
Basic scattering theory 
 
 

 
This exercise intends to teach a few basics on scattering theory. At various instances 
you are asked to complete calculations or to add physical interpretation.  
 
6.1. General setting of scattering scenario 
!
6.1.A  Consider two particles of mass  interacting via the collision potential 

!and the trapping potential   subject to the 

Schrödinger-equation  ! !
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Show that a wave function  is solution to eq.(1) if the integral scattering 
equation holds 
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6.1.C Using the relations 
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6.1.D  Now choose an incoming wave   propagating along the unit 

vector   with wavenumber k .  Upon insertion of !G+(
!r ) into eq. (2) one obtains 
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i.e., the scattering wave function is a superposition of an incoming plane wave 
propagating along the direction and a scattered wave given by the integral. 
 
Now consider the asymptotic behavior of !k (

!r )  i.e., its behavior far away from where 
the scattering potential acts.!!Assume that the scattering potential !is centered 
closely around !and consider large !r  such that the relevant values of !in the 
integral in eq. (3) satisfy .!Convince yourself that then you may approximate  
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with the scattering amplitude     fk (k, k̂in, r̂)!!=!!!
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and the differential scattering cross section   ! (k, k̂in, r̂)!=! fk (k, k̂in, r̂)
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6.2. Expansion in terms of spherical harmonics  
 
We now refer to what we now about central potentials from studying the hydrogen 
atom. For central potentials  the eigensolutions of the stationary 
Schrödinger equation have the form 
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!
(if was the Coulomb potential, eq.(7) would be the radial equation of the 
hydrogen atom) 
 
The regular solutions of eq.(7) with   are  with the spherical Bessel 
functions (first kind) !of order . Other solutions (von Neuman & Hankel 
functions) have a pole at " 
 

k̂in

 U(
!r ')

 
!r ' ! 0  

!r '

 !
!r ' " !r

 

eik
!r e! ik ! r̂ !

!r '

!r

 U(
!r )!=!U(r)

 U(
!r )

U = 0  r !J!(kr)

 J!(kr)  !
r = 0



Our goal is to construct scattering solutions with an asymptotic behavior of the form 
given in eq.(4) superposing the basis states in eq.(6). Begin with noting that the 
general solution for eq. (8) is uk,!(r)!!!!A!e

ikr !+!B!e"ikr !with complex amplitudes " 
Assuming that the potential satisfies , i.e., no wave is transmitted into 
the region , we have . Setting !(which defines! in 

terms of A and B) and  !and making use of eq.(6),!we thus find solutions of 

the stationary Schrödinger equation with an asymptotic behavior 
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The most general solution of the Schrödinger equation   
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Using    !!ei2!! (k ) !1!=!2i!ei!! (k ) sin(!!(k)) !!one obtains 
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Assume that ! !points into the z-direction in order to write  
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with the spherical Bessel function   of order . The asymptotic behavior of 
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Upon choosing  Ck ,!,m !=!i
! ! 4!(2!+1) !"m,0   in eq.(11) we obtain a solution of the 

stationary Schrödinger equation, which satisfies the asymptotic condition 
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The total cross section is 
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with the total scattering cross section for -wave scattering length 
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Note1:   The maximal possible value of  is , which is called 

the unitarity limit. 
 
Note2:       
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Bosons and Fermions 
 
The above considerations concerned distinguishable particles. What about bosons 
and fermions? The scattering wave function must satisfy with 

!for bosons and fermions, respectively. We thus have to consider the asymptotic 
behavior 
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Note: for bosons (fermions) only partial waves with even (odd) angular momentum 
contribute. 
 
 
6.3. S-wave scattering from a square well potential 
 
As the simplest possible approximation of a real molecular potential, we consider a   
square well with respect to the radial relative coordinate. 
 

Consider the !radial equation 
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6.3.A  First consider a scattering state, i.e., : 
 
For r > r0 !the general solution is " With !!the solution for  
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and the s-wave scattering cross section is 
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6.3.B  Now consider a bound state with an energy !below the dissociation limit: 
With !!the solution for  ! is , while for !the 

general solution is "!The boundary conditions for !impose 
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What can be learned from these graphs with respect to a possible tuning of the 

scattering length? Can you imagine a way to actually implement tuning of the 

scattering length experimentally? 

 
 
 

           
 

Left:  versus !!for  !!!with a number of bound states!
!and  !"!The grey dashed line 

indicates the s-wave unitarity limit. !
 
Right: scattering length !!versus  !(blue) and binding energy of bound state 

versus  !(red). !
!


