) it
becomes clear that the optical lattices can be moved in opposite directions for
different internal states allowing for state selective interactions between the
trapped atoms. This enables the implementation of conditional dynamics in
optical lattices which is one of the requirements for doing quantum computa-
tion.

12.1.4 Resulting optical potential

According to Eq. (12.3) the most general form of the optical potential for a
hyperfine level is given by

V(z) = Vo (asin®(kz — ¢) + Bsin?(kz + ¢)) , (12.7)

with  + 8 = 1. The position zg of the minimum which is at x = 0 for ¢ =0
of this potential is given by

o = i arctan ((0 — a) tan(2¢p)) . (12.8)

If we expand around this minimum to second order we find the frequency of
the potential as

w? = W3 [acos(2kzg — 2¢) + [ cos(2kzo + 20)] (12.9)

where w2 = 2k?Vy/m. Note that in this case also the minimum of the potential
V(xg) changes with the angle ¢.
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12.2 Evolution of atoms in moving lattices

In this section we want to investigate the time evolution of a particle in a mov-
ing optical lattice potential as well as how to describe the interaction between
two particles trapped in the optical lattice. The calculations presented here
are the starting point of the calculations presented in chapter 9. A shortened
version of these calculations can also be found in Sec. 11.A.

12.2.1 One particle in a moving optical lattice

Let us assume the optical potential to be moved along the z-axis approximate
the potential for the atom being moved by a harmonic potential with constant
frequency and thus concentrate on the one-dimensional Hamiltonian

z(t) | z(t)?

H= (a*a+%+(a*+a)ﬁ+7>. (12.10)

a and o' are the destruction and creation operator of the harmonic oscillator.
The displacement of the center of the trap is given by Z(t). Energies are given
in units of w and all the lengths in units of the harmonic oscillator ground state
size ag = /1/mw. All the calculations presented here can be generalized to
the case of an optical potential with varying oscillator frequency [1].

12.2.1.1 Exact solution
The Hamiltonian Eq. (12.10) can be solved exactly [2]. To do so we define

Hy =ala+ % (12.11)
and
1 /[t :
K(t,tg) = — [ dsz(s)e’7), (12.12)
2 Ji,
to obtain for the state vector
W p(t)) = (o)l iHlolt=to) 4 (12.13)

the equation of motion

z%(t)
2

atrwRa»:(—z‘a—K(t,t()){atK*(t,to)}—z‘ )\%(t». (12.14)

This equation is easily solved and we obtain for the state vector

W (8)) = e~ Hot—10)e=IMBE10) DK (t, 1)) (ko). (12.15)



12.2. EVOLUTION OF ATOMS IN MOVING LATTICES 189

where ((t,tg) is given by

Bt o) = [ ds <K(s,t0){8sK*(s,to)} + m(;)2> : (12.16)

and D(7) = exp(ya' — y*a) denotes the displacement operator. If initially at
time to the system is in the coherent state |¥(tg)) = |0), where (x|n) = ¢, (x)
are the harmonic oscillator eigenstates we find

— i(t—to)\n
[W(t)) = Altto }Z K, t\o/_ i In). (12.17)

12.2.1.2 Expansion in derivatives of Z(t)

If we assume that Z(¢) is an analytic function with respect to ¢ and that
1 =~ z(t) > 0,7(t) > 0?%(t)... we expand in these derivatives and write for
K(t,ty)

tl
K ty) = <iN+1/ ds{ONT1z(s)}els7t0) —

to

M= -

 [{ora(s))e=)| 22?;) , (12.18)

n=0

where N is a positive integer. Note that if we may neglect terms of order
0?7(t) and start in a coherent state |U(to)) = |Z(to) + i0;7(t)|1=t,) the state
will always be a coherent state with (z(¢)) = z(¢) and (p(t)) = 0,z (t).

