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The concept of coherence

consider harmonic fields E,, E, at positions r,, r, at time t=0:

E1
t+t
E = E,(t+t) + E,(1)
E, t
() = (E,(0E, (), ne{1,2) i
() = (EE%) = (i) +{Ip) + 2Re[ (E(+0E,0) ] where (f = Lim (fir, (ir= 1 f f(t) ot
-T/2

Lim  means T finite but sufficiently large such that (f); does not depend on T

T— o

(E4(t+1)E," (1))
(CNCNES

Normalized pair correlation function: Y1o(T) =

= (l) = <|1>+ <|2> + 2(('1)('2))1/2 Re[ y,,(T) ]
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Y12(T) = [|y1o(T)] exp(ip45(T)) = I = <|1> + <|2> + 2(<|1><|2>)1/2 [v4o(t)| cos(d,(T))

Assume: |y,,(t)| changes much slower than ¢,,(t)

= <I>max/min = <|1>+ <|2> + 2(('1)('2))1/2 |Y12('5)|
Interference visibility:

<I>max - <I>min
<I>max + <I>min (<I‘|> + <|2>)

Definition: lv4o(t)] =1 forall <
O<|yqo(z)] <1 forsomer

lvio(t)l =0 forall «

Classical Optics

(weakly coherent light)

= complete coherence

= partial coherence

= no coherence
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E(t+t)E*(t -
Normalized autocorrelation function: g(!)(t) = (E(t+m)E*(D) degree of first

(1) order coherence
E
o gM:R—={ceC:|c|<1} with g"0)=1, g')(~t)=gM*()
= Ey(ttr) + Ey()
measurement of g(!)(t) in a Michelson Interferometer |
(1) max
source <«——p» Mmovable mirror ///— <I(T)>min
adjusts path (r ~ )
@ II:I length difference ¢4 /7 |
I X=cT 0
R 2 (VAVAVAVAY VAV, VAV | R /2
_______________________ 0
time delay T
detector measures Q@ : | <
mean intensity (l(t))
OO @ O O O

<I(":)>max B <I(":)>min
<I(ﬁ':)>max + <I(ﬂ':)>min

Interference contrast: x(t) =

maximal coherence: Interference contrast maximal for all t VWWWWAWAWWY
partial coherence: Interference contrast decreases for larget W\
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Normalized autocorrelation function:

Example: sucessive wave trains
of duration t; and length ¢ <,

(E(t+r)E"(1)

g'(r) =

E(t) = E, expliot +igp(t)] with  ¢(t):

= gMr) = eivr (gi@(t+) - o(b)y

Forty<t: ¢(t+t)-¢(t) #0 random = (el®t1)-oM)) =0

FOFOS'CS'COZ

(eil0(tr) - 6(0)) =

N-1

= 1 z <(’t0-’t) + TeXP(i(¢n+1'¢n))> = (tg-T)/7g

n=0

= g)(r) = elor (to- )ty x

6 Classical Optics

Nt,
On:O

l gt ei(®(t+) - o(t)

0 if T3<T

1if 0s1<7,

(1)

d(t+T)-¢(t) for 0 <st=<T,

A >
27t - —>! T T
1
O | |_| I_II 1] )t/’to
12 3 4 5
A9(1)('5) _
1 4 Ty = coherence time
\ c Ty = coherence length
0 | | | | | >t/'l?0
12 3 45
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Coherence and emission spectrum:

consider single wave train of duration T, phase ¢,, frequency w,

O otherwise
E(t)

exp[-iogt - ipg] x

| (" inf(w-0g)7y/2]

: ! _ i 2 SIn[(w-wgy)T, _
- G2 Ee) = e | dtEQen - |2 exp(-idy)
070 070 V27 ) T (0-wy) 0

N wave trains with the same frequency w, but arbitrary phases ¢,, durations t, starting times t_:
(includes previous example of successive wave trains: t =1, t. = n ;)

N .
IE()[2 E _ \/2 sin[(w-wg)t, /2] o )
() 21 e CUCTN
) 2 N sin?[(ow- wg) T/2]
—> < 27/t |E(w)|? = z [Enp(0)]< = p z 2
- - (0-mg)
o N
Wo g + 27/T, Emission bandwidth Av = 1/t with © = 1 Z T

