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Light beams

Plane waves: parallel infinitely extending wave fronts
Laterally localized beams: must diverge

Assume laterally localized beam, which does not diverge

Choose o sufficiently small, such that the interference pattern in the intersection
region exhibits a periodicity >> beam diameter L.

Hence, the intersection region may be chosen to be completely dark, which is
incompatible with energy conservation VS =0.

fL

= -

Distance between interference maxima d = Ly
(0
Energy conservation requires divergence angle 6 suchthat vV L<d : o= A <0

and hence A/L <6



An important class of confined beams: Gaussian beams
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Gaussian beam as a superposition of plane waves
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Statement:
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Proof
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Consider spherical hypersurfaces in paraxial approximation

2 .
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Gaussian beam parameters
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Gaussian beam: beam radius and curvature radius

beam radius W(z)

R curvature radius R(z)

/

Near field

s I 4 kwx TW
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Paraxial wave equation

Helmbholtz equation (A + k2) Y(x,y,z) =0, P(X,y,z) = u(x,y,z) e

L QU P U g
ax? ay? oz 0z
2 2 2
paraxial approximation: |2 Y] kau|, J u‘, oyl
0z oz|” |ax?|" |ay?|
2
=~ l; s l; _2ik M. O paraxial wave equation
dX oy 0Z

Analogous equation in quantum mechanics: Schrodinger equation

°u 9°u .. du
>+ ——ih—=0
oxX® ay ot
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Paraxial spherical waves } X-axis

-ik\F-FO\

Spherical wave ¢ «

‘r—r0

is an exact solution to wave equation

expand ‘F—FO‘ =z-7,+

1 _ik(x_xzo()zt(z:_)y())

e
Z-Z,

1P X e_lk(Z_ZO) U(X,y,Z), U(X,y,Z) =

IS an exact solution

of the paraxial wave equation (for arbitrary complex source points X,, Yq, Z;)

Generalization for different curvature radii in x- and y-directions

_ik(x‘xo)2 —ik(y_yo)2
1 Ziz_zxi e 22—2y

u(x,y,z) = e
\/z— z \/z— z,
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Set X, =Y, =0 andchoose complex source ccordinates

kw? kwy
Z = Z —_ | _ . Z = Z _ I ,
X x,0 2 y y,0 2
. kwi,
define g-parameters  (,=2Z-2Z =Z-Z +| 5 2 vE{X,y}
2
1 -ikz"2 'ikzyT
a, , :
= U(X,y,Z) = e e Astigmatic Gauss mode
q, 49,
use 1 _ 1 _ 1 —i 2 _ —2| WV,O ei<I)V(Z—ZV’0) (*)
2 2
a, z-z, R(z-z,) kw/(z-z,) kw S WI(Z-Z ) . vage
to show that
. X2 B x2 ) X2
1 _Ikzqv = ei%q)v(z_zv’o) WV(Z_ZVO)2 e_lk2R (Z_Z\/O)

Ja,

Résumé: Gauss beams arise as paraxial spherical waves with complex source coordinates
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Proof of (*)

i kKw 2 1 '2(2_2\/,0)
z-z  —i—0 + 2
1 1 ) w5 o2 kw,
- kw 2 - 5 \2 - kw 2 2

Y Z_ZV’O Fi 2\/,0 (Z_Z )2 N kWV,O v,0 1+ 2(2—2 ’0)

v0 2 kw_*

[ arctan(z(z_zvz’o)] .
o 2 e ka,o o 2 el@(z—z 0)
2 kw ,w (z-2 ;)

use c =\/ Re(c)’ +Im(c)* e

. m
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Basis for paraxial wave equation (Cartesian coordinates)

In the following we provide a basis system of orthonormal Gauss Hermite modes
such that each solution of the paraxial wave equation arises as a superposition of
basis members

azf of
u(x,y,z) = f(x,z) g(y,z) and f, g satlsfy — - 2ik P 0
L S U g
x> 9y’ 9z
(X ) o
Ansatz f(x,z) = A(Q(z)) -Hf ——| e “1
Lp@)
= 0 = a_f_zika_f _ f(x,z)
~ ax? 0z)

2 X
) (p(Z))

He[ 2 |- 2ikx [PE)_p: )H(_i_},kMZVH(:x)(12 o AE) | kX _1ﬂ ()
{ (p<z>) 'X(q(z) P& o)™ e e 2P R * )