Now we assume for simplicity that Z(t) = Z(to) = 0, 0z (t) = 0Z(ty) =0
and 0p'z(t) = (—1)"07'%(to) for n > 1. The system is assumed to be in the
state |U(tp)) = |0), initially. We will calculate the expansion of the state
|W(t)) in terms of the harmonic oscillator eigenfunctions ¢, (x) and keep all
terms to fourth order in the derivatives (in the integrand) and find

K (t,to) = % ({i(03 - oha(n)} (141 — 1) — {(Bpa( () + 1))
(12.19)
and

B(t,tg) = —%/ ds ({aszi(s)}2 + {8292‘(5)}2) + %{8?j(t)}2(1 _ e—i(t—to))'

to
(12.20)
If we choose (t —ty) = 2n7 the corrections compared to the adiabatic approx-
imation are of third order.
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12.2.2 Interaction between two particles

We consider two particles interacting via a short range potential. They are
assumed to be trapped in two different harmonic wells that move against each
other. The distance between the two wells is A(t). The two particles should
have the same mass and the two harmonic wells are assumed to have the same
frequency w. Furthermore we assume the two particles to be distinguishable.
The Hamiltonian is given by (in harmonic oscillator units)

pi Py, 1, 2
H=5+3+35 (27 + (z2 — A®1))?) + w1d(z1 — 22) (12.21)
At t =ty we assume the system to be in the state W(x1,x2,t9) = po(x1)po(x2—
A(tp)). Note that in this case A(tg) will usually be different from 0. The
interaction strength is given by u; = 2a,, where ag is the s-wave scattering
length in units of ag. we define the quantities R = (z1 + x2 — A(tg))/2,
r=ux1—x2+A(ty), P=p1+p2 and p = (p1 —p2)/2. and find H = Hr+ H,,
where Hg = P2/4 + (R — ar(t))? with agr(t) = (A(t) — A(ty))/2 and

H, = p*+ i(r — a, (1) + u1d(r — Alty)), (12.22)

where a,.(t) = A(tg) —A(t). We have already solved the equation of motion for
the center of mass motion in Sec. 12.2.1 and will now investigate the influence
of the interaction on the relative motion.

The harmonic oscillators for particle 1 and 2 are assumed to start to move
at time ¢ with zero velocity 0, = 0 and acceleration ag = 02 . Further-
more they are assumed to have their center positions at the same place at
t = t1, i.e, a(t;) = A(tp) and are moving at a constant velocity v = 0, a-.
The energy shift due to the interaction in first order perturbation theory in
u1 is given by

ul ©
AE(t) = —/ dr (U (t)|r)y d (r — A0)) (r|¥(1)), (12.23)
V2 )
where |¥(t)) is the state evolving with H, when u; = 0 (initial condition being
the ground state). Thus we find for the phase shift
o D)

Dint /_ _dtAB() VT (1 TR sin(ty — to)) (12.24)
neglecting all the derivatives of «,. of third and higher order. Since the phase
¢int should be of order 1, uq has to be of the order of v. Note that by choosing
t1 — to = 2nm the first order correction in ¢, vanishes so that the corrections
due to moving the lattice are of third order in the derivatives. However, there
might be additional corrections to the above result of order u? arising from
doing perturbation theory in u.
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12.2.3 Numerical calculations

To find simple analytic results which give some insight into the behavior of
the system we have constrained ourselves to the simplest models up to now.
In the numerical calculations we performed in chapter 9 more details were
taken into account and we want to show here how we solved the resulting
equations numerically. We will not use normalized units in this case since
now the frequency of the harmonic oscillators is allowed to change with time
(cf. Sec. 12.1.4). The Hamiltonian of two interacting particles in a three di-
mensional lattice moving along the z axis is given by

2 2
H= 2% 4 2% FVi(x1, ) + Va(xa, ) +ud(x1 — xo) + Vo),  (12.25)
where
mw? mwi (t)?
Vi t) = 5@ 4 o) + P 07, (12.20
and ) )
mw mws(t
Va(xa,t) = T(xg +yd) + % (20 — Zo(t))?. (12.27)