N n=1
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Wiener-Khintchine Theorem:

2
+00 [E(0)l normalized spectral

E(w) = FEW] = 1/%5 [ dt E(t) et ; Flo) = o power density
' [ do [E(0)]?
= F(o) = %E F oM, F = Fourier-Transform
o o T/2
(Ff’;op%fy:sicists) f do [E(@)]2 = f dt [E()]2 = l dIEDZ = T (E(HE*1)
" o T2
[E(w)|? = %E ’ f dtdt’ E(t)E*(t) ele(t-)
t'=t+t 1 0 00 o0
| T |
= o ._w'_oodt dt E(t+t)E*(t) €'“F = P f dt (E(t+t)E*(1)) elvT
(L (EOEN) 1
T -[_wdr T EwEw T o T
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Example: Collision broadened light source

N molecules of a gas radiate monochromatic light E, exp( -i(wt + ¢, (1)) ) , v €{1,...,N}
Collisions yield random phase jumps, i.e., phase ¢, (t) € [0,2x] fluctuates.

N
EM) = By 2 exp(-i(wt+o,0))

N N
(E(t) E(t+r)*) = |E0|2 ( z ei(m: ei((j)v(t+'c) - (I)M(t)) ) = |E0|2 ei(x)'t( z ei(¢v(t+t) - (I)V(t)) )
v,u=1 /X7 v=1

Summanden mit v#u mitteln sich zu Null

elXy if free flight < T O i
ei(¢v(t+t)—¢v(t)) = X, € [0,271] random i i
1 if free flight >t © —>
= = » time
t t+t
N N
21 et T) = (l) P(<t) z eXv + N P(>t) = N P(>1)
v= v=1

P(<t) = Probability for free flight shorter than ©
P(>t) = Probability for free flight longer than t

= (EM E(t+r)") = [EgRe!T(N P(>1)) = N [Eyl? e!®T P(>r)
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. ( E(t) E(t+7)") :
coherence function: g(t) = = el0T P(>7)

(E®) E®*)

P(>t) = Probability for free flight longer than «

Calculation of P(>t) (kinetic gas theory):

Probability for a free flight of duration t & [t,t+ dt] : p(t)dt = %0 exp(-t/ty) du

* Ty = mean duration of a free flight
P(>1) = f p(s)ds = exp(-t/ty)
T

() = el -
= gM(r) = €!PT exp(-t/ty)  Flo) 190, Relg(o)]
Re[g(t)] = cos(wt)exp(-t/ty) 1 T
lg(t)| = exp(-t/ty) o=/ 1% I~
_ F((D) ) 1 (DO > (1) 0 UU U V \/
1+ (oo-(x)o)zro2 U U i
W-K-Theorem U |

| coherence time T,
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Example: Doppler broadened light source

N Molecules of a gas radiate light E_(t) = Ej exp[i(w,t + ¢, )] at frequency w, in their restframe.

Motion of the molecules = Doppler-shift:

Probability for molecule with velocity v € [v,v+dv] : P(v)dv ~ exp(- v2/v,?) dv with v, = (m/2kgT)"2

Probability for emission with frequency w,+d: P(3) ~ exp(- 8%/8,%) with 8, = (M/2kT)"? wic
N
Total field: E(t) = EO z exp[i(wnt + q)n)] , (Dn - (DO + 6n
n=1
N
(E(T)E*() = |Egl2 D explio,T) ( expli(w,-0)t expli(d, - ¢, )
n,m=1
N N
= [Eg? > explior) = N|Ey2exp(iogr) N D> exp(id )
n=1 n=1
= N [Eg|2 exp(iogT) fo P(3) exp(iot) dd = N |E,|? exp(iw,T) exp(-3,°t?)
-00
P(6) 9" ()]
g(r) = exp(imgt) exp(-5,2t?)
(cf. W-K-Theorem) 20y NG 5 — < 2%
> 1 > T
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Example: monochromatic light

E(t) = E, expli(wgt + ¢)) Fi‘”) 9")()|
g(1)(1:) = exp(iwgt) 1-
9@ = 1
> (D O - T;
Wo