Proposition: because of

z)+ikx2

0= H(L) ~ 2ikx (@-p'(z))H'(L)-ik'o(z)2 H| =X

1+2 '
P(2) q(z) p@) " @) (p(z))(+ A2

A'(q(
A(q(z))
H satifies the Hermitian differential equation

i
P P Y P

o _ P(Z) i
_ PP e
in 1 k x2
A'92))9'(2) = AQ(2)) (kp TG (z)—1))

Proof: equations (1) and (2a)

— %=— 2ik x (@—p'(z))

- P q(z)
. P(z)’ iy A'a@) | kx? _
—ik o) (1+2q(z)q (2) AQ(2) + Iq(z)(q (z)—1)) =2n
< (2b) and (2c)

q(z)
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Define q(z), p(z),R(z), w(z) by the relations

S RS L P R B BRI S
o %= 4@ TR@ kw@) >

ltfollows:  q'q=2z°+1b% q'-q=-ib (3a)

and hence: p?(z) = %W2=%W02(1+(%)2)=ﬁ(1+(%)2) _ 2 Zz_;rbtf _ %%
It follows q'(z) = 1 (4a)

Piz) = 28 ’ kp'(z) (4b)
Proof of (4b) :  with (3b) obtain 2pp'= :_E

= +
q k kb z+iJb k

42241 2)(z—i%b)+%(22+%b2) 4z

. . 2 2 :
furthermore 2p(9+ ! )=2p2+a_ 4 Z7+40° 2
q
b

22+%b2 kb



It follows with (2c), (3b) that

dz dz = q
2q9°(z) 2q(2) 2q9°(z) 2q(z)

= n/2 *n/2
=d[|n(q )] —~ A=A 2

(n+1)/2 q(n+1)/2

and hence dIn(A(Q(2))) = n n+1 n da° n+1

n . n+1
=d [Eln(q (z)) - TIH(q(Z))

14 1/2 . n/2 2
Together f (X Z) = (2) 1 ( qx,O ) ( qx,oqx (Z) H \/5 ) e_|2qx(z)
1) [raw \9@) g, 0@ "w@)

anm(X’y,Z) = fn(X,Z)fm(y,Z) e—ikz

Normalization fdx dzf (x,z)f(x,z) =90__



1/2 n/2

use / qx,O \ /q:() qx(z)\ _ Wv,o ei(n+1/2)<I>V(Z—ZV’0) tO Obtain
0@ la,0.@) “\we--z,
14 . kx?
f (x,2) = (g) 1 1 (1210, (2-2,) H \/EX e 20, (2-2,5)
w) \2'n! \/wv(z—zv,o) w,(z2-2,)

z,,=Z,,= astigmatic beam
W, 02W,, = elliptic beam
Various Gauss-modes

TEM,, TEM,, TEM,, TEM,, TEM,, TEM,,
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Diffraction

Outline of problem:

A volume V, is bounded by the surfaces A, and A,. A, may, for example,
represent a screen with some apertures. The electric field, originating from
sources inside the volume V,, is known on A, and on A,.

Determine field at point P

We apply a scalar theory: only the electric field interacts with the environment
in a polarization-independent way. The magnetic field follows the electric
field.

« good approximation for optical frequencies
* not true in the microwave domain
Sources




Derivation of Kirchhoff ‘s Integral oV

(A+K2) (%) =0
(A+K?) G(%,p) = 8(%~P)

. [ 0 0
= Y@E)= [[v—-G-G—y|dA (1)
J P Tan )
_. (@) (b) 0 0
Proof  W(P) = [(wAG-GAy)dV = [|y--G-G_p|dA
Vv oV

(a) follows with  (A+k?)p(X) = 0, (A+k?) G(X,P) = 8(X~P)

[(wAG-Gay)dv = f(—w k2G+y §(X-p) + G kzxp)dV = [ 8(x-p)dV = y(p)
\Y V

\Y

(b) use GauR-theorem for vector field YVG-GVy

[ (wAG-Gay)dv f V(yVG-GVy)dV = f (WWG-GV1)dA = f (”’anG G— w)

Vv
22



eik\i-f)]

4@?—5

The Greens-function for empty space: G(x,p)

satifies (A+k?) G(x,p) = 8(X~P)