Vo(t) is determined by the energies of the centers of the harmonic potentials for
the two particles which according to Sec. 12.1.4 will change with time. We as-
sume that w1 (0) = wy(0) = w and define x = {x,y, z} and x;(t) = {0,0, z;(¢) },
where i = 1,2. u = 4mash%/m is the interaction strength determined by the
s—wave scattering length as. We rewrite the Hamiltonian in time dependent
relative and center of mass coordinates defined by r = x; — X; — X2 + X3 and
R = (x1 — X1 +x2 — X2)/2 and find

2 2 2 2 2 2
P P pw? o Mw* _, mQ+ 5 T
H =24 8,2 TYR2 T (924 2
op Tan T2 T Ty R (M
mO2 o
5 (R.rz) + ud(|r + X1 — Xa|) + Vo (). (12.28)

Here we have defined M = 2m, u = m/2, Q% = (w} + w3 — 2w?)/2 and
02 = w? — w3. For the wave function we use the ansatz

p B B
\I/(R, r, t) = nz’n:lcn,m(bnz (TJH ﬁ)d)ny (Ty, E)d)nz (TZ7 E)

X G, (R, BV2)dm, (Ry, BV2)dm. (R-, BV2)
X exp (—i(ng + ny + n, +mg +my +m, + 3)wt)

X exp (—% /t Vo(t’)dt’> : (12.29)

to
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where § = /mw/hk, and the mode functions we use are

40[2 1

B Es V2nn!

with H,,(x) the Hermite polynomials. We put this ansatz into the Schrédinger
equation for the Hamiltonian H and obtain

bn(z, Q) e~ 2H (ax) (12.30)

. 'Z} . s
Cam = 3 {Vnzca—1me™" — Vn. + lenyime ™'}
1% . y
_5 {\/ mzcn,m—lelu)t —Vvmy + 1Cn,m—&—le ZWt}

Q2
—z'4—:)' {2(m; +n, +1)cam

+v/mo(m. — )enm2e®t +/(m, + 1)(m, + 2)cnmeze” 2"
+ nz(nz - 1)Cn—27m62th + \/(nz + 1)(nz + 2)Cn+27me_2i‘m&}
02

_ZE { V (nz + 1)Tnzcn—i-l,ln—l + nz(mz + 1)Cn—l,ln—&—l

tv mznzcn—l,m—le2th + \/(nz +1)(m, + 1)Cn+17m+1€_2i°‘m}

02 (5) (0 2o (0.2)

x exp(i(ng +ny +n. — ny, — ny, — n’)wt)cn! m. (12.31)

Here we have defined v = 3 (z2(t) — Z1(t)), V = B (z1(t) + 22(¢)), and A(t) =
Zo(t)—Z1(t). The notation n—1 has to be interpreted as n—1 = {n,, n,,n,—1}
and N = {ny,ng,n.}. If we assume that initially cnm = ca,m Vn this holds
at all times. If initially cnm = —cam Vn this holds at all times and the
interaction term vanishes. Furthermore states of different m; and mso are
uncoupled and ¢,,(0,«) = 0 if n is odd. Using all this facts we may solve the
above Eq. (12.31) numerically for ten basis states in each direction by solving
systems of coupled differential equations with only 1500 variables.

12.3 Fidelity of a gate operation

12.3.1 Initial motional state

The initial motional state is assumed to be given by po(7") x exp(—FH) where
H is the system Hamiltonian (2d harmonic oscillators) for the external degrees
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of freedom. This canonical density operator is given by

2d
po(B) = (1-1*]] <
i=1

where v = exp(—fhw) and 8 = 1/kT the inverse temperature and d is the
number of dimensions we consider (we only consider the cases d = 1 and
d = 3). |n;), is the eigenstate with n; quanta in the i-th oscillator of H.
In all numerical calculations in chapter 9 we kept all the terms up to order
72 to calculate the time evolved density operator. Note that if we calculate
the time evolution for two internal states moving along the z axis such that
they interact with each other the interaction cancels whenever one of the two
particles is in state |1) in the x or y direction in the harmonic oscillator for
the relative motion.