Example: monochromatic light with frequency noise (Laser)
t

E(t) = Eyexp(i(wgt + ¢(t)),  ¢(t) = ] ds Q(s) , Q(s) = frequency fluctuations
0

(1) (E(t+0)E*()) = [Egl* exp(iogt) ( expli(o(t+T) - ¢(t))] )

; IEo|? exp(iogt) exp] % ([o(t+T) - o(1)]°)]

Gaussian moment theorem
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Gaussian phase noise: evolution of ¢(t) is an example of a Wiener-Lévy process

1 (9, - §,)° P(A)
P(d,.t+T | ¢,,1) = exp|—2 1 'R
A
A ) = (9(t+T) - o(t)) = P(A)~ exp(-f(r) A?) . A
0 0 v
moments: (A2") = / A%" P(A) dA, with P(A) =exp(- f A?)

Gaussian moment theorem:

(2n)! .
2"n! (A%)

A = Gaussian variable = (a) (A%") =

(b) (A2"*1) = 0

L S AN S e (AT (AR 1
(exp(lA))—nz=0 i nz=0(1) o o nz=o(1) ol - exp[-§<A2>]
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t+t t+

T T
@) (ot -00P) = ([ [ ssesamas) = | [
t t 0°0

(Q(s+t) Q(s+t)) = (Q(t) Q(s™-s+t)) = (Q(s-s+1) Q(t))

= (Q(s+t) Q(s'+t)) = f(|s-s')

(3) coordinate transformation

<§> =\/1—§<’: -:II><:> i V%(?) = dzdz' =dsds’

X =s-s'=\2z

([p(t+T) - p()]%) =
T T T2 T/\2-Z
f/dsds’ f(ls-s’|) = Z[dZ]dZ f(l\2 zl)
0°0 (*) -(t/\2 -z)

(t-X)/ V2 T T
=\/—f dx/dz f(lx]) = 2 [dxf(|x|)(r-x) = 2 fds (T-s

((tX)/"2) 0 °

1 4 Classical Optics

ds ds’ (Q(s+t) Q(s’+t))

black lines indicate constant f(|s-s'|)
f(|s-s’|) mirror symmetric wrt. red line

S,
‘U///
7/
T
Z,
T
\2 (™)
gl ..
I | | |1:_
2
) (Q(s+t) Q(t))



0

WKT: | FQlo)P = — [ 48’ (Q(t+5)Q(D) &S

27
= f do|FlQ)Re™s = T ] ds' (@(t+s10(t) - ] do €96 = T(Q+s)Q() (4)

T 00 T
[+ - o0F) = 2 [ds @) 20 9) = 2 [ doFRIO)E [dswsjee O
T ° T s 0
ds (t-s) e'vs = ds elos dsse'®s = jrwl(e’r-1) + a o 1(elor-1)
fo f / dw

d .
use: | %e"ws = g egl®s

| . ]

= o - w2 (e0Tq) = 23|n:(2(m/2)+ &)(sm((om) ) (6)
” 2sin2(wt/2) i S

= (e -otR) = 2 [ do i Floger (S L )
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* 2sin?(wt/2) i sin
(o(t+) - oO) = 2 [dmﬂm(w)F( S'”w(z‘”‘ )i % >)
oo .2 oo .2
- 4 [aoFaer T = ¥ [ o Foer 50
x Imaginary part is odd

E(t+T)E*(t) | 4e [ in2(z/2
= 00 = gy = oo oo [ oz iFalenr S5

(1,2,3) -

16

Classical Optics
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0

4t sin?(z/2
9"(r) = exp(ingT) exp( T fdz|‘1:[£2](z/'c)|2 (2 )>
-00 ‘
white frequency noise: S(w) = |‘_F[Q](Q))|2 constant, ‘o = 21S

= g(z) = exp(inyt) exp(-t/t,)

” sin2(z/2
[ sin4(z )dz
2

NI Aa

_00

W-K-Theorem = Lorenzian emission spectrum with 2/t, FWHM

Eample for white frequency noise: Schalow Townes quantum noise

sin2(z/2) )‘1’2

1/f frequency noise: S
3

08
TlT[Q]lz 3 |_| S, constant, t, = (88()[ dz
.0+

(Note: Integral does not exist, if integration extends to zero!)