Proof §|§_5|=;<_‘F3,§(;(‘5)= 1 ¥ 1 _—V\X—p _
N S A S I

oG - ik eik_"f(—ﬁ‘_’ §|* ) | ) eik\i-ﬁ\ 6 ] 1 __B eik\x_a\ ()?_5) ) eik\x_r)\ ~ ] 1 i (*)
47X P 4n |x-p 4 |;(_52 4n |x-p
ke P (x-p) . *F_(x-p) &P . 1 e
AG - 47 (| qhi—ﬁz 4n‘VR_52 ¢m(v| D |i—ﬂ_-4n Aﬁ—ﬂ
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Kirchhoff ‘s integral

- 1 . @R /A/ \
=—-—— [dAn — R
Y(p) ax B
ﬁsf(—ﬁ RE‘)?—E)‘, R=R/R
Proof

use (1) w(5)=f(wainG—Gainw)dA and (2) G(X,p)=-—

A%

ikR R q .

e

| R-=--V- = -ik R +
4nR 47 R 4nR 4nR R
AVG = “e:k‘ilp’ x-p /ik—#1q\= L
an g kg | R-g) T TR

"R = -
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Kirchhoff ‘s integral

Assume inhomogeneous medium inside the volume V

Approximate S(X)-S(p) = k|x p| kR, k=VS(X) = k‘ p|=kI§
X—p

And rewrite Kirchhoff integral as

~

e!(80-8®) (/ _
iVS()?)—B
R

W(P) = -7 fdA W-Vy

(0,0,0)
25



Generalized Kirchhoff Integral oV

Assume inhomogeneous medium inside the volume V

(A+k?) (%) = 0

(A+k?) G(%,p) = 8(x-P)

k=VS(%), k=K. 2V 1 YS(X) + —— AS(X)=0 (*)

x-p x-7
Note that (*) holds if S(X)-S(p) = k]x p\ kR, k=VS(X) = k| S‘ kR
X —

i(8(x)-S())

Use Green-function for empty space: G(x,p) = - GT (4)
4n‘x—p‘

to obtain generalized Kirchhoff integral

~

el(80-8®) [/ _
iVS()?)—B
R

. 1 ) .
___' [4A _v
V() Mri 3 Y-V

26



Proof

A. Showing that : (A+WS‘2) G(X,p) = 8(X-p)

) _ isx)-s() i(S(x)-S(B)) i(8()-8(p)) _ (SG)-8@) [ iVS(X
VeERH) --VE & is®)- 1 o_.e v VS
4n‘x—p‘ 4n‘x—p‘ 4r X-p 4r ‘x—p‘ ‘x—p
_ ailsx-se) ([ i(8x)-s®) [ Q[T
AG(.F) = -V @ 1 |VS(x) e V% 1# . IYS(T)
A ‘ ’ ‘ 47 ’x - p‘ X—-p
i(s(x)-s() ~ i(S(%)-S(p)) Oy
__8 VS(%-p) | V—— 'YS(T) _8 A iy YSX)
47 ‘x—p‘ X-p 47 ‘x—p‘ ‘x—p‘
i(S(%)-5(p)) ~ Sl i(S(%)-5(p)) S _ _
__® VS(% - B) vﬁ1*+'vas(f) _® A i8S Ssm) v
!X p x-p [x-B %7
o!(S()-5()

2VS(X SR, 1 VSRVE)
X x-g  |x-p

use 2V VS(R)+ASK) =0 and A =-4xd(R)
R R R

i(S(%)-3(p))

oi(5(0-5%) ol

47

VS(X)VS(X)

1 VS(x )VS( )|

KBl k-

-47d(X -p) -

- [3(x-p)- 6P| IS(%)

47

|
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_ d d
B. use (1), (4), A. Y(p) = afv(wa—nG—Ga—nw)dA (1)
i(S(X)-S(p))
G(%,P) = - = (4)
4ﬂx—p
i(s(x)-s®) [ _ S _ A
VG(X,p) = - ———— /iVS(?)—)f ?\ A. (%)
g [ Re8)
) 1 i ei(S(x)—S(ﬁ)) ([~ _  R) ~)
to obtain () =-— [ AN ——— | |iIVS(X)-= |y - Vy
4 |, Rl R)Y )