> \mmmi(m!) , (12.32)

n; =0

12.3.2 Calculating the fidelity

We want to find the fidelity of the gate discussed in chapter 9. Therefore we
have to compare the case of an ideal gate (subscript i) with the gate that can
be realized by our scheme (subscript e). Initially the ideal gate is in the state

|1:(0)) = ; (12.33)

QU O R

where we left out the external degrees of freedom since they are not important
in the ideal case. The lines are for internal states |00), |01), |10) and |11),
respectively. |0) and |1) denote the two different internal states that represent
the qubit (for details see chapter 9). In the ideal case the gate operation

transforms the state into
a

ey = | (12.34)

—C

d

In the more realistic situation the initial total density operator o.(0) is given
by

0.(0) = (12.35)

o R

ISH
ISH

To find the time evolved density operator o.(t) we have to calculate the time
evolution of the external degrees of freedom which depend on the internal
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state and is also determined by the choice of how the optical lattice is moved.
The movement is chosen such that the fidelity of the gate is optimized (cf.
chapter 9). If we denote the time evolution operators for the external degrees
of freedom as U%(t), U (t), U'°(t), and U''(t) for the atoms being in internal
states |00), |01), |10) and |11), respectively we can write the density operator
at time ¢ as

alU%(¢) aU% @)\ '
01 01
oolt) = igwg; oo(T) igwg; (12.36)
dUM (1) AU (t)
The minimum fidelity F' is given by [3]
F= 1}17ic?d<¢i(t)‘trext {Ue(t)} ’wz(t»? (12‘37)

where trqy; denotes the trace over the external degrees of freedom. As shown
in chapter 10 this fidelity can be calculated analytically by noting that the
expression to be minimized depends only on the square of the modulus of
a,b,c,d.

12.4 Ramsey experiment

In chapter 9 a number of possible new experiments are briefly mentioned. The
possible new experiments listed there include the measurement of the s—wave
scattering length as and of the spatial correlation function of the particles
trapped in the optical lattice. We will here theoretically describe the basic
steps that are needed to perform such experiments. This will help to clarify
the brief description of the experiments suggested in the publication (chapter
9).

We assume a two level atom to be trapped in a selectively movable optical
lattice (cf. Sec. 12.1). The creation (annihilation) operators for the two levels
are given by ai, (ay) and bjry (by) where 7 labels the different sites of the optical
lattice. In order to simplify the notation we will assume the particles in state
|a) to be kept at the same position while the atoms in |b) are moved in the
optical potential. The first step is to apply a Ramsey pulse described by the
unitary evolution

it
1 CL-Y . C'-y e S-y CL-Y
Ui < by )Um B ( _6_2%37 Cy ) ( by ) (12.38)

Then the lattice is moved and after a time ¢ a second Ramsey pulse is applied
described by the unitary evolution

_ MZ"‘/*
1 CL»Y . C'Y, e S-y CL»Y
URQ< b >URQ = < . ) < b > (12.39)
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where v = ~ if the lattice is moved back to its starting position. Otherwise
v is the label of the site which was moved to site 7 between the two Ramsey
pulses. v, and 1), are the phases of the Ramsey pulses in site 7 and c% + S?Y =
=2 2 __ 1
c, +5, =1