= g(1)(1:) = exp(iwgT) exp[-(r/to)z]

W-K-Theorem = Gaussian emission spectrum with 2/t, 1/e-Full Width
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Spatial Coherence

_\ITI
I

= E,q + Egq E, = Ep exp(i ry, w/c)

m
N
I

E,o + Epo Eg, = Eg exp(i rg,, w/c)

<E1(t+t)E2*(t)> = <EA1(t+T)EA2 (t)) + <EB1(t+T)E *(1))

+ (B, (t+
Light Source: consisting of mutually incoherent < A1/-L>E/ Mz

point sources with equal coherence properties Epns Egp mutually incoherent
described by g\")(tr) = exp(iwt- t/Ty)

(1) = (En(HE, (1) = <EAn(t)EAn ()) * EBn(t)EBn*(t)
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Ean = Epexplir,, w/c) =
(Epq(tHT)EpL" (1) = (EA(FT)EA™ (L)) eXpli(raq - ras)o/c] = (Ex(tHTa)E " (L)) with Ty =T+ (ryq - Tpo)/C
Eg, = Egexp(i rg, w/c) =

(Egq(t+T)Eg,*(t)) = (Eg(t+T)EG*(1)) expli(rgq - rg,)w/c] = (Eg(t+tg)Eg* (1)) with tg=1t+ (g, -rgy)/C

= (B (t+D)E (1)) = (Epq(HHDEN (1) + (Egq(FD)ERL (1) = (EA(ttra)Ex* (1) + (E(t+Tg)ER™ ()

() = (En(DE* (1) = (Ean(DEAL" (1) + (Egp(HEg, (1)
assume (E, (DE, *(t) = (Eg.(HEg,*(t)) and hence (I} = 2(E, (HE.*(1) = 2(Eg.(HEg *(1))

w = SR (1 )] = [ expli i
Y12(T) = (<|1><|2>)1/2 = 5 [g(ty) + g (tg) ] = E[exp(lth-tA/ro) + exp(iwtg- 15/1y) |

pair correlation is sum of 9(1 )-functions of each point source

4 yo(0)12 = 19D )% + 19MR)1% + 2 19 )IlgM(rg)l cos(w(ty-t5))  Interference term !
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4 Iy = 197 + 1gM(p)l? + 2 19Tyl (tg)l cos(w (ta- t5))

Interference term depends on t,-tg = (Myq - Mao)/C - (g - gy)/C

t+t
d a0 F (Ciz/rz)z, g1 =+ ((HTS,,/Z)Z
t = Tp-Tg = - Sd
r>>S. d 2rc
= First minimum of |y,,(t)|? :
Light Source: mutually incoherent O(Tpy-Tg) = X, S=rO® = d = AO

point sources g{!)(t) = exp(iot- t/tp) transverse coherence length

i
I
M N Michelson stellar interferometer: adjustable

slits, extension of slit separation by mirrors

||
________________________________ St
I \ / Measurement of angular diameter of stars,
/ﬁT angular separation of double stars, etc.
— — V
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Second Order Coherence

[(t+T)I(t
Normalized autocorrelation function: g@(t) = <(<+(’2)>(2» gff;fioorfesreeﬁgd
(1) g@:R —{relR:r=0} (4) g@(x) < g@X0)
(2) g@(-t) = g¥(x) (5) g@)(r—) =1 if correlations vanish
(3) g¥0)=1
1 0 2 1 2 241 2
Proof (3): (Nz |n> - %2< S12 4+ |n|m> < NZ( > 124 > (124, )/2)
n=1 n n#m n n#m
N
N 2 %z In2
1S (241 22 = 1Sz 2 g(0) = o5 " > 1
N2 = N A= (I(1)) LV
N2 )
n=1
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Proof (4):

N N

((I(t+o)I(t)) )2 = (%Z It +o)l(t )) < ( Z It+t)2><%z I(tn)Z) = (It )

n=1 n=1
Cauchy- Schwartz

Proof (5): =0 = (I(t+)l(t)) = (I(t+o))(I(t)) = (I(t))?

no correlations

Example: monochromatic light

E(t) = E, expli(wgt + ¢)) F(A‘”) Alg“)(r)l
I(t) = EE,* 1]
gM(x) = exp(ivg)
. 0 -~

g = 1 g T ) i

(I(t+T)I(1)) A
@)(r) = _
g'(r) = 0z - 1 14

0 i

Classical Optics A. Hemmerich 2023 ©



Example: pulse train

[E()]