Gustav Robert Kirchhoff
1824-1887




Assume that

A, is a screen with apertures B. A

A, is pushed to infinity R —> o 1
Sources

In accordance with Sommerfeld ‘s

radiation condition no waves come

0
in from infinity, hence |A2 = a—nw |A2 =0

Kirchhoff ‘s boundary conditions

d
K1 W|A=a—n’\P|A=O

K2 Ylg, —¥l; determined by sources

on

1 eikR

. . (1) <
Diffraction integral  ¥(p) =-— dAn?(R(Ik—ﬁ)w—w

4t 3

Note: K1, K2 are not compatible with Helmholtz equation. Improved solution: choose
adequate Green functions for Dirichlet or von Neumann boundary conditions
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Babinet's principle

V. (p) + Y, (P) = Vg .. (P)

Jacques Babinet
1794-1872

Sources

w Source

Sources

w Source
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Special case: point source & flat screen

Al
([

X -P
X - P!

ml

ikR' ikR'

- e — -
X) = ’ V X =
wSOUI'CG ( ) Rl wSOUFCG ( )

-

. 1 e*? (R{.. 1 = R
IP(P) - 4_ f dA n ? (R (Ik N E) wsource(x) - Vwsource(x))

(0,0,0)

apertures

1 eikReikR' . 1 1 ~ i}
hﬁape{,resdA — ((m-%\)nR (|k %&) R) *)
DR f dA “®R) Q= 1ﬁ(|§—l§') = %(cos(e)+cos(6')) (K1)

T | 2
apertures

R R'>d, RR'>s>A (%)
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Generalized case: point source & flat screen around x=0

R=%-P
R'=% - P
~ kR B 1) -
_& _ k-—— |R'
wSOUFCG( ) Rl wsource( ) wSOUI’CG( ) ( RI)

"]

|§S()_{) - g) lps,ource - 6wsouroe)

i%S(i)-g\)-(ik -\’%)ﬁfa'

~n

=~ 1
P) =-— dAn ———
w( ) 431: ape{1res R
i(S(%)-S(p))

1 .. e
=—— dA X)) ———
f ll)source( ) R

431: apertures

(%)

n

(cos(6)+cos(6"))

PVl
N[ =

1Q f Ay, (%) oi(5(0-5®) ,QE%ﬁ (_63(2)4@) ﬁ( _é')g

I)\‘ R apertures
(K2)

—2> N
<
0]
Xl ——>R
I
=~
p b

R R'>d, RR's>A (%)
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Expansionof Rand R° RR'>>d, RR'>>2

X -P P 2 (B 1PR(=s (o
gJ - 4 ﬁ ; %é(xz_(px)z) ; ap—§( | )2) ;
A A A
LR
P P P
... R P
Fraunhofer limit 5" 1 - ﬁx
Fresnel limit gz 1 + %(22—(@)2)
122173

PX ~ 0 ﬁ<_|

(X,,X,)—plane
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Fraunhofer diffraction (x,,x,) - plane 5

R R'>>d, R,R'>>A
Py
P

eik(R+R')z ik (P+P") —|k(ﬁ’+ls')i A < _l

pP) S X ga™  q- 1ﬁ(é-ﬁz')

R_q_
P

231: I R R' apertures E
T ik (P+P)
) 2::i RQR' ffdA w(x%,) € - ;nQu eP P ffdA (X,,X,) € k(P+)x
ik(P+P') o o zikl[ PP L+ PP X,
) ;an PP fde1dx2 T(X,,X,) € (P P] (P P)

—00 —00

t(X) transmission function describes the apertures
Joseph von Fraunhofer

1787-1826
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Fraunhofer diffraction
R,R'>>d, R, R'>>A

kﬁ( ﬁ') eik(P+P') o o ik

R_ .
o =5 [ [dx,dx, ©(x,.x,) e

—00 —00

P (P
P P P P

Y(P) =

P P
— =sin(0 ), = =sin(0 '), v=12
- =sin(e,), = =sin, ), v

kﬁ(ﬁ _ ﬁ') eik(P+P') 0 k[( in(6,)+sin(0 ,)) ( in(6, )+sin(0 .)) j|
_ —~\ _-ik|(sin(B,)+sin(6,"))x, + (sin(B,)+sin(6,"))x, (F1)
= o 55 ffdx1 dx, ©(x) e

—00 —00

= 1p(|5) « Fourier —transform of t(X)

Experimental realisation: ! 
%5@” p
—
“ -
P’ f
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Fraunhofer diffraction for rectangular aperture . 2a,
2a