The time evolution between the two Ramsey pulses is given by

U = exp| iy ((¢ — A)nd + Ul (n? —1)/2 + Urnl(nt — 1) /2)
J

—iy_O;miny |, (12.40)
4l

where A = §t with § the detuning of the Ramsey pulse and ¢ is the kinetic
phase defined in Eq. (9.4). U?, U® and ©j; are the phase shifts due to interac-

tions. The number operators are n? = a;r-aj and ng’- = b;f»bj. The time evolution
of the annihilation operators is given by
UtTajUt = ajexp <—iU“(n? —-1)— ZZ @jm?> ) (12.41)
!
and
Ulb;U; = bj exp (z’(A —¢)—iU"(nh —1) =i @ljng> . (12.42)
l

12.4.1 Occupation numbers

We will now show how by measuring the number of particles in the internal
state |b) after doing the sequence of operations described above one is able to
discriminate different initial states like Mott insulator and superfluid states.
Also it will become evident that it is possible to determine the scattering
lengths for the particles in the optical lattice.

Initially all the particles are assumed to be in the internal state |a) and
described by the initial state |¥o). We want to find the expectation value

(nf’y>t = <\I’0 URlUtURzn:URzUtURl‘ \I/0>, (12.43)
which can be simplified
(nf’»t = §E<U};1ngURl>0 + E,%(U}TﬂngURﬁo —25,6,R {ei%x} , (12.44)

where () denotes the expectation value at time ¢’ and x is defined by

X = (UL Ub, U Ul af U U1 Yo (12.45)
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Simplifying the first two terms yields
<n£’/>t = 5 (s?,(n,%o + 2 (n%) + 2syc,,§R{(ew” b,,a,Do}) (12.46)
+c2 <83<n3>0 + c%(n%}o — 25,4 R {(ei%b«,a];)o})
—25,¢,R {e“ﬁ”x} .
The expectation value x may be written in several different forms. We might
find it useful to use

x = et 25 ((Ovi =057 U )ni=(O0 =05, U ) gy y (12.47)

where ()o+ denotes the expectation value for the state Ug; |¥q), and we have
defined a = A — ¢ — U* + ©,,, or the form

X = ({(exp ’LZ [(@,,j — 5j,,yUb) (c?ng’- + s?n}’ + s5¢5 {eiwibja;[ + h.c.})
J

= (503007 (e a3t — e {¥ibya] e )]}

(cuai + e_“l’”s,,bl) (cyby — e sya7>>oei°‘. (12.48)

12.4.2 Special cases
12.4.2.1 Mott phase

We first want to consider the case |¥g) = []

i n;”>y where ]n“>j is the Fock

state with n particles in state |a) at site j and v = . We find

(ng>t = nu(§zc,% + E,%s,%) — 25,61 {ei’l_’“x} , (12.49)
with
; . o . n;j—8.
x =A% s, H <c?e_l(91‘v—U ) 4 s?el(Gm—U"%‘,u)) o
J
(12.50)

12.4.2.2 Superfluid phase

For an initial state |¥o) = M\/*Nj'ﬂ (Z]Aial a;)N |0) where M is the number of

sites we obtain

N -
<n:>t = M(@%c?j 4 &252) — 25,6,R {e“/’”x} , (12.51)
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where

N-1

M-1

N i(a—g—y,) [ 1

_ 2 —i(©,,=U%;,) | .2,i(0,;-Uv,.)
X — _Cyspye JR— (C,e Jv Js +S ‘e J 757
M M J J

j=0
(12.52)

12.4.2.3 Gutzwiller ansatz

We use a Gutzwiller wave function [Wo) = []; (227:0 f,(Lj )]n> j) as the initial
state and find

(mhye = Sil(ngdo+lsi(ns)o — 25,60 {e M x ), (12.53)

where

N-1
X = cyswei(A_qﬁ_%) H { Z (Vn+1-1)6,+1) (Vn—1)6;,+1)

i n=0

: , . , -
fy(zj—)zjﬁajyféj) (Cie—l(@j“/—Uacgj,u)_‘_s?el(@uj—Ub(;jﬂ/))n ”}. (12.54)
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