OT > 1

t1 t1 +1;0 t2 t2+130

l9(x)|
0 | | | T »> T

To At Attt
g®(x)

g(z)max = (N 1:0)-1 g(z)max
N = mean number of pulses/time 04— /\ -

| I I
To Atty Attt
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Gaussian chaotic Light:

N
Consider N emitters with random phases ¢, (t): A(t) exp[ip(t)] = z explip,(t)]
n=1

Probability for A(t) exp[ip(t)] to fall within unit area at the point (A,¢) in the complex plane C:

Py(A) = i exp(-A?/N) A sin(¢)

0 271

[ f AdAdyP(Ag) = 1
7070

: —> A cos(¢)

Probability for measuring an intensity €[, I+ dl]:

1

P()dl = <T>exp(-l /{I)) dI
moments: (I") = fdl P(I)yI" = nl(h"
/0

Al

((12) - (H")"2 = (1)
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N
Consider N emitters with random phases ¢ (t): A(t) exp[ip(t)] = z explip(t)]

n=1
= (1) = |2 explio) 2= 2 explio,9)] = 2 1 =N
v V,u v=u
= (") = 12 eplo " = |2 ewleon
= 2 w2 explid,0,)] = expliy,,)]
V1,u1  Vn,Un
=2 2 = 2 explidy,0,)] = expli(dy,,)]
p V1= w) Vn=p(un)
Z Z w D 1 = N'=nIN"= nl ()
p(ut)  vn=p(un) P
_ _1 i Probability distribution is completely
P()dl <|>exp( ) d determined by its momenta

25 Classical Optics
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NOTE: forchaoticlight: g@() = 1+ |g("(x)?

N
E(t) = > E,(t), with E.(t), E,(t) uncorrelated for n#m:
n=1 — forn#m (E (t+t) E_(t)* ) = (E (t+1))(E_(t)* ) =
N . .
(E(+DE() EQVE(tHr)*) = n%kl<En(t+r)|5m(t)* E, (HE(t+7)*) ngzgfzfg?tglflugogzoknIy for
N
= > (E (t+1)E t)*E, (t+1)*)
n=1 N >>1, non-diagonal terms dominate
N
+ D (E(t+0)E (t)* E (DE _(t+1)*) + Z (E(t+7)E, (t+T)* E,_(1)*E (1))
n#m n#m
N N
= > (E (t+0)E (1)) (E (DE, (t+1)*) + D> (E (t+0)E, (t+1)*) (E_(t)*E (1))
n#m n#m
N N
= 12 (EtE,0) 2+ |3 (E ®E®) |?
n=1 n=1

26 Classical Optics
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N

N
(E(trr) EQ)y) = 2 (E,OEL1) = 2 (Eqt+OEL 1))

n,m

N N
(EG+OE®) EQEt+DY) = 12 EMDEWND B+ |3 (E()E (1) 2

n=1 n=1

= |[(Et+r) EQ)*)2 + [ E®) E®)*)?

(E(t+0E(t) E(t)E(t+r)*) I{ E(t+r) EQ))12
g@() = =

I{ Et) E(t)) 2 1 E(t) E(t)")]2

Classical Optics
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An example of chaotic light: collisional broadened source revisited

E(t) = E; D explio ()], ¢.(t) = -0 t+E , & =random phase =

n=1
N N 00

g = D> (explip,(t+r) - ¢ ()] ) = D (explio 1)) = [ dw exp(inwt) P(w)
n=1 n=1 ) o

Example: assume Lorentzian spectrum (collision broadened light source)

Plw) = = = 9(1)('c) = exp(-imgT-It|/ty)

g@(t) = 1+ exp(-2ltliry)

2/’5O —> <
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Measurement of g{4)(t): Hanbury Brown & Twiss (1956)

Apperture 1

@ I ) (2)’\ I» Detector 1

Mercury arc Apperture 2

e | EE———

' -

(I (t+T)l5(1))

Variation of apperture 2 permits measurement of transverse coherence length
— determination of opening angle of source

R. Hanbury Brown, R. Q. Twiss, Nature 177,27 (1957)
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