F) KA(R-R) ke =

Y(P) = yo =5 f f dx, dx, T(X) e

ik[(sin(6, }+sin(6,"))x, + (sin(6, }+sin(6,"))x, |

ﬁ(é—ﬁ')eik(P+P') sin[k(sin(61)+sin(€)1'))a1] sin[k(sin(e
TiP P k(sin(e,)+sin(6,") k(sin(6

)+ sin(0

N
~
~—
Q
N
—

2

~—
+
23
>
—~~
D
N
~
~—

2

Intensity:

S sinz[ksin(61)a1] sinz[ksin(ez)az]
0,"=0, =0 = I = 0 2 i 2 2 in2
k®sin“(0,) k®sin®(6,)

minima < sin(9,) a, = n% or sin(6,) a, = n%
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Fraunhofer diffraction for circular aperture

P, =P sin(0)cos(¢),P, = P sin(0)sin(¢),
P' =P,'=0, x,=rcos(¢'), X, = rsin(¢'), dx.dx, = rdr

IP(P frdr qu) e—lkrsm(e)cos¢ 0" frdr qu) e—lkrsm ) cos(¢")

23‘5 kasm(e) 77777 @

= 2 f rdr J,(-krsin(0)) T Esini0) [ dx x Jy(x) B

2x @R d 2na .
= dx —(x J = J.(kasin(0
k*sin?(0) dx( i )) ksin(0) ol (6)

d 1 r ixcos(a)
use d—X(x (%) ) =x Jy(x) , Jy(x) = o {doc e

2J1(kasin(6)))2

Intensity: I =1 ( kasin()




Diffraction at a transmission grating
P de 'C(X) e—ik(sin(6)+sin(6'))x **)

P < FT[t](kn), T=f *g, n=(sin(B)+sin(0"))

. b b N-1
1if xe[-=,=
f(x) = 1 =520 g = Ya(x-na)
0 otherwise "0
N-1 . a N-1 .
W FT(f +g) - FT(HFT(@) = sinclx2n| 3 & ™" 3 go o ganvie SnN2)
A ~ ~ sin(z)
sin|Nx 2 MZ ( A
x Sinc|m 9 }\n /
x| . a / \\
SIN| T XT]
envelope 003 -0.02 001 ‘A(JJ.oo‘o.m 002 003
N J
Maxima: %n integer =8,N=1
N
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Diffraction at a

reflective surface
(1) u+v'= (x + w') sin(6")
(2) u=xsin(0) + f(x) cos(6)

@) v -2

g w' = f(x)tan(e’)

= Uu' = xsin(0')

= w«fdxe

eik[x a—f(x) [3]

\

+ f(x)(tan(e')sin(e') " 1 = xsin(0') - f(x)cos(6') (4)

0s(0")

, a=sin(0')-sin(0), B =cos(0')+cos(0) (5)

ik[x a-f(x) 6] o FT[e—i k f(x) [3]

ko
39



Diffraction at a reflective grating ¢ )

Assume periodic function f(x+na)=f(x) (*)

Na N-1 n+1)a
Vo« fdx gk [x a-f(x dx e*[xe-fx substitute x=x'+na

>

=0 na

N-

_\

}dx,e (x-+na)atix+na) ] ©) ( eiknaa) [ e
0

=0

>

a
| , sin [N T —O
_ eI(N—'])ﬂSXOL 7 )\. 7 ) fdx eik[XOL—f(X) [3] (DG)

ia] 0 T~ envelope

sin|

Trivial case: flat surface

: a
. a a
XOL f(x )B] _ikf.p il a Sln(nxa) N s sin|N © ka
f(X)f=>de = e oek Y VY lpoce }\e 1
T U
A
= maximum for a =0 —  specular reflection 8'=9

1st minimum for a=A/(Na) ———0
40



Special case: blazed grating

f(x)

|

f(x) | = tan(¢)x

| > X [0.a]
} sm( (oc tan(q))ﬁ) \
de X(x f(x fdx OL tan(¢)[3 eix(a_tan((b)ﬁ) k}\. )
T
X(a — tan(q))[:’s)
(DG) , Sin|Nwm Aa .
w x e (N_WXG >\’ . fdx eik[xa_f(x) B]
sin|m — 0

in;(aN—tan(q))B

| sin[N g ia} sin(n

%(oc — tan(q>)[3))

sin|

—a

%(oc — tan(q>)[5)

envelope
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Very useful example: blazed grating

] sin|N = éoc sin(na(a—tan(q))[fi))
i 2 (aN-tan(9)$) A A
P x e '
sin|x 2o E(a—tan(q))ﬁ) ™
I8 A envelope
Maxima: m =oc% integer = 6=0_(0) = m-th diffraction maximum

By chosing the appropriate blaze angle ¢ one may position the maximum of
the envelope to a higher order maximum m=0 :

m=0,0'=02mw m = 1 m=2

-0.4 -0.2 0.0 0.2 0.4 -0.4 -0.2 00 0.2 0.4 -0.4 -0.2 0.0 0.2

0/ 0/ 0/
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o o SANwm] a sinfam(1-tan(@)t)) ¢=arctan(g)
sin|x m| wum (1-tan(¢)®) B

¢ = arctan(g) = arctan( sin(6") - sin(6) ) = 1(6'— 6) with 6=06 (*)
B cos(0')+ cos(0) 2 "

sin(0')-sin(6) = 2cos(%[ 0'+ 6])Sin( [6' 6])

cos(0')+cos(0) = 2cos( %[ ] cos %[6'— 6])

MRER *)
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Fresnel Diffraction

Fresnel approximations

PXx~ 0,P'X ~ 0
R 1 (o (a2 %2
Q = 1ﬁ(|§_|§.) =1, eik(R+R') _ eik(P+P')
2
5 KDk Q ik (R+R)
P) = dA e
W) 2ni RR' f

apertures

2
MP

& =C(PP)x,, C(P,P" E\/_(_Jr_) -

Fresnel integral:
(Cornu spiral)

Augustin Jean Fresnel

1788 - 1827 Ry
P B ‘ ) P
e o — _
' x=0
(i) < |
ik(P+P') iE1+il X12+X§
RET AP e
I}\‘ P P' apertures
Y(P) = 1" [ dede, &2
B 2' P+P' c(P,P") x apertures 1 ’
o, IFE]
05| @
S i~ 72
Fg) = [ dze? o T s 1o el
0 05
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Diffraction at an edge I

1 ik (P+P")

WPE) = S5 FO-F=)Fe)-F=) & [ R
_1+i eik(P+P') F(E)_E . g 1+1 y ix=0
2 P+P 2 )7 \nP P |
= 1 2(1 1
vPE)|= (P+P,)| F(E)-F(-2), a=\/x(5+5) x
1.0, m[Fe]
05 @
- | 5’ Re[F(x)] ‘w(lS,E)‘z
-1.0 5 0.5 1.0
0.5/
| R
-1.0"
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Fresnel diffraction at circular apperture

3 \ I‘.n
ro= n=012.. — —
n —-o ot
—*=0
i n(1+1') rn2 T
Fresnel-integrand e *\* 7/ = (-1)

The region between I, and f_, is called the n-th Fresnel zone. Each zone

A
encloses the same area A = rc(rn2 -r 7 ) - T
pp
1 eik(P+P') [ :(;+;) (X12+X§) 21t ik(P+P') o i ;c(;_'_;') 2
= — dx.dx, e = drr <(r) e
w 0\' P P' ape{Jres 1 ? |7\. P P' f ( )
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Fresnel zone plate

Covering the even or odd zones yields Fresnel ‘s zone plate: on the optical axis

locations arise with constructive or destructive interference.

JNAf

Consider Fresnel zone plate with

nmax

If (1+i)f =2m+1 isoddinteger = ¢ « -2 E (-1)"

n=0

Hence, constructive inerference arises if odd or even zones are covered.

1 1 1

The first focus n=1 arises, if —+— =-
P P f
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Paraxial optics with Gaussian beams (ABCD law)

Assume that a Gaussian beam

n n’
f. P 14
e 1 O SRR _ﬁ/ = \ﬁ
\ /_
Z\m

2
u(x,y,Z)=\/ e @ g 20
q

, d,u=9,(2y), vE{XY}

O >
O w

is incident upon an optical system described by a transfer matrix M= L

Statement: the transmitted beam is a Gaussian beam with

q'(2)=z-2',+ | 2”’0 , Q' =0z, vE{XY}
qv,M
q', ) C+ . D
nl
A+ g
n
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Proof

Z x,0

Consider conjugate points P, P *. According to Fermat ‘s principle, each path
connecting P and P ‘ has the same optical path length:

S, =knR+AS -kn'R'

2

X Co [ X°
SZ = kn(R+ E)"‘ S(X !ZM )_ S(X7ZM) - kn (R + ﬁ)
X|2 X2
S1 = 82 = S(X ’ZM )— S(X,ZM) =AS + kn ﬁ —knﬁ
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Determination of ~ §(x',z,,") - S(x,z,,)

X'=Cna + Dx (1)
. na' |_[ A B || ha
n'a'= Ana + Bx (2) ( y ) (C D)( . )
AD -BC =1 (3)

X xCn (1) xCn
R= - - X (4)

o aCn x'-Dx

] 1 ] 2 ] ] ] ] 1
R,=x'=xn (=) X'n (=) x'n'C (1) x'n'C (5)

a' a'n'  Ana+Bx AnaC+(AD-1)x x  AX'—X

X|2 2

S(x',z,,') - S(x,z,,) =AS + kn'— —-kn—
2R’ 2R
k ] [] k ] k 12 2 !
= AS+—x(Ax—x)——x(x —Dx)=AS+—(AX + DX —2xx)
4.5) 2C 2C 2C
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Assume that at Z,, the v-distribution of the incident field is

AS + L(Ax'2+Dx2—2xx‘)}

o= (t) }dx ux,z, )e o) - (L) }dx u(x,z )e_i[ 2

; 2 k o o(n . D 2 .—kx'
I i —i—Ax" - [lk(—+—0)] X =2 (I—)X
(—) u, e ¢ [dxe | ¥ e 1€

n'kx2 | 1 n. Y
i\ s 2nC R ncA'(qC+D) ]
= E UO e . e
ik(C+D)
T q
g b’
Use  [dxe ax’ gbx _ [T o
a
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.Q_|:5

—C+D
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Recall geometrical optics expression for conjugate points

n n A+—B B
M- R Rr'] R R'
————— < C+—D——|(A+—B) D--B
Pt n n n n
A B
- with M =
o ne
R
:  C+—-D
O=C+BD—E'(A+EB) - R 0
n n n n A+B
n
Paraxial wave optics qg < R Paraxial geom. optics
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Theorem:  q, = §,(q)), a, = §,(q) = a, =1, ,(q)

Example 1: lens with focal length f

Z
ME/ 1 B ) o]
Lo 1) f
2
_ Re[q]+|q B
_ _ =-7'3W§ Re[q] =
=900 =2+ 9 G =17 1+ 2Re[q] B +|q[ B?
~ ~ - ~ ~ . TW
4=0(0)=-Z,+G, G, =1—= e - Im[q]

1+ 2Re[q] B +|q| B
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Example 1: lens with focal length f

: %)
= d, _ f
2
f (1+Z°)2+‘q0‘
f f?
- 1+ %0
Zo - q_ f
f
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Gaussian beams in optical resonators

~ C+qgD
consider a resonator with unit cell ME( A B ) g = 2t
C D A+qgB

3 A C
q="f,(a=q9 < q+q(—)—§=o

< = @ —_—
2B 4B? 2B 4B?

T TTTR 1 same condition as in
criterion for stability: ETrace(M) - 5 /A+D| <1 geometrical optics:
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Example: resonator with two identical mirrors

2 1 -2 |

unit cell |\/|=(1 0) T = |- R d "
d 1 2d
1 d 1-—
0 R

1. concentric resonator

waist position = % confocal parameter =0

2. confocal resonator

waist position = % confocal parameter =d

3. plane resonator

, o d
waist position = >’ confocal parameter = «




Resonance condition w;=w = Woo

kd = (n+m+1) ((D(%)—d)(—g)) = vm ,v integer

2
D(z) = arctan(%z) , b= 2”}\3\/0 = +y(2R-d) d

= kd - (nh+m+1) 2 arctg = K m ,K integer

J(2R - d) d)

2X 1
[ use 2 arctg(x) = arctg( 2) , arctg(y)=arccos[ ) }
1-x J1+y?

= kd - (h+m+1) arccos(1—%) = K , K Iinteger

— = K - 1(n+m+1) arccos(1— E) , K integer
FSR T R
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VFSR

A < >
hll

hll
T

n+m=0 n+m=0

nearly plane resonator R>>d

>

K K+1
1 .
confocal resonator R=d = —— = k- —(n+m+1) ,x integer
VFSR 2
A
n+m=even / n+m=odd\ n+m=even

K K K+1

59



